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Abstract

Context. The theoretical apsidal motion constants are key tools to investigate the stellar interiors in close eccentric binary systems. In addition, these constants and the moment of inertia are also important to investigate the tidal evolution of close binary stars as well as of exo-planetary systems.

Aims. The aim of the paper is to present new evolutionary models, based on the MESA package, that include the internal structure constants (k2, k3, and k4), the radius of gyration, and the gravitational potential energy for configurations computed from the pre-main-sequence up to the first ascent giant branch or beyond. The calculations are available for the three metallicities [Fe/H] = 0.00, −0.50, and −1.00, which take the recent investigations in less metallic environments into account. This new set of models replaces the old ones, published about 15 years ago, using the code GRANADA.

Methods. Core overshooting was taken into account using the mass-fov relationship, which was derived semi-empirically for models more massive than 1.2 M⊙. The differential equations governing the apsidal motion constants, moment of inertia, and the gravitational potential energy were integrated simultaneously through a fifth-order Runge-Kutta method with a tolerance level of 10−7.

Results. The resulting models (from 0.8 up to 35.0 M⊙) are presented in 54 tables for the three metallicities, containing the usual characteristics of an evolutionary model (age, initial masses, log Teff, log g, and log L), the constants of internal structure (k2, k3, and k4), the radius of gyration β, and the factor α that is related with the gravitational potential energy.
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1. Introduction
Double-lined eclipsing binaries (DLEBS) are the main source of accurate, absolute dimensions of stars. In addition, some proximity effects can provide valuable information on the stellar interiors. In a close and eccentric binary system, the stellar configurations are distorted by tides and rotation. As a consequence of these distortions, there is a secular change of the position of the periastron. Such distortions can be described as a function of the internal structure of each star through the apsidal motion constants (k2, k3, and k4). For a complete description of the stellar distortions caused by tides and rotation, see Kopal (1959, 1978). As the apsidal motion period depends strongly on the relative radius (r−5), only systems with very accurate absolute dimensions can be used to perform the comparison between the theoretical and observed apsidal motion rates. An advantage of the apsidal motion rates is that they have been measured for a wide range of masses. Therefore, one can investigate the interior of the stars under very different physical conditions, thus apsidal motion is a good and complementary test for the theory of stellar evolution.
A systematic effect was detected when the theoretical apsidal motion constants were compared with the observed ones: the real stars seemed to be more mass concentrated than predicted by the theoretical stellar models. For a short historical review on this point, see Claret & Giménez (1993). These authors, using several improvements made to the stellar models available at that time (mainly opacities), were able to somewhat reduce discrepancies for about 20 DLEBS. In 1997, analysing only relativistic eclipsing binaries, Claret (1997) showed that general relativity predictions were able to explain the shift in the periastron position without the need for an alternative theory of gravitation. The problematic case of DI Her was solved observationally through the Rossiter-McLaughlin effect some years later by Albrecht et al. (2009). A few months later, Claret et al. (2010) redetermined the apsidal motion rate for DI Her using new times of minima. Also new evolutionary models were adopted that were based on new absolute dimensions. With these data, these authors were able to reduce the difference between the theoretical and observed apsidal motion rate to only 10%.
Another small step forward was achieved by Claret & Giménez (2010). Using a larger sample of DLEBS (with improved absolute dimensions), they have shown that the discrepancies between the theoretical predictions and the observational rates of apsidal motion have decreased significantly. In that paper, in addition to the classical contribution to the apsidal motion rate because of static tides, dynamic tides were also considered due to the effects of the compressibility of the stellar fluid, mainly when the system is near the synchronism.
Since then, the accuracy of the absolute dimensions of the DLEBS have increased, which is the same for apsidal motion rates (Torres et al. 2010). The evolutionary stellar models have also improved (opacities, thermonuclear energy generation rates, equation of state, extra-mixing, etc.). On the other hand, the apsidal motion constants and the moment of inertia are also important in order to investigate the tidal evolution of close binary stars and exo-planetary systems (Hut 1981, 1982). Therefore, a new generation of stellar models is necessary to be compared with the recent observational data about absolute dimensions and apsidal motion rates of DLEBS as well as with the data from the exo-planetary systems. Such updated evolutionary models are the main aim of the present research. The paper is organised as follows. Section 2 is dedicated to the introduction of the differential equations used to compute the theoretical apsidal motion constants as well as the moment of inertia and gravitational potential energy. Section 3 is devoted to the analysis of the characteristics of the new models. Finally, Table 1 summarises the properties of the models available at the CDS (Centre de Données Astronomiques de Strasbourg) or those that come directly from the author.
Table 1.

Stellar models.


