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Abstract

Context. The International Celestial Reference System is realized in the radio band by a catalog of radio source positions obtained by very long baseline interferometry (VLBI) measurements and is called the International Celestial Reference Frame (ICRF). The current ICRF approved by the International Astronomical Union at its 30th general assembly in August 2018 is the ICRF3. Discussions are currently underway on the preparation of the next ICRF release, the ICRF4.

Aims. For this paper, we investigated a possibility to improve the S/X version of the ICRF3 by constructing a combined catalog of radio source positions based on individual catalogs provided by VLBI analysis centers.

Methods. This study is based on the analysis of the systematic errors of the six most recent VLBI radio source catalogs using vector spherical harmonics. In the first step, we determined the systematic differences between each input catalog and the S/X version of the ICRF3. These systematics were then applied to the input catalogs to transform them into the ICRF3 system. The average of these transformed catalogs is the combined catalog in the ICRF3 system (COMB1X). Applying the averaged systematics to the COMB1X catalog, we obtained the combined catalog in an independent system (COMB2X). The intercomparison of partial combinations allowed us to rescale the formal errors to make them more realistic.

Results. The two combined catalogs of radio source positions contain a few more sources than the individual catalogs. The COMB1X catalog can be considered an improvement on ICRF3 in terms of stochastic errors. The COMB2X catalog can be considered an improvement on ICRF3 in terms of both stochastic and systematic errors. The COMB2X catalog reveals systematic errors of a few tens of microarcseconds with respect to the ICRF3.
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1 Introduction
Establishing a fundamental coordinate system on the sky is a key problem of astrometry. Until 1997, the celestial coordinate system was realized by fundamental catalogs of star positions. In 1997, the International Astronomical Union (IAU) adopted Resolution B2, which established that from 1 January 1998 the IAU celestial reference system would be the International Celestial Reference System (ICRS; Arias et al. 1995; Feissel & Mignard 1998), and that the corresponding fundamental reference frame would be the International Celestial Reference Frame (ICRF) based on the positions of extragalactic radio sources derived from very long baseline interferometry (VLBI)1. The first ICRF catalog consisted of 608 sources (Ma et al. 1998) followed by the ICRF2 (Fey et al. 2015), which contained the positions of 3414 sources, and the ICRF3 (Charlot et al. 2020), which included 4588 sources, of which 4536 observed at S/X band. All three ICRF releases were created by a single inversion of ionosphere-free VLBI delays recorded between 1979 and few months before the release date. The analysis was done by one VLBI analysis center after extensive discussions within the working groups about the analysis configuration, the data, and the various models forming the VLBI delay.
Before the advent of the space astrometry missions HIPPARCOS (Perryman 1997) and Gaia (Prusti et al. 2016), the most accurate star-based realizations of the fundamental celestial reference frame (CRF) such as the Fourth and Fifth Fundamental Catalogues (FK4) (Fricke et al. 1963) and FK5 (Fricke et al. 1988) were constructed as a combination of individual catalogs computed by different scientific groups. The combination of several catalogs allows one to mitigate their random and spatially correlated large-scale errors (also called systematic errors; see, e.g., Makarov et al. 2012), and to improve the completeness of the sample.
Similar studies were conducted to investigate the possibility of using a combination procedure for VLBI-based radio source position catalogs at a single frequency (Sokolova & Malkin 2007, 2014) or across several frequencies (Karbon & Nothnagel 2019). Such combinations were strongly motivated by the fact that, at the sought after microarcsecond (μas) level of precision and accuracy, the choices made by individual analysis centers in their analysis configuration lead to tens of μas differences between catalogs in terms of random and systematic errors, thus creating individual catalogs expressed in their own reference frames. The intercomparison of individual catalogs allows one to separate random and systematic errors, and thus provides all source positions expressed in a common reference frame, which in turn is the best materialization of the ICRS.
Other works considered providing a wavelength-independent reference frame from catalogs made at different radio frequencies (Karbon & Nothnagel 2019) or at radio and optical frequencies (Makarov et al. 2023). In such catalogs, random position errors also come from intrinsic properties of the sources (opacity of the base of the relativistic jet that makes the prominent radio emission point frequency dependent; see, e.g., Porcas 2009).
The main purpose of this work is to further develop the combination technique for combining the CRF solutions obtained in the analysis centers of the International VLBI Service for Geodesy and Astrometry (IVS; Nothnagel et al. 2017) at S/X band, i.e., relevant to positions at 8.4 GHz. Although the computation procedures used in this study are similar to those used by Sokolova & Malkin (2007, 2014), several substantial developments have been implemented, such as the use of vector spherical harmonics (VSH) for the analysis of systematic differences between catalogs, refined procedures for data editing and weighting, as well as some minor improvements. Finally, the aim of this work is to promote further discussion of the optimal strategy for constructing the next ICRF release (ICRF4; Charlot 2025).
Table 1 
The catalogs used in this study.

