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Abstract. The nonlinear evolution of monochromatic large-amplitude circularly polarized Alfvén waves subject to
the decay instability is studied via numerical simulations in one, two, and three spatial dimensions. The asymptotic
value of the cross helicity depends strongly on the plasma beta: in the low beta case multiple decays are observed,
with about half of the energy being transferred to waves propagating in the opposite direction at lower wave
numbers, for each saturation step. Correspondingly, the other half of the total transverse energy (kinetic and
magnetic) goes into energy carried by the daughter compressive waves and to the associated shock heating. In
higher beta conditions we find instead that the cross helicity decreases monotonically with time towards zero,
implying an asymptotic balance between inward and outward Alfvénic modes, a feature similar to the observed
decrease with distance in the solar wind. Although the instability mainly takes place along the propagation
direction, in the two and three-dimensional case a turbulent cascade occurs also transverse to the field. The
asymptotic state of density fluctuations appears to be rather isotropic, whereas a slight preferential cascade in
the transverse direction is seen in magnetic field spectra. Finally, parametric decay is shown to occur also in
a non-periodic domain with open boundaries, when the mother wave is continuously injected from one side. In
two and three dimensions a strong transverse filamentation is found at long times, reminiscent of density ray-like
features observed in the extended solar corona and pressure-balanced structures found in solar wind data.

Key words. magnetohydrodynamics (MHD) – waves – instabilities – methods: numerical – Sun: corona –
solar wind

1. Introduction

Alfvén waves, transverse incompressible modes propagat-
ing in a magnetized plasma, are well known exact (i.e.
regardless of their amplitude) solutions of the ideal com-
pressible MHD equations, provided the overall magnetic
field intensity is uniform. This particular property, makes
such waves the natural candidates for energy transfer over
large distances throughout a magnetized plasma.

In the heliospheric medium, Alfvén waves are prefer-
entially observed in high-speed regions of the solar wind
(Belcher & Davis 1971; Goldstein et al. 1995), where an
outward propagating flux, of coronal if not photospheric
origin, dominates the low frequency part of the fluctu-
ation spectra. However, such modes are seen to evolve
with distance from the Sun: the spectrum steepens and
the prevalence of outward propagating modes, as mea-
sured by the (reduced) cross helicity σ, see Eq. (3), de-
creases monotonically (Roberts et al. 1987; Bavassano
et al. 2000). This process is difficult to explain in terms
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of incompressible fluctuations, since in presence of an im-
balance between outward and inward propagating modes,
nonlinear coupling should increase the imbalance, thus
leading to an ever purer outwardly propagating Alfvén
mode (Dobrowolny et al. 1980). Several ways to stop this
dynamical alignment effect have been proposed (interac-
tion with transverse large scale magnetic field and veloc-
ity shears: Roberts et al. 1987; Malara et al. 1992; effects
of the overall solar wind expansion, Zhou & Matthaeus
1989; Grappin & Velli 1996), but there is one very rele-
vant process which has yet to be fully investigated, namely
parametric decay.

When compressible motions are allowed in a plasma,
circularly polarized Alfvén waves in parallel propagation,
which have constant magnetic pressure, prove to be un-
stable solutions: the waves couple to density and other
compressive fluctuations present in the plasma, leading to
nonlinear wave steepening and shock dissipation, that dis-
rupts the initially coherent states, generating a spectrum
of magneto-acoustic and Alfvén modes propagating both
parallel and anti-parallel to the initial direction. Finally
energy cascades in all directions available. This process
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has been invoked in phenomenological models of the evo-
lution of turbulence in the solar wind, as the mechanism
responsible for the generation of the incoming waves neces-
sary to evolve the spectra, as in Schmidt & Marsch (1995)
and sequels, but a quantitative study of the process is still
lacking, especially concerning full 3-D MHD simulations.

In the solar corona the same mechanism could help
to solve the longstanding problem of triggering an MHD
turbulent cascade towards the small scales needed for dis-
sipation and heating, since in spite of the smallness of the
local wave amplitudes, the low-β plasma should make the
instability time-scales short enough to allow the produc-
tion of backscattered Alfvénic modes and magnetosonic
waves (subject to fast steepening and shock dissipation)
at reasonably short coronal distances. For a general dis-
cussion of the role that Alfvén waves are likely to play
when coupled to compressive modes in the coronal heat-
ing scenario, the reader is referred to Del Zanna & Velli
(2000), where preliminary results of the present work are
also given.

Parametric decay was first studied long ago: Galeev
& Oraevsky (1963) and Sagdeev & Galeev (1969) con-
sidered the low beta limit for 1-D propagating modes.
The general dispersion relation for the growing compres-
sive mode was derived independently by Derby (1978)
and Goldstein (1978), whose analysis was completed much
later by Jayanti & Hollweg (1993). Dispersive effects were
first included by Longtin & Sunnerup (1986) and by Wong
& Goldstein (1986), while an overall analysis of all the dif-
ferent families of parametric instabilities in this approxi-
mation may be found in Hollweg (1994). The first study
of the nonlinear development of the parametric instabil-
ity, both through an analytic perturbation expansion and
via numerical simulations, was carried out by Hoshino &
Goldstein (1989), indicating the possibility of MHD tur-
bulence as the outcome of the decay process. An initial
incoherent spectrum of Alfvén waves was considered by
Cohen & Dewar (1974) and Cohen (1975) in the quasi-
linear approximation, assuming strong Landau-damping
of the sound waves. In this limit, they showed that spectra
with power law indices steeper than −1 should be stable,
while flatter spectra were found to be unstable. However
direct numerical simulations by Umeki & Terasawa (1992)
showed that, within the MHD framework, spectra of inco-
herent waves are always unstable regardless of the index
of the power-law spectrum. In their simulations the ini-
tial spectrum of large-amplitude Alfvén waves was not
in equilibrium, since the overall magnetic field magni-
tude was not constant. To investigate the instability of a
spectrum of waves in detail, without having to deal with
the compressible modes generated by the gradient of the
magnetic pressure (the ponderomotive force), Malara &
Velli (1996) focused on the decay of a spectrum with ini-
tial constant total field magnitude and showed how the
growth rate decreases for a non-monochromatic mother
wave. This study was extended up to the nonlinear sat-
uration stage in Malara et al. (2000). A 2-D analysis

