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Abstract. High resolution observations of the solar corona made with instruments onboard the SOHO and TRACE
spacecrafts have provided new evidence for the presence of oscillations in a variety of coronal magnetic structures.
Most of these observations have been interpreted in terms of linear standing or propagating magnetohydrodynamic
(MHD) waves, but the theoretical understanding is far from complete since analytical solutions to the linearised
MHD wave equations can only be found for very simple magnetic configurations. Taking into account that the solar
corona is basically structured by force-free magnetic fields, our purpose in this paper is to present the derivation of
the linear MHD wave equations for a two-dimensional force-free magnetic field configuration having longitudinal
invariance, as well as to introduce a numerical code to solve the resulting system of coupled partial differential
equations. The accuracy of the code has been checked by numerically solving two cases for which analytical or
simple numerical solutions exist. To our knowledge, this is the only two-dimensional code developed to study the
normal MHD modes of oscillation of a general force-free field with longitudinal invariance.
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1. Introduction

Multiwavelength observations of the solar corona, ob-
tained by both ground-based telescopes and instruments
onboard spacecrafts, have revealed the high complexity
of its structuring by magnetic fields. These observations
show a variety of coronal structures such as loops and ar-
cades, where the magnetic field is closed, or plumes and
coronal holes, where the magnetic field is open.

Coronal seismology is becoming an important field
of research within solar coronal physics and firm evi-
dence about the existence of oscillations in different coro-
nal structures has been provided by instruments onboard
SOHO and TRACE spacecrafts. For instance, DeForest
& Gurman (1998) have reported observations, made with
EUV on board SOHO, of quasi-periodic perturbations in
the brightness of FeIX and FeX emission lines in coro-
nal plumes. The perturbations propagate outward at 75–
150 km s−1 with periods of 10–15 min. These compressive
perturbations were interpreted as slow magnetoacoustic
waves by Ofman et al. (1999, 2000a). EUV brightenings
in active region coronal loops have been observed with
TRACE by Nightingale et al. (1999), who have also in-
terpreted them as compressional waves. Robbrecht et al.
(1999) using simultaneously EIT, onboard SOHO, and
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TRACE, have pointed out the existence of weak pertur-
bations in loops, originating at the footpoints, propagat-
ing along them with an apparent speed of 130 km s−1.
They suggest that these disturbances are slow magnetoa-
coustic waves propagating in coronal loops. Aschwanden
et al. (1999), using TRACE, detected spatial oscillations
of coronal loops with a transverse amplitude of about
4000 km and a mean period of 280 s. They suggest that
the oscillation appears to be a standing wave with fixed
nodes at the footpoints and that a fast kink mode seems to
provide the best agreement with observations. Moreover,
the damping of the oscillation has been explained by dissi-
pation through viscous or resistive processes (Nakariakov
et al. 1999; Roberts 2000) or by means of a mechanism
based on the topology of magnetic field lines (Schrijver
& Brown 2000). De Moortel et al. (2000) have also re-
ported TRACE observations of coronal loop oscillations
having periods of 180–420 s and outward propagating ve-
locities of 70–165 km s−1. They have explained these ob-
servations in terms of slow magnetoacoustic waves propa-
gating along the loops. Ofman et al. (1997, 2000b), using
UVCS onboard SOHO, have detected quasi-periodic vari-
ations in the polarised brightness in polar coronal holes.
Again, these observations have been explained in terms of
density fluctuations caused by compressional waves prop-
agating in polar coronal holes.

Article published by EDP Sciences and available at http://www.aanda.org or 
http://dx.doi.org/10.1051/0004-6361:20010171

http://www.edpsciences.org/
http://www.aanda.org
http://dx.doi.org/10.1051/0004-6361:20010171


I. Arregui et al.: Numerical simulations of linear MHD waves 1123

Most of the above observations, and many others re-
ported in previous works, can be interpreted in terms
of linear MHD waves and, from this point of view, in-
vestigations of adiabatic standing MHD waves in coro-
nal magnetic configurations, such as coronal magnetic ar-
cades, have been undertaken (e.g. Oliver et al. 1993, 1996;
Terradas et al. 1999). Existing theoretical studies indi-
cate that analytical solutions to the linearised wave equa-
tions can only be found for very simple configurations and
that in most cases it is necessary to resort to numerical
techniques. For this reason, we have created a numeri-
cal code to investigate the MHD modes of a general two-
dimensional force-free magnetic configuration with longi-
tudinal invariance. There are no restrictions on the equi-
librium structure other than longitudinal invariance and
the zero-β assumption, which is considered reasonable
when modelling coronal structures. By setting β = 0 the
slow mode is removed and only the fast and Alfvén modes
remain, and although this may appear as a restriction it
will allow us to better understand the interplay between
these two modes. Our future plans are to exclude the cold
plasma assumption and to modify the code to include
plasma pressure terms. To our knowledge, the present code
is the only one freely available to study the (normal and
continuum) modes of two-dimensional configurations.

In this paper, we first present the derivation of the
linear MHD wave equations, expressed in terms of the ve-
locity components, for a two-dimensional force-free coro-
nal magnetic configuration (Sect. 2) and next introduce
the numerical code to solve the resulting system of cou-
pled partial differential equations (Sect. 3). The user need
only supply analytical expressions for the Cartesian mag-
netic field components and for their first- and second-
order derivatives with respect to the Cartesian coordi-
nates. Hence, equilibrium configurations such as twisted
cylindrical magnetic fields with invariance along the z-axis
can also be investigated. In addition, the user has the op-
tion of solving the wave equations using non-Cartesian co-
ordinates by providing analytical expressions for the new
coordinates in terms of the Cartesian ones together with
their first- and second-order derivatives. The goodness of
the numerical code has been checked by numerically com-
puting the normal modes of two configurations (a straight,
uniform magnetic field and a potential arcade) for which
analytical or simple numerical solutions exist (Sect. 4).
Finally, in Sect. 5 conclusions are drawn.

2. Basic equations

2.1. Equilibrium configuration

We assume that our coronal structure may be modelled
as a force-free magnetic field satisfying

1
µ

(∇×B)×B = 0, (1)

complemented with the divergence-free field condition

∇ ·B = 0. (2)

Since the Lorentz force vanishes in the equilibrium, the
plasma current, j = ∇×B/µ, is parallel to the equilibrium
field, B, and the magnetic forces (tension and gradient of
magnetic pressure) are mutually balanced.

Let us consider a two-dimensional equilibrium in which
the plasma and field variables do not vary along the y-
axis of a Cartesian frame x, y, z. Then, the equilibrium
magnetic field can be written as

B = ∇A× êy +Byêy = Bpêp +Byêy, (3)

with a component in the longitudinal (êy) direction and
a component in the poloidal (êp) direction, contained in
the xz-plane and described by a flux function A(x, z). The
force-free condition (1) dictates that By(x, z) is a strict
function of A(x, z) and that the two are related by

∇2A+By
dBy
dA

= 0, (4)

which is the well-known Grad-Shafranov equation for this
type of equilibrium and determines the flux function,
A(x, z), once the function By(A) has been prescribed.
Analytical solutions to Eq. (4) are known for particu-
lar forms of By(A), e.g. By(A) = constant (potential
field), By(A) = cA (constant-α field) and By(A) = cA

1
2

(constant-current field).
Since we are neglecting gas pressure and gravity terms

in the force-balance equation, the density does not appear
in Eq. (4) and one can impose the equilibrium density
or Alfvén speed profiles arbitrarily. In our general two-
dimensional equilibrium the density will be given by a
function of the form ρ = ρ(x, z), which defines the Alfvén
speed by means of v2

A(x, z) = B2/µρ.

2.2. Linear and adiabatic wave equations

In this section the equations of linear, ideal MHD waves
are derived for our general, two-dimensional force-free
equilibrium. Let us start with the ideal, cold plasma MHD
equations for adiabatic changes of state,

Dρ
Dt

+ ρ∇ · v = 0, (5)

ρ
Dv
Dt

=
1
µ

(∇×B)×B, (6)

∂B

∂t
= ∇× (v ×B) , (7)

with

D
Dt

=
∂

∂t
+ v · ∇. (8)

Equations (5)–(7) are, respectively, the continuity equa-
tion, the momentum equation for a cold, nonviscous
plasma and the induction equation.

