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Abstract

        Context. The Yarkovsky (orbital drift) and YORP (spin state change) effects play important roles in the dynamical and physical evolution of asteroids. Thermophysical modelling of these observed effects, and of thermal-infrared observations, allows a detailed physical characterisation of an individual asteroid to be performed.

        Aims. We perform a detailed physical characterisation of near-Earth asteroid (1620) Geographos, a potential meteor stream source and former spacecraft target, using the same techniques as previously used for (1862) Apollo.

        Methods. We use the advanced thermophysical model (ATPM) on published light-curve, radar, and thermal-infrared observations to constrain the thermophysical properties of Geographos. The derived properties are used to make detailed predictions of the Yarkovsky orbital drift and YORP rotational acceleration, which are then compared against published measurements to determine Geographos’s bulk density.

        Results. We find that Geographos has a thermal inertia of 340-100+140  J m-2 K-1 s−1/2, a roughness fraction of ≥50%, and a bulk density of 2100-450+550  kg m-3 when using the light-curve-derived shape model with the radar-derived maximum equatorial diameter of 5.04 ± 0.07 km. It is also found that the radar observations had overestimated the z-axis in Geographos’s shape model because of their near-equatorial view. This results in a poor fit to the thermal-infrared observations if its effective diameter is kept fixed in the model fitting.

        Conclusions. The thermal inertia derived for Geographos is slightly higher than the typical values for a near-Earth asteroid of its size, and its derived bulk density suggests a rubble-pile interior structure. Large uncertainties in shape model z-axes are likely to explain why radar and thermal-infrared observations sometimes give inconsistent diameter determinations for other asteroids.
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1. Introduction
The asymmetric reflection and thermal re-radiation of sunlight from an asteroid’s surface imposes a net force (Yarkovsky effect) and torque (Yarkovsky-O’Keefe-Radzievskii-Paddack or YORP effect). The Yarkovsky effect results in a drift in the semimajor axis of an asteroid’s orbit, and the YORP effect changes its rotation period and the direction of its spin axis. Both effects are of fundamental importance for the dynamical and physical evolution of small asteroids in the solar system (see review by Bottke et al. 2006 and introduction of Rozitis et al. 2013). Furthermore, asteroid bulk densities can be determined from model-to-measurement comparisons of the Yarkovsky semimajor axis drift. The Yarkovsky effect has been detected by sensitive radar ranging for (6489) Golevka and (101955) Bennu (Chesley et al. 2003, 2014), and by deviations from predicted ephemerides over a long time span for several tens of other near-Earth asteroids including (1620) Geographos (Vokrouhlický et al. 2008; Chesley et al. 2008; Nugent et al. 2012; Farnocchia et al. 2013). The YORP effect has been detected through observations of phase shifts in photometric light-curves of five near-Earth asteroids, which include (54509) YORP (Lowry et al. 2007; Taylor et al. 2007), (1862) Apollo (Kaasalainen et al. 2007; Ďurech et al. 2008a), (1620) Geographos (Ďurech et al. 2008b), (3103) Eger (Ďurech et al. 2012a), and (25143) Itokawa (Lowry et al. 2014). Accurate predictions of the Yarkovsky and YORP effects must take into account various thermophysical properties, which include the asteroid’s size and shape, mass and moment of inertia, surface thermal properties, rotation state, and its orbit about the Sun. Recently, Rozitis et al. (2013) have produced a unified model which can simultaneously match both observed effects for (1862) Apollo using a single set of thermophysical properties derived from ground-based observations. 
The object (1620) Geographos (hereafter referred to as just Geographos) is an Apollo and S-type near-Earth asteroid (Bus & Binzel 2002), and has detections of both Yarkovsky orbital drift and YORP rotational acceleration. Its semimajor axis was found to be decreasing at a rate of 27.4 ± 5.7 m yr-1 (mean value from Chesley et al. 2008; Nugent et al. 2012; Farnocchia et al. 2013), and its rotation rate was found to be increasing at a rate of (1.5 ± 0.2) × 10-3 rad yr-2 (Ďurech et al. 2008b). Photometric investigations also revealed a retrograde rotation and a very high amplitude light-curve (~2 mag) indicative of a highly elongated shape (Dunlap 1974; Michalowski et al. 1994; Kwiatkowski 1995; Magnusson et al. 1996). The highly elongated shape was confirmed by radar studies, which also find it to have tapered ends and for it to contain many ridges and concavities (Ostro et al. 1995, 1996; Hudson & Ostro 1999). Unfortunately, the radar-derived shape model does contain a north-south ambiguity because of the near-equatorial view when the radar observations were taken. Nevertheless, this unusual shape with high elongation is suggestive of a rubble-pile asteroid that was tidally distorted during a close planetary encounter (Solem & Hills 1996; Bottke et al. 1999). Geographos’s shape and rotation period (~5.2 h) make it possible for loose material to be lofted away from the surface during close encounters with the Earth (Ryabova 2002a,b). It is not clear whether any meteors originating from Geographos using this low-velocity ejection mechanism have been detected, but two meteor streams consistent with high-velocity ejection (up to 1 km s-1) have been identified in meteor catalogues (Ryabova 2002b). During its 1994 Earth flyby, Geographos was going to be visited by the Clementine spacecraft as the secondary mission target after the primary lunar mission was complete (Vorder Bruegge & Shoemaker 1993). Unfortunately, the spacecraft malfunctioned before leaving the Moon and never reached Geographos. 
In addition to these studies, Geographos was observed in the thermal-infrared at 10.1 μm by Veeder et al. (1989) who obtained two light-curves at this wavelength, and at 12, 25, and 60 μm by the IRAS satellite in a single snapshot measurement (Green 1985; Tedesco et al. 2004). These observations complete Geographos’s data set, and allow a full thermophysical analysis of its Yarkovsky and YORP effects to be performed using the same methodology as that presented in Rozitis et al. (2013) for (1862) Apollo. In the following sections, we present results from application of the advanced thermophysical model (ATPM; Rozitis & Green 2011, 2012, 2013a), which explicitly incorporates 1D heat conduction, shadowing, multiple scattering of sunlight, global self-heating, and rough surface thermal-infrared beaming, to this complete data set in order to constrain Geographos’s thermophysical properties and bulk density. 
2. Thermophysical modelling
To determine Geographos’s thermophysical properties we combine the ATPM with the radar-derived1 and light-curve-derived2 shape models and spin states (Hudson & Ostro 1999; Ďurech et al. 2008b), and compare the model outputs for various thermophysical properties with the thermal-infrared observations obtained from three occasions in 1983 (Green 1985; Veeder et al. 1989; Tedesco et al. 2004) via chi-squared fitting. The methodology used here is exactly the same as that presented in Rozitis et al. (2013). To determine the asteroid thermal emission, the ATPM is used to compute the surface temperature variation for each shape model facet during a rotation by solving the 1D heat conduction equation with a surface boundary condition that includes direct and multiple scattered solar radiation, shadowing, and re-absorbed thermal radiation from interfacing facets. The model explicitly includes rough surface thermal-infrared beaming (i.e. re-radiation of absorbed sunlight back towards the Sun at thermal-infrared wavelengths as a result of surface roughness) from each shape facet by including roughness facets that are arranged in the form of hemispherical craters. The degree of roughness and thermal-infrared beaming is characterised by the fraction of surface, fR, covered by the hemispherical craters. A Planck function is applied to the derived temperatures and summed across visible shape and roughness facets to give the emitted thermal flux as a function of wavelength, rotation phase, and various thermophysical properties. 