was performed by Viñas & Goldstein (1991), and numer-
ical simulations in 2-D were carried out by Ghosh et al.
(1993), Ghosh & Goldstein (1994) and Ghosh et al. (1994).
Their results show that parametric decay can occur also
at oblique directions in the low beta case and that a new
filamentation-like instability occurs at large angles in the
high beta case. Finally, the periodic simulation box con-
straint was first relaxed by Pruneti & Velli (1997), who
studied Alfvén waves propagating upwards in a gravita-
tionally stratified medium with open boundaries, both in
1-D and 2-D: again, parametric decay was shown to occur
though with some differences due to the non-periodicity
of the simulation domain and to the (mild) stratification.

In this paper the decay of monochromatic large-
amplitude Alfvén waves will be studied by means of a
recently developed upwind 3D-MHD code, both in a peri-
odic numerical domain and in conditions of open bound-
aries. Here we will restrict our study to circularly polarized
waves in parallel propagation. The main reason for this
choice is to extend previous 1-D works to 3-D and to have
the condition of constant magnetic pressure automatically
satisfied. In a forthcoming paper we will study the stability
of the nonlinear extension of linearly polarized waves (arc-
waves and spherically polarized waves, Barnes & Hollweg
1974; see also Grappin et al. 2000 and references therein),
which represent more general cases observed in the fast so-
lar wind. The goal of the present paper is threefold: first we
study the long-term nonlinear development of parametric
decay after saturation in one spatial dimension (1-D) un-
der a wide range of plasma parameters; secondly we move
to the 2-D and to full 3-D cases, analyzing the changes
with respect to the one-dimensional results and studying
the multidimensional spectra; finally we relax the restric-
tion of periodic boundary conditions in the direction of
the background magnetic field and we study the 2-D and
3-D decay of an Alfvén wave which is steadily injected
from one of the two open sides.

The paper is organized as follows. In Sect. 2 we de-
scribe the wave initial conditions and parameters of our
study. In Sect. 3 we briefly discuss the numerical tech-
nique used, which allows us to consider the development
of turbulence even in the presence of shocks (generated by
the unstable compressive modes) via a high order upwind-
type algorithm. Section 4 is devoted to the 1-D results,
both in low beta and intermediate beta regimes, while in
Sect. 5 we present the 2-D and 3-D cases with emphasis
on the modification induced by the higher dimensional-
ity. The evolution of a wave injected from one side of a
3-D domain with open boundaries along the background
field direction is considered in Sect. 6 while the results are
summarized in Sect. 7.

2. Model parameters

The whole analysis will be performed in the framework of
single-fluid ideal MHD, thus neglecting dispersive effects
and explicit dissipative terms. The equations are solved
in conservative form, employing an ideal energy equation
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Table 1. Simulation parameters for the three runs, labeled A,
B and C. The wave numbers kc and k±t are those expected
to be excited, with a linear growth rate γ, from an inspection
of Fig. 1

run η β k0 kc k+
t k−t γ

A 0.2 0.1 4 6 10 2 0.41

B 0.5 0.5 4 5 9 1 0.39

C 1.0 1.2 4 5 9 1 0.41

(γ = 5/3), while the induction equation for B is replaced
by the corresponding equation for the magnetic vector po-
tential A = ∇×B.

We consider an initial state characterized by a uni-
form magnetized plasma (Bz = B0, vz = 0, ρ = ρ0,
p = p0 = (β/γ)B2

0) plus a circularly polarized monochro-
matic Alfvén wave in parallel propagation with compo-
nents in the orthogonal plane given by

Bx = ηB0 cos(k0z), By = ηB0 sin(k0z), (1)

and v⊥ = −B⊥/
√
ρ0. Here we have defined the plasma β

as the squared ratio of the sound speed cs =
√
γp0/ρ0 to

the Alfvén speed vA = B0/
√
ρ0, η is the wave amplitude

with respect to the background field B0, while k0 and
ω0 = vAk0 are the wave number and frequency, respec-
tively, of the mother wave. In the following we choose the
normalization ρ0 = B0 = 1, so that vA = 1 and cs =

√
β.

In order to trigger the instability, we perturb the back-
ground density with a point-wise random flat noise with
a root mean square (rms) value of ε = 10−4. The noise
depends on all spatial coordinates, thus allowing unstable
wave propagation in the transverse directions too.

The linear growth of the 1-D parametric instability has
been extensively studied in the literature. Briefly, the de-
cay of the mother wave occurs via the resonant creation
of a longitudinal compressive mode (with wave number
kc and frequency ωc) and two sideband transverse modes
(k±t = kc ± k0, ω±t = ωc ± ω0). During the linear phase of
the instability all these modes grow exponentially in time
absorbing energy from the mother wave. Only in the small-
amplitude and low-β (η, β � 1) limits the excited waves
coincide with normal modes, that is a forward propagating
sound wave (ωc =

√
βkc) and two oppositely propagating

Alfvén waves (ω±t = ±k±t ), with the positive mode be-
ing negligible (decay instability). As was pointed out by
Jayanti & Hollweg (1993), the nature of the parametric in-
stability changes for β ≥ 1, when the dominant unstable
mode becomes the forward propagating transverse wave
(beat instability).

The dispersion relation for the daughter waves for a
generic β (Derby 1978; Goldstein 1978) may be written as

(ω2 − βk2)(ω+2 − k+2)(ω−2 − k−2) =

η2k2(ω − k)(ω3 + kω2 − 3ω + k), (2)

where we have normalized as usual k/k0 → k, ω/ω0 → ω,
k± = k ± 1, ω± = ω ± 1 (note that ω±2 − k±2 = (ω −
k)(ω+ k± 2)). The solution of Eq. (2) is plotted in Fig. 1
for three different sets of parameters η and β, as listed in
Table 1. The values have been chosen in order to simulate
solar wind conditions, from the external corona outwards.
With the present choice of parameters, the three predicted
growth rates γ are very similar and so the characteristic
time-scales will be comparable in all cases.

