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Abstract. The use of the conventional opacity distribution function (ODF) to deal with very many spectral lines
is restricted to static media. In this paper, its generalization to differentially moving media is derived from the
analytical solution of the comoving-frame radiative transfer equation. This generalized ODF depends on only two
parameters, on the wavelength position (as in the static case) and in addition on a wavelength interval ∆ over which
the line extinction is averaged. We present two methods for the calculation of the generalized ODF: (i) in analogy
to the static case, it is derived from the mean values of the extinction coefficients over wavelength intervals ∆,
(ii) it is calculated under the assumption that the lines follow a Poisson point process. Both approaches comprise
the conventional static case as the limit of vanishing velocities, i.e. of ∆→ 0. The averages of the extinction for
all values of ∆ contain the necessary information about the Doppler shifts and about the correlations between
the extinction at different wavelengths. The flexible statistical approximation of the lines by a Poisson point
process as an alternative to calculating the averages over all ∆ from a deterministic “real” spectral line list,
has the advantage that the number of parameters is reduced, that analytical expressions allow a better insight
into the effects of the lines on the radiative transfer, and that the ODFs and their corresponding characteristic
functions can be calculated efficiently by (fast) Fourier transforms. Numerical examples demonstrate the effects
of the relevant parameters on the opacity distribution functions, in particular that with increasing line density
and increasing ∆ the ODF becomes narrower and its maximum is shifted to larger extinction values.

Key words. radiative transfer – spectral lines – opacity distribution function – stellar atmospheres –
radiation hydrodynamics

1. Introduction

Accurate modeling of spectra of astronomical objects, in
particular of stellar atmospheres, usually requires the in-
clusion of the contribution of a very large number of spec-
tral lines to the opacity. In static media, e.g. in static stel-
lar atmospheres, there are basically three methods which
are successfully being applied to deal with the problem of
many lines: (i) the direct deterministic calculation of the
intensity, (ii) the sampling technique, and (iii) the calcu-
lation by means of opacity distribution functions (ODF).
In (differentially) moving media, however, only the first
method gives correct results, but it is strongly hampered
in use by the enormous requirements concerning com-
puter time. The use of the conventional ODF and of the
sampling techiques is restricted to static media since the
Doppler shift of the spectral lines due to the motions forces
the inclusion of an additional correlation of the line extinc-
tion with wavelength.
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In this paper we present a generalization of the ODF
where this correlation is taken care of by an additional pa-
rameter ∆, a (logarithmic) wavelength interval over which
the line extinction coefficient is averaged. We describe two
procedures to calculate the generalized ODF: the first one
is based on the direct averaging of the line extinction co-
efficient from the data contained in a “real” deterministic
list over all values of ∆ in a way similar to that of ob-
taining the conventional static ODF, the other one is a
statistical method based on the approximation of the line
distribution by a suitable statistical distribution. As has
been shown by Wehrse et al. (1998), for this the Poisson
point process is well suited and very flexible and can be
described by relatively few parameters. The aim of this
paper is to provide the basic formulae and a few selected
examples, but it is not its purpose to investigate e.g. the
influence of the line properties and densities on the gener-
alized ODF although the presentation of the line statistics
by a Poisson point process allows considerable insight.
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In Sect. 2 we first review the conventional static opac-
ity distribution function, emphasizing its interpretation as
a probability distribution. In order to derive the general-
ization of the ODF to moving media, it suffices to con-
sider a plane-parallel stratification and to formulate the
radiative transfer equation and its well known solution for
the specific intensity in terms of expectation values of the
radiative quantities. Subsequently it is shown in Sect. 3
that the comoving-frame transfer equation and its analyt-
ical solution by Baschek et al. (1997a) directly leads to a
“natural” generalization of the opacity distribution func-
tion to differentially moving media. Numerical examples
for opacity distribution functions from a simulated deter-
ministic line list, for the static as well as for the moving
case, are given in Sect. 4. We then turn to the statistic
description of the line extinction by means of a Poisson
point process: after a short overview over the main results
of this statistic description in Sect. 5, we derive in Sect. 6
the generalized ODF expressed in terms of the parame-
ters of the Poisson distributed lines, i.e. mainly in terms of
the line density. Section 7 contains numerical calculations
of opacity distribution functions for selected parameters
from a set of Poisson distributed lines. Finally, we discuss
and summarize our results in Sect. 8.

2. Static opacity distribution function

A forerunner of the concept of opacity distribution func-
tions is the “fat line” introduced by Labs (1951): the spec-
trum is subdivided into relatively small wavelength inter-
vals in each of which the line extinction coefficients are
shifted together in order to form a single strong line.

