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Abstract. The turbulent dynamo action in a shear flow is considered by making use of a quasilinear approximation
and neglecting the back-reaction of a generated magnetic field on turbulence. The shear can stretch turbulent
magnetic field lines in such a way that turbulent motions may become suitable for the generation of a large-scale
magnetic field even in the absence of any stratification. There is no a-effect present in our computations. The
nonlocal integral representation for the mean electromotive force is derived, which is valid even if the turbulent
length scale is comparable to that of the mean field. The basic result is that the presence of shear changes the type
of the equation governing the mean magnetic field so that the latter indeed can be generated even in the absence of
rotation or large-scale stratification of turbulence. To this end, however, if the turbulence field has a monotonously
falling (“turbulence-type”) spectrum, a rather strong shear is needed. For Kepler disks the instability condition
reads Teorr > 2Trot /7, which might be fulfilled in the transition layers between star and disk. A system, on the
other hand, consisting of random waves, large-scale magnetic fields and mean-field shear flow can never be stable.
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1. Introduction

It is generally believed that turbulent fluid motions show-
ing a lack of mirror symmetry are most suitable for a large
scale dynamo action (see, e.g., Moffatt 1978; Parker 1979;
Krause & Rédler 1980). In the cases of astrophysical in-
terest, departures from mirror symmetry are usually pro-
vided by rotation. The Coriolis force distorts turbulent
motions in such a way that the resulting mean electro-
motive force has a component proportional to the mean
magnetic field (the alpha-effect) which can be responsible
for a dynamo action.

However, apart from the alpha-effect, there exists an-
other mechanism for the generation of a large-scale mag-
netic field in turbulent fluids. Recently, it has been argued
by Urpin (1999a,b) that a qualitatively different mecha-
nism can operate in a fluid in the presence of shear. Shear
stretches turbulent magnetic field lines in the direction of
mean motion, and this stretching leads to the generation of
an additional component of the mean electromotive force
which is proportional to the product of spatial derivatives
of the mean velocity and magnetic field. The presence of
such terms in the mean electromotive force has been shown
by Hoyng (1985) who considered the case of differential
rotation with Q = (z) and used a Lagrangian represen-
tation for the mean velocity and an Eulerian one for the
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turbulent velocity. Numerical simulations of the dynamo
action in a shear-flow turbulence also indicate the pres-
ence of shear-driven terms (Pipin et al. 2001). Contrary to
the conventional alpha-dynamo, the shear-driven dynamo
can generate a large-scale magnetic field even if there is
no density stratification (or stratification of turbulence in-
tensity) in the fluid.

In the present paper, the properties of a shear-driven
dynamo are considered avoiding the two-scale approxima-
tion used by Urpin (1999a,b) and Hoyng (1985). We derive
the integral expression for the mean electromotive force
which is valid even if the length scales of turbulence and
mean field are comparable. In accordance with our results,
the mean electromotive force at some point is determined
by the spatial distribution of the mean magnetic field at
specific instances of time. The induction equation with
such an electromotive force has a solution corresponding
to nonlocal dynamo waves which can be unstable under
certain conditions. These waves represent the mean field
which is two-dimensional and periodic in the direction of
a mean flow. As a tool for our consideration, a simple
kinematic model is used, neglecting the influence of the
generated magnetic field on turbulence.

2. The mean turbulent electromotive force

The magnetic field B and the velocity w are usually
written as sums of their mean and fluctuating parts,
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B = B+ B’ and u = u + u/, where B and @ are the
mean quantities. The mean induction equation reads,
0B _ _

where 7 is the magnetic viscosity and € = (u’ x B’) is the
mean electromotive force (EMF); (...) denotes ensemble
averaging. We consider £ in a quasilinear approximation.
In this approximation, mean quantities are governed by
equations including non-linear effects in fluctuating terms,
while the linearised equation are used for the fluctuating
quantities (see, e.g., Krause & Réadler 1980).

The linearised induction equation for the fluctuating
magnetic field reads

!

ot
Consider a plane incompressible Couette flow with the
mean velocity given by @ = V' (x)e, where z, y and z are
the Cartesian coordinates; e, ey, and e, are the unit vec-
tors. Shear is assumed to be linear, V(z) = V) + zdV/dx.
Substituting this expression into (2), we have

!