In our simulations, where the constraint of having in-
teger wave numbers has to be taken into account when a
periodic domain is employed (we use initially a multidi-
mensional periodic box of size 2π, open boundaries will be
introduced in Sect. 6 along the z direction) the value of
k0 = 4, which guarantees enough dynamics at larger wave
numbers and allows inverse cascading for the values of the
parameters η and β chosen, will be assumed throughout.
In Table 1 we list the wave numbers of the modes ex-
pected to be excited and the corresponding growth rates
(which are the same also for the k± modes and increase
linearly with the order for higher sidebands, see Hoshino
& Goldstein 1989), as derived from Fig. 1.

3. Numerical method

In the present work we use a recently developed finite
differences high order upwind MHD code whose main fea-
tures are here briefly summarized. For a more complete
description we refer the reader to Londrillo & Del Zanna
(2000) and to Londrillo et al. (2000). The code is specially
designed to treat strong discontinuities, such as shocks or
current sheets, as well as smoother features like waves or
turbulent motion. To achieve this, up to fifth order ENO-
like (Essentially Non-Oscillatory) interpolation polynomi-
als are used. The upwind procedure is performed by a LLF
(local Lax-Friedrichs) flux splitting, thus avoiding the time
consuming decomposition into the characteristic modes, as
is usual in many other (low order) upwind schemes. When
equipped with a three-stage Runge-Kutta time integra-
tion procedure, the code achieves an overall fourth order
(formal) accuracy in space and third order accuracy in
time. Since upwind schemes integrate the MHD equations
in ideal form, i.e. dissipative terms are not taken explicitly
into account, high order is then an essential feature to keep
the numerical viscosity (resistivity) low in smooth regions,
still ensuring a proper description of flow discontinuities.

A second main feature of the present code relies on the
way the MHD solenoidal constraint ∇ · B = 0 has been
taken into account. This is a very important issue for up-
wind computations and has been subject of a vast debate
in the last decade. Our recipe for treating the solenoidal
constraint correctly is discussed in detail in Londrillo &
Del Zanna (2000), here we just mention that ∇ · B = 0
can be cast in a conservation form only by placing the
magnetic field components at cell interfaces, rather than
at cell centers like the other fluid variables. Moreover, the
magnetic components must be derived at each time step
from the vector potential A = ∇ ×B and its numerical
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Fig. 1. Real and imaginary parts of the complex solutions of the dispersion relation Eq. (2), for the three runs in Table 1. On
the left-hand side column we also plot the interacting normal modes in the η → 0 limit, that is the two oppositely propagating
Alfvén waves ω± = ±k± (or ω = k and ω = 2−k, both indicated with a dashed line) and the sound wave ω =

√
βk (dot-dashed

line). Note how far the unstable compressive mode can be from the normal mode when η is large. In run C the parametric
process is actually a beat instability, where the positive transverse mode is more involved than the compressive one

flux v × B must be defined, along each component, by
combined upwinding in the remaining two directions.

The present version of the MHD code is fully three-
dimensional and has been parallelized along the third
coordinate, by means of the ghost cells technique, with
MPI parallel directives. For the largest simulations in the
present work, a maximum of 32 processors have been em-
ployed (at least 4 grid points per processor are needed in
the z direction). Different interpolation schemes, geome-
tries and boundary conditions are supported, due to exten-
sive use of modular structures in the code design. Of par-
ticular interest is the option for transparent inflow/outflow
boundary conditions, which allows introduction of selected
waves in the domain and transparent boundaries without
spurious reflections, thanks to a field decomposition into
characteristic modes (see the Appendix).

4. 1-D results

Before moving to the full 3-D case, we show some inter-
esting results about the long-term nonlinear evolution of
the parametric instability in one spatial dimension, in the
three cases listed in Table 1. In this section we will always
use a resolution of N = 512 grid points.

We find it useful to define the variables z± = δv ∓
δB/
√
ρ, so that the initial state is characterized by the

z+ component alone, with amplitude 2η and z− = 0.

Note that the usual definition of the Elsässer variables
z± is different, in our notation the positive sign indicates
propagation in the positive z direction. Other useful quan-
tities are the spatially-averaged Elsässer energies and the
normalized cross helicity, defined in our notation respec-
tively by

E± = <
1
2
|z±|2 >, σ =

E+ −E−
E+ +E−

, (3)

where again the value of σ will be opposite than in the
usual notation, so that here σ = +1 in the initial state of
pure Alfvén waves propagating in the positive z direction.

In Fig. 2 we show the temporal evolution of σ and E±,
together with the exponential growth and subsequent sat-
uration of two other quantities: the rms density fluctua-
tions and a measure of the importance of compressive over
transverse modes. The latter is defined through the ratio
of the rms divergence and curl of the velocity field:

ζ =

√
< (∇ · v)2 >√
< |∇ × v|2 >

· (4)

The linear growth rates derived from the data match those
predicted in Table 1 within an error less than 1%. The time
histories of δρrms and ζ look very similar and the linear
growths are also clearly the same. The compressive modes
reach the greatest amplitude when saturation occurs, cor-
responding with the maxima of both δρrms and ζ.
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Fig. 2. Some rms quantities as a function of time for the usual three runs. On the left-hand side we plot in logarithmic scale
the density fluctuations δρrms (solid line) and the ζ function defined in the text (dashed line). The exponential growth and
saturation phase are clearly recognizable. On the right-hand side we plot the normalized cross helicity (solid line) and the two
Elsässer energies (dashed line for E+, dot-dashed for E−). Note the secondary instability occurring at time t ' 130 in run A.
The sign of σ after the first instability strongly depends on the plasma β