The opacity distribution functions, obtained from de-
terministic line lists by a suitable grouping of the line ex-
tinction over small wavelength intervals (Strom & Kurucz
1966; Mihalas 1978), are – in particular in modeling stel-
lar atmospheres – widely being used to reduce the effort
of including a large number of lines in the opacity.

The conventional concept of the opacity distribution
function requires that a wavelength interval is considered
which on the one hand is narrow enough so that e.g. the
continuous extinction and the Planck function do not vary
much over it, and within which the exact line positions
are of no interest. On the other hand the interval should
be large enough to allow a reasonable line statistics. In
addition the distribution function is assumed to be inde-
pendent of e.g. the depth in a stellar atmosphere.

We write the monochromatic extinction coefficient in
the form

χ(ξ) = χc +
L∑
l=1

χl(ξ) = χc +X(ξ) (1)

where χc is the continuous extinction coefficient and
X(ξ) =

∑
l χl(ξ) is the contribution of a large number

L of spectral lines (each one denoted by l). In this pa-
per, we use logarithmic wavelengths ξ = lnλ. Since in our
discussion of opacity distribution functions we are only

interested in the line contribution which is a rapidly vary-
ing function of the (logarithmic) wavelength ξ, we may for
simplicity assume that χc is independent of ξ.

The line extinction coefficient is usually expressed as

χl(ξ) = Al ·Φl(ξ, γl) , (2)

where Φl is the profile function with the intrinsic width
γl. Its integral over the whole spectral line is normalized
by
∫

line
Φl(ξ, γl)dξ = 1. The integral of χl(ξ) over the line

is the line strength Al.
The classical procedure of calculating the opacity dis-

tribution function then assumes that every value X(ξ) is
adopted within a certain interval of ξ (ergodic hypothesis),
and that the ODF can be determined from the statistics
of X(ξ).

A more productive way, however, is to regard the opac-
ity distribution function as the probability IP that the con-
tribution of all L spectral lines to the monochromatic ex-
tinction coefficient X(ξ) at any (logarithmic) wavelength
ξ has a value between x and x+ dx. We then may write
this probability as

IP
(
X(ξ) ∈ (x, x+ dx)

)
= p(x; ξ) dx (3)

with the normalization
∫∞

0 p(x; ξ)dx = 1.

2.1. Static radiative transfer equation

In order to discuss the role of the opacity distribution
function it is sufficient to consider the simple case of a
plane-parallel layer and apply the radiative transfer equa-
tion

µ
∂I

∂z
= −χ · (I − S) (4)

to solve for the monochromatic specific intensity I =
I(z, ξ, µ) in any fixed direction described by µ, the cosine
of the angle between the ray and the normal of the layer
as which we choose the vertical coordinate z. The source
function S = S(z, ξ) is assumed to be given. Without af-
fecting the essential effects we want to discuss, we may
assume that the extinction coefficient χ = χ(ξ) only de-
pends on ξ and not on z. As boundary condition we as-
sume that the bottom (z = 0) of the layer is irradiated by
the intensity I(0, ξ), and that there is no irradiation from
above at the top z.

Since in plane-parallel geometry the intensity for any
direction µ is trivially obtained from that e.g. for µ = +1,
we in addition may restrict ourselves to consider only the
outgoing intensity.

2.2. Solution of the static transfer equation

The well known solution for the static case (cf. Mihalas
1978) for µ = +1 and for a depth-independent extinction
coefficient χ(ξ) is

I(z, ξ) = I(0, ξ) e−χ(ξ)z +
∫ z

0

e−χ(ξ)(z−`) χ(ξ)S(`, ξ) d` (5)
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with I(0, ξ) being the irradiation at the lower boundary
z = 0. The advantages and implications of assuming χ(ξ)
independent of z will be discussed in Sect. 3.1 in the con-
text of the solution of the transfer Eq. (12) for the moving
case.

Once the monochromatic intensities are known, the
mean intensity as well as the radiative flux can be obtained
by integration over µ.

Interpreting the opacity distribution function now as a
probability, we have to consider instead of the monochro-
matic intensity I itself its expectation value 〈I〉 (in this
paper we denote expectation values by acute parentheses
〈. . .〉). In order to obtain 〈I〉, we have to average the func-
tion χ(ξ) which occurs in the radiative transfer equation
and hence in its solution (5):〈
I(z, ξ)

〉
=
〈
I0

〉
+
∫ z

0

〈
e−χ(ξ)(z−`) · χ(ξ)

〉
S(`, ξ) d` (6)

=
〈
I0

〉
+ S(z, ξ)− S(0, ξ)

〈
e−χ(ξ)z

〉
−
∫ z

0

〈
e−χ(ξ)(z−`)

〉 dS(`, ξ)
d`

d` (7)

with the irradiation term〈
I0

〉
=
〈
I(0, ξ) e−χ(ξ)z

〉
. (8)

The second version (Eq. (7)) of the solution has been ob-
tained by partial integration from the first one (before
performing the expectation value). It is better suited for
studying the opacity distributions since it does not con-
tain the expectation value of the product of χ with the
exponential containing χ.

