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Acoustic waves in a stratified atmosphere

III. Temperature inhomogeneities
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Abstract. In a gravitationally stratified atmosphere, small temperature variations distort the paths of acoustic
waves from the rectilinear paths in an isothermal atmosphere. For temperature increasing upward, low-frequency
waves near the acoustic cutoff frequency propagating at a given polar angle are refracted towards the vertical direc-
tion (focused) and high-frequency waves, away from the vertical (defocused). Similarly, for temperature increasing
towards the axis of a vertical cylinder, low-frequency waves are focused and high-frequency waves are defocused.
This effect of temperature inhomogeneities may be important for wave propagation in the chromospheric K2v

bright point phenomenon.
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1. Introduction

The usual analytical and numerical treatments of acous-
tic wave propagation in a gravitationally stratified atmo-
sphere are for plane waves in a one-dimensional medium
(Ulmschneider 1974; Fleck & Schmitz 1991; Carlsson &
Stein 1994; Kalkofen et al. 1994). If the atmosphere is
isothermal and semi infinite, a plane wave front of an
acoustic wave remains plane, independent of the direction
of propagation, and the waves are neither reflected nor
refracted. When the atmosphere is thermally inhomoge-
neous, wave fronts become distorted, and the effect of the
inhomogeneity depends on frequency since acoustic waves
in a gravitationally stratified atmosphere are dispersive,
i.e., their group and phase velocities depend on frequency.

The solution of the three-dimensional wave equation
for an isothermal atmosphere stratified in plane-parallel
layers has been discussed by Bodo et al. (2000; hereafter
BKMR). We will now investigate the effects of a tem-
perature variation on the propagation characteristics of
acoustic waves, assuming that the solution of the three-
dimensional wave equation for the isothermal medium ho-
lds locally so that the dispersion relation is unchanged,
except that the sound speed and the acoustic cutoff fre-
quency now depend on position in the atmosphere.
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We consider two special cases of temperature varia-
tion: 1) the temperature increases monotonically upward,
starting at z = 0, and 2) the temperature drops from its
maximal value on the axis of a vertical cylinder down to
a constant value far from the axis.

The plan of the paper is the following: In Sect. 2 we
write the basic equations for wave propagation; in Sect. 3
we apply the model to a stratified, non-isothermal atmo-
sphere and discuss the results, and in Sect. 4 we give a sim-
ple physical interpretation of the behavior of wave paths
and draw conclusions.

2. Basic equations

We consider a small temperature variation of an isother-
mal, stratified medium, assuming that the scale length
of the temperature variation is much larger than typical
wavelengths (i.e. we perform a local analysis). Following
Whitham (1974), we define a phase θ(x, t), where x =
(x1, x2, x3), and where frequency ω and vector wavenum-
ber k are given by

ω = −∂θ
∂t
, ki =

∂θ

∂xi
· (1)
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Frequency and wavenumber are related by the local dis-
persion relation

ω = W (k,x).

Eliminating θ from Eq. (1) we have

∂ki
∂t

+
∂ω

∂xi
= 0,

∂ki
∂xj
− ∂kj
∂xi

= 0 . (2)

Introducing ω = W (k,x) into the first of Eqs. (2) we
obtain

∂ki
∂t

+
∂W

∂kj

∂kj
∂xi

= −∂W
∂xi

,

and using the second of Eqs. (2),

∂ki
∂t

+ Cj
∂ki
∂xj

= −∂W
∂xi

, (3)

where C(k,x) is the group velocity vector defined by

Cj(k,x) =
∂W (k,x)

∂kj
·

Equation (3) can now be written as (Whitham 1974,
Eq. (11.46))

dki
dt

= −∂W
∂xi

, where
d
dt
≡ ∂

∂t
+ Cj

∂

∂xj

on group lines (or characteristics), which are defined by

dxi
dt

= Ci.