9B — ey B; ﬂ _

ot dx
with A’ = (B-V)u' —(u’-V)B. We assume that the mag-
netic Reynolds number is very large for turbulent motions,
thus we can neglect the dissipative term (except the cases
when we need to know the sign of this term which can
be important to choose properly the integration path for
calculating Fourier integrals).

We solve Eq. (3) by use of a Fourier transformation
in 7 and ¢. In the Appendix A the mathematical details
of this procedure are demonstrated in detail. The solution
for a fluctuating magnetic field then can be written as

dwdk i, vye—ikr (21 i dvo4 ) ’

= rot(a x B’) +rot(u’ x B) +nAB'. (2)

nAB = A’, (3)

—+oo

B'(r,t) = /

W1

where w1 = w — i0; +0 denotes a positive (or negative)
contribution of small dissipative terms proportional to 7.
The result looks like a Doppler-shifted Fourier transform
with the frequency w + k, V' (z).

Substituting the Fourier transformation of w’(r,t) and
the above expression for B’(r,t) into the definition of &,
we have

dw'dk’ dwdk
£=i / S W qwdk"dr'dt (a(k',w') x M)
(2m)*  wy

« ei{(w+w’)t—(k-s—k/)r—(w—w”)t’-s-(k—k”)r’-s-ky V(x)t=V (z")t']}

with

M =i(k" - Ba(k",") + ( (K", ") - v’>B(r’, t)
+

idV
widx
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For simplicity we assume that turbulence is locally
isotropic and homogeneous with the correlation tensor
given by

(i1s (e, )iy (K, 1)) = %q(k:, D) (655 — kikes /)
3(k + K)3(w + o), (6)

where g(k,w) is the spectral function (see, e.g., Riidiger
1989). Of course, shear can affect the correlation proper-
ties and, probably, turbulence is not isotropic and homoge-
neous in real conditions; this effect, however, is neglected
here.

With the results given in Appendix B the final expres-
sion for the mean EMF reads

t
E=— / dt' F(t — t’){V’ x B(r',t)

dVv _
—(t — tl)aey X VIBQ;(T'I, tl)} |7":7‘7V(z)(t7t’)’ (7)

where

F(t) = % / q(k,w)el™ 0! dkdw (8)
contains the spectrum ¢ of the turbulence. Note that de-
riving this equation we did not assume that the turbulent
scale o is small compared to that of the mean field. As
a result, the mean EMF (7) is nonlocal. The expression
for £ does not contain the component proportional to B
which was typical for the alpha-effect. Since we derived
Eq. (7) in a quasilinear approximation, it also does not
contain a term proportional to 2 without any inclusion
of the mean magnetic field (“cross-helicity effect”), as in
Brandenburg & Urpin (1998) and Blackman (2000)?.

Only magnetic gradients exist in relation (7) for the
mean EMF and the mean magnetic field. In the high-
conductivity limit (n — 0), the kernel (8) equals the time
correlation function (uf(ax,t)u}(x,t+ 7)) as a function of
7, which is well-known from experiments. If — as for white
noise — it is a delta-function, then (7) turns into the simple
and local relation € ~ —rotB.

3. The dispersion equation for dynamo waves

Consider the behaviour of the mean field governed by the
EMF (7). The z-component of the induction Eq. (1) reads
for a plane Couette flow

OB, v )831
ot Y8y

—nAB, = rot,E. 9)

Generally, the shear-driven dynamo mechanism allows a
generation of two dimensional magnetic fields with B, =
0. The horizontal field, By, can then be calculated from the
condition divB = 0. Substituting the expression (7) for €

1 Tt represents an equatorially symmetric current system.
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into (9) and introducing the new variable of integration,
T =1t — 1, we obtain the integral equation