2. Stellar models, internal structure constants, and tidal evolution
The stellar models were computed using the Modules for Experiments in Stellar Astrophysics package (MESA; Paxton et al. 2011, 2013, 2015) version 7385, which does not include the effects of rotation. The adopted mixing-length parameter αMLT was 1.84 (the solar-calibrated value). However, it is expected that the αMLT parameter depends on the evolutionary status and/or metallicity, according to the theoretical predictions of the 3D simulations (Magic et al. 2015). Due to the different input physics of MESA, mainly the equation of state and opacities, a direct comparison of the αMLT adopted here with those generated by 3D simulations is not straightforward. In all calculations, the microscopic diffusion was included. For the opacities, the adopted element mixture is that by Asplund et al. (2009). The helium content is given by the following enrichment law: Y = 0.249 + 1.67 Z. The covered mass range was from 0.8 up to 35.0 M⊙. For stars that are more massive than 12 M⊙, we adopted the scheme of mass loss from Vink et al. (2001) with a multiplicative scale factor η = 0.1. This is not to be confused with η of the Radau equation (see below). For less massive stars in the red giants branch, we adopted the formalism by Reimers (1977) with η = 0.2. For AGB stars we adopted the formula given in Blocker (1995) with η = 0.1. In this paper, convective core overshooting was introduced using the diffusive approximation, given by the free parameter fov (Freytag et al. 1996; Herwig et al. 1997). In this approximation, the diffusion coefficient in the overshooting region is given by the expression [image: equation] and Do is the diffusion coefficient at the convective boundary, z is the geometric distance from the edge of the convective zone, Hν is the velocity scale-height at the convective boundary expressed as Hν = fov Hp, and the coefficient fov is a free parameter governing the width of the overshooting layer. It is known that models with core overshooting are more centrally concentrated in mass than their standard counterparts (Claret & Giménez 1991). At that time, it was usual to take the overshooting parameter (αov) as a constant for the entire range of stellar masses. Instead, here, we adopted the relationship between the stellar mass and fov found by Claret & Torres (2018) in their Fig. 3.
Typically, DBLES that show apsidal motion are not very evolved. Nonetheless, all models were followed from the pre-main-sequence (PMS) up to the first ascent giant branch or beyond. The tables containing the models begin at the zero-age main-sequence (ZAMS), defined here as the locus of the HR diagram at which the central hydrogen content drops to 99.4% of its initial value.
A significant observational advance in apsidal motion studies was recently achieved by Zasche & Wolf (2019) who investigated 21 eccentric eclipsing binaries located in the small Magellanic Cloud. Taking this into account, we decided to extend the calculations to the following three metallicities: [Fe/H] = 0.00, −0.50, and −1.00. This allows analysis of interpolating in the three grids in order to study DLEBS showing apsidal motion and/or tidal evolution that are also in less metallic environments.
The internal structure constants – k2, k3, and k4 – are derived by integrating the Radau equation
[image: thumbnail](1)
where,
[image: thumbnail](2)
a is the mean radius of the stellar configuration, ϵj is a measure of the deviation from sphericity, ρ(a) is the mass density at the distance a from the centre, and [image: equation] is the mean mass density within a sphere of radius a.
The resulting apsidal motion constant of order j is given by
[image: thumbnail](3)
where R indicates the values of ηj at the surface of the star.
We note that these equations are derived in the framework of static tides. For the case of dynamic tides, more elaborated equations are necessary. The rate of classical apsidal motion was derived assuming that the orbital period is larger than the periods of the free oscillation modes. However, dynamic tides can significantly impact the theoretical predictions based on static tides. This is mainly due to the effects of the compressibility of the stellar fluid if the systems are near synchronism. In this case, for higher rotational angular velocities, additional deviations caused by resonances will appear if the forcing frequencies of the dynamic tides come into range of the free oscillation modes of the component stars. For numerical details on the impact of the dynamical tides see Claret & Willems (2002), Willems & Claret (2003), Claret & Giménez (2010).
As previously mentioned, the present models were computed without taking rotation into account. To evaluate these effects, a correction on the internal structure constants was introduced by Claret (1999) which is given by Δlog k2 ≡ log k2, stan − λ, where λ = 2V2/(3gR), g is the surface gravity, and V is the equatorial rotational velocity.