If we now consider small displacements about the equi-
librium state, and assuming time variations of the form
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exp(iωt), with ω the frequency, Eqs. (5)–(7) can be writ-
ten in the following form

iωρ1 = −ρ∇ · v − v · ∇ρ, (9)

iωρv =
1
µ

(∇×B)×B1 +
1
µ

(∇×B1)×B, (10)

iωB1 = ∇× (v ×B) , (11)

with v the plasma velocity, ρ and B the equilibrium den-
sity and magnetic field and ρ1 and B1 the density and
magnetic field perturbations. A single expression for v can
be derived by eliminating B1 in Eq. (10) with the help of
Eq. (11),

−ρω2v =
1
µ

(∇×B)× {∇× (v ×B)}

+
1
µ
{∇ × [∇× (v ×B)]} ×B. (12)

Once v is obtained from this equation, the perturbations
ρ1 and B1 can be calculated from Eqs. (9) and (11) and
some properties of the modes can be investigated. Further
information on the nature of waves comes from the mag-
netic pressure,

p1m =
B ·B1

µ
(13)

and from the perturbation to the Lorentz force (i.e. the
vector on the right-hand side of Eq. (10)), which is re-
sponsible for driving the oscillatory plasma motions. This
force is the sum of the gradient of the perturbation to the
magnetic pressure (∇p1m) and the perturbation to the
magnetic tension,

T 1 =
1
µ

(B · ∇)B1 +
1
µ

(B1 · ∇)B. (14)

Equation (12) is a vector formula that actually corre-
sponds to three second-order partial differential equations
for the three velocity components. Here, the different vec-
tors (and not just v) have been decomposed in their com-
ponents by projecting them onto the directions defined at
each point by the unit vectors, ên = ∇A/|∇A| (normal
to magnetic surfaces), ê‖ = B/B (parallel to field lines)
and ê⊥ = ê‖ × ên (tangent to magnetic surfaces and per-
pendicular to field lines). A representation of these three
basis vectors for a particular magnetic configuration can
be seen in Fig. 1. Then, any vector, and in particular the
velocity perturbation, can be written as

v = vnên + v⊥ê⊥ + v‖ê‖. (15)

Since the equilibrium quantities do not depend on the y-
coordinate, we can Fourier analyse the perturbed quan-
tities with respect to this coordinate and make them
proportional to exp(ikyy). After some manipulations (see
Appendix A for a detailed derivation), the parallel com-
ponent of Eq. (12) yields v‖ = 0 and the normal and per-
pendicular components can be cast as (note the inclusion

of the factor iω/
(
v2

Aρ
)

on both sides of these expressions),

−ω
2

v2
A

vn =
1
B2

p

(∇A · ∇)2
vn +

1
B2

(Bp ·∇)2
vn

+2
By
B2

iky(Bp ·∇)vn

+

[
1
B2

p

(BBa −BpBpa)−
B2
yBBa

B4
p

]
(∇A · ∇)vn

+

(
C1 −

B2
y

B2
k2
y

)
vn

− By
BB2

p

(∇A · ∇)(Bp ·∇)v⊥

+

[
1
B
iky −

By
BB2

p

(BBs −BpBps)

]
(∇A · ∇)v⊥

−
[

1
B

dBy
dA

+
By
BB2

p

(BBa −BpBpa)

]
(Bp ·∇)v⊥

+
{
C2 −

[
1
B

(BBa −BpBpa)

+ 2
B2
yBa

B2
p

]
iky

}
v⊥, (16)

−ω
2

v2
A

v⊥ = − By
BB2

p

(Bp ·∇)(∇A · ∇)vn

+
1
B

(
iky +

ByBps

Bp

)
(∇A · ∇)vn

+
ByB

2Ba

B4
p

(Bp ·∇)vn

+

(
C3 +

B2Ba

B2
p

iky

)
vn +

1
B2

p

(Bp ·∇)2
v⊥

−2
B2
yBps

B2Bp
(Bp ·∇)v⊥ +

(
C4 − k2

y

)
v⊥, (17)

where expressions for the coefficients C1–C4 and the quan-
tities Bs, Bps, etc. can be found in Appendix B. It can be
appreciated that the derivatives in the xz-plane have been
expressed in terms of the field-related operators ∇A · ∇
and Bp ·∇, which are simply the spatial derivatives across
magnetic surfaces and along the poloidal magnetic field,
respectively. Thus, the two non-zero components of the
vector wave Eq. (12) reduce to a set of two second-order
coupled partial differential equations (describing coupled
fast and Alfvén modes) for the components of the per-
turbed velocity in the directions normal and perpendicu-
lar to the equilibrium magnetic field. As the equilibrium
configuration is force-free, the gas pressure gradient plays
no role and the slow mode is absent (v‖ = 0).

Once the velocity of the plasma motions has been cal-
culated a task that is performed numerically as explained
in Sect. 3, the perturbations to the other physical quan-
tities and forces can be computed. These quantities are
given in Appendix C.
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Fig. 1. Three dimensional view of magnetic field lines (solid) in
a force-free coronal arcade with uniform shear. Dashed lines are
the projections of field lines onto the xy- and xz-planes. The
field related vectors ên, ê‖ and ê⊥ are plotted at a particular
point

The derivation of our main formule are now complete,
but we can check to detect the possible presence of errors
in the derivation and/or in the transcription of equations
to the numerical code. First, take Eq. (10) and multiply
it by iω/

(
v2

Aρ
)
, such as was done before in the process

of deriving Eqs. (16) and (17). After expressing the per-
turbed Lorentz force as the sum of the perturbed pressure
gradient and magnetic tension we have

−ω
2

v2
A

v = −i ω
v2

Aρ
∇p1m + i

ω

v2
Aρ
T1. (18)

By considering the normal component of this expression,
one can confirm that the right-hand side of Eq. (16) co-
incides with the sum of Eqs. (C.8) and (C.20). Similarly,
for the perpendicular component, the right-hand side of
Eq. (17) coincides with the sum of Eqs. (C.9) and (C.21).
And finally, the sum of Eqs. (C.10) and (C.22) is zero, so
v‖ = 0 is recovered.

3. Numerical method

This section is devoted to describing the numerical proce-
dure used in solving Eqs. (16) and (17).

3.1. Generalised ψ, χ coordinates

The derivatives of the velocity components in Eqs. (16)
and (17) have been written as combinations of the oper-
ators ∇A · ∇ and Bp · ∇. For the numerical integration
of the wave equations it will be necessary to write these
operators explicitly in terms of partial derivatives in the
directions defined by two spatial coordinates, for which
the symbols ψ and χ are used, which are functions of x

and z and map the part of the xz-plane in which the nu-
merical solution is to be computed. Examples of how to
choose these two coordinates as functions of x and z are
given in Sect. 4.

Now, the operators

∇A · ∇ = Bz
∂

∂x
−Bx

∂

∂z
(19)

and

Bp · ∇ = Bx
∂

∂x
+Bz

∂

∂z
(20)

can be transformed, with the help of the chain rule, into
operators with derivatives of ψ and χ instead of x and z
(see Appendix D).

The possibility of using coordinates other than x and z
can be of interest in a number of cases. One can, for exam-
ple, choose flux coordinates (linked to the shape of mag-
netic surfaces) to investigate the Alfvén continuum, while
selecting Cartesian coordinates may be used to study the
discrete fast and Alfvén modes of the system. On the other
hand, cylindrical coordinates can also be imposed for an
equilibrium with longitudinal invariance such as the one
assumed here. It will suffice to interchange the names for
the y- and z-axes and to express r and θ as functions of
the poloidal coordinates x and z.

3.2. Finite difference discretisation of wave equations

One can now insert the equations for the operators∇A·∇,
Bp · ∇, etc. from Appendix D into Eqs. (16) and (17),
which results in the following two partial differential equa-
tions with non-constant and complex coefficients,

a11
∂2vn
∂ψ2 + b11

∂2vn
∂ψ∂χ

+ c11
∂2vn
∂χ2 + d11

∂vn
∂ψ

+ e11
∂vn
∂χ

+f11vn + a12
∂2v⊥
∂ψ2 + b12

∂2v⊥
∂ψ∂χ

+ c12
∂2v⊥
∂χ2 + d12

∂v⊥
∂ψ

+e12
∂v⊥
∂χ

+ f12v⊥ = ω2vn (21)

and

a21
∂2vn
∂ψ2 + b21

∂2vn
∂ψ∂χ

+ c21
∂2vn
∂χ2 + d21

∂vn
∂ψ

+ e21
∂vn
∂χ

+f21vn + a22
∂2v⊥
∂ψ2 + b22

∂2v⊥
∂ψ∂χ

+ c22
∂2v⊥
∂χ2 + d22

∂v⊥
∂ψ

+e22
∂v⊥
∂χ

+ f22v⊥ = ω2v⊥. (22)

Expressions for the coefficients a11, b11, . . . are given in
Appendix D.