From an inspection of the spatial profiles, it is apparent
that the instability saturation always occurs when the den-
sity (or pressure) fluctuations and the longitudinal veloc-
ity have steepened into a train of shocks. We have also
verified that these fluctuations are anti-correlated with
corresponding steepened fluctuations in magnetic pres-
sure, for all the three values of the plasma beta consid-
ered here. As an example of this situation, a snapshot for
t = 40, well after the nonlinear saturation peak, is taken
in Fig. 3 for runs A and C. Note the perfect correlation
between δp and δvz and the perfect anti-correlation be-
tween δp and δB2 in both cases. The difference in scale
is due to the mother wave amplitude, which in run C is
five times larger than for run A; we may also notice that
for β < 1 the kinetic pressure fluctuations dominates over
the magnetic pressure fluctuations, whereas the opposite
situation holds for β > 1.

Returning to Fig. 2, the right-hand side column dis-
plays the cross helicity and the Elsässer energies de-
fined in Eq. (3) (the latter have been normalized against
E+(0) = 2η2). At the time of nonlinear saturation the
cross helicity drops together with E+ while E− grows in
time, corresponding to the backscattered Alfvén wave with
wave number k−t . It is interesting to notice that both the
decays of the cross helicity and of the total Alfvénic energy
must be due to the presence of compressive modes and
associated shock heating, since those quantities are con-
served in an incompressible and ideal medium. For β < 1,

the decay is so pronounced that σ reverses its sign, at
saturation, implying that the energy in the backscattered
daughter is now larger than that in the mother wave. From
this point of view the most interesting case is clearly run
A, where after saturation E+ has dropped almost to zero
(σ = −1) and half of the initial energy has gone to feed
the backscattered wave (of the other half, 75% has gone
into heat and 25% into energy carried by the sound wave).
The situation is now almost the same as at the initial time,
with a pure Alfvén mode propagating in a noisy density
background. Since the new mother wave has a wave num-
ber greater than one (k = 2), we have decided to extend
the simulation beyond t = 80 up to t = 200: the results
show clearly a new occurrence of the decay instability with
a behavior predictable from the usual linear theory with
the new values of k0 and η. At later times, after the sec-
ondary instability, the new dominant compressive mode
has k = 3 while the dominant transverse mode has k = 1.
We have also verified that this inverse cascade goes on
when we start with a pump wave with k0 = 8, reaching
the final k = 1 value after three successive decay instabil-
ities, this time with a negative asymptotic value for the
cross helicity σ.

To our knowledge, this is the first time that multiple
decay instabilities have been found in numerical simula-
tions. We have investigated the conditions for the occur-
rence of such event, but it appears that it is not very
easy to find the physical criteria for the multiple decay to
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Fig. 3. Pressure (solid line), squared magnetic field strength
(dashed line) and longitudinal velocity (dot-dashed line) fluctu-
ations at t = 40, after nonlinear saturation, for runs A (β < 1)
and C (β > 1). Shock waves always form, with the usual posi-
tive correlation between δp and vz and an anti-correlation be-
tween δp and δB2. In the low beta case we have larger pressure
fluctuations, while in the high beta case we have larger
magnetic fluctuations

occur. The strong decay of the mother wave, which is al-
ways found in the low-beta case, appears not to be a suffi-
cient condition. At least three conditions must be satisfied:

1. the value of kc must be far from the pump wave num-
ber k0, so that the resulting k−t is large enough to allow
new dynamics in wave number space, where only in-
tegers are allowed because of the periodic numerical
box;

2. the linear instability range should be narrow, allowing
just a few unstable wave numbers, so that the individ-
ual contributions do not mix together;

3. the level of the density fluctuations after saturation
should be low, in order to reset a situation similar to
that of the initial conditions, that is a large-amplitude
transverse wave propagating in a noisy background.

To prove this, we have run six simulations with the same
value β = 0.1 and different values of η: the density fluctu-
ations were the lowest for the run A parameters (η = 0.2).
For lower values the cross helicity showed still an oscillat-
ing behavior in the long-term evolution, but always stayed
below zero and both Elsässer energies were very low af-
ter the second instability onset. On the other hand, in-
creasing η, more modes are involved and the exchange of
energy between the opposite traveling Alfvénic waves was
less dramatic.

Fig. 4. Density fluctuations and cross helicity, for run A pa-
rameters, in the three cases 1-D, 2-D and 3-D. The 1-D
macroscopic features are well maintained in higher dimensional
simulations

5. 2-D and 3-D results

When we move to higher dimensions, leaving the same ini-
tial conditions but introducing a point-wise random noise
in the whole volume, so that a spatial dependence in the
transverse directions is allowed, the time history of rms
quantities looks remarkably similar to the evolution in the
one-dimensional case. In the following discussion we will
limit our analysis to run A, reducing the resolution to 2562

grid points in 2-D and to 1283 (and even to 643 for longer
runs) in 3-D.

In Fig. 4 we plot the rms density fluctuations and cross
helicity time histories for the 1, 2 and 3 dimensional cases:
the primary and secondary decays occur also in 2-D and
in 3-D though the time of their occurrence is slightly de-
layed in higher dimensions because the system has at dis-
posal a higher number of degrees of freedom, thus the right
unstable eigenmodes take longer to be selected. We have
checked this point by running until t = 40 in 1, 2, and
3-D with the same resolution (128 grid points in each di-
rection), confirming that the delay is not due to a higher
numerical viscosity level. Clearly, the introduction of cou-
plings transverse to the background magnetic field has lit-
tle influence on the evolution of volume-averaged quanti-
ties. In particular the similar growth rates found in the
different cases especially for the primary decay instability
would seem to imply that the transverse couplings do not
decrease the overall coherence of the daughter modes, or
at least do not affect their stability properties. The sec-
ondary decay in 3-D occurs much later for the reason given
above (but in this low resolution case we cannot exclude
numerical effects too).