Group lines give the propagation direction of the wave
energy. At any position in the medium, the group veloc-
ity vector C is tangent to these lines. Note that C in a
dispersive medium is a function of wave number k and
position x. The energy for a given value of k does not in
general travel in the direction k/k. Only for (k, ω) → ∞
do group lines coincide with ray paths, which are along k
and perpendicular to wavefronts.

3. Gravitationally stratified atmosphere

The dispersion relation for an isothermal atmosphere
stratified in the vertical direction, z = x3, is (Bray &
Loughhead 1974, BKMR)

ω2 =
1
2

[(
k2 + 1

)
±
√

(k2 + 1)2 − 16
γ − 1
γ2

k2
⊥

]
, (4)

where k2 = k2
z + k2

⊥, ω is in units of the acoustic cutoff
frequency, ωco, and the wavenumber is nondimensionalized
with 2H, where H is the pressure scale height. The + or −
sign refers, respectively, to the acoustic and gravity modes.
In the following we consider only acoustic modes (+ sign).

The relation between the acoustic cutoff frequency and
the scale height is

ωco =
a

2H
,

where a is the sound speed. The dispersion relation (4)
can be written in dimensional form as

ω̃2 =
1
2

(
k̃2a2 + ω2

co

)
+

1
2

√(
k̃2a2 + ω2

co

)2

− 16
γ − 1
γ2

k̃2
⊥a

2ω2
co ,

where ω̃ and k̃ are the dimensional forms of ω and k. The
dependence on temperature of the various quantities is

H ∝ T , a ∝
√
T , ωco ∝ 1/

√
T ,

where for a non-isothermal medium T = T (x⊥, z), with
x⊥ = (x1, x2).

Assuming a small temperature variation in the ver-
tical direction and defining β = T/T0, where T0 is the
temperature of the isothermal atmosphere, we can write
the dispersion relation, nondimensionalized relative to the
isothermal atmosphere, as (“local analysis”)

ω2 =
1
2
{[
k2β(x⊥, z) + 1/β(x⊥, z)

]
+ Y (k, x⊥, z)

}
,

with

Y (k, x⊥, z) =
√

[k2β(x⊥, z) + 1/β(x⊥, z)]2 − 16
γ − 1
γ2

k2
⊥ .

The group velocity components are

Cz =
1
2
kz
ω
β(x⊥,z)

×
{

1 +
[
k2β(x⊥,z) + 1/β(x⊥,z)

]
/Y (k, x⊥, z)

}
,

C⊥ =
1
2
k⊥
ω
β(x⊥,z)

{
1 +

[
k2β(x⊥,z) + 1/β(x⊥,z)

− 8(γ − 1)/γ2
/
β(x⊥,z)]/Y (k, x⊥, z)

}
·

The spatial derivatives of the frequency are given by

∂W

∂x⊥, z
=

1
4ω

∂β

∂x⊥, z

[
k2 − 1/β2(x⊥,z)

]
×
{

1 +
[
k2β(x⊥,z) + 1/β(x⊥,z)

]
/Y (k, x⊥, z)

}
,

for the x⊥ and z components.
In order to determine the group lines we integrate the

equations for the characteristics,

dz
dt

= Cz ,

dx⊥
dt

= C⊥ , (5)

dkz
dt

= −∂W
∂z

,

dk⊥
dt

= − ∂W
∂x⊥
·

We consider inhomogeneity of the medium for the two spe-
cial cases of purely vertical (β = β(z)) and purely horizon-
tal (β = β(x⊥)) temperature variations. In the first case
we assume a linear spatial dependence, β(z) = 1 + β′z,
with β′ = constant, and in the second case, a Gaussian



1090 G. Bodo et al.: Acoustic waves in stratified atmospheres. III.

Fig. 1. The group lines for k = 0.5 and ψ = 45◦. Left panel, for
vertical temperature variation: isothermal atmosphere (solid
line); perturbed atmosphere, with β′ = 0.01 (dotted line).
Right panel, for horizontal temperature variation: x0 = 1,
ε = 0.01 (dotted line) and ε = 0.05 (dashed line). Dot-dashed
lines on both panels indicate the ray paths for an isothermal
atmosphere

Fig. 2. Same as Fig. 1, but for k = 5

dependence, β(x⊥) = 1 + ε exp[−(x⊥/x0)2], where ε and
x0 are the amplitude and the half width, respectively.