2 Input catalogs
The input data used in this work consist of radio source position catalogs obtained from processing the VLBI observational data at S/X bands by the individual IVS analysis centers. They are made publicly available on the IVS data center2 or through the analysis centers’ web site3. We retained the six most recent solutions from the following analysis centers: Agenzia Spaziale Italiana (ASI, Italy), Geoscience Australia (AUS, Australia), Bundesamt für Kartographie und Geodäsie (BKG, Germany), Paris observatory (OPA, France), the United States Naval Observatory (USN, USA), and Technischen Universität Wien (VIE, Austria). All these catalogs are expected to be of comparable quality because they all result from the processing of a major part of the complete existing VLBI observational data and because they were obtained using a standard analysis configuration close to the one used for the generation of the ICRF3 catalog. As a reference catalog, representing the current best materialization of the ICRS, we used the ICRF3 S/X, referred to as ICRF3X in the following. The set of catalogs is presented succinctly in Table 1, where we mention the number of sources, the time span of the observations, the resulting number of delays used in the analysis, and the median angular separation between the catalog and the ICRF3X for the sources in common to all catalogs.
At first glance the values in Table 1 already inform on the substantial differences between the input catalogs. The catalogs submitted to the IVS are based on modeling the VLBI delay following state-of-the-art models that comply with the IERS Conventions (see Petit & Luzum 2010, and updates). However, for analyzing the delays and fitting the geodetic and astrometric parameters of interest, the analysis centers can apply some variants, including choice of the analysis software package; exclusion of some sessions considered inappropriate for determining geodetic parameters; modeling of the rapidly variable station-dependent clock and troposphere parameters using step, piecewise linear, or quadratic functions; choice of the subnetwork on which the minimal constraints are applied to the position and/or velocities; subset of sources on which the minimal constraints are applied; choice of downgrading some sources or stations from global to session-wise parameters. These variants may have tiny but measurable effects when considering the current level of precision.
Among the main differences between the catalogs used in this work, we note that the AUS and BKG analyses start in 1993 and 1984, respectively, unlike all the other solutions, which start in 1979–1980. BKG did not include single-baseline and small network sessions, which are not suitable for reliable EOP determination. These choices make the number of observations for these two catalogs lower than for others, and could also be related to the largest median separations in the rightmost column of Table 1. Another noticeable particularity of the AUS solution is that it treats the station coordinates as session-wise parameters, while other solutions estimate them as global parameters over the entire observational time span (their motion being absorbed in the estimates of their velocity).
In terms of software packages, the ICRF3 was obtained through the Calc/Solve software package (Ma et al. 1986), similar in terms of analysis configuration to the configuration used by USN, OPA, and ASI. The VieVS software package (Böhm et al. 2018) used by the Vienna group, although written in a different programming language, is based on algorithms similar to Calc/Solve. In contrast, AUS is produced with the OCCAM software package (Titov et al. 2004), which uses a least-squares collocation method. In all solutions, source positions are constrained by a no-net rotation condition so that the celestial system remains oriented following the ICRS. Solutions AUS and BKG used the full set of 303 ICRF3 defining sources recommended in Charlot et al. (2020) while ASI, OPA, and USN removed from the no-net rotation condition four southern sources that were sparsely observed in the ICRF3 and whose positions are now away from the ICRF3 position by 0.5–1 mas. Similarly, VIE removed two southern sources from the no-net rotation (Krasna 2024). We also note that all catalogs give J2000.0 source positions with Galactic aberration corrected to 2015.0 using the value of 5.8 μas per year (MacMillan et al. 2019).
Each catalog was checked to detect double occurrences of sources (e.g., due to different naming conventions) and to unify the naming convention to the IERS name. 1830–21B is a gravitationally lensed image of 1830–211 (Djorgovski et al. 1992; Malkin 2018)4 and was removed from AUS and VIE. We also proceeded with a replacement of the inflated error for the USN and VIE catalogs by the original standard errors, following the noise floor and scale factor documented in the file header. We also reduced the ICRF3X standard errors using the coefficients specified in Charlot et al. (2020).
Roughly speaking, the combination will be a weighted average of the input catalogs. Before doing so, however, it is necessary to search for sources whose coordinates are strongly inconsistent in one or several catalogs and whose average would be meaningless. The source 0001–121 is present in AUS and OPA. Its position is incompatible by more than 40 arc seconds. It has been observed in only one session with four scans each. We decided to eliminate it from both catalogs. It will therefore not be in the final combined catalog. The source 1506–370 is present in AUS and USN. The latter position is derived from three sessions with 54 observations, while AUS used one session with 14 observations. As a consequence, the AUS formal errors are more than an order of magnitude larger while the USN formal error remains plausible. Therefore, we removed this source from AUS. Source 1550–238 is a Galactic star. Sources 0134+329 and 1328+254 have complicated structures and their positions may relate to different components for different catalogs, sessions, and/or periods of time (Titov et al. 2022) and are excluded from all catalogs. Similarly, sources 0132–097 and 1938+666 are gravitationally lensed and have been excluded from all catalogs (see Malkin (2018) for more comments on these and other sources). Then we computed a first combined catalog as simply the median positions of all catalogs and, for each source and each catalog, we computed the separation and normalized separation (as defined in Eqs. (4) and (5) of Mignard et al. 2016) to the median catalog. Then, we merged all the normalized separations into one single set of N = 32 963 points, regardless of the catalog. In the case of random position errors, this distribution is expected to be a Rayleigh distribution of parameter 1. For a data of length N, there should be no more points beyond a normalized separation of 4.7, whose percentile corresponds to a separation of 2.3 mas. Sources showing, in one catalog or more, positional differences to the median catalog beyond these limits should be considered as suspicious. Nevertheless, as the errors are not strictly Gaussian, we remain conservative by multiplying these thresholds by 10 (see Fig. 1). Sources in the bottom left quadrant of the figure (left of the vertical dashed line and below the horizontal dashed line) have their angular separation to the median catalog generally compensated by a large position error, thus making it statistically insignificant. Conversely, sources in the upper right corner, have both large angular separations and large normalized separation and are thought to be anomalous. We eliminated the sources that are in the upper right corner of the figure5.
	[image: Thumbnail: Fig. 1 Refer to the following caption and surrounding text.]	Fig. 1 Angular separation vs. normalized separation with respect to a combined catalog made up of the median positions of the six individual catalogs. The horizontal dashed line represents a critical normalized separation of 47 and the vertical dashed line a critical separation of 23 mas.