        Table 1

            Summary of the (1620) Geographos thermal-infrared observations obtained in 1983.

          

      
        Table 2

            Assumed and previously measured thermophysical modelling parameters for thermal-infrared flux fitting and Yarkovsky and YORP effect modelling.

          

      For Geographos, the free parameters to be constrained by fits to the thermal-infrared observations are the effective diameter (i.e. the diameter of an equivalent volume sphere), D, geometric albedo, pv, thermal inertia, Γ, and surface roughness, fR. The effective diameter and geometric albedo are related to the absolute visual magnitude, Hv, by [image: equation](1)and can be considered as a single free parameter (Fowler & Chillemi 1992). It is also possible to fix the diameter and albedo at the radar-derived values (Hudson & Ostro 1999), and both possibilities of having a free and fixed diameter will be explored in the model fitting. The model thermal flux predictions, FMOD(λn,ϕn,Γ,D,fR), were compared with the observations, FOBS(λn,ϕn), and observational errors, σOBS(λn,ϕn), by varying the effective diameter, thermal inertia, and roughness fraction to give the minimum chi-squared fit [image: equation](2)for a set of N observations with wavelength λn and rotation phase ϕn. The flux correction factor, FCF(D,fR), is given by [image: equation](3)where AB(D,fR) is the required Bond albedo for an asteroid with effective diameter D and roughness fraction fR, and AB_MOD is the model Bond albedo used in the ATPM. This saves a lot of computational effort by not running the model for every value of Bond albedo required, and the flux correction factor is typically within 10% of unity for an assumed value of AB_MOD = 0.06. 
The rotation phase of Geographos at the time of the thermal-infrared observations was calculated using the initial epoch, rotation period, and YORP rotational acceleration determined by Ďurech et al. (2008b) from light-curve inversion. For the radar shape model, an additional rotation offset was required to account for the different co-ordinate systems used in the radar and light-curve shape models. This offset was found by minimising the relative-chi-squared fit (see Eq. (7) of Kaasalainen & Torppa 2001) of the synthetic radar shape model light-curves to the optical light-curve observations. For comparison purposes, the radar shape model gave a minimised relative-chi-square value of 26.6 whilst the light-curve shape model gave 11.9, which indicates that the light-curve shape model gave (perhaps unsurprisingly) a better fit to the optical light-curve observations. 
Separate thermophysical models were run for thermal inertia values ranging from 0 to 3000 J m-2 K-1 s−1/2 in equally spaced steps of 20 J m-2 K-1 s−1/2. Similarly, the effective diameter and roughness fraction were stepped through their plausible ranges, which formed a 3D grid of model test parameters (or test clones) with the thermal inertia steps. A parameter region bounded by a constant Δχ2 value at the 3σ confidence value was chosen to define the range of possible parameters, and the three sets of thermal-infrared observations were fitted simultaneously in the ATPM chi-square fitting. Table 1 summarises the two sets of thermal-infrared observations, and Table 2 summarises the fixed model parameters, used to determine Geographos’s thermophysical properties. 
In the ATPM fitting, the maximum equatorial diameter was initially kept fixed at the Doppler-radar-derived value of 5.04 ± 0.07 km for both the radar and light-curve shape models, as this was the most reliable diameter measurement available (Ostro et al. 1996). The corresponding effective diameters were then 2.56 ± 0.03 and 2.46 ± 0.03 km for the radar and light-curve shape models, respectively. The logic was by using a fixed diameter in the ATPM fitting it would reduce the number of free parameters to 2 (instead of 3), and lead to tighter constraints on the derived thermal inertia and roughness fraction values. However, whilst a good fit (i.e. a reduced chi-squared value of 0.50) was obtained for the light-curve shape model, a bad fit (i.e. a reduced chi-squared value of 2.42) was obtained for the radar shape model using this fixed diameter. A thermal inertia of 340 [image: equation] J m-2 K-1 s−1/2 was derived for the light-curve shape model whereas a very high thermal inertia of 1320 [image: equation] J m-2 K-1 s−1/2 was suggested for the radar shape model (see Table 3). Indeed, the radar shape model value is much greater than the largest thermal inertia derived for any asteroid, i.e. near-Earth asteroid (25143) Itokawa has the highest measured thermal inertia of 750 [image: equation] J m-2 K-1 s−1/2 (Müller et al. 2005). A much better fit (i.e. a reduced chi-squared value of 0.30) could be obtained for the radar shape model by leaving the diameter as a free parameter in the ATPM fitting. This required a smaller effective diameter of 2.21 ± 0.13 km and a more consistent thermal inertia of 320 [image: equation] J m-2 K-1 s−1/2 (see Table 3), which suggested that the radar observations had overestimated the size of Geographos. However, this produced a maximum equatorial diameter of 4.35 ± 0.26 km, which was inconsistent with that of 5.04 ± 0.07 km accurately measured by Doppler-radar observations. 

        Table 3

            ATPM derived thermophysical properties of (1620) Geographos using the thermal-infrared observations obtained in 1983 at the 3σ confidence level.

          

      
        
        	[image: thumbnail]	Fig. 1
            Radar (left column; Hudson & Ostro 1999), flattened-radar (middle column), and light-curve (right column; Ďurech et al. 2008b) shape models of (1620) Geographos. The shape models have been scaled so that they have the same maximum equatorial diameter of 5.04 km, and they have been illuminated by the Sun along their y-axes.