The local analysis, on which our equations are based,
breaks down when the wavelength of the acoustic waves,
λ = 2π/k, becomes comparable to the characteristic scale,
L, of the temperature inhomogeneity. This defines a lim-
iting wave number, klim = 2π/L for the regime of validity
of the equations; our results are applicable when k > klim.
For the vertical variation, this limiting wave number is
klim = 2πβ′, and for the horizontal variation, klim ≈ 5ε.

Figure 1 shows the group lines for the wave number
k = 0.5 and initial polar angle of ψ = 45◦ between the
propagation direction and the z axis, i.e., kz = k cosψ,
k⊥ = k sinψ, and kz = k⊥ in the present case. The left
panel compares the group line path for a vertical tempera-
ture variation, with β′ = 0.01 (dotted line), and the recti-
linear path for an isothermal atmosphere (solid line). The
figure shows the focusing of low-frequency waves in which
group lines bend towards the z axis. Ray paths for an
isothermal atmosphere are also plotted (dot-dashed lines)
showing clearly that the wave energy, which is carried
along the group lines, is concentrated towards the ver-
tical axis (see BKMR and Kato 1966). Similarly, the right
panel shows the focusing of waves for a horizontal temper-
ature variation, with x0 = 1 and the two cases of ε = 0.01
(dotted line) and ε = 0.05 (dashed line), again compared

Fig. 3. The polar angle ψ as a function of z for the vertical
temperature variation. Left panel: Ray paths for the isothermal
atmosphere (solid line) and for β′ = 0.01 and k = 0.5 (dotted
line) and k = 5 (dashed line). Right panel: Group lines for the
same values of β and k

to the rectilinear propagation in an isothermal medium
(solid line). The opposite case, that of defocusing for high-
frequency waves, is shown in Fig. 2 for k = 5, again com-
pared with the rectilinear propagation (solid line) and for
the same parameters as in Fig. 1. Figures 1 and 2 indicate
that focusing is more effective than defocusing for both
vertical and horizontal temperature variations (note the
scaling on the (x⊥, z) axes in the two figures).

For isothermal models, group lines, defined by Eqs. (5),
and ray paths, defined by the direction k/k, are straight
lines, but with different inclinations with respect to the
z axis, except in the limit (k, ω) → ∞. But the behavior
of ray paths follows that of group lines in focusing and
defocusing, as seen in Fig. 3, which shows the polar angle
ψ as a function of height z for ray paths (left panel) and
group lines (right panel) for k = 0.5 (dotted lines) and
k = 5 (dashed lines); ψ decreases for k = 0.5 (focusing)
and increases for k = 5 (defocusing) for both group lines
and ray paths. This allows the physical interpretation of
the results in terms of ray paths. Note also that the initial
inclination of the group lines differs from ψ = 45◦ (Fig. 3,
right panel), especially for smaller values of k.

To understand the nature of the solution of Eqs. (5),
note that the wave numbers kz and k⊥ are constant along
the characteristics when the partial derivatives of the
wave frequency W are zero. This occurs for k = 1/β.
Considering the case k < 1/β, i.e., long wavelengths,
for the vertical temperature variation (β = β(z)), we
note that the derivative ∂W/∂z is negative and hence
kz grows along the characteristics. Since k⊥ is constant
(∂β/∂k⊥ = 0), the vertical wave number grows whereas
the horizontal wave number does not. Since k/k is the di-
rection of propagation of the wave, i.e., defines the ray
path, the rays are bent towards the vertical direction.
Thus the waves at long wavelengths are focused by the
vertical temperature variation. Similarly, for the horizon-
tal temperature variation (β = β(x⊥)), the partial deriva-
tive ∂β/∂z = 0, hence ∂W/∂z = 0 and dkz/dt = 0. Thus
kz is constant. But since ∂β/∂x⊥ < 0, the horizontal wave
number decreases along the characteristic, resulting again
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in a bending of the rays towards the vertical direction,
i.e., focusing of the rays. Defocusing occurs in both types
of temperature variation when k > 1/β, i.e., for short
wavelengths.