3 Combination
3.1 General principles
The coordinates of a given source obtained from VLBI analysis depend on many factors that are intrinsic to the source or due to the analysis method. First, though the peculiar motions of quasars may remain without astrometric signatures due to their great distances from us, the VLBI reference points do exhibit a time-variable effective position, nonlinear and generally contained within few 0.1 mas, due to the evolution of the relativistic jet (e.g., Fey et al. 1997; Cigan et al. 2024; Makarov et al. 2024). Therefore, the positions given in an older catalog, for example the ICRF3 (obtained by processing data until 2018), are not expected to coincide with positions obtained by processing data until 2025. Second, as stated above, the choices made by analysis centers to process data has a noticeable influence on the random and systematic errors and on the number of sources appearing in the catalog. It turns out that different catalogs using different observational data sets and different analysis configurations and software packages are likely to provide source positions with significant differences.
The aim of the combination is to average several positions provided by different catalogs to a kind of optimal position. Here, the word optimal is unclear. It can signify just that the combined position aims at constituting a reference position, representative of the multiplicity of positions found by the various scientists, and not at being necessarily connected to the true (physical) position of the source. Conversely, if one considers that the true position lies between all catalogs, then one can expect the combination to be closer to the truth. Nevertheless, the source position given in a catalog can be thought of as the true position (to which no one has access) plus an additional error that can be systematic or random. Though the averaging process can lead to reducing the random Gaussian error, it will also lead to an accumulation of systematic errors. For this reason, combining catalogs need to separate random and systematic errors. Interestingly, the systematic errors of recent catalogs can be measured with respect to the latest official ICRF realization (ICRF3), which is older and is more likely to contain more intrinsic systematic errors than the up-to-date VLBI solutions. It turns out that measuring the systematic errors of the current catalogs with respect to the ICRF3 can be used to detect the systematic errors of the ICRF3 with respect to a better catalog (i.e., closer to the truth). From this point of view, the estimation of the systematic errors of the individual catalogs with respect to a reference catalog is a particularly important step, first because it will allow one to unify all individual catalogs to the same reference before averaging them into a combined catalog and second, it will use the estimated systematic errors to correct the obtained combined catalog and set it into a system that is independent from the ICRF3, but likely closer to the ideal system, thus becoming a better representation of the ICRS. These two steps are described below.
3.2 Estimation of systematic errors
Several expressions for modeling the coordinate differences on the sphere were used throughout the past decades, the simplest of them parameterizing the differences with three rotations around the three axes of the system and a declination bias accounting for a declination-dependent systematic error (Feissel-Vernier et al. 2006). A more general modeling is based on the vector spherical harmonic (VSH) decomposition of the coordinate differences, as developed by Mignard & Klioner (2012). The coordinate differences between two catalogs is expressed as
[image: Mathematical equation: $\[\Delta \alpha^*=\sum_{i j}\left(T_{i j, \alpha}^{\mathrm{Re}} t_{i j, \alpha}^{\mathrm{Re}}+S_{i j, \alpha}^{\mathrm{Re}} s_{i j, \alpha}^{\mathrm{Re}}+T_{i j, \alpha}^{\mathrm{Im}} t_{i j, \alpha}^{\mathrm{Im}}+S_{i j, \alpha}^{\mathrm{Im}} s_{i j, \alpha}^{\mathrm{Im}}\right),\]$](1)
[image: Mathematical equation: $\[\Delta \delta=\sum_{i j}\left(T_{i j, \delta}^{\mathrm{Re}} t_{i j, \delta}^{\mathrm{Re}}+S_{i j, \delta}^{\mathrm{Re}} s_{i j, \delta}^{\mathrm{Re}}+T_{i j, \delta}^{\mathrm{Im}} t_{i j, \delta}^{\mathrm{Im}}+S_{i j, \delta}^{\mathrm{Im}} s_{i j, \delta}^{\mathrm{Im}}\right),\]$](2)
where i and j are the degree and order of VSH function, respectively; Δα* = Δα cos δ; T and S are the toroidal and spheroidal VSH functions, respectively; and t and s are their amplitudes. We note that the question of whether deformations of other forms, not formally described by the VSH, should also be explored is open, especially in the context of the inhomogeneity of the coverage of the celestial sphere and the asymmetry of the VLBI network about the equator, possibly leading to nonsinusoidal systematics in declination (Jacobs 2015). Nevertheless, Liu et al. (2018) showed that using VSH to 1 = 2 eliminates most of the significant large-scale deformations.
Our aim was to capture the significant large-scale deformations that are generally confined within the low-degree harmonics such l ≤ 2, while higher harmonics become rapidly statistically nonsignificant. By fitting harmonics up to l = 10 to model the differences between the ICRF3X and the USN catalog over a set of 3132 sources (see the next two paragraphs about the identification and removal of outliers before the fit), we obtained that the significance (ratio of the VSH power to its error) dropped below 95% for l > 4 (Fig. 2), which suggests that taking l = 4 would be a good compromise to catch all the prominent and significant large-scale structures. We therefore adopt l = 4 in the following. This limit is reasonably adapted to the source distribution and density of sources in our sample (see discussion in Makarov et al. 2023).
This gives a 48-parameter transformation whose T and S functions are explicitly given in Table A.1. The degree 1 toroidal and spheroidal harmonics are directly related to the classical rotation and glide parameters used in previous works (e.g., Lambert 2014; Frouard et al. 2018; Charlot et al. 2020) following Eqs. (61)–(63) of Mignard & Klioner (2012) and Table 2 of Malkin (2025),
[image: Mathematical equation: $\[R_1+i R_2=t_{11},\]$](3)
[image: Mathematical equation: $\[R_3=-t_{10},\]$](4)
[image: Mathematical equation: $\[G_1+i G_2=-s_{11},\]$](5)
[image: Mathematical equation: $\[G_3=s_{10},\]$](6)
where the indices 1, 2, and 3 in R and G correspond to the X, Y, and Z axes of the ICRS, respectively.
There are 4065 sources in common to all the catalogs (including ICRF3X). The median separation between each catalog and the ICRF3X for the set of common sources is displayed in the rightmost column of Table 1. In each individual catalog there are sources for which the separation to ICRF3X is anomalously large with respect to the global distribution of the separations and can be considered as suspicious. Such sources could lead to biasing the estimates of global systematics between the catalogs and the reference. They should be identified, and rejected for estimating the transformation parameters. We considered rejecting sources matching at least one of these conditions: (i) the distance to the ICRF3X counterpart is larger than 5 mas; (ii) the overall distance error, defined as the ratio of the separation to the normalized separation as expressed in Mignard et al. (2016), is larger than 5 mas; and (iii) the normalized separation is larger than 5. The choice of the threshold is consistent with the values adopted in Charlot et al. (2020). The elimination of outliers left a set of 3132 common sources.
The VSH parameters were then adjusted by a standard least-squares algorithm to coordinate the differences weighted by the inverse of the squared standard errors and to account for correlations between the estimates of right ascension and declination. The VSH amplitudes are displayed in Fig. 3 with error bars showing the 95% CI. The unit variance factor is given in Table 2 along with the overall amplitude (root sum squared) of the VSH coefficients and the postfit rms; we note the correlation between the postfit rms and the median separation in Table 1. When larger than 1, σ2 generally suggests model errors, biases, or underestimated standard errors. In contrast, values lower than 1 may result from overestimated standard errors. Here again, we note the deviation from unity for AUS, while for other catalogs (except BKG) σ2 is more reasonably close to 1, indicating that once large-scale systematics are removed, the remaining offsets are of a stochastic nature with few significant offsets. Then we transformed all the input catalogs into the ICRF3X system by applying the estimated VSH.
The rotations have no physical meaning, but generally result from pure reference frame effects (e.g., choice of the defining set of sources and strength of the no-net rotation constraint). The presence of a glide can hide the signature of different effects, following its apex. The north–south network asymmetry, because it has a lack of sources in the south and a thicker atmosphere to cross for the southern sources (observed from the north), is likely to result in north–south dipole, which is a declination-dependent error. In contrast, an uncorrected acceleration of the observer’s frame with respect to the quasar’s rest frame, which is the Solar System acceleration in the universe (see Kovalevsky 2003; Titov et al. 2011; Xu et al. 2012; Titov & Lambert 2013; Malkin 2014, and references therein), will produce a glide whose apex is close to the Galactic center. The complex shape of these systematic errors that, to a different extent, depend on declination, appear to be better modeled by a combination of dipolar and quadripolar terms. The reason for the significant departure of S11 and S21 in the OPA catalog is unclear, however, as OPA uses an analysis configuration very close to USN and ASI and the Galactic aberration was corrected in the same way as in the other solutions with the value of 5.8 μas per year recommended by MacMillan et al. (2019); Charlot et al. (2020). Except for these two anomalous terms in OPA, all the catalogs globally show the same departures from the ICRF3X, most of them being not or poorly statistically significant.
	[image: Thumbnail: Fig. 2 Refer to the following caption and surrounding text.]	Fig. 2 Total power of the VSH amplitudes fitted to the coordinate differences between ICRF3X and USN catalogs (top; error bars are the 95% CI) and its statistical significance (bottom) for a maximum VSH order lmax between 2 and 10.