          



      Intriguingly, the light-curve shape model with a free diameter still produced similar results to when its diameter was kept fixed in the ATPM fitting (see Table 3). It also produced a maximum equatorial diameter that agreed with the Doppler-radar observations. This led to suspicions that there was something wrong with the radar shape model. Indeed, by comparing the axial ratios of the two shape models, i.e. 2.51:1.00:1.07 for the radar shape model versus 3.08:1.22:1.00 for the light-curve shape model, it is seen that the light-curve shape model is significantly more oblate than the radar shape model (see Fig. 1). This meant that the radar shape model had more cross-sectional area projected towards the observer, which leads to enhanced model flux for the same effective diameter and thermophysical properties. Therefore, the ATPM fitting tried to counter this by using a larger thermal inertia value to reduce the model flux. It seemed that the radar observations had overestimated the z-axis of Geographos, which is very plausible considering that the radar shape model contains a north-south ambiguity (Hudson & Ostro 1999). 
To check that this was the case, the radar shape model was flattened, i.e. the flattened-radar shape model (see Fig. 1 and Table 2), so that it had the same axial ratios as the light-curve shape model. The radar shape model was flattened by multiplying its z-axis by a factor of 0.767, which reduced the effective diameter (i.e. 2.34 ± 0.03 km) of Geographos but maintained the same equatorial diameter. Performing the ATPM fitting with the flattened-radar shape model using a fixed diameter produced a much better fit (i.e. a reduced chi-squared value of 0.20) and results that were consistent with the light-curve shape model results, i.e. a thermal inertia of 260 [image: equation] J m-2 K-1 s−1/2 (see Table 3). Consistent results were also obtained when its diameter was left free in the ATPM fitting too. Furthermore, the flattened-radar shape model also produced a better fit to the optical light-curve observations than the original radar shape model, i.e. a light-curve relative-chi-squared value of 23.3 was obtained versus 26.6 originally. Therefore, simply reducing the z-axis of the radar shape model reconciled the differences seen between the radar and thermal-infrared observations. 
Similar levels of surface roughness were derived for the three different shape models. These suggest a roughness greater than 50%, although the flattened-radar shape model that gave the best fit to the thermal-infrared observations, had the smoothest surface. 

        
        	[image: thumbnail]	Fig. 2
            Example ATPM fits to the (1620) Geographos thermal-infared observations (data points; Green 1985; Veeder et al. 1989; Tedesco et al. 2004) using the radar (dashed lines), flattened-radar (dotted lines), and light-curve (solid lines) shape models. The thermal-infrared spectrum of the flattened-radar shape model in the lower right panel is almost identical to that of the light-curve shape model.

          



      Figure 2 gives example ATPM fits to the thermal-infrared observations using the three different shape models with a fixed diameter, and Table 3 summarises the ATPM derived thermophysical properties at the 3σ confidence level. Figure 3 shows the distribution of possible thermal inertia values, and the co-variance of the average roughness fraction with thermal inertia, derived using a fixed diameter. As in Rozitis et al. (2013), the thermal inertia distribution is obtained by counting each allowed test clone with a specific thermal inertia value and dividing by the total number of allowed test clones (~104 clones). The co-variance of the roughness fraction with thermal inertia is obtained by averaging the values of the allowed test clones in each thermal inertia bin (n.b. this format is also used in the Yarkovsky and YORP effect predictions presented later in this work). 

        
        	[image: thumbnail]	Fig. 3
            Summary of ATPM chi-square fitting results to the thermal-infrared observations of (1620) Geographos obtained in 1983 using a fixed maximum equatorial diameter of 5.04 ± 0.07 km. The possible thermal inertia distribution (left) and the co-variance with thermal inertia of the average roughness fraction (right) derived at the 3σ confidence level for the three different shape models (legend).

          



      3. Yarkovsky and YORP modelling
The Yarkovsky and YORP effects acting on Geographos can be determined by computing the total recoil forces and torques from reflected and thermally emitted photons from the asteroid surface (see Rozitis & Green 2012, 2013a, for methodology). The inclusion of rough surface thermal-infrared beaming effects in the predictions, on average, enhances the Yarkovsky orbital drift whilst it dampens the YORP rotational acceleration by orders of several tens of per cent (Rozitis & Green 2012). Including global self-heating effects does not significantly affect the Yarkovsky orbital drift predictions (less than a few per cent difference) but can significantly affect the YORP rotational acceleration predictions in some cases (Rozitis & Green 2013a). Utilising the three shape models of Geographos, Yarkovsky and YORP effect predictions were made for the range of possible thermophysical properties (or allowed test clones) determined by the thermal-infrared flux fitting and compared against published measurements. 
Like (1862) Apollo in Rozitis et al. (2013), Geographos has three measurements of Yarkovsky semimajor axis drift: –17.7 ± 5.9 m yr-1 by Chesley et al. (2008), –37.4 ± 9.0 m yr-1 by Nugent et al. (2012), and –27.2 ± 9.0 m yr-1 by Farnocchia et al. (2013). We combined the three measurements to produce an average drift of –27.4 m yr-1 with a standard error of 5.7 m yr-1, which we used to produce a normal distribution of possible drifts that has a mean and standard deviation equal to these values. For model comparison, 200 values of possible Yarkovsky drift were randomly selected from this distribution that ranged from –14.0 to –43.0 m yr-1, which ensured that the three measured values were encompassed (see Fig. 4). The overall predicted Yarkovsky drift, da/dt(Γ,D,fR,ρ), for a bulk density of ρ was determined from the predicted smooth surface drift, da/dt(Γ)smooth, the rough surface drift, da/dt(Γ)rough, and the seasonal drift, da/dt(Γ)seasonal, using [image: equation](4)

        	[image: thumbnail]	Fig. 4
            Sampling distribution of the Yarkovsky semimajor axis drift (solid line) used in the analysis of (1620) Geographos compared against the three measured values and their uncertainties (circle – Chesley et al. 2008; square – Nugent et al. 2012; triangle – Farnocchia et al. 2013).

          



      
        	[image: thumbnail]	Fig. 5
            Summary of ATPM Yarkovsky effect modelling results for (1620) Geographos using its three different shape models (legend) and a fixed maximum equatorial diameter of 5.04 ± 0.07 km. a) Average Yarkovsky semimajor axis drift as a function of thermal inertia at a fixed bulk density of 2000 kg m-3. b) Average bulk density as a function of thermal inertia derived by comparing the model orbital drift against that measured. c) The distribution of possible bulk densities derived at the 3σ confidence level.