We now construct a finite difference replacement of
Eqs. (21) and (22). The region to be considered is a rect-
angle with sides parallel to the ψ- and χ-axes, covered
by a mesh of Nψ ×Nχ points in which approximations
to the functions vn and v⊥ are to be computed. At the
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point (ψi, χj) the first and second derivatives of these func-
tions are approximated in the usual manner (Mitchell &
Griffiths 1980; Ames 1992),

∂vn
∂ψ

∣∣∣∣
i,j

=
v

(i+1,j)
n − v(i−1,j)

n

2hψ
+O(h2

ψ), (23)

∂vn
∂χ

∣∣∣∣
i,j

=
v

(i,j+1)
n − v(i,j−1)

n

2hχ
+O(h2

χ), (24)

∂2vn
∂ψ2

∣∣∣∣
i,j

=
v

(i+1,j)
n − 2v(i,j)

n + v
(i−1,j)
n

h2
ψ

+O(h2
ψ), (25)

∂2vn
∂χ2

∣∣∣∣
i,j

=
v

(i,j+1)
n − 2v(i,j)

n + v
(i,j−1)
n

h2
χ

+O(h2
χ), (26)

and similarly for v⊥. In these expressions, v(i,j)
n is the value

of vn at the point (ψi, χj) and hψ, hχ are the uniform
grid spacings in the ψ- and χ-directions. For the mixed
derivative one has (see Mitchell & Griffiths 1980)

∂2vn
∂ψ∂χ

∣∣∣∣
i,j

=
1

hψhχ

{
(α2 − α1)

[
v

(i+1,j)
n + v

(i,j+1)
n

+ v
(i−1,j)
n + v

(i,j−1)
n − 2v(i,j)

n

]
+α1

[
v

(i+1,j+1)
n + v

(i−1,j−1)
n

]
− α2

[
v

(i−1,j+1)
n + v

(i+1,j−1)
n

]}
+O(max{h2

ψ, h
2
χ}). (27)

The parameters α1 and α2 in this expression can be chosen
so as to minimise the error of the difference approximation.
This results in the formula

α1 + α2 =
1
2
· (28)

Equation (27) as it stands makes use of the function whose
derivative is being approximated at nine points. Setting
α1 = 1/2, α2 = 0 or α1 = 0, α2 = 1/2 has the effect of
reducing the number of points to just seven, while taking
α1 = α2 = 1/4 results in only four points being used. This
freedom in the selection of the quantities α1, α2 can be
used to improve the stability and convergence of the nu-
merical solution. It is worth noticing that they can both
be changed from one point to another and/or have differ-
ent values for the approximation of the mixed derivatives
of vn and v⊥.

Using expressions (23)–(27) to discretise Eqs. (21)
and (22) in the (Nψ − 2)× (Nχ − 2) interior points yields
2 (Nψ − 2) (Nχ − 2) equations for the unknowns at these
points and the 2 (Nψ +Nχ − 2) unknowns at the points on
the boundary of the system. The same discretised equa-
tions can be assumed to apply at the boundary points, but
then some boundary conditions on vn and v⊥ are needed
to eliminate the unknowns that are introduced by the use
of points outside the region of integration. This issue will
be discussed next.

3.3. Boundary conditions

At present, only homogeneous boundary conditions have
been implemented in our numerical code. Thus, for each
of the two velocity components it is possible to choose be-
tween Dirichlet (vn = 0 or v⊥ = 0) or Neumann (∂vn∂n = 0
or ∂v⊥

∂n = 0) conditions. Here ∂
∂n represents the derivative

normal to the boundary, which means that ∂
∂n ≡

∂
∂ψ on a

χ = constant boundary and ∂
∂n ≡

∂
∂χ on a ψ = constant

boundary. The first of these boundary conditions is use-
ful when modelling a boundary that behaves as a rigid,
perfectly conducting wall, while the second one can be
applicable to exploit spatial symmetry in the solutions, as
will be shown in the next section.

There are four possible combinations of boundary con-
ditions, namely

vn = v⊥ = 0, (29)
∂vn
∂n

= v⊥ = 0, (30)

vn =
∂v⊥
∂n

= 0 (31)

and
∂vn
∂n

=
∂v⊥
∂n

= 0. (32)

From the numerical viewpoint, the second and third com-
binations are equivalent and so only the implementation
of Eqs. (29), (30) and (32) are explained next. The first
case is the simplest to treat and one only needs to con-
sider the finite difference equivalent to Eqs. (21) and (22)
at interior points while substituting vn and v⊥ by zero
for the values of these functions on the boundary. This
does not introduce any extra unknowns, i.e. there is no
need to use any points exterior to the system. Moreover,
the finite difference version of Eqs. (21) and (22) must not
be considered on the boundary, so the number of algebraic
equations is reduced in Nψ (for a χ = constant boundary)
or Nχ (for a ψ = constant boundary).

The cases given by Eqs. (30), (31) and (32) are a
bit more difficult to handle since the use of the differ-
ence equations at boundary points forces one to introduce
fictitious (or “ghost”) points exterior to the region of in-
tegration. Equation (32) poses little problem since it im-
plies that vn and v⊥ on the ghost points can be substi-
tuted by their counterparts directly across the boundary.
Thus, on the ψ = ψ1 boundary Eq. (32) is equivalent
to ∂vn

∂χ = ∂v⊥
∂χ = 0, which by virtue of Eq. (24) yields

v
(0,j)
n = v

(2,j)
n and v

(0,j)
⊥ = v

(2,j)
⊥ , with the index i = 0

indicating fictitious points and j = 1, 2, . . . , Nχ.
Finally, dealing with boundary conditions of the form

(30) is still more complex. Now v⊥ is known on the bound-
ary and Eq. (22) needs not be used. However, Eq. (21)
discretised on the boundary contains the values of the
two velocity components on the fictitious points and while
∂vn
∂n helps eliminate the values of vn outside the compu-

tational domain in favour of values inside the domain,
it is not possible to do the same for v⊥. Our approach
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Fig. 2. Mesh points for a finite difference computation with
Nψ = 5 and Nχ = 6. The label k used in defining the vector
U is printed next to each point on the grid

has been to assume that v⊥ is antisymmetric about the
boundary, so the values of this function on the ghost mesh
points are equal to minus the interior values just across
the boundary. Hence, on the ψ = ψ1 boundary Eq. (30)
is interpreted as v(0,j)

n = v
(2,j)
n and v

(0,j)
⊥ = −v(2,j)

⊥ , with
j = 1, 2, . . . , Nχ.

3.4. Solving the complex eigenvalue problem

After discarding the boundary points on which Eqs. (21)
and (22) do not need to be discretised, we are left with
a set of algebraic expressions for the unknowns v(i,j)

n and
v

(i,j)
⊥ with an additional parameter that must be deter-

mined: the frequency ω. This set of equations constitute
an eigenvalue problem of the form

AU = λU , (33)

where λ is defined as ω2,U is the vector of unknown veloc-
ity components (i.e., the v(i,j)

n and v
(i,j)
⊥ ordered in some

manner) and A is the matrix of coefficients constructed
from the finite difference counterparts of Eqs. (21)–(22).

To set up U one must keep in mind that each point on
the two-dimensional grid can be labelled with two indices,
i and j, related to its coordinates ψi and χj . It is then
necessary to introduce a way of labelling all points with a
single index, k. To do so, the mesh points are ordered con-
secutively, starting from (ψ1, χ1), next (ψ2, χ1), etc., until
(ψNψ , χ1). The next point has coordinates (ψ1, χ2), then
(ψ2, χ2), and so on until the point (ψNψ , χNχ) is reached;
see Fig. 2 for an example with Nψ = 5 and Nχ = 6.

Finally, the unknowns are put together in the vectorU
constructed as follows

U =
(
v1
n, v

1
⊥, v

2
n, v

2
⊥, . . . , v

k
n, v

k
⊥, . . . , v

N
n , v

N
⊥
)T
, (34)

where vkn and vk⊥, with k = 1, 2, . . . , N , stand for the ap-
proximate values of the eigenfunctions vn and v⊥ at the
kth grid point. Here N = Nψ × Nχ is the total number
of grid points. From the previous discussion of bound-
ary conditions it is obvious that the arrangement given in
Eq. (34) is valid for the case in which Neumann condi-
tions are imposed on the two velocity components on all
four boundaries. Nevertheless, whenever Dirichlet condi-
tions are imposed on an unknown on a given boundary,
the value of that unknown is not included in the vector U .

To solve the eigenvalue problem (33) it is important to
keep in mind that A is a large, sparse, non-symmetric ma-
trix and that common methods used for calculating eigen-
values and/or eigenvectors of a matrix are computation-
ally expensive. These methods become impractical when
dealing with very large matrices, as in the present case, in
which the size of A is of the order of (2NψNχ)×(2NψNχ),
i.e. 5000× 5000 for the somewhat moderate values Nψ =
Nχ = 50.