0B, OB 7 92 AV &
n FCo ] [ A
ot 8 Oy'? dx 9z2'0y’
0
— 2 —
By(r'st —7) - WBy(r’, t— T)] v/ —p—vrdT (10)

for the mean magnetic field. Here we treat the properties
of dynamo waves which can exist in a shear flow between
two planes, z = 0 and x = d. We assume that the bottom
plane, x = 0, is at rest; thus V) = 0 and the flow is given
by V(z) = xdV/dz. For a very high magnetic Reynolds
number one can neglect the dissipative term on the LHS of
(10). Since the coefficients of (10) do not depend on v, its
solution can be written as B, = 3(z)e?'""v¥ where K,
is the wave vector in the y-direction and -y is the growth
rate. Then, the equation for B(x) reads

o

(iKyV(z)—v)T o 2
F(T)e v W — Ky

0

(v —iK,V) B(z) =

v = 0

—HraKy%) B(z)dr.

With a simplification presented in Appendix C, Eq. (11)
transforms into

; 2 Ww—"y)T d2
- iseviens = 2 fater | (& - x2)
. dV __dp
+ZTaKy£

(11)

] drdkdw. (12)
For unstable waves Re(7y) > 0, therefore the integral over
dr can easily be calculated. Since for a steady state turbu-
lence ¢q(k,—w) = q(k,w), only the real parts of integrals
n (12) are nonvanishing. Then, Eq. (12) can be rewrit-
ten as

d?g

ds
2 5 Hik

62( ) ===+ K2 —iK,V (z)]8 =

1 0,(13)

where nT = 'yé% () is the turbulent magnetic diffusivity,
and ¢1(y) and fo(7) are characteristic turbulent length
scales, i.e.

2_2/ q 2_2/(‘*’2_ 7*)q
61—9 w2+72dk:dw, 62—9 @ T 2)? dkdw.(14)

Note that the latter expression can possess both signs.

4. Solution of the dispersion equation

To solve Eq. (13) two boundary conditions are needed.
We consider the simplest case assuming the field to be
vanishing both at the top and bottom surfaces of a shear
flow, i.e. 6 =0 at x = 0 and = d. Note that the main
conclusions of our paper are not sensitive to the particular
choice of boundary conditions.
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It is convenient to make a substitution,
Bla) = e~ KV IBO B (), (15)
into (13). Then
PB_ (iKY (@) e KJGO) (VN

Since V(x) is only a linear function of x, the general so-
lution of this equation can be obtained in terms of the
Bessel functions of the order 1/3. However, in some par-
ticular cases the solution can be substantially simplified.
For example, if

o (5)

the term proportional V(z) in (16) can be neglected. The
condition (17) corresponds to sufficiently large turbulent
magnetic Reynolds numbers. With (17), Eq. (16) trans-
forms into the equation with constant coefficients, and
the fundamental eigenfunction satisfying zero boundary
conditions is simply 3(z) = sin(rwz/d). In this case, the
dispersion equation reads

_K80) (VN e
47’]T dx T ’

2
ds dv (17)

(18)

where K? = 72/d? + Ky2 The first term on the RHS de-
scribes the destabilising effect of shear, and the second
term is associated with turbulent dissipation.

The solution of (18) highly depends on the length
scales £1 and {5 and, hence, on the frequency dependence
of the spectral function. It is useful to distinguish between
two essentially different types of spectra (Riidiger 1989).
The first type (“turbulence” spectrum) does not vanish
for w = 0 and decreases with increasing frequency. For
this spectrum, the eddy diffusivity can reach a very large
value. As a representative of the turbulence type spectrum
we shall use

Q(k)

kw) = —t
alk, ) w2 + Teomr

(19)
where the function ) depends on k alone. The second type
of spectrum is vanishing at w — 0 and characterises, for
example, an ensemble of “random waves”. For this type of
spectrum, one can usually use the simplest representation
of the frequency dependence,

q(k,w) x Q(k)o(w — 1/Tcorr),

where 7., is the characteristic time scale of the waves.