          



      where each component had been evaluated separately using the ATPM at an initial diameter D0 and bulk density ρ0. It was model convenient to treat the three components separately this way (see Rozitis & Green 2012, 2013a for more details), as each component arose from surface temperature distributions occurring at different spatial scales (i.e. shape facet scale for smooth component, roughness facet scale for rough component, and seasonal thermal wave scale for seasonal component). The bulk density for a set of properties, ρ(Γ,D,fR), could then be determined from the measured Yarkovsky drift, da/dtmeasured, using [image: equation](5)Yarkovsky/YORP modelling and bulk density determination were peformed for both a free and fixed diameter, however, the fixed diameter modelling was taken as the nominal result. Figure 5a shows the average Yarkovsky drift as a function of thermal inertia with fixed bulk density. Figure 5b shows the average bulk density required to match the observed orbital drift as a function of thermal inertia. Lastly, Fig. 5c shows the distribution of possible bulk densities derived separately for the three different shape models using a fixed diameter. The derived bulk densities have median values and 1σ spreads of 1450 [image: equation], 2150 [image: equation], and 2100 [image: equation] kg m-3 for the radar, flattened-radar, and light-curve shape models, respectively. Whilst the flattened-radar and light-curve shape models produced very consistent results, the radar shape model produced a much lower bulk density because of its much higher thermal inertia value when derived using a fixed diameter. However, the radar shape model produced a more consistent bulk density of 2400 [image: equation] kg m-3 when using a free diameter. A free diameter also produced consistent results for the flattened-radar and light-curve shape models but with slightly larger uncertainties when compared to the fixed diameter results. 
Ďurech et al. (2008b) has measured Geographos’s YORP rotational acceleration to be (1.5 ± 0.2) × 10-3 rad yr-2, which we use for model comparison. As in Rozitis et al. (2013), the overall YORP rotational acceleration, dω/dt(D,fR,ρ), can be predicted using [image: equation](6)where dω/dtsmooth and dω/dtrough are the YORP rotational acceleration values for a smooth and rough surface, respectively, which are independent of thermal inertia. Similarly, the rate of YORP obliquity shift, dξ/dt(Γ,D,fR,ρ), can be predicted using [image: equation](7)where dξ/dt(Γ)smooth and dξ/dt(Γ)rough are the rates of YORP obliquity shift for a smooth and rough surface, respectively, which are dependent on thermal inertia in this case. 

        
        	[image: thumbnail]	Fig. 6
            Summary of ATPM YORP effect modelling results for (1620) Geographos using its three different shape models (legend) and a fixed maximum equatorial diameter of 5.04 ± 0.07 km. a) Average YORP rotational acceleration as a function of thermal inertia. b) The distribution of possible YORP rotational acceleration values derived at the 3σ confidence level. The grey vertical lines represent the lower and upper bounds of the YORP rotational acceleration acting on (1620) Geographos as measured by Ďurech et al. (2008b). c) Average rate of YORP obliquity shift as a function of thermal inertia. d) The distribution of possible rates of YORP obliquity shift derived at the 3σ confidence level.

          



      
        Table 4

            Mass and spin change properties of (1620) Geographos derived by ATPM at the 3σ confidence level.

          