The approach chosen here has been to select numeri-
cal methods that exploit the sparseness of A. First, one
can use a coarse grid to compute selected eigenvectors, e.g.
those whose moduli lie between two values, λmin and λmax.
This task has been accomplished with the NAG subrou-
tine F02BDF, which first reduces the complex matrix to
Hessenberg form and then makes use of the LR algorithm
and inverse iteration to obtain the desired eigensolutions.
It must be emphasised that to keep the order of A rea-
sonably small the mesh must be rather coarse (we have
used values up to Nψ = 90 and Nχ = 31), since all ele-
ments (both zero and non-zero) of the matrix are stored
and this results in large memory requirements. Moreover,
the computational time scales as n3, where n ' 2NψNχ
as we mentioned before.

At this stage some information has been determined
regarding the spectrum of the system, so it is now possible
to refine the solutions by using a finer grid together with
the frequency values coming from the previous step. For
the purpose of obtaining single eigenvalues and their cor-
responding eigensolution, the inverse iteration has been
used. Details of this technique can be found in Kerner
(1989) and Press et al. (1992); we have followed the sec-
ond of these references but in some aspects our implemen-
tation is different from theirs and in addition there seems
to be an error in their Eq. (11.7.10), we therefore describe
our procedure.

Recall that the aim is to obtain an approximation, as
accurate as possible, of an eigensolution of the eigenvalue
problem (33). We start from an initial approximation, λ0,
of the desired eigenvalue and construct the matrixA−λ0I,
with I the identity matrix. The idea now is to express λ
satisfying Eq. (33) as

λ = λ0 + ∆λ, (35)

where ∆λ is determined using an iterative process. At the
ith step we solve the algebraic system of equations

(A− λ0I) · y = bi, (36)
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where bi is the solution y to this equation in the (i− 1)th
step, normalised so that bi · bi = 1. In the first iteration
(i = 1) one can simply take b0 as a random normalised
vector, so there is no need for a priori knowledge of the
eigenvector being searched. After Eq. (36) has been solved,
one computes the new vector bi+1 by normalising y, i.e.

bi+1 =
y

|y| · (37)

This vector will then become the right-hand side of
Eq. (36) in the next iteration. Now an estimate of ∆λ
is calculated from

∆λi+1 =
bi · bi+1

|y| · (38)

At the end of the iterative process the eigensolution is
simply

λ ' λ0 + ∆λi+1 (39)

and

U ' bi+1. (40)

The iterations are stopped when either of the following
criteria are fulfilled,

|∆λi+1 −∆λi| < ε1, (41)

|bi+1 − bi| < ε2, (42)

where ε1 and ε2 are two small constants (e.g., 10−12 and
10−10, respectively). In some cases, after a few iterations
there is no progress and the quantities |∆λi+1−∆λi| and
|bi+1−bi| do not decrease rapidly enough. It is then better
to restart the iterations with a new guess for λ equal to
λ0 + ∆λi+1.

The advantage of the inverse iteration method is that
it is much faster than other methods which calculate all or
selected eigensolutions of A. Nevertheless, one still must
solve a large algebraic problem (Eq. (36)) a number of
times. It is here that the sparseness of A can be exploited,
since there are some algorithms that efficiently solve this
kind of problem. One of these algorithms is provided as the
package ME48, which is part of the Harwell Sparse Matrix
Library. There is one subroutine in this package that first
selects permutations P and Q so that the matrix PAQ is
in block triangular form and can thus be easily factorised.
Next, a second subroutine performs the factorisation of
each diagonal block and, finally, a third subroutine solves
the system by block solution through the block triangular
form. By far the most time consuming of these tasks is the
matrix factorisation, which must be carried out only once
at the beginning of the iterative process (i.e. for i = 1).
The details of the factorisation are stored and in subse-
quent steps one can use them to solve Eq. (36) at a small
computational cost.

3.5. Computation of perturbed physical variables

After solving the eigenvalue problem, Eq. (33), we have
an approximation to the spatial distribution of the func-
tions vn and v⊥ from which the perturbed quantities (den-
sity, magnetic field components and magnetic pressure)
and perturbed forces (components of magnetic pressure
gradient and magnetic tension) can be obtained. We use
Eqs. (C.1)–(C.10) and (C.20)–(C.22) and again write the
directional derivatives as in Appendix D. Next, the deriva-
tives of vn and v⊥ in the resulting expressions are approxi-
mated by the finite difference formulas (23)–(27). We have
found it very useful to compute these physical quantities
for they can shed light on how the oscillatory motions are
driven and, therefore, on the nature of the modes.

3.6. Practical use of the numerical code

Despite the complexity of the coefficients in Eqs. (21)
and (22), which contain many derivatives of equilibrium
quantities and of the generalised coordinates ψ and χ,
the numerical code is rather simple to use. The end user
only needs to define a few of subroutines, providing de-
tails on the equilibrium (in particular, Bx, By, Bz and v2

A

as functions of position) and also the first- and second-
order derivatives of the Cartesian magnetic field compo-
nents with respect to x and z. For the computation of the
density perturbation, the first-order derivatives of ρ with
respect to x and z must also be given. Moreover, if gen-
eralised coordinates are to be used instead of the x- and
z-coordinates, then the definition of ψ and χ in terms of
x and z must be provided together with their first- and
second-order derivatives.

4. Numerical results

In this section we analyse numerically the normal modes
of oscillation of two magnetic configurations: a uniform,
straight magnetic field and a potential arcade. These two
cases have analytical or simple numerical solutions so that
the goodness of the numerical code can be checked.

4.1. Uniform straight magnetic field

We first consider a cold plasma in a horizontal, straight
and uniform magnetic fieldB = Bêx. The density is given
by ρ = ρ (z) so that the Alfvén speed is v2

A (z) = B2/µρ.
Also, the plasma is assumed to be contained in a box lim-
ited by rigid plates at x = ±L and z = 0,H, which cor-
responds to Dirichlet boundary conditions for vn and v⊥
on the edges of the computational domain.

The wave Eqs. (16) and (17) reduce to

−ω
2

v2
A

vn = ∂2
xvn + ∂2

zvn, (43)

(
∂2
x −

ω2

v2
A

)
v⊥ = 0. (44)
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Equations (43) and (44), having analytical solutions, de-
scribe uncoupled fast and Alfvén waves. Fast modes are
characterised by motions in the normal direction (vn 6= 0,
v⊥ = 0) while Alfvén modes have motions in the perpen-
dicular direction (vn = 0, v⊥ 6= 0).

4.1.1. Alfvén continuum modes

Equation (44) describes Alfvén continuum modes. The
continuous part of the MHD wave spectrum is well docu-
mented in the plasma physics literature (see e.g. Appert
1974; Goedbloed 1975, 1983) and distribution theory
yields a solution to Eq. (44) in terms of the delta function
δ (z − zA), where z = zA is the singular surface, multiplied
by a function of x. After imposing the vanishing of v⊥ at
x = ±L we obtain

v⊥ = C sin (kxx) δ (z − zA) , (45)

with C an arbitrary constant, kx = nπ/2L and n an inte-
ger. In addition, the frequency is given by

ω2 ≡ ω2
A = k2

xv
2
A (zA) . (46)

The collection of improper eigenvalues ω2
A for the interval

0 ≤ z ≤ H/L constitutes the continuous Alfvén spectrum.
We have next assumed an Alfvén speed profile of the form

v2
A (z) = v2

A0e−(2−δ)z/L, (47)

δ being a parameter that determines the rate of change of
the Alfvén speed with height from the value vA0 at z = 0.
Now, the continuum Alfvén mode frequency is given by

ωA = kxvA0e−(2−δ)z/2L. (48)

Next, Eqs. (16) and (17) have been solved numerically for
δ = 6, H/L = 1 with the aim of recovering the analytical
eigenfunction (Eq. (45)) and eigenfrequency (Eq. (48)).
Cartesian coordinates have been chosen by setting ψ and
χ as follows

ψ = z/L, 0 ≤ ψ ≤ H/L, (49)
χ = x/L, − 1 ≤ χ ≤ 1. (50)

A mesh with 50 points in the two spatial directions (Nψ =
Nχ = 50) has been used and boundary conditions given
by Eq. (29) have been imposed.

Continuum solutions, like the one shown in Fig. 3a, are
characterised by vn ' 0 (to an extremely high accuracy)
in the whole computational domain and v⊥ ' 0 every-
where except on a single magnetic surface. Therefore, our
numerical code recovers the delta function in the analyt-
ical solution (45) by renormalising the numerical eigen-
functions in such a way that finite values of v⊥ outside
the singular surface and of vn everywhere become zero
and infinite values of v⊥ on the singular surface become
finite. To confirm the coincidence between the numerical
and analytical solutions we have plotted them together in
Fig. 3b, that shows a perfect agreement.