	[image: Thumbnail: Fig. 3 Refer to the following caption and surrounding text.]	Fig. 3 VSH amplitudes modeling the coordinate difference between the catalogs and ICRF3X with their 95% CI.



Table 2 
Root sum squared (RSSQ) of the VSH amplitudes (in mas), the unit variance factor (UVF, dimensionless), and the postfit rms (in mas).

3.3 Combination in the ICRF3 system
The positions of the sources from all individual catalogs are then combined, i.e., averaged. The nonzero correlation between the estimates of right ascension and declination makes the source-wise correlation matrix have nondiagonal terms. To propagate this covariance information into the average values, we use a covariance-weighted mean. For a given source that has coordinates xi = (αi, δi)T in the i-th catalog, the average position [image: Mathematical equation: $\[\bar{x}=(\bar{\alpha}, \bar{\delta})^{T}\]$] over n catalogs is
[image: Mathematical equation: $\[\bar{x}=\left(\sum_{i=1}^n Q_i^{-1}\right)^{-1} \sum_{i=1}^n Q_i^{-1} x_i,\]$](7)
where
[image: Mathematical equation: $\[Q_i=\left(\begin{array}{cc}\sigma_{\alpha_i^*}^2 & \sigma_{\alpha_i^*} \sigma_{\delta_i} \rho_i \\\sigma_{\alpha_i^*} \sigma_{\delta_i} \rho_i & \sigma_{\delta_i}^2\end{array}\right),\]$](8)
where ρi is the correlation between αi and δi. Then the covariance matrix of the average position is a 2 × 2 matrix whose nondiagonal terms express the covariance between the [image: Mathematical equation: $\[\bar{\alpha}\]$] and [image: Mathematical equation: $\[\bar{\delta}\]$]:
[image: Mathematical equation: $\[Q_{\bar{x}}=\left(\sum_{i=1}^n Q_i^{-1}\right)^{-1}.\]$](9)
The formal uncertainties on the averaged coordinates are then
[image: Mathematical equation: $\[\sigma_{\bar{\alpha}^*}=\sqrt{Q_{\bar{x}, 11}},\]$](10)
[image: Mathematical equation: $\[\sigma_{\bar{\delta}}=\sqrt{Q_{\bar{x}, 22}},\]$](11)
and the correlation between α and δ is
[image: Mathematical equation: $\[\rho(\bar{\alpha}, \bar{\delta})=\frac{Q_{\bar{x}, 12}}{\sqrt{Q_{\bar{x}, 11} Q_{\bar{x}, 22}}}.\]$](12)
The catalog obtained by the covariance-weighted mean of all input catalogs is called COMB1X.
	[image: Thumbnail: Fig. 4 Refer to the following caption and surrounding text.]	Fig. 4 VSH amplitudes modeling the coordinate difference between the combined catalogs and the ICRF3X with their 95% CI.



3.4 Combination in the independent system
The catalog COMB1X is aligned with the ICRF3X catalog and is expressed in the ICRS system, as realized by the ICRF3. Nevertheless, the larger-scale systematics presented in Fig. 3 can be interpreted as systematic errors of the ICRF3X with respect to more accurate ICRS realizations made up of more recent VLBI solutions, which means that that the ICRS is no longer realized ideally by the ICRF3X, but rather by an average of the current VLBI solutions. In that case, if one wants to express the previously obtained combined catalog COMB1X in such systems, one has to apply to the source coordinates a transformation whose amplitude is given by the average of the systematic errors of the individual catalogs. Similarly to Sokolova & Malkin (2014), we propose computing a weighted average of the previously found VSH amplitudes, where the weights are based on the VSH deviation from the mean systematic error. The determination of the mean VSH is made iteratively, starting from a simple unweighted average. At each iteration, the VSH deviation from the mean is computed (as the rms of the VSH amplitude differences) and new weights are formed by its squared inverse. The process is iterated until the weights converge. The final mean VSH amplitudes are added to the COMB1X catalog, thereby forming the COMB2X catalog.
The VSH amplitudes of the transformation between COMB2X and ICRF3X are displayed in Fig. 4. The COMB2X system exhibits a rotation of ~15 μas about the Y-axis as well as a glide about the Z-axis of similar amplitude. The associated vector field, excluding rotation terms, is represented in Fig. 5 and is not particularly revealing. It results mainly from the superimposition of degree 2 harmonics (which may result partly from the north–south asymmetry of the source distribution, with a lack of sources in the southern hemisphere) with higher degrees that may result from smaller-scale inhomogeneities (e.g., higher density of sources in the ecliptic or other regions of density lower than the average).
The obtained COMB2X catalog contains 5825 sources, of which 4689 (80.5%) are present in all six of the catalogs, 649 (11.1%) are present in five catalogs, 312 (5.4%) in four catalogs, 54 (0.9%) in three catalogs, 42 (0.7%) in two catalogs, and 79 (1.4%) in only one catalog. It is made available electronically. In addition to the right ascension, declination, and their errors, we also provide the correlation between estimates of right ascension and declination and, similarly to the usual IVS format, the number of sessions and delays relevant to each source, and the associated initial, final, and mean observation epochs. As we combined catalogs that are not independent, in the sense that they were obtained through the analysis of largely common set of VLBI sessions and delays, the reported number of sessions (delays) for a given source is the maximum number of sessions (delays) across all individual catalogs. Similarly, the minimum (maximum) epoch is the minimum (maximum) epoch across all catalogs.
	[image: Thumbnail: Fig. 5 Refer to the following caption and surrounding text.]	Fig. 5 Vector field of the systematic errors between COMB2X and ICRF3X, excluding harmonics T10 and T11 (rotations). The bold red line at the center represents an amplitude of 50 μas. The black curve is the Galactic equator. The black disk is the Galactic center. The dashed curve is the ecliptic.