      The bulk density values used here were those determined by the model-to-measurement comparisons of the Yarkovsky drift from Eq. (4). Whilst it was conceivable to try and fit the bulk density using model-to-measurement comparisons of both the Yarkovsky drift and YORP rotational acceleration simultaneously, it was not done so here because the error in the YORP effect prediction could be very large (see Sect. 4.1). Figure 6a shows the average YORP rotational acceleration as a function of thermal inertia, and Fig. 6b shows the distribution of possible YORP rotational accelerations derived separately for the three different shape models. The derived YORP rotational accelerations using a fixed diameter have median values and 1σ spreads of (–5.5 [image: equation]), (–4.2 [image: equation]), and (1.9 [image: equation] rad yr-2 for the radar, flattened-radar, and light-curve shape models, respectively. Only the light-curve shape model produced a prediction range that agreed with the measured value of (1.5 ± 0.2) × 10-3 rad yr-2, as the radar and flattened-radar shape models produced predictions with opposite sign to that observed. Figure 6c shows the average rate of YORP obliquity shift, and Fig. 6d shows the distribution of possible values. The derived rates of YORP obliquity shift have median and 1σ spreads of 1.0 ± 0.4, 4.2 [image: equation], and 1.9 [image: equation] degrees per 105 yr for the radar, flattened-radar, and light-curve shape models, respectively. Again, a free diameter produced consistent results but with slightly larger uncertainties. Table 4 summarises Geographos’s density, mass, and spin change properties derived for the three different shape models investigated. 
4. Discussion
4.1. Modelling critiques
The accuracy of the Yarkovsky and YORP effect analysis described in Sect. 3 depends strongly on the accuracy of the measured Yarkovsky semimajor axis drift, and for Geographos there are three different measurements giving three slightly different values. It is not clear where these differences arise but it will depend on the parameter fitting, the data weighting treament, and the data sets used in their respective astrometric studies. Fortunately, these measurement differences are not significant enough for them to be considered inconsistent with one another. For example, the largest difference arises between the Chesley et al. (2008) measurement and the Nugent et al. (2012) measurement, which is 1.8σ using their quoted uncertainties. The Farnocchia et al. (2013) measurement is consistent with the two other measurements at the 1σ level. For us to assume that they are inconsistent would require their differences to be greater than the 3σ level, which is clearly not the case here. In the nominal Yarkovsky and YORP effect analysis described above, Monte Carlo sampling from a normal distribution derived from all three measurements was utilised in an attempt to combine the three measurements in a statistically meaningful way (see Fig. 4). However, if one of the measurements could be rejected for a valid reason then the results of the analysis would change. The only reason to consider this is for removal of the Chesley et al. (2008) measurement, as it could be considered to be superseded by the updated analysis described in Nugent et al. (2012) and Farnocchia et al. (2013). A higher rate of Yarkovsky drift would then be preferred, which would lower the derived bulk density and increase the predicted value of the YORP rotational acceleration and obliquity shift (because dω/dt ∝ 1 /ρ ∝ da/dt). 
In the YORP effect modelling, it was the light-curve shape model that provided the best fit to the observations rather than the radar and flattened-radar shape models. In particular, the radar and flattened-radar shape models could not predict the correct sign of the YORP rotational acceleration. The opposite sign YORP rotational acceleration was also found by Ďurech et al. (2008b), and Rozitis & Green (2012) speculated that this is because the Hudson & Ostro (1999) shape model is not unique as the data set it was derived from contains north-south ambiguities due to the near-equatorial view of the asteroid during the radar observations. The light-curve observations were taken from multiple and different geometries, and the resulting shape model produced by light-curve inversion contains no significant degeneracy. As demonstrated, flattening the radar shape model by reducing its z-axis did not reconcile the opposite sign prediction because it equally affected YORP driving shape features located on opposite sides of the asteroid. Reconciliation would require these shape features to be modified unevenly. 
Like (1862) Apollo in Rozitis et al. (2013), it is surprising that the theoretical YORP rotational acceleration predicted by the light-curve shape model agrees with the observed value quite well. Especially when previous studies have shown that the YORP effect can be highly sensitive to unresolved shape features and surface roughness (Statler 2009; Rozitis & Green 2012), the shape model resolution (Breiter et al. 2009), and internal bulk density distribution (Scheeres & Gaskell 2008; Lowry et al. 2014). However, Geographos has a relatively high YORP-coefficient of  0.01 (see Rossi et al. 2009 or Rozitis & Green 2013b for a definition), and Rozitis & Green (2013a) showed that asteroids with high values are less sensitive to the inclusion of concavities in their global shape model. Furthermore, the Geographos prediction is relatively insensitive to small-scale shape features, as when the roughness is allowed to vary in an extreme way across the surface it only introduced an uncertainty of ~30%. Similar findings were made by Ďurech et al. (2008b) and Kaasalainen & Nortunen (2013). In Ďurech et al. (2008b), they added small-scale topography from the spacecraft-derived and high-resolution shape model of (25143) Itokawa (Gaskell 2008) to the light-curve shape model of Geographos and found no differences larger than ~5% between their YORP rotational acceleration predictions. In Kaasalainen & Nortunen (2013), they find that the YORP rotational acceleration prediction produced by the light-curve shape model of Geographos is stable and semi-stable against local and global shape perturbations respectively. 
4.2. Reconciling radar and thermal-infrared observations
The poor fit of the radar shape model with its nominal diameter highlights the importance of having a good shape model for thermophysical modelling of irregular shaped asteroids. Not every shape model, whether it is radar-derived or light-curve-derived, produces results that are consistent with other types of observational data. During shape model inversion there is generally a range of similarly-looking shapes that fit equally well to a set of data of one type, and one nominal solution is usually given in publications. In certain circumstances, such as when there is limited data or the range of viewing geometries is small, acceptable shape models can differ significantly. This mainly manifests itself through a large uncertainty in the shape model z-axis. 
For example, radar observations in some cases cannot determine whether an asteroid is a prograde or a retrograde rotator and there are two possible shape models, which is the case for near-Earth asteroids (4486) Mithra (Brozovic et al. 2010) and (29075) 1950 DA (Busch et al. 2007). In other cases,  radar-derived shape models sometimes contain a north-south ambiquity because of a near-equatorial view during the time of the radar observations. Depending on the acquired data set, the resulting uncertainty in the shape model z-axis could be very large, e.g. as seen for Geographos (Hudson & Ostro 1999), or relatively small, e.g. as seen for (101955) Bennu (Nolan et al. 2013). Similar issues can also affect shape models derived from light-curve observations. For example, Ďurech et al. (2008a) noted that the z-axis of the (1862) Apollo shape model was not well constrained from the light-curve photometry, and their nominal shape model appeared to be too flat. Lowry et al. (2012) also demonstrated that even with a good light-curve data set there can be some flexibility in the derived shape model, which resulted in an uncertainty of ~7% in the axial ratios determined for the nucleus of comet 67P/Churymov-Gerasimenko. 
Generally, Doppler-radar observations provide the most accurate measurement of an asteroid’s size through determination of its equatorial extent (Ostro et al. 2002). This is because the returned Doppler-broadened signal depends only on the asteroids’s equatorial diameter, rotation period, and pole orientation. If the latter two asteroid properties are well known then the equatorial diameter can be accurately measured, and a shape model can be scaled to have this value. However, if the shape model z-axis is overestimated then the effective diameter is also overestimated despite it having the correct equatorial diameter. Likewise, if the shape model z-axis is underestimated then the effective diameter will also be underestimated. Thermal-infrared observations are more sensitive to the effective diameter rather than the equatorial diameter, as it is the cross-sectional area projected towards the observer that is important in this case. If the spatial extent in the shape model z-axis is wrong then there will be a mis-match between the radar-derived and thermal-derived effective diameters. This was demonstrated to be the case here for Geographos, which had an overestimated z-axis for its radar shape model. It was also previously demonstrated for (1862) Apollo, which in that case had an underestimated z-axis in its light-curve-derived shape model (Rozitis et al. 2013). Large uncertainties in shape model z-axes are likely to explain why large diameter differences were obtained for near-Earth asteroids 2002 NY40 (Müller et al. 2004) and (308635) 2005 YU55 (Müller et al. 2013). It could potentially explain why some thermophysical model fits have high residuals despite producing consistent diameters, e.g. as seen for (341843) 2008 EV5 (Alì-Lagoa et al. 2014), because the error in the z-axis also alters the modelled surface temperatures away from the correct ones. 
Ideally, the shape inversion and thermophysical modelling should be done simultaneously such that both aspects are optimised, as was done in a rudimentary way for (1862) Apollo in Rozitis et al. (2013). However, the combined modelling required might be too complex for current computational hardware but should be investigated in future work (e.g. Ďurech et al. 2012b). 
4.3. Further implications for Geographos
The macro-porosity for Geographos can be estimated by assuming a typical bulk density of ~3330 kg m-3 for the ordinary chondrites that are associated with S-type asteroids (Carry 2012). The bulk densities of 1450 [image: equation], 2150 [image: equation], and 2100 [image: equation] kg m-3 derived using a fixed diameter for the radar, flattened-radar, and light-curve shape models give macro-porosities of 56 [image: equation], 35 [image: equation], and 37 [image: equation]%, respectively. These values indicate that Geographos most likely has a rubble-pile interior structure (Britt et al. 2002). This conclusion would remain valid if the Chesley et al. (2008) Yarkovsky drift measurement was rejected (see Sect. 4.1), as the bulk density would be lowered and the macro-porosity would be increased (to ~1800 kg m-3 and ~46% respectively) to take into account the increased rate of Yarkovsky drift (relative to our nominal value) of Geographos. The rubble-pile nature is consistent with its irregular and highly elongated shape having formed from tidal distortion during a close planetary encounter (Solem & Hills 1996; Bottke et al. 1999). The measured bulk density is also lower than 2400 kg m-3 assumed in the meteoroid ejection studies (Ryabova 2002a,b), which suggests that it is easier for loose material (as inferred from its thermal inertia value below) to be lofted away from Geographos’s surface during close encounters with the Earth than previously thought. 
Taking the light-curve shape model with a fixed diameter as the nominal result, Geographos’s thermal inertia of 340 [image: equation] J m-2 K-1 s−1/2 is slightly high for a near-Earth asteroid that is a few km in size. In particular, it is larger than 180 ± 50, 140 [image: equation], and 120 ± 50 J m-2 K-1 s−1/2 determined for the near-Earth asteroids (1580) Betulia (Harris et al. 2005), (1862) Apollo (Rozitis et al. 2013), and (175706) 1996 FG3 (Wolters et al. 2011), respectively. It is also larger than the mean value of 200 ± 40 J m-2 K-1 s−1/2 determined for km-sized near-Earth asteroids (Delbo et al. 2007). It is most similar to that of 310 ± 70 and 400 ± 200 J m-2 K-1 s−1/2 determined for the sub-km near-Earth asteroids (101955) Bennu (Emery et al. 2014) and (162173) 1999 JU3 (Müller et al. 2011), respectively. Its surface is therefore likely to consist of a mixture of fine grains and large rocks/boulders rather than just fine grains. The derived bulk density of 2100 [image: equation] kg m-3 is very similar to that of 1950 ± 140 kg/m3 determined for the S-type near-Earth asteroid (25143) Itokawa (Abe et al. 2006). This suggests that Geographos could have a very similar interior structure to (25143) Itokawa despite being significantly larger, i.e. 2.46 km versus 0.33 km in effective diameter (Fujiwara et al. 2006). 
Finally, the obliquity of Geographos is increasing for all three shape models, which indicates that it is approaching one of the YORP asymptotic states at 180° obliquity (Čapek & Vokrouhlický 2004). Like (1862) Apollo (Rozitis et al. 2013), the YORP effect will halve Geographos’s rotation period and shift its rotation axis to the 180° obliquity asymptotic state in just ~7 Myr, whilst in the same amount of time the Yarkovsky effect will decrease Geographos’s semimajor axis by just ~10-3 AU. Therefore, the YORP effect will dominate Geographos’s long term evolution. 