Finally, the Alfvén continuous spectrum has been com-
puted numerically and compared with the analytical for-
mula (48). The results, displayed in Fig. 4, again show an
excellent agreement.

(a)

(b)

Fig. 3. a) Surface plot of the perpendicular velocity compo-
nent for the Alfvén fundamental continuum mode in a uniform,
straight magnetic field configuration (δ = 6, H/L = 1). This
solution, with ωL/vA0 = 4.33, has been computed numerically
with Nψ = Nχ = 50 grid points and boundary conditions (29).
b) Spatial profile of v⊥ on the singular surface zA = 0.5L.
The solid line is the x-dependent part of the analytical solu-
tion (Eq. (45)) and the circles are the finite difference solution
v⊥(x, zA) to Eqs. (16) and (17)

4.1.2. Fast modes

Upon assuming that the normal velocity in Eq. (43) can
be written as a separable function of x and z, we have

vn = X (x)Z (z) . (51)

Now, Eq. (43) reduces to two ordinary differential
equations for X and Z. The first one can be read-
ily solved and, after imposing the boundary condition
X (−L) = X (L) = 0, results in

X (x) = C sin (kxx) , (52)

where C is an arbitrary constant and kx = nxπ/2L with
nx = 1, 2, . . . Here nx is the number of extrema (i.e. max-
ima and minima) of vn in the x-direction.
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Fig. 4. Plot of Alfvén continuum frequency, ω, versus the posi-
tion of the singular magnetic surface, zA, for the fundamental
mode in a uniform, straight magnetic field configuration with
δ = 6, H/L = 1. The solid line represents the analytical so-
lution, given by Eq. (48), and the circles are the numerical
solution computed with Nψ = Nχ = 50

For the vertical dependence of the normal velocity we
obtain a second-order ordinary differential equation,

d2Z

dz2
+
[

ω2

v2
A (z)

− k2
x

]
Z = 0. (53)

To solve this equation we consider the new independent
variable (valid for δ 6= 2)

u = α e−(δ−2)z/2L, (54)
with

α =
2

|δ − 2|
ωL

vA0

· (55)

Then Eq. (53) becomes

u
d
du

(
u

dZ
du

)
+
(
u2 −m2

)
Z = 0, (56)

where

m =
2kxL
|δ − 2| · (57)

The solution to Eq. (56) can be written as

Z (u) = C1 Jm (u) + C2 Ym (u) , (58)
or
Z (z) = C1 Jm

(
α e−(δ−2)z/2L

)
+C2 Ym

(
α e−(δ−2)z/2L

)
. (59)

The dispersion relation, which follows after imposing
Z(0) = Z(H) = 0, is thus

Jm (α)Ym (uH)− Jm (uH)Ym (α) = 0, (60)

where

uH = α e−(δ−2)H/2L (61)

(a)

(b)

Fig. 5. a) Surface plot of the normal velocity component
for the fundamental (i.e., nx = 1, nz = 1) fast mode in a
straight magnetic field with δ = 4, H/L = 4. This solution,
with ωL/vA0 = 4.5817, has been computed using a grid of
61 × 61 points in the xz-plane and rigid plate boundary con-
ditions (Eq. (29)). b) Vertical dependence of vn for the same
fast mode. Solid line: analytical solution Eq. (59). Circles: nu-
merical solution to Eqs. (16) and (17)

is simply the value of u at the boundary z = H.
An analytical solution can be derived by first comput-

ing ω from the transcendental expression (60) once δ, H/L
and nx are imposed. The frequency of the mode can next
be substituted into Eq. (55) to compute α. This parameter
is finally inserted into Eq. (59) and the spatial structure of
the eigenfunction vn is completely determined. There is a
whole array of eigensolutions, each with its own frequency,
characterised by the number nx and nz of extrema of vn
in the x- and z-directions.

A numerical solution has been computed for a δ = 4,
H/L = 4 configuration (see Fig. 5a) using ψ and χ given
by Eqs. (49) and (50). This mode has vn 6= 0 and v⊥ = 0
(within machine precision), such as corresponds to a fast
mode, and a close inspection reveals vn is a separable func-
tion of x and z. Since vn displays a single extrema in the
z-direction we label this as a nz = 1 mode. A comparison
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Fig. 6. Comparison of fast mode frequencies in a uniform,
straight magnetic field configuration with δ = 4, H/L = 4.
Diamonds represent ω computed by solving Eq. (60). Filled
circles represent ω computed numerically by solving Eqs. (16)
and (17) with a mesh of Nψ = 61, Nχ = 61 points. The number
of extrema of the eigenfunction vn in the x-direction is nx. For
a fixed nx and with increasing ω, the number of extrema of vn
in the vertical direction is nz = 1, 2, . . .

between the z-dependence of this numerical solution and
the analytical one is shown in Fig. 5b, which displays the
fine performance of the numerical code.

The last check we perform with the straight magnetic
field configuration consists in comparing the numerical
frequency for various fast modes with the solutions cal-
culated from Eq. (60); see Fig. 6. As expected, the two
sets of frequencies agree quite well, the larger difference
appearing for modes with higher spatial structure (that
is, with larger values of nx and/or nz) for which a finer
grid is required to achieve an accuracy similar to that of
smoother modes.

4.2. Coronal potential arcade

Another particular solution of the force-free Eq. (1) is a
potential structure such as a coronal arcade of magnetic
field lines (see Fig. 7) with By = 0 and a flux function of
the form

A (x, z) =
B0

k
cos kx e−kz , (62)

where ΛB ≡ k−1 = 2L/π is the magnetic scale height.
If a density profile of the form ρ = ρ0 e−z/Λ is assumed,
then the Alfvén speed of this potential coronal arcade is
given by

vA (z) = vA0 e−(2−δ)kz/2L, (63)

with vA0 the Alfvén speed at z = 0 and δ the ratio of
the magnetic scale height to the density scale height (δ =
ΛB/Λ).

The MHD modes of oscillation of this potential arcade
were investigated by Terradas et al. (1999) and by Oliver

Fig. 7. Magnetic field lines in a coronal potential arcade with
a flux function given by Eq. (62). The field related vectors ên
and ê‖, both contained in the xz-plane, have been drawn at a
particular point

et al. (1993), who wrote the linear ideal MHD wave equa-
tions for this zero-β configuration as follows

v2
A∇2

(
vn e−kz

)
+ ω2vn e−kz = 0 (64)

and

−ρω2v⊥ =
1
µ

(B · ∇)2
v⊥. (65)

4.2.1. Alfvén continuum modes

Equation (65) describes the Alfvén mode, characterised by
plasma displacements in the perpendicular direction, i.e.
along the y-axis. The B · ∇ derivative makes this mode
highly anisotropic and motions are confined to a particular
magnetic surface (described by A = constant). Hence,
solutions to Eq. (65) are of the form

v⊥ = ṽ⊥(x)δ(ψ − ψA), (66)

where ψ = cos kx e−kz is a new spatial coordinate pro-
portional to the flux function and therefore constant on a
given magnetic surface. The delta function in this expres-
sion accounts for the non-square integrable behaviour of
Alfvén continuum modes, whereas ṽ⊥ gives the variation
of the perpendicular velocity component on the singular
surface ψ = ψA.

In order to obtain ṽ⊥, Oliver et al. (1993) considered
a particular field line whose footpoints have coordinates
x = ±x0, z = 0. The directional derivative B · ∇ along
this field line can be written as

B · ∇ = Bx
∂

∂x
+Bz

∂

∂z
= Bx

d
dx

= kA(x0)
d

dx
(67)

with A(x0) = B0/k cos kx0. After some manipulations
Eq. (65) reduces to

d2ṽ⊥
dx2

+
ω2

v2
A0

[
cos kx0

cos kx

]δ
cos−2 kx0 ṽ⊥ = 0 (68)

(cf. Oliver et al. 1993 for further details). Assuming that
the photosphere (z = 0) behaves as a rigid and perfectly
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(a)

(b)

Fig. 8. a) Surface plot of the perpendicular velocity compo-
nent for the Alfvén fundamental continuum mode in a potential
arcade with δ = 6. This numerical solution has been calculated
using Nχ = Nψ = 100. Plasma motions are confined to the sin-
gular surface ψA ' 0.7070, which corresponds to a footpoint
position x0 = 0.5L. The mode frequency is ωL/vA0 = 5.3384.
b) Spatial profile of v⊥ on the singular surface between x = 0
and x = x0. The coordinate χ has been eliminated in favour
of x by means of Eq. (72). The solid line is the solution to
Eq. (68) and the circles are the finite difference solution to
Eqs. (16) and (17). Symmetry of v⊥ about x = 0 has been
used when computing the numerical solution by selecting the
appropriate boundary conditions

conducting medium to coronal perturbations, the bound-
ary condition for ṽ⊥ is

ṽ⊥ (±x0) = 0. (69)

For the case δ = 0 Eq. (68) becomes an ordinary differen-
tial equation with constant coefficients and analytical so-
lutions can be easily obtained. For δ 6= 0, however, Oliver
et al. (1993) failed to find an analytical solution and had
to integrate Eq. (68) numerically.