3.5 Determination of realistic errors
The median error ellipse semimajor axis (EESMA, defined in Eq. (1) of Mignard et al. 2018) of COMB2X is 0.051 mas for the whole ensemble of sources. A comparison of the error ellipses of the combined catalog with those of the ICRF3X deflated errors for the set of 3132 common sources used for fitting systematics reveals that error ellipse eccentricity and position angle are similarly distributed in the two catalogs (first row of Fig. 6). However, though the shape of the distribution of the EESMA is similar for both catalogs, the EESMA for COMB2X has a median of 0.051 mas, whereas it is 0.142 mas for ICRF3X (non-inflated error), which is a reduction of a factor of 2.7 due to the statistical averaging. The minimum formal error in COMB2X appears to be 3 μas, which is somehow unrealistic given that such low levels of uncertainty result from the scaling of errors by the inverse of the squared number of observations and, to a lesser extent for a combination of several catalogs, the number of catalogs. We note that the positional error is lower for sources observed in a larger number of catalogs, but this is essentially because these sources are also those that are the most observed in the VLBI program, and thus have the largest number of delays. Moreover, the catalogs are not statistically independent as they all use common data and a largely common analysis configuration. Additionally, the positional difference of a source between all catalogs is generally larger than its COMB2X formal error, suggesting that formal errors obtained from the covariance-weighted mean of positions in all six catalogs are definitely too optimistic.
The underestimation of errors should be addressed to provide positions with errors that are as realistic as possible. In particular, positional error should not only reflect the number of observations but also the level of agreement between the different attempts to determine the position by different analysis centers with some variants in the analysis configuration or software package. To evaluate the robustness of the position resulting from a combination, we generated 20 combinations made with all possible groups of three catalogs among the six catalogs. Then, we considered pairs of combined catalogs formed in this way, and considered the positional differences between the common sources versus the EESMA in COMB2X (see Fig. 7). Assuming a linear relationship between the squared COMB2X EESMA and the squared positional differences between the two partial combinations, the square roots of the slope coefficient and the intercept can be interpreted as a scale factor s and a noise floor f, respectively. We fitted these coefficients to the data for each of the 190 pairs available and found median values of s = 1.2 and f = 0.015 mas. We therefore replaced in COMB2X the previously obtained formal standard errors with more realistic errors increased by these coefficients following [image: Mathematical equation: $\[\sigma_{\alpha^{*}}^{2}=\left(s \sigma_{\alpha^{*}, \text {formal}}\right)^{2}+f^{2}\]$] and [image: Mathematical equation: $\[\sigma_{\delta}^{2}=\left(s \sigma_{\delta, \text {formal}}\right)^{2}+f^{2}\]$]. The distribution of new EESMA compared to the ICRF3X is shown in the second row of Fig. 6.
	[image: Thumbnail: Fig. 6 Refer to the following caption and surrounding text.]	Fig. 6 Top row: comparison of the distribution of error ellipse semimajor axis (EESMA), eccentricities, and semimajor axis position angle (EEPA) for common sources of COMB2X and ICRF3X. The vertical lines indicate the median value of each distribution. The ICRF3X EESMA is computed with the deflated errors. Bottom row: same, but for COMB2X with inflated errors (see Sect. 3.5).



	[image: Thumbnail: Fig. 7 Refer to the following caption and surrounding text.]	Fig. 7 Source-wise positional difference (angular separation) between 190 pairs of the 20 partial combinations (gray dots) made with three catalogs of six as a function of the EESMA in COMB2X. The green curves result from a linear fit between the pair-wise squared COMB2X EESMA and squared positional differences. The red curve is the median fit. The dashed line represents an arc difference equal to the COMB2X EESMA.



4 External checks
Very long baseline interferometry provides the orientation of the terrestrial coordinate system with respect to the celestial coordinate system, the latter being materialized, imperfectly, by radio source positions. The imperfection of such materialization can impact the estimation of the orientation of the Earth’s figure axis with respect to a fixed direction in space, which is called celestial pole offset (CPO). This makes the CPO (in practice, two nutation angles or two celestial pole Cartesian coordinates) a good proxy for assessing the quality of a catalog made up of thousands of source coordinates. Sokolova & Malkin (2007) computed session-wise CPO time series for all sessions of the IVS rapid turn-around program (IVS-R1 and IVS-R4 sessions) between 2002 and 2005, all sources being fixed alternatively to the ICRF and to their combined catalog. They found that using the combined catalog provided a less noisy CPO time series. We reproduced this test by generating CPO time series using the Calc/Solve geodetic VLBI analysis software package (Ma et al. 1986) of the Paris Observatory IVS analysis center (Lambert et al. 2021a), and processing all IVS-R1 and IVS-R4 sessions between 2002 and 2025. We found no significant differences between the nutation series, a result that is not contradictory since the differences between COMB2X and the ICRF3 are much smaller than those between the ICRF2 and the combined catalog used by Sokolova & Malkin (2007).
Another external check of the combined catalog COMB2X was performed through a comparison with the independent optical celestial reference frame system based on the optical positions determined by the European Space Agency mission Gaia (Prusti et al. 2016), Gaia-CRF3 with a precision comparable with the state-of-the-art VLBI CRF realization. Although the optical positions are not expected to coincide with the radio positions, for example due to differences in the position of the emission region and emission mechanisms (e.g., Kovalev et al. 2017; Plavin et al. 2019; Lambert et al. 2021b, 2024), these optical-radio offsets are not expected to be spatially correlated, so that there should ideally be no large-scale systematic error between optical and radio positions. Moreover the Gaia frame does not contain the declination-dependent errors traditionally found in VLBI catalogs, so that a comparison between VLBI and Gaia positions can be used to appreciate such VLBI zonal errors. Table 3 presents the weighted rms (wrms) differences between Gaia-CRF3 (hereafter GCRF3; Klioner et al. 2022) and both radio catalogs ICRF3X and COMB2X in right ascension, declination, and angular distance for 2419 sources common to the three catalogs, after rejecting outliers using the criteria described above. The values reveal that the COMB2X positions are closer to the optical than the ICRF3X positions. To estimate the significance of the improvement in the agreement between radio and optical catalogs, we used an F-test applied to the variance ratio of the distances between optical and radio positions:
[image: Mathematical equation: $\[F=\frac{\mathrm{WRMS}^2(\mathrm{ICRF} 3 \mathrm{X}-\mathrm{GCRF} 3)}{\mathrm{WRMS}^2(\mathrm{COMB} 2 \mathrm{X}-\mathrm{GCRF} 3)}.\]$](13)
We obtained F = 1.2862, which corresponds to the significance level of 3 × 10−10 for the degree of freedom of 2418. This means that a significant improvement is observed with a probability of 99.99999997%. At the level of global systematic errors, Fig. 8 shows the VSH amplitudes modeling the coordinate differences between GCFR3 and the two radio catalogs, revealing the reduction of the T21 and S21 terms in COMB2X.
	[image: Thumbnail: Fig. 8 Refer to the following caption and surrounding text.]	Fig. 8 VSH amplitudes modeling the coordinate difference between the Gaia-CRF3 and both of COMB2X and ICRF3X, with their 95% CI.