    
1 
          http://echo.jpl.nasa.gov/asteroids/shapes/shapes.html
        


2 
          http://astro.troja.mff.cuni.cz/projects/asteroids3D/web.php
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            Summary of ATPM YORP effect modelling results for (1620) Geographos using its three different shape models (legend) and a fixed maximum equatorial diameter of 5.04 ± 0.07 km. a) Average YORP rotational acceleration as a function of thermal inertia. b) The distribution of possible YORP rotational acceleration values derived at the 3σ confidence level. The grey vertical lines represent the lower and upper bounds of the YORP rotational acceleration acting on (1620) Geographos as measured by Ďurech et al. (2008b). c) Average rate of YORP obliquity shift as a function of thermal inertia. d) The distribution of possible rates of YORP obliquity shift derived at the 3σ confidence level.
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    Table 1 

            Summary of the (1620) Geographos thermal-infrared observations obtained in 1983.

          
            
              	 Observation
              	Wavelength
              	Flux
              	Heliocentric
              	Geocentric
              	Phase angle
            

            
              	 date (1983 UT)
              	(μm)
              	(10-14 W m-2μm-1)
              	distance (AU)
              	distance (AU)
              	(°)
            

            
              	
                

              
            

            
              	 March 06.36a
              	10.1
              	6.25 ± 0.58
              	
              	
              	
            

            
              	 March 06.41a
              	10.1
              	23.6 ± 2.2
              	1.098
              	0.111
              	16.9 
            

            
              	 March 06.47a
              	10.1
              	8.32 ± 0.77
              	
              	
              	
            

            
              	 March 11.31a
              	10.1
              	27.1 ± 2.1
              	
              	
              	
            

            
              	 March 11.36a
              	10.1
              	7.25 ± 0.67
              	1.071
              	0.095
              	34.0 
            

            
              	 March 11.42a
              	10.1
              	25.8 ± 2.4
              	
              	
              	
            

            
              	 March 11.47a
              	10.1
              	8.25 ± 0.76
              	
              	
              	
            

            
              	 March 24.10b
              	12
              	3.20 ± 0.42
              	
              	
              	
            

            
              	 March 24.10b
              	25
              	1.29 ± 0.19
              	1.003
              	0.101
              	83.8 
            

            
              	 March 24.10b
              	60
              	0.125 ± 0.026
              	
              	
              	
            

          


            Notes. Obtained from  and  The IRAS fluxes quoted here were obtained from Tedesco et al. (2004) and colour corrected using the corrections of Green (1985) with an assumed temperature of 330 K. These corrections were 1.05, 0.85, and 0.85 for the 12, 25, and 60 μm fluxes, respectively.

            (a) Veeder et al. (1989);


            (b) Green (1985) and Tedesco et al. (2004).


          


  
    Table 2 

            Assumed and previously measured thermophysical modelling parameters for thermal-infrared flux fitting and Yarkovsky and YORP effect modelling.

          
            
              	 Shape model
              	Radar
              	Flattened-radar
              	Light-curve 
            

            
              	
                

              
            

            
              	 Number of vertices
              	2048a
              	2048a
              	1022b
            

            
              	 Number of facets
              	4092a
              	4092a
              	2040b
            

            
              	 Axis ratios (a:b:c)
              	2.51:1.00:1.07a
              	3.07:1.22:1.00
              	3.08:1.22:1.00b
            

            
              	 Rotation periodb
              	5.223336 h
              	5.223336 h
              	5.223336 h 
            

            
              	 YORP rotational accelerationb
              	(1.5 ± 0.2) × 10-3 rad yr-2
              	(1.5 ± 0.2) × 10-3 rad yr-2
              	(1.5 ± 0.2) × 10-3 rad yr-2
            

            
              	 Pole orientation
              	λa = 55°, βa = –46°
              	λa = 55°, βa = –46°
              	λb = 58°, βb = –49°
            

            
              	 Obliquity
              	149°
              	149°
              	152°
            

            
              	 Semimajor axisc
              	1.246 AU
              	1.246 AU
              	1.246 AU 
            

            
              	 Eccentricityc
              	0.336
              	0.336
              	0.336 
            

            
              	 Yarkovsky semimajor axis driftd
              	–27.4 ± 5.7 m yr-1
              	–27.4 ± 5.7 m yr-1
              	–27.4 ± 5.7 m yr-1
            

            
              	 Absolute magnitudee
              	15.6 ± 0.1
              	15.6 ± 0.1
              	15.6 ± 0.1 
            

            
              	 Phase parametere
              	0.15
              	0.15
              	0.15 
            

            
              	 Emissivity
              	0.9
              	0.9
              	0.9 
            

          


            Notes. Obtained from    

            (a) Hudson & Ostro (1999);


            (b) Ďurech et al. (2008b);


            (c) the JPL Small-Body Database Browser;


            (d) Chesley et al. (2008), Nugent et al. (2012); and Farnocchia et al. (2013);


            (e) Magnusson et al. (1996).