Examining the contours of different field profiles for
the 2-D run at different times, we see that the initial
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Fig. 5. Run A, 2-D case (2562 grid points): the density (upper row) and magnetic field strength (lower row) in physical space
at four different times. The train of forward propagating shocks is apparent in the first plot, where an oblique magnetosonic
wave component with kc⊥ = 1 may be recognized. In the parallel direction we see the inverse cascade kcz = 6 → 3 after the
secondary decay

instability occurs mainly along the average field, while the
translational symmetry in the perpendicular direction is
macroscopically broken only much later, during the devel-
opment of the secondary decay. In Fig. 5 snapshots with
isocontours of density and of magnetic field strength are
shown for run A. The slow magnetosonic shock fronts are
initially parallel to B0 with a modulation in the perpen-
dicular direction which grows in time. The inverse cascade
of the excited compressive modes (secondary instability)
is also apparent, the kz = 6 mode being excited after the
first instability and kz = 3 mode after the second insta-
bility. The transverse modulation is best seen in the plots
of run B, where already at t = 40 oblique structures have
formed.

A more quantitative evaluation of the spatial prop-
erties of the evolution may be obtained by construct-
ing 2-D reduced spectra in the (kz, k⊥) plane. Spectral
anisotropies were searched by measuring the angles be-
tween the typical energy-containing wave number in the
two directions:

tan2 θ =
∑
k

k2
⊥E(kz , k⊥)/

∑
k

k2
zE(kz , k⊥). (5)

Here E(kz, k⊥) is the power spectrum of any Fourier-
decomposable field. In three dimensions this is given by

E(kz , k⊥) =
∫ 2π

0

E(k⊥ cosφ, k⊥ sinφ, kz)k⊥dφ, (6)

easily computable numerically by summing all contribu-
tions with k2

i−1/2 < k2
x + k2

y < k2
i+1/2, where the index

i is associated with the perpendicular direction. In the
two-dimensional case these expressions just reduce to the
sum of two elements, the pairs with opposite kx values.
Moreover, since we are dealing with power spectra of real
quantities, we are allowed to use just the positive kz > 0
part of it because for any second order moment the rela-
tion E(−kz , k⊥) = E(kz , k⊥) holds.

In Fig. 6 the power spectra are shown, at the same
times and for the same quantities as in Fig. 5, now respec-
tively in the 2-D and 3-D cases. The calculated anisotropy
angles are also reported. The overall evolution is clearly
dominated by the parametric decay, in which the harmon-
ics that are generated are well discernible even after the
secondary decay. At the same time, mode couplings de-
velop in the transverse direction in a more continuous way,
so that the spectra take the shape of bands in k space.
The bands of harmonics are initially limited across the
magnetic field, associated with a strong anisotropy along
the longitudinal direction (small θ angles) where most of
the wave interaction is taking place. At longer times, they
gradually fill in the transverse directions when the den-
sity spectrum approaches isotropy (θ ≈ 450), while the
magnetic field spectrum shows a slight anisotropy in the
perpendicular direction (θ > 450). This situation is sim-
ilar to that found by Ghosh & Goldstein (1994) in 2-D
and is reminiscent of the final state assumed by an initial
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Fig. 6. Run A, 2-D case (2562 grid points, upper plots) and 3-D case (643 grid points, lower plots): spectra in the (kz, k⊥) plane
for the density (upper rows) and magnetic field strength (lower rows) at the same times as in Fig. 5. The anisotropy angles are
also shown, calculated according to Eq. (5)

isotropic set of fluctuations in both early incompressible
MHD studies (Shebalin et al. 1982) and in more recent 3-D
works in a compressible plasma (Matthaeus et al. 1996).

A higher resolution 3-D run (1283) was also computed
up to the first nonlinear saturation. In Fig. 7 the power
spectra (auto-correlations) of ρ, v and B are plotted by
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Fig. 7. Run A, 3-D case (1283 grid points). On the left-hand
side panel we show the power spectra, as a function of k = |k|,
of the density (solid line), velocity (dashed line) and magnetic
field (dot-dashed line). On the left-hand side we plot the cross
helicity, indicating strong velocity-magnetic field correlations
and anti-correlations only at low wave numbers

reducing the original 2-D spectra to unidirectional ones in
k-space. The initial pump wave has already decayed into
a compressive wave with kc = 6 and in the backscattered
Alfvén wave with wave number k−t = 2, the latter be-
ing the new dominant mode. At this stage, the spectrum
is still dominated by isolated peaks corresponding to the
high order harmonics of the parametric instability. Note
how the high frequency region is dominated by the com-
pressible shocks, while Alfvénic correlation is strong only
for the energy containing wave numbers. This is confirmed
by the spectrum of the cross helicity, shown on the right-
hand side, which has strong peaks of both sign for low k’s
and approaches zero for higher wave numbers.

6. Steady injection and open boundaries

All previous numerical simulations concerning parametric
instability make use of periodic domains, thus one may
wonder whether such process may be effective only when
waves are able to interact for several periods. The only
test simulation of decay of Alfvén waves in a finite domain,
where the mother wave is steadily injected from one side
and is able to exit freely from the other, is given in Pruneti
& Velli (1997). In such work it was shown that parametric
decay is robust, in the sense that it occurs on time-scales
comparable to those in the periodic case, in spite of finite
crossing times. This remains true even in the presence of
mild gravity stratification along the mean magnetic field.
In the transverse direction, a 2-D simulation showed
density modulations characterized by an anti-correlation
between kinetic and magnetic pressure.