For the numerical computations we have considered
the case δ = 6 and have chosen generalised coordi-
nates that facilitate the recovery of continuum modes.

Fig. 9. Plot of the frequency, ω, of the Alfvén fundamental
mode versus the footpoint position, x0, in a potential arcade
with the same parameter values as in Fig. 8. The solid line
represents the solution to Eq. (68) and the circles the two-
dimensional numerical solution obtained with Nψ = Nχ = 100

By selecting

ψ = cos kx e−kz , 0 ≤ ψ ≤ 1, (70)

χ =
sin kx e−kz

(1− ψ2)1/2
, − 1 ≤ χ ≤ +1, (71)

field lines become straight lines with ψ = constant and, for
each value of ψ, χ varies between −1 at the left footpoint
(x = −x0, z = 0) and +1 at the right footpoint (x = x0,
z = 0).

Numerical solutions have been found by solving
Eqs. (16) and (17) in a mesh with Nψ = 100, Nχ =
100 points. The eigenfunction plotted in Fig. 8a possesses,
as expected, vn = 0 on the whole system and v⊥ = 0 ex-
cept on a singular surface ψ = ψA. Using Eqs. (70) and
(71) one can express χ in terms of x on the singular sur-
face,

x =
1
k

arctan
χ
(
1− ψ2

A

)1/2
ψA

· (72)

Now, v⊥ can be drawn as a function of x on ψ = ψA and
a comparison with the solution to Eq. (68) can be made
(see Fig. 8b). Both the eigenfunction and the eigenvalue
(ωL/vA0 = 5.3384) are in good agreement.

Changing the position of the field line footpoint, x0,
produces a variation of the mode frequency that generates
the Alfvén continuous spectrum. Figure 9 shows the fre-
quency of the fundamental Alfvén continuum mode versus
the footpoint position, with the numerical values fitting
well the results of Oliver et al. (1993).
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(a)

(b)

Fig. 10. a) Surface plot of vn in a potential arcade with
δ = 4, H/L = 4 for a mode with nx = 2, nz = 1 and
ωL/vA0 = 8.06168. The solution has been obtained using a
grid of 60×170 points in the xz-plane. b) Vertical dependence
of vn. Solid line: analytical solution from Oliver et al. (1993).
Circles: numerical solution to Eqs. (16) and (17)

4.2.2. Fast modes

In order to obtain analytical solutions to Eq. (64), Oliver
et al. (1993) expressed the variable vn e−kz as a separable
function in the x- and z-coordinates,

vn (x, z) e−kz = X (x)Z (z) , (73)

which can be inserted in Eq. (64) to give

X (x) = C sin (kxx) , (74)

where C is an arbitrary constant and kx = nxπ/2L with
nx = 1, 2, . . . Again nx is the number of maxima and min-
ima of vn in the horizontal direction.

For the vertical dependence a second-order differential
equation similar to the one for the straight field (Eq. (53))
is obtained,

d2Z

dz2
+
[
ω2

vA
2
0

e−k(δ−2)z − k2
x

]
Z = 0. (75)

Fig. 11. Comparison of fast mode frequencies in a potential
arcade with δ = 4, H/L = 4. Diamonds represent ω computed
as in Oliver et al. (1993) by solving Eq. (64). Circles represent
ω computed numerically by solving Eqs. (16) and (17) with a
mesh of Nx = 60, Nz = 170 points. The number of extrema
of the eigenfunction vn in the x-direction is nx. For a given
nx and with increasing ω, the number of extrema of vn in the
vertical direction is nz = 1, 2, . . .

Following the procedure used to solve Eq. (53), the solu-
tion to this equation can be written in terms of the Bessel
functions Jm and Ym. Then, imposing Z(0) = Z(H) = 0
a dispersion relation, similar to Eq. (60) is derived. The
mechanism for obtaining the frequency and spatial pro-
file of the normal velocity component is the same of
Sect. 4.1.2.

Numerical solutions have been computed for a po-
tential arcade configuration with δ = 4 and H/L = 4.
Eqs. (16) and (17) are now solved in a Cartesian mesh with
−1 ≤ x/L ≤ +1 and 0 ≤ z/L ≤ H/L and 60× 170 points
in the x- and z-directions. Figure 10a shows a surface plot
of vn for the nx = 2, nz = 1 fast mode (which, as all other
fast modes in this configuration, have v⊥ = 0). As can be
seen, the spatial structure of the eigenfunction appears to
be a separable function of the x and z variables, as was
assumed by Oliver et al. (1993) in obtaining analytical
solutions to the wave Eq. (73).

Figures 10b and 11 show the perfect agreement be-
tween the numerical and analytical solutions in both the
spatial structure of the eigenfunctions as well as in the val-
ues of the wave frequencies. The agreement between the
two sets of solutions in Fig. 11 is better for modes with
low frequency and with few spatial oscillations in the xz-
domain.

5. Summary

In this paper, the linearised MHD wave equations for a
two-dimensional force-free magnetic field, having longitu-
dinal invariance, have been derived and a numerical code
to solve the resulting system of coupled partial differen-
tial equations has been introduced. Two simple magnetic
configurations (a straight magnetic field and a potential
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arcade), having analytical or simple numerical solutions,
have been used to test the goodness and accuracy of the
code, and the comparison of the results points out an
excellent agreement. The code also proves to be a good
tool for the investigation of Alfvén continuum modes in
two-dimensional equilibria, which are obtained by select-
ing flux coordinates instead of Cartesian coordinates. Of
course, the code can be used to study linear waves in more
complex force-free fields and our aim is to use it to in-
vestigate linear MHD waves in sheared coronal magnetic
arcades. In these structures, the longitudinal component
of the magnetic field as well as the longitudinal wavenum-
ber will produce the coupling of fast and Alfvén modes,
changing substantially the spatial structure of the per-
turbed physical quantities in such a way that modes can
possess both fast and Alfvén mode properties. Also, in the
case of a curved magnetic field, curvature will introduce
extra effects worth being studied.

Despite the complexity of Eqs. (16) and (17), the nu-
merical code is simple to use since the various quantities
coming into the wave equations (like the coefficients pre-
sented in Appendices B and D) are computed from sub-
routines provided by the user in which the equilibrium
variables and their (first- and/or second-order) derivatives
are specified. In addition, the possibility of using different
coordinate systems, apart from the Cartesian ones, allows
the oscillatory modes of different equilibrium configura-
tions to be explored. Finally, the output of the code con-
sists not only of the normal and perpendicular velocity
components, but also the perturbed density and the three
components of the perturbed magnetic tension and per-
turbed magnetic pressure gradient. All this information
will be helpful when investigating the physical nature of
coupled fast and Alfvén modes.
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Appendix A: Derivation of the wave equations

In this appendix, a detailed derivation of the wave
Eqs. (16) and (17) is presented. To make progress with
Eq. (12) some expressions are needed. First, the curl of
the equilibrium magnetic field is given by

∇×B = B
dBy
dA

ê‖. (A.1)

The following vector identity is also useful

∇× (fa) = ∇f × a+ f (∇× a) , (A.2)

together with the formula for the gradient of a func-
tion f(x, y, z) and the divergence of a vector function
a = an ên + a⊥ ê⊥ + a‖ ê‖

∇f =
1
Bp

(∇A · ∇)f ên

+
(
Bp

B
∂yf −

By
BBp

(Bp ·∇)f
)
ê⊥

+
(
By
B
∂yf +

1
B

(Bp ·∇)f
)
ê‖, (A.3)

∇ · a =
1
Bp

(∇A · ∇)an −
B3Ba

B3
p

an +
Bp

B
∂ya⊥

− By
BBp

(Bp ·∇)a⊥ +
By
BBp

(BBs +BpBps) a⊥

+
By
B
∂ya‖ +

1
B

(Bp ·∇)a‖ −Bsa‖, (A.4)

where expressions for the derivatives of B and Bp along
and across magnetic field lines (namely Bs, Ba, Bps, . . . )
can be found in Appendix B.
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Next, the curl and divergence of the basis vectors can
be determined,

∇× ên = −BpBps

B
ê⊥ −

ByBps

B
ê‖, (A.5)

∇× ê⊥ =
1
B

(BBs −BpBps) ên

+

(
dBy
dA
− 2ByBBa

B2
p

)
ê⊥ −

B2
yBBa

B3
p

ê‖, (A.6)

∇× ê‖ =
ByBs

Bp
ên +

BBa

Bp
ê⊥ +

dBy
dA

ê‖, (A.7)

∇ · ên = −B
3Ba

B3
p

, (A.8)

∇ · ê⊥ =
By
BBp

(BBs +BpBps) (A.9)

and

∇ · ê‖ = −Bs. (A.10)

Now, with the help of the above formulas, one can show
that the normal and perpendicular components of Eq. (12)
reduce to Eqs. (16) and (17).