          


  
    Table 3 

            ATPM derived thermophysical properties of (1620) Geographos using the thermal-infrared observations obtained in 1983 at the 3σ confidence level.

          
            
              	 Shape model
              	Radar
              	Flattened-radar
              	Light-curve
            

            
              	 Diameter fitting mode
              	Free
              	Fixed
              	Free
              	Fixed
              	Free
              	Fixed 
            

            
              	
                

              
            

            
              	 Thermal-infrared reduced-χ2
              	0.30
              	2.42
              	0.23
              	0.20
              	0.53
              	0.50 
            

            
              	 Light-curve relative-χ2
              	26.6
              	26.6
              	23.3
              	23.3
              	11.9
              	11.9 
            

            
              	 Effective diametera (km)
              	2.21 ± 0.13
              	2.56 ± 0.03
              	2.42 ± 0.13
              	2.34 ± 0.03
              	2.36 ± 0.12
              	2.46 ± 0.03 
            

            
              	 Maximum equatorial diametera (km)
              	4.35 ± 0.26
              	5.04 ± 0.07
              	5.21 ± 0.28
              	5.04 ± 0.07
              	4.83 ± 0.25
              	5.04 ± 0.07 
            

            
              	 Geometric albedoa
              	0.21 ± 0.04
              	0.155 ± 0.015
              	0.17 ± 0.03
              	0.186 ± 0.019
              	0.18 ± 0.03
              	0.168 ± 0.017 
            

            
              	 Thermal inertiab (J m-2 K-1 s−1/2)
              	320 [image: equation]
              	1320 [image: equation]
              	340 [image: equation]
              	260 [image: equation]
              	260 [image: equation]
              	340 [image: equation]
            

            
              	 Roughness fraction (%)
              	60 ± 26a
              	≥60c
              	64 ± 24a
              	58 ± 24a
              	≥45c
              	≥50c
            

          


            
              Notes.
            

            (a) Mean and standard error.


            (b) Median and 1σ spread.


            (c) 3σ range.


          


  
    
      Fig. 1 

      
        [image: thumbnail]
      

      
            Radar (left column; Hudson & Ostro 1999), flattened-radar (middle column), and light-curve (right column; Ďurech et al. 2008b) shape models of (1620) Geographos. The shape models have been scaled so that they have the same maximum equatorial diameter of 5.04 km, and they have been illuminated by the Sun along their y-axes.

          

    

  
    
      Fig. 2 
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            Example ATPM fits to the (1620) Geographos thermal-infared observations (data points; Green 1985; Veeder et al. 1989; Tedesco et al. 2004) using the radar (dashed lines), flattened-radar (dotted lines), and light-curve (solid lines) shape models. The thermal-infrared spectrum of the flattened-radar shape model in the lower right panel is almost identical to that of the light-curve shape model.

          

    

  
    
      Fig. 3 
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            Summary of ATPM chi-square fitting results to the thermal-infrared observations of (1620) Geographos obtained in 1983 using a fixed maximum equatorial diameter of 5.04 ± 0.07 km. The possible thermal inertia distribution (left) and the co-variance with thermal inertia of the average roughness fraction (right) derived at the 3σ confidence level for the three different shape models (legend).

          

    

  
    
      Fig. 4 
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            Sampling distribution of the Yarkovsky semimajor axis drift (solid line) used in the analysis of (1620) Geographos compared against the three measured values and their uncertainties (circle – Chesley et al. 2008; square – Nugent et al. 2012; triangle – Farnocchia et al. 2013).

          

    

  
    
      Fig. 5 
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            Summary of ATPM Yarkovsky effect modelling results for (1620) Geographos using its three different shape models (legend) and a fixed maximum equatorial diameter of 5.04 ± 0.07 km. a) Average Yarkovsky semimajor axis drift as a function of thermal inertia at a fixed bulk density of 2000 kg m-3. b) Average bulk density as a function of thermal inertia derived by comparing the model orbital drift against that measured. c) The distribution of possible bulk densities derived at the 3σ confidence level.

          

    

  
    
      Fig. 6 
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            Summary of ATPM YORP effect modelling results for (1620) Geographos using its three different shape models (legend) and a fixed maximum equatorial diameter of 5.04 ± 0.07 km. a) Average YORP rotational acceleration as a function of thermal inertia. b) The distribution of possible YORP rotational acceleration values derived at the 3σ confidence level. The grey vertical lines represent the lower and upper bounds of the YORP rotational acceleration acting on (1620) Geographos as measured by Ďurech et al. (2008b). c) Average rate of YORP obliquity shift as a function of thermal inertia. d) The distribution of possible rates of YORP obliquity shift derived at the 3σ confidence level.

          

    

  
    Table 4 

            Mass and spin change properties of (1620) Geographos derived by ATPM at the 3σ confidence level.

          
            
              	 Shape model
              	Radar
              	Flattened-radar
              	Light-curve
            

            
              	 Diameter fitting mode
              	Free
              	Fixed
              	Free
              	Fixed
              	Free
              	Fixed 
            

            
              	
                

              
            

            
              	 Bulk densitya (kg m-3)
              	2400 [image: equation]
              	1450 [image: equation]
              	2050 [image: equation]
              	2150 [image: equation]
              	2150 [image: equation]
              	2100 [image: equation]
            

            
              	 Macro-porositya (%)
              	28 [image: equation]
              	56 [image: equation]
              	38 [image: equation]
              	35 [image: equation]
              	35 [image: equation]
              	37 [image: equation]
            

            
              	 Massa (1013 kg)
              	1.38 [image: equation]
              	1.25 [image: equation]
              	1.54 [image: equation]
              	1.49 [image: equation]
              	1.48 [image: equation]
              	1.62 [image: equation]
            

            
              	 Moment of inertiaa (1019 kg m2)
              	1.42 [image: equation]
              	1.67 [image: equation]
              	2.27 [image: equation]
              	2.03 [image: equation]
              	1.91 [image: equation]
              	2.21 [image: equation]
            

            
              	 YORP rotational accelerationa (10-3 rad yr-2)
              	-4.8 [image: equation]
              	-5.5 [image: equation]
              	-4.1 [image: equation]
              	-4.2 [image: equation]
              	2.0 [image: equation]
              	1.9 [image: equation]
            

            
              	 YORP obliquity shifta (°/105 yr)
              	2.6 [image: equation]
              	1.0 ± 0.4
              	3.6 [image: equation]
              	4.2 [image: equation]
              	2.5 [image: equation]
              	2.3 ± 0.6 
            

          


            
              Notes.
            