The effects of general relativity on the moment of inertia and gravitational potential energy are not so important for stars at the PMS, main-sequence (MS), or for white dwarfs (WD). However, for consistency with our previous papers on compact stars, the relativistic formalism is adopted throughout. The moment of inertia is given by the following equation, where β is the radius of gyration:
[image: thumbnail](4)
On the other hand, the amount of work necessary to bring the entire spherical star in from infinity is given by
[image: thumbnail](5)
where P(r) is the pressure, ρ′(r) the energy density, and the auxiliary function, Λ(r), is given by [image: equation]. The parameter α is a dimensionless number that measures the relative mass concentration. For example, for polytropes, we have α = 3/(5 − n), where n is the polytropic index.
Equations (1), (4), and (5) were integrated simultaneously through a fifth-order Runge-Kutta method, with a tolerance level of 10−7.
The factors α and β show very interesting behaviour. Defining a new function as
[image: thumbnail](6)
Claret & Hempel (2013) computed a series of stellar models from the PMS up to the white dwarf cooling sequences. They found a connection between the large variations of Γ during the intermediary evolutionary phases and the specific nuclear power. A threshold for the specific nuclear power was also found. Below this limit, Γ is invariant (≈0.4) and recovers the initial value at the PMS.
Other final products of the stellar evolution – neutron and quark stars – for which the effects of general relativity are strong, also present this invariance that is independent of the mass and equation of state. Furthermore, by using a core-collapse supernova simulation, the PMS value of Γ is recovered at the onset of the formation of a black hole. Therefore, regardless of the final products of the stellar evolution; white dwarfs; neutron, hybrid, and quark stars; or proto-neutron stars at the onset of the formation of a black hole, it can be concluded that they present a “memory effect” and recover the fossil value of Γ ≈ 0.40 that is acquired during the PMS (Claret 2014). The invariance of Γ was also extended to another category of celestial bodies, the gaseous planets, with masses ranging from 0.1 to 50 MJ (Claret & Hempel 2013). Such models were followed from the gravitational contraction up to to ≈20 Gyr. In addition, a macroscopic stability criterion for neutron and quark star models, based on the properties of the relativistic product αβ, was introduced.
The connection between the factors, α and β, with the Jacobi virial theorem is clear for conservative systems recalling that such an equation can be written as
[image: thumbnail](7)
In the above equation, the Jacobi function is given by [image: equation], T is the kinetic energy and ET is the total energy. In the case of spherical symmetric configurations, ϕ = 3/4I ≡ 3/4M(Rβ)2. For conservative systems, Eq. (7) can be transformed in a differential equation with only one unknown function. An important question coming from the resulting equation is whether the product αβ is constant for all stellar evolutionary phases. However, as shown in the above mentioned papers, only during the PMS and the earlier stages of the main sequence is the product, αβ, almost constant. When the stellar models evolve out of the main sequence, this product increases during the later phases before reaching the compact star stage. In this stage, the product recovers its original value (≈0.40), acquired at the PMS. For an insightful vision of the virial theorem, see Collins (2003). For a more detailed discussion on the relation of the Jacobi differential equation and stellar evolution, see Sect. 4 by Claret (2012).
3. Tidal evolution constants: The apsidal motion and the moment of inertia
Returning to the main purpose of the paper (the constants of internal structure), we adopted some selected models by Claret (2004) for comparison purposes. The 2004 models were computed for a slightly different chemical composition (X = 0.700, Z = 0.02, based on the Grevesse & Sauval 1998) mixture and a different αMLT = 1.68.
Figure 1 shows the HR diagram for the new and old models. There are two systematic effects. Firstly, the new models present higher effective temperatures than their old counter-parts. Secondly, the radii of the new models are smaller than the old ones, and the effect is smaller for low-mass stars.
	[image: thumbnail]	Fig. 1.
HR diagram for some selected models. The masses are indicated in solar units. Continuous lines represent the present models while dashed ones denote the models by Claret (2004). Solar composition.