Appendix B: Formulas for quantities in the wave
Eqs. (16) and (17)

The following short-hand notation for the derivatives
of the equilibrium (total and poloidal) magnetic field
strength are used

Ba =
1
B2

(∇A · ∇)B, (B.1)

Bs =
1
B2

(B · ∇)B, (B.2)

Bpa =
1
B2

p

(∇A · ∇)Bp, (B.3)

Bps =
1
B2

p

(Bp ·∇)Bp, (B.4)

Baa =
1
B3

(∇A · ∇)2B, (B.5)

Bss =
1
B3

(B · ∇)2B, (B.6)

Bsa =
1
B3

(B · ∇)(∇A · ∇)B, (B.7)

Bas =
1
B3

(∇A · ∇)(B · ∇)B, (B.8)

Bpaa =
1
B3

p

(∇A · ∇)2
Bp, (B.9)

Bpss =
1
B3

p

(Bp ·∇)2
Bp, (B.10)

Bpsa =
1
B3

p

(Bp ·∇)(∇A · ∇)Bp, (B.11)

Bpas =
1
B3

p

(∇A · ∇)(Bp ·∇)Bp. (B.12)

The constants C1 to C4 are given by

C1 =
B2

p

B2

(
Bpss − 2B2

ps

)
+

2ByBa

B2
p

g1

+
1
B
g2a −

Ba

Bp
g2, (B.13)

C2 = − 1
B
g3a −

Ba

Bp
g3, (B.14)

C3 =
BpBps

B

dBy
dA
− Bp

B2
g1s

+
1
B2

(BBs −BpBps) g1 −
By
B2

g2s

+
ByBs

BBp
g2, (B.15)

C4 = Bss −B2
s −

B2
p

B2

(
Bpss −B2

ps

)
− 1
B2

(BBs −BpBps)
2

+
By
B2

g3s −
ByBs

BBp
g3, (B.16)

where the following short-hand notation has been used

g1 = B
dBy
dA
− 2ByB2Ba

B2
p

, (B.17)

g2 =

(
B2

p −B2
y

)
B2Ba

B3
p

, (B.18)

g3 =
By
Bp

(BBs −BpBps) , (B.19)

g1s =
B

Bp

dBy
dA

(BBs −BpBps)

−2By
Bp

[
B3

B2
p

(Bsa − 2BaBs)

+
2B2Ba

B2
p

(BBs −BpBps)

]
, (B.20)

g2a =
B2

p −B2
y

B2
p

[
B3

B2
p

(
Baa − 2B2

a

)
+

2B2Ba

B2
p

(BBa − BpBpa)

]

+
B2Ba

B3
p

(
B2Bpa − 2BpBy

dBy
dA

)
, (B.21)

g2s =
B2

p −B2
y

B2
p

[
B3

B2
p

(Bsa − 2BaBs)

+
2B2Ba

B2
p

(BBs −BpBps)

]

+
B4BaBps

B3
p

, (B.22)
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g3a =
By
B2

p

[
B2 (Bas −BaBs)−B2

p (Bpas −BpaBps)
]

+ (BBs −BpBps)
(

dBy
dA
− ByBpa

Bp

)
, (B.23)

g3s =
By
B2

p

[
B2
(
Bss −B2

s

)
−B2

p

(
Bpss −B2

ps

)]
−ByBps

Bp
(BBs −BpBps) . (B.24)

Appendix C: Expressions for the perturbed
variables and forces

From the perturbed induction Eq. (11), the normal, per-
pendicular and parallel components of the perturbed mag-
netic field are

iω
B1n

B
=

1
B

(Bp ·∇)vn +
(
By
B
iky +

BpBps

B

)
vn, (C.1)

iω
B1⊥
B

=
1
B

(Bp ·∇)v⊥

+
[
By
B
iky +

1
B

(BBs −BpBps)
]
v⊥

−
(

dBy
dA
− 2ByBBa

B2
p

)
vn (C.2)

and

iω
B1‖
B

=
By
BBp

(Bp ·∇)v⊥

+
[
By
BBp

(BBs −BpBps)−
Bp

B
iky

]
v⊥

− 1
Bp

(∇A · ∇)vn −
(
B2

p −B2
y

)
BBa

B3
p

vn· (C.3)

In addition, Eqs. (9) and (13) for the perturbed density
and magnetic pressure together with Eqs. (A.3), (A.4) and
(A.8)–(A.10) yield

iω
ρ1

ρ
= − 1

Bp
(∇A · ∇)vn +

(
B3Ba

B3
p

− ρa

ρ

)
vn

+
By
BBp

(Bp ·∇)v⊥

+
[
By
B

ρs

ρ
− Bp

B
iky −

By
BBp

(BBs +BpBps)
]
v⊥

(C.4)

and

iω
p1m

pm
= − 1

Bp
(∇A · ∇)vn −

(
B2

p −B2
y

)
BBa

B3
p

vn

+
By
B

1
Bp

(Bp ·∇)v⊥

+
[
By
BBp

(BBs −BpBps)−
Bp

B
iky

]
v⊥. (C.5)

where pm is the equilibrium magnetic pressure and ρa and
ρs are

ρa =
1
Bp

(∇A · ∇)ρ, (C.6)

ρs =
1
Bp

(Bp ·∇)ρ. (C.7)

Now, Eqs. (C.5) and (A.3) can be used to determine the
three components of the magnetic pressure gradient force
(symbolised here as [∇p1m]n, [∇p1m]⊥ and [∇p1m]‖),

−i ω
v2

Aρ
[∇p1m]n =

1
B2

p

(∇A · ∇)2
vn

+
[

1
Bp

(BBa − BpBpa)

+

(
B2

p −B2
y

)
BBa

B3
p

+
BBa

Bp

]
(∇A · ∇)vn

+h1vn −
By
B

1
B2

p

(∇A · ∇)(Bp ·∇)v⊥

+
[
Bp

B
iky

− By
BBp

(BBs−BpBps)
]

1
Bp

(∇A · ∇)v⊥

−
[
Bp

B

dBy
dA

+
By
BBp

(BBa−BpBpa)
]

1
Bp

(Bp ·∇)v⊥

+
[

1
B

(BBa +BpBpa) iky + h2

]
v⊥,

(C.8)

−i ω
v2

Aρ
[∇p1m]⊥ = − By

BB2
p

(Bp ·∇)(∇A · ∇)vn

−
(
B2

p −B2
y

)
BaBy

B4
p

(Bp ·∇)vn

+
[

1
B
iky

− By
BB2

p

(2BBs −BpBps)

]
(∇A · ∇)vn

+

[(
B2

p −B2
y

)
Ba

B2
p

iky + h3

]
vn

+
B2
y

B2B2
p

(Bp ·∇)2
v⊥

+2
[
−BpBy

B2
iky

+
B2
y

B2Bp
(BBs−BpBps)

]
1
Bp

(Bp ·∇)v⊥

+

(
−2

ByBs

B
iky+h4−

B2
p

B2
k2
y

)
v⊥, (C.9)
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−i ω
v2

Aρ
[∇p1m]‖ =

1
BBp

(Bp ·∇)(∇A · ∇)vn

+

(
B2

p −B2
y

)
Ba

B2
p

(Bp ·∇)vn

+
1
B

[Byiky

+ (2BBs −BpBps)]
1
Bp

(∇A · ∇)vn

+

[(
B2

p −B2
y

)
BaBy

B3
p

iky + h5

]
vn

− By
B2Bp

(Bp ·∇)2
v⊥

+

[(
B2

p −B2
y

)
B2

iky

− 2
By
B2

(BBs −BpBps)
]

1
Bp

(Bp ·∇)v⊥

−
[
−BpBy

B2
iky+

B2
y

B2Bp
(BBs−BpBps)

− Bp

B2
(BBs +BpBps)

]
ikyv⊥

+h6v⊥. (C.10)

Finally, the calculation of the perturbed magnetic tension
from Eq. (14) requires the derivatives of ên, ê⊥ and ê‖ in
the directions of these three vectors. These are