            (a) Median and 1σ spread.


          


  OEBPS/aa23090-13-eq41.png





OEBPS/aa23090-13-eq42.png





OEBPS/aa23090-13-eq29.png
FCFD, f) Fron (s ¢, T D, f2) = Fons(u ) ||
aoBs(dn, @)






OEBPS/aa23090-13-eq34.png
AB(D-fR)Y
FCFD, f) = T Anvon |





OEBPS/aa23090-13-eq1.png





OEBPS/aa23090-13-eq70.png





OEBPS/aa23090-13-eq40.png





OEBPS/aa23090-13-eq63.png
dw

Po dw
7(D feop) = ( ) ( )[“ 7fR dt oo T IR dr rough |’





OEBPS/aa23090-13-eq61.png





OEBPS/aa23090-13-eq67.png
d. D,
dff(r,n,fk,p):(ﬁ)( )[(1 O E oo e |





OEBPS/aa23090-13-eq105.png





OEBPS/aa23090-13-eq6.png





OEBPS/aa23090-13-eq60.png









OEBPS/aa23090-13-fig5_small.jpg





OEBPS/aa23090-13-fig2_small.jpg





OEBPS/aa23090-13-eq25.png
10-7/51329 "
_10mP
T





OEBPS/aa23090-13-eq79.png





OEBPS/aa23090-13-eq78.png





OEBPS/aa23090-13-eq80.png





OEBPS/aa23090-13-eq74.png





OEBPS/aa23090-13-eq73.png





OEBPS/aa23090-13-eq76.png





OEBPS/aa23090-13-eq75.png





OEBPS/aa23090-13-fig1.jpg
L o

Lo






OEBPS/aa23090-13-fig2.jpg
£
E
=
g
H
8

WS )

Observed flux (1

10.1 m light-curve

0.1 ym light-curve.

H
)
H
S 0
— —Radar 3 — Ligntcunve
H o
- Flatlonodracar 6 March 1983 o Das 13 March 1983
0
o o5 o 1 02 05 o1 1
Rotation phase Rotation phase
0
was | 101 ym lghtcurve RAS specium at
s S 029 roaton phase
! 3
i 3
| T o
|
i 2
i )
i B
: HO
L H
! ]
i [
! 24 March 1983 24 March 1983
- 001
om o5 o 1 B @ 8

T —

——





OEBPS/aa23090-13-fig3.jpg
e o
008 08

& Ughtcurve B
Jow 36
H H
5 004 £ o0s .
5 H

002 02

2
Ry
000 00
0 S0 1000 100 2000 Z500 3000 0 S0 100 1500 2000 2500 3000
ORI By Sty el e T i






OEBPS/aa23090-13-eq72.png





OEBPS/aa23090-13-fig4.jpg
Probability density

0.08

0.06

0.04

0.02

0.00

0

10 -20 30 -40

Semimajor axis drift (m yr)





OEBPS/aa23090-13-eq71.png





OEBPS/aa23090-13-fig5.jpg
5

E o5 e NN
E \\

5

2 AN

s ~

s S~

E 777777777777777777777777 e
= — — Radar

o

(7]

Light-curve

0 500 1000 1500 2000 2500 3000
Thermal inertia (J m2 K s-12)

2500

2000

1500

Bulk density (kg m=3)

1000

500
0 500 1000 1500 2000 2500 3000

Thermal inertia (J m2 K s-12)

0.06

0.04

0.02

Normalised frequency

0.00 + ] . = 2=
0 1000 2000 3000 4000 5000

Bulk density (kg m=)





OEBPS/aa23090-13-fig6.jpg
Rot. acceleration (10 rad yr %)

Obliquity shift (*/ 10° yr)

010

(@)
— oca
- §
Zo08
H
i
) don
£ E
i ~~ H
== 002
o0
o e wm w0 me we w4 46
Tromatnrta (4 K1)
(©
H
i
E
§
H

0

500 1000 1500 2000 2500 3000
“Thermal inertia (J m2 K- s-2)

2 4 6
Obliquity shift (° / 105 yr)






OEBPS/aa23090-13-fig1_small.jpg
- e





OEBPS/dash.png





OEBPS/aa23090-13-eq93.png





OEBPS/aa23090-13-eq91.png





OEBPS/aa23090-13-eq88.png





OEBPS/aa23090-13-eq87.png





OEBPS/aa23090-13-eq90.png





OEBPS/aa23090-13-eq89.png





OEBPS/aa23090-13-eq82.png





OEBPS/aa23090-13-fig4_small.jpg





OEBPS/aa23090-13-eq81.png





OEBPS/aa23090-13-eq86.png





OEBPS/aa23090-13-eq83.png





OEBPS/aa23090-13-eq94.png





OEBPS/aa23090-13-eq59.png





OEBPS/aa23090-13-fig3_small.jpg





OEBPS/aa23090-13-eq58.png
p(IL.D, fr) = Pn(*(r D. fk’pu)/ dr mmumd)





OEBPS/aa23090-13-eq53.png
Do

da
w0 fep) = (D

)( )FCF(fR)[(l - fk) (r)xmnmh

+fk (r)muzh E(r),\ex\,\nnz\!]«





OEBPS/aa23090-13-eq100.png





OEBPS/aa23090-13-eq99.png





OEBPS/aa23090-13-eq45.png





OEBPS/aa23090-13-eq102.png





OEBPS/aa23090-13-eq44.png





OEBPS/aa23090-13-eq101.png





OEBPS/aa23090-13-eq95.png





OEBPS/aa23090-13-eq97.png





OEBPS/aa23090-13-eq96.png





OEBPS/aa23090-13-eq103.png
ey x 107





OEBPS/aa23090-13-fig6_small.jpg