Table 3 
Weighted rms differences between Gaia-CRF3 (GCRF3) and the radio catalogs ICRF3X and COMB2X.

5 Conclusions
We described a method for combining VLBI radio source position catalogs into a single catalog. Our methodology is based on (i) setting all individual catalogs in the same system by fitting and removing large-scale systematics with respect to a known reference representing at best the conventional system, (ii) applying a covariance-weighted average of all catalogs expressed in the same system, (iii) setting the combined catalog into an independent system defined by the mean systematics with respect to reference catalog, and (iv) rescaling the positional errors to realistic values that account for positional dispersion between the existing catalogs.
The combined catalog COMB2X is based on many more observations than the ICRF3, which allows us to improve precision and address systematics of the ICRF3 catalog, pushing accuracy limits to achieve a state-of-the-art VLBI astrometry. It contains slightly more sources than all the input catalogs. It offers an up-to-date representation of the ICRS mitigated by the particularities of individual catalogs (e.g., variations in the analysis configuration, analysis software packages). As an additional benefit, the combination procedure described above proved to be useful for detecting problematic sources and inconsistencies in individual catalogs. This feedback could help IVS analysis centers to refine their analysis procedures.
The input catalogs cannot be considered fully independent as they share largely the same observations and use similar analysis methods (algorithms) and configurations. However, a comparison of these catalogs shows significant differences between individual source positions, as well as systematic differences. In such a case, combining catalogs can improve the accuracy of the VLBI CRF realization, and provide a CRF that is more dense and more representative of the state-of-the-art VLBI astrometry. Here, an analogy can be seen between the combination of CRFs and intratechnique combinations of Earth’s orientation parameters (EOP) time series. For a given space geodesy technique, all the relevant analysis centers process the same observations. Nevertheless, combined EOP series are generally considered to be superior with respect to individual EOP solutions (see for example Kouba et al. 2000; Böckmann et al. 2010, for IGS and IVS EOP combination, respectively), which is the basis of the multitechnique combination of the IERS (Bizouard et al. 2019).
Of course, the quality of a combined catalog depends decisively on the methodology used. The quality of the input catalogs may be (and often is) quite different. Therefore, a key point for the quality of a combined catalog is their weighting, including rejecting and/or downweighting input catalogs of low quality so that the combined catalog will have a desirable advantage with respect to individual catalogs in both precision and accuracy. Finally, only a comparison with an independent ICRS realization, primarily with Gaia-CRF, can confirm a systematic improvement of a VLBI catalog with respect to others. However, one should bear in mind that the Gaia-CRF3 was aligned to the ICRF3 S/X solution and thus the ICRF3 should be closer to Gaia, at least in sense of rotation, than a better VLBI catalog. In the present work, the comparison with the Gaia-CRF3 positions revealed that the combined catalog has marginally lower systematics with respect to the optical frame than the ICRF3.
This work, the preparation of the next ICRF, and the general context of making catalogs of reference points with sub-mas accuracy also raise the problem of whether the source position can be reasonably modeled by a single point given that the evolution of the relativistic jet structure generally moves the VLBI reference point by a few 0.01 mas/yr to several milliarcseconds per year in extreme cases (see, e.g., Gattano & Charlot 2021; Makarov et al. 2024; Cigan et al. 2024, and references therein). There are exceptional cases of complex structure spread over tens of milliarcseconds with different components dominating the flux at different time periods (see, e.g., CTA 21 (0316+162) or 3C 48 (0134-129) in Titov et al. 2022). For such sources, delivering one single position in the catalog could be confusing as (i) the astrometric reference point obtained by a global solution falls between the bright components and is thereby unrelated to any physical region of the object and (ii) the position estimated from a single session would fall on the brightest component at the observing epoch, which could be relatively far from the position estimated from the global solution. Similar issues can arise in gravitationally lensed images. For such cases, astrometric catalogs could consider delivering different entries for the different components, regardless of whether they are physically related components of a single source or whether they are just close projections on the celestial sphere. Considering, for example, the source 0134+329 analyzed by Titov et al. (2022), its position time series shows a jump of about 50 mas between the 1990s and the 2010–2020s, and its map shows a complex structure with two dominant components. In this case, we can treat sessions conducted in the 1990s as observing the source 0134+32A, and sessions conducted after the position jump as observing the source 0134+32B. Such a procedure can only be applied to sources for which we can confirm their structure by source mapping. If there are two real radio centroids, there should ideally be two entries in the position catalogs. Solving this problem requires improving our ability to resolve close objects in the field of view, which is a challenge for both correlators and analysis groups.
Further developments of the combination procedure may include accounting for the full covariance information of the input catalogs (i.e., not only the correlation between right ascension and declination estimates for each source, but also between sources), which can significantly affect the results of determination of the parameters of mutual orientation between the catalogs and, more generally, the amplitudes of the vector spherical harmonics describing the large-scale systematics (Jacobs et al. 2010; Sokolova & Malkin 2016). However, such an extension requires that the analysis centers publish their radio source catalogs with a full covariance matrix (e.g., in the SINEX6 format).
Our method is straightforward as it relies on catalogs, thus requiring a minimal contribution from analysis centers. It differs from more ambitious but heavier methods based on combining normal equation systems or even observations. The latter methods would have the advantage of determining simultaneously the celestial reference frame, the terrestrial reference frame, and the Earth’s orientation parameters in a single global inversion (Bachmann & Thaller 2017), but they are still at the level of development.