Fig. 8. Run A, 1-D case (128 grid points), t = 5. The Alfvén
wave is injected from the z = 0 left hand side boundary follow-
ing the function of time (1− exp(−t/T0)), where T0 = 2π/ω0

is the pump wave period. Note the creation of a (small) Alfvén
wave z− propagating in the positive direction, due to the forc-
ing and reflected by the increasing magnetic pressure. Solid
(dashed) lines in the two upper plots indicate x (y) compo-
nents of the indicated Alfvén wave

Here we further investigate the multidimensional evo-
lution of parametric decay in a numerical box with open
boundaries, both in 2-D and 3-D. The initial situation is
a static magnetized plasma with β = 0.1 (run A). For
t > 0 a circularly polarized Alfvén wave with η = 0.2 and
k0 = 4 propagating along the mean field is gradually in-
jected from the boundary z = 0. This is achieved through
a variable decomposition into projected characteristics:
those whose eigenvalue is positive (incoming waves) can
be freely imposed (a combination of Alfvén and fast waves
is needed to create a wave with B2

⊥ 6= 0), while those with
negative eigenvalues are left unchanged. At z = 2π the
situation is reversed but no waves are injected, so that in-
coming characteristics are set to zero (free outflow bound-
ary conditions). See the Appendix for further details.

The injection of z+ in an initially homogeneous
medium (with the usual density fluctuations needed to
trigger the instability in the transverse directions) can be
followed in Fig. 8. The incoming wave produces an initial
inflow of matter and a magnetic piston, which drives a
small z− wave propagating in the positive direction. After
the wave has entered, the density tends to go back to its
initial value.

In Fig. 9 gray-scale plots of density distribution for
a 2-D 1282 run are shown for four different times. Note
that at t = 40 the usual train of slow shocks have already
formed, thus the instability time-scales are the same as in
the periodic case, although spacing between fronts is seen
to decrease with distance from the source. After t = 40
the fronts begin to suffer modulation in the transverse x
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Fig. 9. Run A, 2-D case (1282 grid points). Time series of density gray-scale plots: after the usual parametric instability, the
presence of initial transverse density fluctuations triggers strong 2-D dynamics, resulting in a front modulation and a final
filamentation

direction, finally leading to a situation of strong filamen-
tation as can be seen at t = 100. This situation is reminis-
cent of density filaments identified in the extended solar
corona via radio sounding measurements (Woo & Habbal
1997) and of polar plumes extending as pressure-balanced
structures in the fast solar wind (Del Zanna et al. 1997;
Casalbuoni et al. 1999, and references therein), although
further investigations in the parameter range is of course
mandatory. However, we have verified that indeed there
is a growing anti-correlation of kinetic and magnetic pres-
sure fluctuations as the time goes on. The quantity

σkm =
< δpδpm >√

< δp2 >
√
< δp2

m >
(7)

takes values −0.04, 0.08, −0.30, and −0.71 at the times
indicated in Fig. 9, thus the asymptotic state is one of
strong anti-correlation, although an overall pressure bal-
ance is not achieved.

Slices at z = 0 are shown in Fig. 10 for a 3-D run.
Initially the situation is rather uniform, but after t ' 50
the transverse modulation is well visible as 2-D patterns of
density isocontours that progressively increase their con-
trast against the mean density. The large variations seen
at long times are a physical consequence of the transverse
coupling mentioned above; they occur because nothing,
in the non-reflecting boundary conditions based on pro-
jected characteristics, prevents their growth. To conclude,
we show in Fig. 11 the averaged cross helicity and Alfvénic
energies at the two boundaries as a function of time, for

the same 3-D run. Note the decrease of σ around t = 30
at the injection boundary, when the reflected wave begins
to propagate backwards and exit the domain, and the fi-
nal state of again purely incoming waves. The fact that
E+ increases beyond the expected maximum value 2η2 is
a consequence of not having a constant density ρ = 1 at
z = 0. At the upper boundary z = 2π reflected waves
are always almost negligible, so that σ = +1 from t = 2π
onwards (the time required for the injected wave to reach
the opposite boundary).

7. Conclusions

The propagation of large-amplitude Alfvén waves in a
magnetized uniform plasma has been studied via numeri-
cal simulations, by making use of a new high order upwind
3D-MHD code developed by the authors (Londrillo &
Del Zanna 2000). Such waves are subject to parametric in-
stability (triggered by an initial random compressive white
noise) that produces daughter magnetoacoustic waves and
backscattered Alfvénic modes for various values of the
pump wave amplitude and plasma beta. Here we have re-
stricted our analysis to monochromatic and circularly po-
larized waves in parallel propagation. The novel features
introduced in our study are the extension of the simula-
tion domain from 1-D up to full 3-D, the use of a code
specially designed to treat both wave or turbulent mo-
tion and flow discontinuities (occurring all together when
the instability saturates), and finally the use of simulation
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Fig. 10. Run A, 3-D case (643 grid points). Slices at the injection boundary (z = 0), at four different times, for the density.
Note the very large variations induced by the pumping at long times

Fig. 11. Run A, 3-D case (643 grid points). Averaged quanti-
ties in the transverse directions at the two boundaries. Cross
helicity is indicated with thick lines, while normal lines are
the Alfvénic energies E± normalized against their maximum
expected value 2η2

domains with open boundaries along the direction of the
background field (only for the runs of Sect. 6), where the
pump wave is steadily injected from one side.

Our contribution to the understanding of the paramet-
ric decay process may be summarized as follows:

– After the linear growth, the instability appears to satu-
rate always when the generated compressive mode has
steepened into a train of shocks. Discontinuous pro-
files in the magnetic field components also develop and
these are anti-correlated with kinetic pressure fluctua-
tions;

– The asymptotic value of the cross helicity strongly de-
pends on the plasma beta: when β ' 1, corresponding
to solar wind conditions, σ tends towards zero with in-
creasing time, reminiscent of the decrease of the cross
helicity with increasing heliocentric distance observed
in solar wind data. However, the sign after the insta-
bility saturation appears to be well correlated with β:
when it is less than one σ reverses its sign, whereas
this does not hold for β > 1;

– In the low-β case we have shown, for the first time in
numerical simulations, the occurrence of secondary in-
stabilities after the first decay. In this inverse cascade
the energy of the mother wave drops to zero at satu-
ration and cross helicity reverses completely, flipping
between σ = +1 and σ = −1 at each saturation step.
Moreover, the total energy in the Alfvénic modes re-
duces approximately of a factor two at each occurrence
of the instability;