(20)

4.1. Random waves
Substituting the spectral function (20) into (14), we find

62
1+ 727,

corr

1 =72
e% ) eg 261211 Wico)ga (21)



326

Random
050~~~ T T T T

0.40

gamma*2

o00¢ . . . o0
0 5 10 15
alphar2

N
(=]

Fig. 1. Solution of dispersion relation (18) for random wave
spectrum. The growth rates of the instability for all normal-
ized wave numbers a« = Kyd/7 (in flow-direction). v is the
normalized shear, v = TeorrdV/dx

where £y, = (2/9 [ Q(k)dk)/ *7eor; is the turbulent length
scale. Note that £,, > ¢; and ¢,, > {5 for v # 0. For small
shear, we can restrict ourselves in linear terms in 7y, then
Uy & Ly &~ L. In this case, the dispersion Eq. (18) reduces
to

, K22 rav?
) (%) (22)

4142 K?)
Obviously, one of the solutions of this equation corre-
sponds to an unstable dynamo mode. The instability arises
for any shear and covers a wide range of wavelengths.
Waves with the wavelength much longer than the tur-
bulent length scale, K¢, < 1, grow on a time scale
~ 1/K{,dV/dz, long compared to the shear time scale,
dxz/dV. The growth rate vy decreases with decreasing wave-
length, reaching the value dV/dx for waves with K¢, ~ 1
(Fig. 1).

4.2. “Turbulence” spectra

For the spectral function (19), integrations in (14) can

be performed by making use of the expressions given by

Riidiger (1989). Then, we have

€2 _ €'2T €2 _ _L
! Tcorr’)/(]- + ’)’Tcorr> ’ 2 (]- + ’YTcorr)z ’

(23)

where (3 = 2/9773 [ Q(k)dk. Substituting these ex-

pressions into the dispersion Eq. (18), we can rewrite this
equation as

Tcorr')/(l + 'YTCOM)3 =
1 avy?
6% (ZKETCQOFF <a) - K2(1 + 'YTcorr)2> . (24)

This equation describes four essentially different modes of
a mean field which generally can exist in a turbulent fluid
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Fig. 2. The same as in Fig. 1 but for spectra of turbulence-type

in the presence of shear. For the mode with v < 1/7corr,
Eq. (24) yields

EQT 1 2.2 dav 2 2
= -K — | —K*).
0 Teorr <4 chorr dz

Instability of dynamo waves arises but only for strong
shear rates. The solution of the dispersion relation (24)
is given in Fig. 2. Positive growth rates always exist for

dv
corr > 2'
Teor gy ‘

(25)

(26)

As in the case of a “random wave” spectrum, the growth
rate of instability is higher for waves with a shorter wave-
length. However, condition (26) is rather restrictive. For
Kepler disks it turns into

Tcorr > 2Trot/7r7

(27)

where 7,04 is the Keplerian period.

5. Conclusion

We have considered the turbulent dynamo action in a
shear-flow turbulence. The principal result is that, in the
presence of shear, even isotropic and homogeneous tur-
bulence becomes unstable to the generation of a mean
magnetic field. The mean field amplification is caused by
additional terms which appear in the mean EMF and are
proportional to the product of spatial derivatives of the
magnetic field and shear stresses. This generation mech-
anism is qualitatively different to the conventional alpha-
dynamo which apart from a basic rotation requires also a
large-scale stratification of turbulence.

In the present paper, we did not use the two-scale
model which assumes that the length scale of turbulence is
much smaller than that of mean quantities. As a result, we
obtain the integral nonlocal equation governing the mean
magnetic field. In the case of a linear shear and isotropic
and homogeneous turbulence, this equation has a solution
corresponding to dynamo waves. The stability properties
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of these waves depend basically on the spectrum of hydro-
dynamic fluctuations. It turns out that the dynamo waves
are always unstable if turbulence has a random wave-type
spectrum which results in a very low eddy magnetic dif-
fusivity. If the spectrum of fluctuations is nonvanishing
at w — 0 (turbulence-type spectrum) then the instability
can arise only for a rather strong shear because this spec-
trum leads to a high turbulent magnetic diffusivity which
stabilises the dynamo waves.