(ên · ∇)ên = −ByBps

B
ê⊥ +

BpBps

B
ê‖, (C.11)

(ên · ∇)ê⊥ =
ByBps

B
ên −

(
dBy
dA
− ByBBa

B2
p

)
ê‖, (C.12)

(ên · ∇)ê‖ = −BpBps

B
ên+

(
dBy
dA
−ByBBa

B2
p

)
ê⊥, (C.13)

(ê⊥ · ∇)ên = −
B2
yBBa

B3
p

ê⊥ +
ByBBa

B2
p

ê‖, (C.14)

(ê⊥ · ∇)ê⊥ =
B2
yBBa

B3
p

ên +
1
B

(BBs −BpBps) ê‖, (C.15)

(ê⊥ · ∇)ê‖ = −ByBBa

B2
p

ên−
1
B

(BBs−BpBps) ê⊥, (C.16)

(
ê‖ · ∇

)
ên =

ByBBa

B2
p

ê⊥ −
BBa

Bp
ê‖, (C.17)

(
ê‖ · ∇

)
ê⊥ = −ByBBa

B2
p

ên +
ByBs

Bp
ê‖, (C.18)

(
ê‖ · ∇

)
ê‖ =

BBa

Bp
ên −

ByBs

Bp
ê⊥· (C.19)

Then, the three components of the perturbed magnetic
tension force are

i
ω

v2
Aρ
T1n =

1
B2

(Bp ·∇)2
vn + 2

By
B2

iky(Bp ·∇)vn

−2
BBa

B2
p

(∇A · ∇)vn

+

(
h7 −

B2
y

B2
k2
y

)
vn

+

(
h8 −

2B2Ba

B2
p

iky

)
v⊥, (C.20)

i
ω

v2
Aρ
T1⊥ =

2ByBa

B2
p

(Bp ·∇)vn +
2ByBs

B2
p

(∇A · ∇)vn

+

(
2B2

yBa

B2
p

iky + h9

)
vn

+
1
B2

(Bp ·∇)2
v⊥

+

(
2By
B2

iky −
2B2

yBs

BB2
p

)
(Bp ·∇)v⊥

+

(
2ByBs

B
iky + h10 −

B2
y

B2
k2
y

)
v⊥, (C.21)

i
ω

v2
Aρ
T1‖ = − 1

BBp
(Bp ·∇)(∇A · ∇)vn

−
(
B2

p −B2
y

)
Ba

B2
p

(Bp ·∇)vn

− 1
B

[Byiky

+ (2BBs −BpBps)]
1
Bp

(∇A · ∇)vn

−
[(
B2

p −B2
y

)
BaBy

B3
p

iky + h11

]
vn

+
By
B2Bp

(Bp ·∇)2v⊥

−
[(
B2

p −B2
y

)
B2

iky

− 2
By
B2

(BBs −BpBps)
]

1
Bp

(Bp ·∇)v⊥

+

[
−BpBy

B2
iky +

B2
y

B2Bp
(BBs −BpBps)

− Bp

B2
(BBs +BpBps)

]
ikyv⊥

+h12v⊥. (C.22)

The coefficients h1 to h12 are given by

h1 =
1
B
g2a +

Ba

Bp
g2, (C.23)
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h2 = − 1
B
g3a −

Ba

Bp
g3, (C.24)

h3 = −By
B2

g2s −
ByBs

BBp
g2, (C.25)

h4 =
By
B2

g3s +
ByBs

BBp
g3, (C.26)

h5 =
Bp

B2
g2s +

Bs

B
g2, (C.27)

h6 = −Bp

B2
g3s −

Bs

B
g3, (C.28)

h7 =
B2

p

B2

(
Bpss − 2B2

ps

)
+

2ByBa

B2
p

g1 −
2Ba

Bp
g2, (C.29)

h8 = 0, (C.30)

h9 =
BpBps

B

dBy
dA
− Bp

B2
g1s

+
1
B2

(BBs −BpBps) g1 +
2ByBs

BBp
g2, (C.31)

h10 =
1
B2

[
B2
(
Bss −B2

s

)
−B2

p

(
Bpss −B2

ps

)]
− 1
B2

(BBs −BpBps)
2 − 2ByBs

BBp
g3, (C.32)

h11 = −Bp

B2
g2s −

Bs

B
g2, (C.33)

h12 =
Bp

B2
g3s +

Bs

Bp
g3. (C.34)

Appendix D: Formulas related to the numerical
solution of the wave equations

The following expressions are the directional derivatives
written in terms of ∂/∂ψ and ∂/∂χ, with ψ and χ a pair
of independent coordinates.

1
Bp

(∇A · ∇) = ψa
∂

∂ψ
+ χa

∂

∂χ
, (D.1)

1
Bp

(Bp ·∇) = ψs
∂

∂ψ
+ χs

∂

∂χ
, (D.2)

1
B2

p

(∇A · ∇)2 = ψ2
a

∂2

∂ψ2 + 2ψaχa
∂2

∂ψ∂χ
+ χ2

a

∂2

∂χ2

+ψaa
∂

∂ψ
+ χaa

∂

∂χ
, (D.3)

1
B2

p

(∇A · ∇)(Bp ·∇) = ψaψs
∂2

∂ψ2

+ (ψaχs + ψsχa)
∂2

∂ψ∂χ

+χaχs
∂2

∂χ2 + ψas
∂

∂ψ

+χas
∂

∂χ
, (D.4)

1
B2

p

(Bp ·∇)(∇A · ∇) = ψaψs
∂2

∂ψ2

+ (ψaχs + ψsχa)
∂2

∂ψ∂χ

+χaχs
∂2

∂χ2 + ψsa
∂

∂ψ

+χsa
∂

∂χ
, (D.5)

1
B2

p

(Bp ·∇)2 = ψ2
s

∂2

∂ψ2 + 2ψsχs
∂2

∂ψ∂χ
+ χ2

s

∂2

∂χ2

+ψss
∂

∂ψ
+ χss

∂

∂χ
· (D.6)

The quantities ψa, ψs, etc. have been defined as

ψa =
1
Bp

(∇A · ∇)ψ, (D.7)

ψs =
1
Bp

(Bp ·∇)ψ, (D.8)

ψaa =
1
B2

p

(∇A · ∇)2ψ, (D.9)

ψas =
1
B2

p

(∇A · ∇)(Bp ·∇)ψ, (D.10)

ψsa =
1
B2

p

(Bp ·∇)(∇A · ∇)ψ, (D.11)

ψss =
1
B2

p

(Bp ·∇)2
ψ (D.12)

and similarly for the derivatives of χ.
Finally, the expressions for the coefficients in Eqs. (21)

and (22) are given by

a11 = −v2
A

(
ψ2

a +
B2

p

B2
ψ2

s

)
, (D.13)

b11 = −2v2
A

(
ψaχa +

B2
p

B2
ψsχs

)
, (D.14)

c11 = −v2
A

(
χ2

a +
B2

p

B2
χ2

s

)
, (D.15)

d11 = −v2
A

{
ψaa +

B2
p

B2
ψss +

2BpBy
B2

ikyψs

+

[
1
Bp

(BBa −BpBpa)−
B2
yBBa

B3
p

]
ψa

}
, (D.16)

e11 = −v2
A

{
χaa +

B2
p

B2
χss +

2BpBy
B2

ikyχs

+

[
1
Bp

(BBa −BpBpa)−
B2
yBBa

B3
p

]
χa

}
, (D.17)
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f11 = −v2
A

(
C1 −

B2
y

B2
k2
y

)
, (D.18)

a12 = v2
A

By
B
ψaψs, (D.19)

b12 = v2
A

By
B

(ψaχs + ψsχa) , (D.20)

c12 = v2
A

By
B
χaχs, (D.21)

d12 = −v2
A

{
−By
B
ψas

+
[
Bp

B
iky −

By
BBp

(BBs −BpBps)
]
ψa

−
[
Bp

B

dBy
dA

+
By
BBp

(BBa −BpBpa)
]
ψs

}
, (D.22)

e12 = −v2
A

{
−By
B
χas

+
[
Bp

B
iky −

By
BBp

(BBs −BpBps)
]
χa

−
[
Bp

B

dBy
dA

+
By
BBp

(BBa −BpBpa)
]
χs

}
, (D.23)

f12 = −v2
A

{
C2 −

[
1
B

(BBa −BpBpa)

+
2B2

yBa

B2
p

]
iky

}
, (D.24)

a21 = v2
A

By
B
ψaψs = a12, (D.25)

b21 = v2
A

By
B

(ψaχs + ψsχa) = b12, (D.26)

c21 = v2
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