– Parametric decay is essentially a one-dimensional
process: in 2-D and 3-D the longitudinal behavior is
practically identical, although a slight delay in the
occurrence of the instability is seen, due to the
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higher number of degrees of freedom in the system.
Transverse modes grow with time and a final state of
isotropic compressive turbulence is achieved, with a
slight anisotropy in the transverse direction for quan-
tities like the magnetic field as predicted by previous
incompressible studies;

– The instability takes place with open boundary con-
ditions too. The wave is steadily injected from z = 0
along the main magnetic field and fluctuations are let
free to escape from the boundaries, thanks to the use
of transparent characteristics-based conditions. In this
case the transverse evolution is enhanced and interest-
ing phenomena of density filamentation along the main
magnetic field are observed, reminiscent of plumes in
coronal holes and pressure-balanced structures in the
solar wind;

– A significant anti-correlation between kinetic and mag-
netic pressure is always observed, even in the open-
boundary case, although total pressure balance is never
achieved.

Final comments are due in order to discuss in detail our as-
sumptions (monochromatic modes, parallel propagation,
circular polarization), the different results obtained in the
cases of periodic and open boundaries and the possible
applications of our results to open problems in solar and
heliospheric physics.

When the subject of a systematic investigation is a
plasma instability, it is necessary to have an initial equi-
librium state, that in our case is represented by a uniform
background plasma modified by the presence of a large-
amplitude propagating MHD wave. Our assumptions eas-
ily ensure that the total magnetic strength is uniform,
so that no ponderomotive force arises and the traveling
wave remains an exact (though unstable) solution of the
MHD equations at all times. Parametric instability has
been shown (see the introduction) to occur also for non-
monochromatic waves, so our assumption is not too re-
strictive in this sense. What remains to be investigated is
whether waves in oblique propagation are also unstable or
not. Notice that an exact large-amplitude wave with con-
stant magnetic field strength in oblique propagation is no
longer a circularly polarized wave, but is the nonlinear ex-
tension of a linearly polarized wave (arc-polarized Alfvén
wave, see Barnes & Hollweg 1974). We have run a pre-
liminary simulation with such wave as an initial condition
(same parameters of run A and an angle of propagation
of 30◦) and we have found that it still suffers parametric
decay. What is more surprising, the behavior of the char-
acteristic quantities looks remarkably similar to that in
the top panels of Fig. 2, including the occurrence of the
secondary instability. This is yet another hint that para-
metric decay is a very general process involving nonlinear
waves propagating in a compressible medium, regardless
of the particular conditions of propagation direction and
polarization. A comprehensive study of this more general
case will be presented in a forthcoming paper.

When open boundaries are employed, though the situ-
ation is more realistic in that a wave is not forced to return
periodically in the same positions and there is no restric-
tion of having integer wave numbers, we have the problem
that a portion of a traveling wave train can be followed
only for a very short time, since the simulation domain is
limited (2π as in the periodic runs in our specific case).
Our simulations thus show what happens only very near
the injection source, where the instability occurs at initial
times but then is suppressed (see the time history of the
cross correlation in Fig. 11) when the 2-D filamentation
takes over. This process may grow just because the pump
wave has always a large amplitude, while this is impossible
in the periodic simulations. We conjecture here that if we
could follow a wave packet for a very long time (compara-
ble to the final times of our periodic runs) in a simulation
box extending indefinitely, very similar results would be
found.

The physical processes described in this paper are
relevant whenever large-amplitude waves propagate in a
magnetized medium. In the solar corona, where circu-
larly polarized waves could be created by vortex-like mo-
tions at the solar surface (e.g. the tornadoes observed by
CDS/SOHO instrument in the transition region, see Pike
& Mason 1998 for the data and Velli & Liewer 1999 for
a physical discussion), this mechanism could help to start
a cascade towards the small scales required for dissipa-
tion, that will be presumably of kinetic nature (e.g. ion-
cyclotron resonant damping). Moreover, even assuming a
spatially uniform pumping of Alfvén waves from the coro-
nal base, a process such that described in the previous
section could provide an explanation for the ubiquitous
density filamentation observed along the coronal fieldlines
(closed loops and arcades or plumes in open field regions).
However, the plasma parameters considered here are more
appropriate for solar wind conditions. There the process of
parametric decay could be important in shaping the MHD
turbulent spectra observed in the polar regions (charac-
terized by a rather uniform background with unidirec-
tional mean field), where a slow but significant decrease of
the cross helicity with heliocentric distance has been di-
rectly measured from data taken in situ. Our simulations
clearly show that for solar wind conditions, say β ∼ 1 and
B⊥ ≥ B0, asymptotic values for δρ/ρ and σ are respec-
tively about 10% and zero (in the periodic box case), as
indeed observed in the data at large heliocentric distances.
Finally, parametric decay could also be relevant for the
evolution of the turbulence observed in molecular clouds,
where the presence of large-amplitude Alfvénic waves has
been invoked to drive compressive motions that can eas-
ily dissipate (see for example the final discussion in Stone
et al. 1998), thus allowing to reduce the estimates of the
time-scales for cloud collapse and consequent triggering of
star formation activity, that is one of the most important
issues in modern astrophysics.
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Appendix A: Characteristics-based transparent
boundary conditions

In this appendix the implementation of inflow/outflow
boundary conditions will be discussed in detail, since it is
an important feature of our MHD code and it has been ex-
tensively used in Sect. 6. The theory of transparent bound-
ary conditions based on projected characteristic decom-
position for hyperbolic equations is discussed in general
terms by Thompson (1987), Vanajakshi et al. (1989), and
Poinsot & Lele (1992); applications to solar wind problems
may be found in Einaudi et al. (2000) and Grappin et al.
(2000). The MHD equations may be written in vectorial
form as