Concerning the theoretical apsidal motion constants, in general, the new models are more concentrated in mass than the old ones (Fig. 2). However, the differences are not constant and progressively decrease from less massive to more massive models. Considering, for example, models of 1.00 M⊙, the difference is of the order of 0.20 dex (in the logarithmic scale) in the middle of the main sequence, which is of the order of the mean observational errors. For the more massive models (e.g. 2.50 and 5.00 M⊙), the differences between the new models and the old models are only of the order of 0.05 dex, though they are still important.
	[image: thumbnail]	Fig. 2.
Apsidal motion constant of order two for new and old models. The masses, in solar units, are indicated by numbers. Same captions as in Fig. 1.




The differences between the two sets of models discussed above have diverse causes, such as the adopted values of αMLT (1.84 and 1.68). The equation of state also contributes. It is important to note that this is mainly the case for the less massive models. The rates of mass loss, which are different from those adopted in the 2004 models, also influence both the shape of the tracks in the HR diagram and their internal structure. Another reason for the differences in the 2004 models is that a constant value for the amount of core overshooting was adopted for all masses; conversely, as previously mentioned, we introduced a dependence on the stellar mass for the core overshooting as given by Claret & Torres (2018).
The effects of the metallicity on the internal structure is shown in Fig. 3 for models with 1.00 and 5.00 M⊙ for [Fe/H = 0.00] with continuous lines, and for [Fe/H = −1.00] with dashed lines. The differences between the [Fe/H = 0.00] and [Fe/H = −1.00] models are important. This mainly concerns less massive models during the main sequence and can achieve up to 0.80 dex for the 1.00 M⊙ models. These differences, in general, decrease with the stellar mass.
	[image: thumbnail]	Fig. 3.
Apsidal motion constant of order two for present models. Computed for [Fe/H] = 0.00 (continuous lines) and for [Fe/H] = −1.0 (dashed lines). Models with 1.00 and 5.00 M⊙.




For homogeneous models, the radius of gyration shows a different behaviour for masses larger or smaller than ≈1.5 M⊙, that is there is a minimum of β around this value. Such behaviour is connected with the change in the dominant source of thermonuclear energy from the pp chain to the CNO cycle (Fig. 2 by Claret & Giménez 1989). In Fig. 4, we show the evolution of β for models of 1.00, 2.50, and 5.00 M⊙. When the star evolves, the behaviour of β becomes more complex, showing some loops for advanced evolutionary phases. Despite the complex behaviour of the apsidal motion constant of order two and the radius of gyration as a function of log g shown in Figs. 2 and 4, both have an approximately linear relationship that is independent of their evolution for a wide range of stellar masses. The resulting lobe shown in Fig. 5 is due to nuclear reactions and chemical inhomogeneities which lead to structural changes. The aspect of Fig. 5 is not surprising given that log k2 and log β give a measure of the mass concentration for each evolutionary stage of the models through the integration of the respective differential equations of second and first order, respectively.
	[image: thumbnail]	Fig. 4.
The evolution of radius of gyration for some selected models. Continuous line represents the model with 1.00 M⊙, the dashed and dashed-point lines denote the models with 2.5 and 5.0 M⊙, respectively. Solar composition.




	[image: thumbnail]	Fig. 5.
Relationship between evolving log β and log k2 for models with 1.00, 2.50, 5.00, 10.00, 15.00, 20.00, and 25.00 M⊙. Solar composition.




Finally, Table 1 summarises the data available at the CDS or directly from the author. Additional calculations for other chemical compositions and/or for specific masses can be performed upon request.
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    Table 1. 

Stellar models.




	Name
	Initial mass (solar mass)
	[Fe/H]





	Table2
	0.80
	0.00



	Table3
	1.00
	0.00



	Table4
	1.20
	0.00



	Table5
	1.40
	0.00



	Table6
	1.60
	0.00



	Table7
	1.80
	0.00



	Table8
	2.00
	0.00



	Table9
	2.50
	0.00



	Table10
	3.00
	0.00



	Table11
	5.00
	0.00



	Table12
	7.00
	0.00



	Table13
	10.00
	0.00



	Table14
	12.00
	0.00



	Table15
	15.00
	0.00



	Table16
	20.00
	0.00



	Table17
	25.00
	0.00



	Table18
	30.00
	0.00



	Table19
	35.00
	0.00



	Table20
	0.80
	−0.50



	Table21
	1.00
	−0.50



	Table22
	1.20
	−0.50



	Table23
	1.40
	−0.50



	Table24
	1.60
	−0.50



	Table25
	1.80
	−0.50



	Table26
	2.00
	−0.50



	Table27
	2.50
	−0.50



	Table28
	3.00
	−0.50



	Table29
	5.00
	−0.50



	Table30
	7.00
	−0.50



	Table31
	10.00
	−0.50



	Table32
	12.00
	−0.50



	Table33
	15.00
	−0.50



	Table34
	20.00
	−0.50



	Table35
	25.00
	−0.50



	Table36
	30.00
	-0.50



	Table37
	35.00
	−0.50



	Table38
	0.80
	−1.00



	Table39
	1.00
	−1.00



	Table40
	1.20
	−1.00



	Table41
	1.40
	−1.00



	Table42
	1.60
	−1.00



	Table43
	1.80
	−1.00



	Table44
	2.00
	−1.00



	Table45
	2.50
	−1.00



	Table46
	3.00
	−1.00



	Table47
	5.00
	−1.00



	Table48
	7.00
	−1.00



	Table49
	10.00
	−1.00



	Table50
	12.00
	−1.00



	Table51
	15.00
	−1.00



	Table52
	20.00
	−1.00



	Table53
	25.00
	−1.00



	Table54
	30.00
	−1.00



	Table55
	35.00
	−1.00
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