The mechanism considered may play an important role
in the generation of magnetic fields in various astrophysi-
cal bodies where hydrodynamic flows are characterised by
a strong shear, such as in accretion disks, galaxies and jets.
As is standard in the dynamo theory, a certain threshold
value (here of the normalized shear) must be exceeded
for dynamo excitation. In contrast, however, to dynamos
working with some alpha-effect, the non-alpha dynamo
discussed here will never exhibit steady and global so-
lutions. All shear-flow dynamos should therefore exhibit
a much more chaotic behaviour (“flickering”), working
on basically smaller scales than the usually considered
convection-based dynamos.
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Appendix
A. Magnetic fluctuations

It is convenient to start with transformations in the y- and
z-coordinates and to obtain the equation for the quantity

N 1
bi(z,ky, k., t) = @2

with the hat labels as the corresponding Fourier ampli-
tude. Then, we represent by (x, ky, k., t) as

/ei<kyy+k;Z)B’(r,t) dydz, (28)

by (x, ky, k., t) = eV Oh(z ky K, ). (29)
The resulting equation for l;(:n, ky,k-,t) does not contain
the advective term. This equation can easily be solved by
Fourier transformation in « and ¢. The solution is

. i 1dv
b(kaw) = _w_lA(kaw) - w_%a A;C(kaw)eya

(30)
where w; = w — i0; £0 denotes a positive (or negative)
contribution of small dissipative terms proportional to 7.
The Fourier transformation of A is given by

1

A= (2m)*

/eikT—’i(w+kyV)tAl(T) t) drdt. (31)
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B. The electromotive force

Insertion of (6) into (4) yields

i /dwldk/ dodk R

3/ (2n)*
Xei(k+k’)(r’7r)+iky[V(I)tf‘/(z’)t’] (Nl + Lﬂey X N2)
wy dzx
where
_ K.k OBy
N, =V'x B — ¢~~~ e, (32)
N k/2 ax{m ’
_ k', 0B , _ K.

Ny,=V'B, — k—j’;axf k' —i(k' - B) (ew — k’k—j;> , (33)

with B = B(r',t'); summation is over repeated indexes.

Introducing the new wave vector k" = k+k’ instead of
k, the integrals over dk and dw in (32) can be transformed
as in

/%ei(w+w/)(t—t’)—i(k+k/)~(r—r/)+iky[V(x)t—V(x’)t/]
wy

:efik'[V(m)th(z’)t']/dk//eik”~[7"77‘+V(az)t7V(z’)t']

dweiw(tft')
X [ ——.
/ (w—w —i0)

Integrals over dw can be reduced to the known integrals

(34)

e”rdx [0 ifp>0
/ (ix + BV 27[D(v)] " (—p)Y PP if p < 0

(35)

with the gamma-function I'; Re v > 0, Re § > 0.
Substituting the value of these integrals into (32), we ob-
tain

t
1 iw’ (t—t' dK
€= / dw'dk/q(K', ") / dt'dr’e™ (1) / @

—0o0

w otk [P —r+V (2)t—V (2)t'] ((t — t’)((ii—veyNg N1> .
x

The integral over dk” yields one of the representations
of the d-function. Since V is parallel to the y-axis, the
argument of the J-function can easily be transformed to
(r'—r+V(x)(t—1t)). Then, integrating over dr’, for the
mean EMF we arrive at

t

]_ i ’

£=-3 / dw'dk'q(K', W) / dt'e (=)
—00

dVv
X <N1(7‘/,t/) —(t- t/)aey x NZ(T/at/)> |r/=r—V(t—t')~
Since according to our assumption, turbulence is locally
isotropic and homogeneous, we can average N1 and N3
over directions of the vector k and obtain N1 = 2/3 rotB
and No = 2/3 gradB,.
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C. Slow-flow approximation

The RHS of Eq. (11) contains integrals of the type

I= / F(r)a(r)eEsV@T qr, (36)
0

where a(7) = ™77 or Te” 7. Substituting F(7), we can
transform these integrals as

2 7 i
I = 9 //a(r)q(k,w — K, V)e™" drdkdw. (37)
0

If we consider the waves with a long wavelength in the flow
direction y, i.e. Teorr VK, < 1, then we can expand the
spectral function in a power series in this small parameter.
Restricting ourselves to the lowest order, we have

I~ g//q(k,w)a(r)eiw drdkdw. (38)
0
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