Data availability
The catalog is available at the CDS via https://cdsarc.cds.unistra.fr/viz-bin/cat/J/A+A/709/A98.
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1 https://www.iau.org/Iau/Publications/List-of-Resolutions


2 https://ivsopar.obspm.fr/vlbi/ivsproducts/crf


3 https://crf.usno.navy.mil/quarterly-vlbi-solution and https://www.vlbi.at/products


4 See also the optical characteristics of astrometric radio sources (OCARS) files at https://www.gaoran.ru/english/as/ac_vlbi/index.htm#OCARS


5 The following sources were eliminated (in addition to the sources mentioned earlier in the paragraph): AUS: 1349+027, 1507+161, 1825–307, 2319+461; BKG: 0222–262, 0316+162, 0743–247, 1228–008, 1524–136, 1616+851, 2318–195.


6 https://ivscc.gsfc.nasa.gov/products-data/sinex_v202.pdf




Appendix A  VSH decomposition up to degree 4
Table A.1 gives the formulae for the 48 terms of the VSH decomposition up to degree 4 as used in this work, for direct use in Eqs. (1) and (2).
Table A.1 
Toroidal (T) and spheroidal (S) VSH functions.



All Tables
Table 1 
The catalogs used in this study.
In the text

Table 2 
Root sum squared (RSSQ) of the VSH amplitudes (in mas), the unit variance factor (UVF, dimensionless), and the postfit rms (in mas).
In the text

Table 3 
Weighted rms differences between Gaia-CRF3 (GCRF3) and the radio catalogs ICRF3X and COMB2X.
In the text

Table A.1 
Toroidal (T) and spheroidal (S) VSH functions.
In the text

All Figures
	[image: Thumbnail: Fig. 1 Refer to the following caption and surrounding text.]	Fig. 1 Angular separation vs. normalized separation with respect to a combined catalog made up of the median positions of the six individual catalogs. The horizontal dashed line represents a critical normalized separation of 47 and the vertical dashed line a critical separation of 23 mas.
In the text



	[image: Thumbnail: Fig. 2 Refer to the following caption and surrounding text.]	Fig. 2 Total power of the VSH amplitudes fitted to the coordinate differences between ICRF3X and USN catalogs (top; error bars are the 95% CI) and its statistical significance (bottom) for a maximum VSH order lmax between 2 and 10.
In the text



	[image: Thumbnail: Fig. 3 Refer to the following caption and surrounding text.]	Fig. 3 VSH amplitudes modeling the coordinate difference between the catalogs and ICRF3X with their 95% CI.
In the text



	[image: Thumbnail: Fig. 4 Refer to the following caption and surrounding text.]	Fig. 4 VSH amplitudes modeling the coordinate difference between the combined catalogs and the ICRF3X with their 95% CI.
In the text



	[image: Thumbnail: Fig. 5 Refer to the following caption and surrounding text.]	Fig. 5 Vector field of the systematic errors between COMB2X and ICRF3X, excluding harmonics T10 and T11 (rotations). The bold red line at the center represents an amplitude of 50 μas. The black curve is the Galactic equator. The black disk is the Galactic center. The dashed curve is the ecliptic.
In the text



	[image: Thumbnail: Fig. 6 Refer to the following caption and surrounding text.]	Fig. 6 Top row: comparison of the distribution of error ellipse semimajor axis (EESMA), eccentricities, and semimajor axis position angle (EEPA) for common sources of COMB2X and ICRF3X. The vertical lines indicate the median value of each distribution. The ICRF3X EESMA is computed with the deflated errors. Bottom row: same, but for COMB2X with inflated errors (see Sect. 3.5).
In the text



	[image: Thumbnail: Fig. 7 Refer to the following caption and surrounding text.]	Fig. 7 Source-wise positional difference (angular separation) between 190 pairs of the 20 partial combinations (gray dots) made with three catalogs of six as a function of the EESMA in COMB2X. The green curves result from a linear fit between the pair-wise squared COMB2X EESMA and squared positional differences. The red curve is the median fit. The dashed line represents an arc difference equal to the COMB2X EESMA.
In the text



	[image: Thumbnail: Fig. 8 Refer to the following caption and surrounding text.]	Fig. 8 VSH amplitudes modeling the coordinate difference between the Gaia-CRF3 and both of COMB2X and ICRF3X, with their 95% CI.
In the text





    
      Table 1 

      The catalogs used in this study.

      
        


	Solution ID
	Acronym
	Software
	No sources
	First / median / last epochs
	No delays
	Median sep





	Input catalogs
	
	
	
	
	
	



	asi2024a
	ASI
	Calc/Solve
	5313 / 4496
	1980.28 / 2017.08 / 2024.49
	19.93 × 106
	0.152 mas



	aus2025a
	AUS
	OCCAM
	5626 / 4439
	1993.38 / 2017.31 / 2024.99
	13.77 × 106
	0.318 mas



	bkg2023b
	BKG
	Calc/Solve
	4842 / 4133
	1984.01 / 2015.97 / 2023.72
	16.08 × 106
	0.240 mas



	opa2025a
	OPA
	Calc/Solve
	5712 / 4526
	1979.59 / 2017.35 / 2025.03
	18.09 × 106
	0.155 mas



	usn2024b
	USN
	Calc/Solve
	5802 / 4533
	1980.28 / 2017.52 / 2024.75
	19.05 × 106
	0.148 mas



	vie2023a
	VIE
	VieVS
	5696 / 4533
	1979.59 / 2017.06 / 2023.99
	18.83 × 106
	0.158 mas



	




	Reference catalog
	
	
	
	
	
	



	ICRF3 S/X
	ICRF3X
	Calc/Solve
	4536
	1979.59 / 2014.01 / 2018.24
	13.19 × 106
	—





      

      
Notes. Columns indicate (from left to right): IVS solution identifier; present study designation; number of sources (in the catalog and in common with the ICRF3 S/X); first, median, and last session epoch and number of delays used in the input and reference catalogs. The rightmost column gives the median separation with the ICRF3 S/X for the sources in common to all catalogs.




    

  
    
      Fig. 1 
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        Angular separation vs. normalized separation with respect to a combined catalog made up of the median positions of the six individual catalogs. The horizontal dashed line represents a critical normalized separation of 47 and the vertical dashed line a critical separation of 23 mas.

      

    

  
    
      Fig. 2 
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        Total power of the VSH amplitudes fitted to the coordinate differences between ICRF3X and USN catalogs (top; error bars are the 95% CI) and its statistical significance (bottom) for a maximum VSH order lmax between 2 and 10.
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        VSH amplitudes modeling the coordinate difference between the catalogs and ICRF3X with their 95% CI.