∂V

∂t
+A

∂V

∂z
+ C = 0, (A.1)

where V = (ρ, vx, vy, vz, p, Bx, By)T . Here the z depen-
dence has been singled out and we include in C transverse
derivatives (2-D and 3-D cases) and source or geometri-
cal terms (absent in our study). Because of the solenoidal
constraint, Bz does not appear in this projected equations
scheme and A is therefore a 7×7 matrix. Spectral decom-
position leads to A = RΛL (RL = LR = I), in which
R and L are 7 × 7 matrices of nonsingular normalized
right and left eigenvectors and Λ is the diagonal matrix of
the 7 MHD eigenvalues, usually given in increasing order,
which are λ±f,s = vz±vf,s for magnetoacoustic modes, λ±A =
vz ± vA for Alfvénic modes, and λ0 = vz for the entropy
mode. The three characteristic velocity components along
z are given by v2

f,s = (1/2){c2 +b2± [(c2 +b2)2−4c2b2z]1/2}
and v2

A = b2z, with vs ≤ vA ≤ vf , where b = B/
√
ρ and

c2 = γp/ρ is square of the sound speed. Note that for
b⊥ = (b2x + b2y)1/2 = 0⇒ b2 = b2z we have vs = min(c, vA)
and vf = max(c, vA). The MHD Eq. (A.1) may be cast in
the following projected characteristics form

L
∂V

∂t
+ L+ LC = 0; L = LA

∂V

∂z
= ΛL

∂V

∂z
, (A.2)

that, for constant A and C and by defining the Riemann
invariants through dψi = li(dV +Cdt), simply reduces to
∂tψi + λi∂zψi = 0, where li is the left eigenvector cor-
responding to the eigenvalue λi. At the two boundaries
z = zmin and z = zmax (in our case 0 and 2π, respectively),
a distinction among incoming and outgoing characteristic
waves has to be made, depending on the sign of the cor-
responding eigenvalue. For waves leaving the domain we
simply define

Lout
i = λili

(
∂V

∂z

)
int

, (A.3)

with spatial derivatives calculated by using interior points
alone (one-sided derivatives), whereas Li may be freely
specified for incoming waves. If no equilibrium gradients
and source terms are to be imposed, the condition Li = 0

for incoming waves simply allows wave propagation out-
side the domain without spurious reflections (transparent
boundary conditions). Whatever the choice for the incom-
ing waves, once the Li have been modified the equations
to solve at the two boundaries become ∂tV +RL+C = 0.
When the conservative variables are used, like in our up-
wind code, the situation is slightly different. The MHD
equations in conservative form may be written as

∂U

∂t
+
∂F

∂z
+H = 0, (A.4)

where U = (ρ, qx, qy, qz, e, Bx, By)T , with q = ρv and
e = p/(γ − 1) + (1/2)(ρv2 + B2). Now, by defining
P = ∂U/∂V ⇒ ∂zF = PA∂zV, H = PC, we have to
solve the equation ∂tU+PRL+H = 0 at the boundaries,
with

Lout
i = liP

−1

(
∂F

∂z

)
int

, (A.5)

while incoming waves are still free.
Let us now write explicitly the right eigenvector de-

composition (using the concise formsMi = L+
i +L−i and

Ni = L+
i −L−i )

RL =



ρ(αfMf + αsMs) + L0

σβx(αfvfNs − αsvsNf) + βyNA

σβy(αfvfNs − αsvsNf)− βxNA

αfvfNf + αsvsNs

ρc2(αfMf + αsMs)√
ρ[cβx(αsMf − αfMs)− σβyMA]√
ρ[cβy(αsMf − αfMs) + σβxMA]


, (A.6)

needed once the outgoing waves have been computed with
Eq. (A.5) and the incoming ones have been imposed. Here
the same normalization as in Roe & Balsara (1996) has
been employed, where σ = sign(Bz), βx = Bx/B⊥, βy =
By/B⊥ (βx = βy = 1/

√
2 when B⊥ = 0), αs = [(v2

f −
c2)/(v2

f − v2
s )]1/2, αf = [(c2− v2

s )/(v2
f − v2

s )]1/2 (αs = αf =
1/
√

2 when vf = vA = vs = c), with the useful relations
β2
x+β2

y = 1, α2
s +α2

f = 1, α2
sv

2
s +α2

f v
2
f = c2, and αsαf(v2

f −
v2

s ) = cb⊥.
In order to impose physical variables at one boundary

without reflecting back outgoing waves, a number of rela-
tions in Eq. (A.6) (with RL = −∂tV − C) corresponding
to the number of incoming characteristics can be inverted
to yield Lin

i . In our specific case, while for z = zmax we
just impose transparent boundary conditions by letting
Lin
i = 0 when λi < 0, at z = zmin a circularly polarized

Alfvén wave must be gradually injected along the positive
z direction. To do so, we would like to impose

B⊥(t) = ηB0f(t/τ)(cosω0t,− sinω0t), (A.7)

with, for example, f(ξ) = 1−e−ξ, that goes asymptotically
towards unity with vanishing derivative for t � τ . Since
the total magnetic pressure has to increase by a factor η2

from the initial value B2
0/2, the two magnetosonic char-

acteristics have to be turned on too, because the Alfvénic



718 L. Del Zanna et al.: Parametric decay of circularly polarized Alfvén waves

one alone cannot do the job. By inverting the last three
relations in Eq. (A.6) we can see that the conditions

Lin
A = − σ

√
ρ

(βxḂy − βyḂx), (A.8)

Lin
f,s = ∓ αs,f

c
√
ρ

(βxḂx + βyḂy), (A.9)

reduce automatically for t� τ to a pure Alfvénic pumping
with Lin

f,s = 0, and Lin
A = 2ηk0 (ω0 = k0vA) when no

outgoing waves are present. The results of the injection
from z = 0, for run A parameters and with τ = 2π/ω0,
were shown in Fig. 8, where we can appreciate how the
Alfvén wave enters smoothly the domain and the density
tends to its former value after the transient phase is over.
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