From the above solution it is seen that the essential
expression is the expectation value〈

e−χ(ξ)·z
〉

= e−χc·z
〈

e−X(ξ)·z
〉

= e−χc·z
∫ ∞

0

e−x·zp(x; ξ)dx . (9)

2.3. Opacity distribution function
and the corresponding expectation value

The expectation value of exp(−Xz) is the Laplace trans-
form L of the probability p(x; ξ), i.e. of the conventional
opacity distribution function:

Lz{p} ≡ IL(z; ξ) =
∫ ∞

0

e−x·zp(x; ξ)dx =
〈
e−X·z

〉
, (10)

where ξ is only a parameter. The inverse Laplace trans-
form of (10) for x > 0 is

p(x; ξ) = L−1{IL(z; ξ)} =
1

2πi

∫ γ+i∞

γ−i∞
ex·zIL(z; ξ)dz , (11)

where γ is a real constant that exceeds the real part of all
the singularities of IL(z; ξ) (Gradshteyn & Ryzhik 1980).
For practical purposes, however, Eq. (11) can most conve-
niently be evaluated by means of a fast Fourier transform.

3. Opacity distribution function for moving media

We now turn to the generalization of the opacity distri-
bution function to moving media. In order to discuss the
essential features it is sufficient – similarly as for the static
case – to consider a plane-parallel layer and apply a sim-
plified version of the comoving-frame radiative transfer
equation.

3.1. Comoving-frame transfer equation

Assuming small velocities β = v/c � 1, and furthermore
neglecting aberration and advection, Wehrse et al. (2000,
Eq. (32)) derived the transfer equation for 3D media in the
ray direction z (or in the direction of the unit vector n),

dI
dz

+ w
∂I

∂ξ
= −χ(I − S) with w ' n · ∇(β · n) , (12)

of which the plane-parallel transfer equation given e.g. by
Mihalas (1978, Eqs. (14–99)) is a special case.

In order to solve Eq. (12), we can utilize the analyti-
cal solution by Baschek et al. (1997a) if we assume that
χ as well as the velocity gradient w are independent of z.
This assumption implies that the layer considered has to
be sufficiently thin, which, however, we do not regard as
a severe restriction since any layer can be composed out
of thin sub-layers, e.g. by applying the algorithm of Grant
and Hunt (cf. Peraiah 1984). In principle, it is possible
to allow for a depth dependence of χ and w. Then, how-
ever, all expressions would be much more involved, and the
expectation values would become functionals of the tem-
perature and pressure distributions. Therefore, should the
depth variation of either χ or w turn out too strong for
the thickness of the layer chosen, it seems easier to further
subdivide the configuration into thinner layers and then
apply the efficient Grant-Peraiah algorithm.

Although the monochromatic extinction coefficient is
assumed to be independent of z, in a differentially moving
medium the Doppler shift dξ = wdz nevertheless connects
frequency with depth.

3.2. Solution of the comoving-frame transfer equation

In the moving case, from the solution of Baschek et al.
(1997a), the expectation value of the intensity is given by〈
I(z, ξ;w)

〉
=
〈
I0(w)

〉
(13)

+
1
w

∫ ξ

ξ−wz

〈
exp

(
− 1
w

∫ ξ

η

χ(ζ) dζ

)
·χ(η)

〉
S

(
z − ξ − η

w
, η

)
dη

=
〈
I0(w)

〉
+ S(z, ξ)

−S(0, ξ − wz)

〈
exp

(
− 1
w

∫ ξ

ξ−wz
χ(ζ)dζ

)〉
(14)

−
∫ ξ

ξ−wz

〈
exp

(
− 1
w

∫ ξ

η

χ(ζ)dζ

)〉
dS
(
z − ξ−η

w , η
)

dη
dη
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where〈
I0(w)

〉
=

〈
I(0, ξ − wz;w)·exp

(
− 1
w

∫ ξ

ξ−wz
χ(ζ)dζ

)〉
(15)

now is the irradiation term for the moving case (cf. Wehrse
et al. 1998). As for the static case, the second version
(Eq. (14)) has been obtained by partial integration from
the first one.