      

    

  
    
      Table 2 

      Root sum squared (RSSQ) of the VSH amplitudes (in mas), the unit variance factor (UVF, dimensionless), and the postfit rms (in mas).

      
        


	
	RSSQ of VSH
	UVF
	Postfit rms





	ASI
	0.029
	1.080
	0.080



	AUS
	0.032
	1.887
	0.126



	BKG
	0.077
	1.547
	0.104



	OPA
	0.059
	0.976
	0.077



	USN
	0.032
	0.971
	0.075



	VIE
	0.047
	0.943
	0.082
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        VSH amplitudes modeling the coordinate difference between the combined catalogs and the ICRF3X with their 95% CI.
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        Vector field of the systematic errors between COMB2X and ICRF3X, excluding harmonics T10 and T11 (rotations). The bold red line at the center represents an amplitude of 50 μas. The black curve is the Galactic equator. The black disk is the Galactic center. The dashed curve is the ecliptic.

      

    

  
    
      Fig. 6 

      
        [image: Fig. 6 Refer to the following caption and surrounding text.]
      

      
        Top row: comparison of the distribution of error ellipse semimajor axis (EESMA), eccentricities, and semimajor axis position angle (EEPA) for common sources of COMB2X and ICRF3X. The vertical lines indicate the median value of each distribution. The ICRF3X EESMA is computed with the deflated errors. Bottom row: same, but for COMB2X with inflated errors (see Sect. 3.5).
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        Source-wise positional difference (angular separation) between 190 pairs of the 20 partial combinations (gray dots) made with three catalogs of six as a function of the EESMA in COMB2X. The green curves result from a linear fit between the pair-wise squared COMB2X EESMA and squared positional differences. The red curve is the median fit. The dashed line represents an arc difference equal to the COMB2X EESMA.
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        VSH amplitudes modeling the coordinate difference between the Gaia-CRF3 and both of COMB2X and ICRF3X, with their 95% CI.

      

    

  
    
      Table 3 

      Weighted rms differences between Gaia-CRF3 (GCRF3) and the radio catalogs ICRF3X and COMB2X.

      
        


	
	Δα*
	Δδ
	Distance





	ICRF3X – GCRF3
	0.2299
	0.2480
	0.3484



	COMB2X – GCRF3
	0.2010
	0.2212
	0.3072





      

      
Notes. Unit is mas.




    

  
    
      Table A.1 

      Toroidal (T) and spheroidal (S) VSH functions.

      
        


	
	Real
	Imaginary



	
	Δα*
	Δδ
	Δα*
	Δδ





	T10
	cos δ
	
	
	



	T11
	cos α sin δ
	− sin α
	sin α sin δ
	cos α



	T20
	sin 2δ
	
	
	



	T21
	− cos α cos 2δ
	− sin α sin δ
	− sin α cos 2δ
	cos α sin δ



	T22
	− cos 2α sin 2δ
	2 sin 2α cos δ
	− sin 2α sin 2δ
	− 2 cos 2α cos δ



	T30
	cos δ (5 sin2δ − 1)
	
	
	



	T31
	cos α sin δ (15 sin2δ − 11)
	− sin α (5 sin2δ − 1)
	sin α sin δ (15 sin2δ − 11)
	cos α (5 sin2δ − 1)



	T32
	− cos 2α cos δ (3 sin2δ − 1)
	sin 2α sin 2δ
	− sin 2α cos δ (3 sin2δ − 1)
	− cos 2α sin 2δ



	T33
	cos 3α cos2δ sin δ
	− sin 3α cos2δ
	sin 3α cos2δ sin δ
	cos 3α cos2δ



	T40
	sin 2δ (7 sin2δ − 3)
	
	
	



	T41
	cos α (28 sin4δ − 27 sin2δ +3)
	− sin α sin δ (7 sin2δ − 3)
	sin α (28 sin4δ − 27 sin2δ +3)
	cos α sin δ (7 sin2δ − 3)



	T42
	− cos 2α sin 2δ (7 sin2δ − 4)
	sin 2α cos δ (7 sin2δ − 1)
	− sin 2α sin 2δ (7 sin2δ − 4)
	− cos 2α cos δ (7 sin2δ − 1)



	T43
	cos 3α cos2δ (4 sin2δ − 1)
	− 3 sin 3α cos2δ sin δ
	sin 3α cos2δ (4 sin2δ − 1)
	3 cos 3α cos2δ sin δ



	T44
	− cos 4α cos3δ sin δ
	sin 4α cos3δ
	− sin 4α cos3δ sin δ
	− cos 4α cos3δ



	




	
	Δα*
	Δδ
	Δα*
	Δδ



	




	S10
	
	cos δ
	
	



	S11
	sin α
	cos α sin δ
	− cos α
	sin α sin δ



	S20
	
	sin 2δ
	
	



	S21
	sin α sin δ
	− cos α cos 2δ
	− cos α sin δ
	− sin α cos 2δ



	S22
	− 2 sin 2α cos δ
	− cos 2α sin 2δ
	2 cos 2α cos δ
	− sin 2α sin 2δ



	S30
	
	cos δ (5 sin2δ − 1)
	
	



	S31
	sin α (5 sin2δ − 1)
	cos α sin δ (15 sin2δ − 11)
	− cos α (5 sin2δ − 1)
	sin α sin δ (15 sin2δ − 11)



	S32
	− sin 2α sin 2δ
	− cos 2α cos δ (3 sin2δ − 1)
	cos 2α sin 2δ
	− sin 2α cos δ (3 sin2δ − 1)



	S33
	sin 3α cos2δ
	cos 3α cos2δ sin δ
	− cos 3α cos2δ
	sin 3α cos2δ sin δ



	S40
	
	sin 2δ (7 sin2δ − 3)
	
	



	S41
	sin α sin δ (7 sin2δ − 3)
	cos α (28 sin4δ − 27 sin2δ +3)
	− cos α sin δ (7 sin2δ − 3)
	sin α (28 sin4δ − 27 sin2δ +3)



	S42
	− sin 2α cos δ (7 sin2δ − 1)
	− cos 2α sin 2δ (7 sin2δ − 4)
	cos 2α cos δ (7 sin2δ − 1)
	− sin 2α sin 2δ (7 sin2δ − 4)



	S43
	3 sin 3α cos2δ sin δ
	cos 3α cos2δ (4 sin2δ − 1)
	− 3 cos 3α cos2δ sin δ
	sin 3α cos2δ (4 sin2δ − 1)



	S44
	− sin 4α cos3δ
	− cos 4α cos3δ sin δ
	cos 4α cos3δ
	− sin 4α cos3δ sin δ
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