4. Discussion and conclusions

Wave propagation in the real atmosphere is along curved
paths. An interesting question to ask is how straight paths
are distorted by inhomogeneities in the medium. This can
be easily investigated if the departures from idealized con-
ditions are small and the wave amplitude is low. But it
must be kept in mind that the interesting effects in the so-
lar chromosphere, for example, are due to large-amplitude
waves that form shocks. We suppose that the effect of
mild inhomogeneities on the propagation of low-amplitude
waves is in the same sense as the effect of strong inhomo-
geneities on large-amplitude waves, so the investigation of
this paper allows us to understand the qualitative behav-
ior of waves in an astrophysically interesting medium like
the solar chromosphere.

We ask how propagation along a straight line that rep-
resents the outward normal of a wave front is changed
in two limiting situations, the temperature varying with
height only and the temperature varying in the horizontal
direction only.

For the first case we treat an isothermal atmosphere
with a temperature variation increasing with height and
consider a plane wave front inclined “to the right” relative
to the vertical direction. Two special cases are of interest:
high-frequency waves and waves with frequency near the
acoustic cutoff frequency.

High-frequency waves (k, ω → ∞) are (practically)
nondispersive. Their propagation speed is the sound
speed, a, which depends on temperature as

√
T . Now, the

left edge of the wave front is at a higher temperature than
the right edge. Points on the left have therefore higher
speed and advance with respect to points on the right.
The normal of the wave front is bent away from the ver-
tical direction. If we imagine a wave to propagate in a
vertical channel, this bending away from the axis of the
channel amounts to a defocusing of the wave.

For low-frequency waves, the (local) acoustic cutoff fre-
quency decreases with height because of the increasing
temperature, and the phase velocity of waves near the
cutoff also decreases with height. The right edge of an
inclined plane wave therefore advances relative to the left
edge, the wave front is bent towards the vertical and hence
towards the axis of a propagation channel. Low-frequency
waves therefore are focused.

The second case is that of an atmosphere that is
isothermal except for a positive temperature variation
that decreases to zero with horizontal distance from a
vertical axis. The temperature is highest on the axis.
Consequently the sound speed is highest on the axis
and the phase velocity is lowest on the axis. Therefore,
high-frequency waves, which are practically nondispersive,
propagate faster near the axis and hence are bent away

Fig. 4. Vertical distribution of wavenumbers behind the head
of the wave front, which is at z/t = 1 (from BKMR)

from the axis, and low-frequency waves, which are dis-
persive, have higher phase velocity further from the axis
and are bent towards it. Thus, considering wave motion
near a hotter propagation channel, high-frequency waves
are defocused and low-frequency waves are focused. The
cases of temperature increasing with height and increasing
towards a vertical axis are thus qualitatively similar.

It is interesting to note that the solar chromosphere
has a temperature rising in the outward direction, and
magnetic flux tubes in the magnetic network have higher
temperature inside than outside. Thus the features of the
temperature variations in this paper are qualitatively the
same as features of the chromosphere. When one considers
impulsively generated acoustic perturbations emanating
from a point source and propagating as acoustic waves in
an isothermal, stratified medium (see BKMR), one finds
that the outermost front carries high-frequency compo-
nents and expands as a spherical wave at the sound speed,
while the wake that follows carries low-frequency compo-
nents mostly (Fig. 4). The effects described in this pa-
per suggest that the pulse should be defocused and the
wake components should be focused towards the vertical
direction.
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