We find that the essential expression to be evaluated
in order to discuss the opacity distribution in moving me-
dia is〈

exp

(
− 1
w

∫ ξ

ξ−wz
χ(ζ)dζ

)〉
= e−χc·z

〈
e−X̄(ξ;∆)·z

〉
(16)

with

∆ = w · z (17)

and

X̄(ξ; ∆) =
1
z
·
L∑
l=1

1
w

∫ ξ

ξ−wz
χl(ζ)dζ

=
1
∆

∫ ξ

ξ−∆

L∑
l=1

χl(ζ)dζ =
1
∆

∫ ξ

ξ−∆

X(ζ)dζ . (18)

Thus the crucial expression for the moving case has been
cast into exactly the same form as for the conventional
static case (see Eq. (9)) with X̄(ξ; ∆) replacing X(ξ).
Another useful concept when dealing with very many spec-
tral lines is the spectral thickness introduced by Baschek
et al. (1997b). In terms of it, the mean of the line extinc-
tion coefficient over ∆ reads

X̄(ξ; ∆) =
1
∆

L∑
l=1

[
ψl(ξ)− ψl(ξ −∆)

]
, (19)

where ψl(ξ) =
∫ ξ
ξ1
χl(ζ)dζ and ξ1 is an arbitrary (logarith-

mic) reference wavelength.
From Eq. (18) we recognize that X̄(ξ; ∆) is the mean

line extinction coefficient over the (logarithmic) wave-
length interval (ξ−∆, ξ) (cf. also the discussion in Wehrse
et al. 2000). This two-dimensional set of data can e.g. be
calculated from a given deterministic line list in a way
completely analogous to the static case. For this, no a pri-
ori knowledge of the velocity field is required. Note that
the static case is recovered as

lim
∆→0

X̄(ξ; ∆) = X(ξ) . (20)

3.3. Generalized opacity distribution function
and the corresponding expectation value

In analogy to the conventional static case we can now
introduce the generalized opacity distribution function
p̃(x̄; ξ,∆) by the probability ĨP that the mean line extinc-
tion coefficient X̄(ξ; ∆) in the interval ∆ at ξ has a value
between x̄ and x̄+ dx̄ so that

ĨP
(
X̄(ξ; ∆) ∈ (x̄, x̄+ dx̄)

)
= p̃(x̄; ξ,∆) dx̄ (21)

Fig. 1. Typical, simulated deterministic line extinction coef-
ficient χ(ξ) in arbitrary units, containing L = 400 lines in the
(logarithmic) wavelength range shown. It is assumed that all
lines have Lorentzian shapes with the same damping constant
γ0, and that their strengths Al closely follow a power-law with
exponent α = −3/2 (Pareto distribution). For details, see text

with the normalization
∫∞

0 p̃(x̄; ξ,∆)dx̄ = 1. In contrast to
the static distribution function, the corresponding proba-
bility for the moving case depends on two parameters.

The essential expectation value entering the solu-
tion (14) of the transfer equation is〈

e−X̄(ξ;∆)·z
〉

=
∫ ∞

0

e−x̄·zp̃(x̄; ξ,∆) dx̄ . (22)

The further evaluation to obtain the expectation value
of the intensity or the flux involves integrations of the
expression (22) over the depth variable z. We stress that
in general p̃(x̄; ξ,∆) itself depends on z via ∆ = wz.

Since w = const has been assumed in the layer con-
sidered, z = ∆/w and dz = d∆/w holds so that either ∆
or z can be used as integration variable. Furthermore, the
Doppler shift can be written as dξ = wdz = d∆.

We note that for the moving case – in contrast to the
static case, cf. Eq. (10) – it is not possible to evaluate
the expectation value of exp(−X̄(ξ; ∆)z) (Eq. (22)) as a
Laplace transform because ∆ = wz results in a non-linear
dependence of X̄(ξ; ∆) on z.

4. Examples of opacity distribution functions
from a deterministic line list

The following discussion of the properties of the conven-
tional as well as of the generalized opacity distribution
functions is based on an “artificial” deterministic line list
which we regard as typical for “real” spectral line lists.
From this list, the crucial expression X̄(ξ; ∆) (Eq. (18)) is
then calculated, and from it the generalized opacity dis-
tribution function p̃(x; ξ,∆) according to Eq. (21). The
conventional static opacity distribution function is also ob-
tained from X̄ as the limit for ∆→ 0. For convenience, our
line list is stochastically generated. We emphasize, how-
ever, that – once this simulation of a spectral line list has
been obtained – it will subsequently be treated entirely as
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Fig. 2. Static (non-normalized) opacity distribution functions
p(x; ξ) at an arbitrary wavelength ξ for three different values of
the total number of lines, L = 100, 400, and 800 (top to bottom)
in the interval Ξ = 1000. The simulation of the underlying
extinction coefficient χ(ξ) is based on the same assumptions as
for Fig. 1 with the damping constant assumed to be γ0 = 10−5

for all lines

a deterministic list, containing L individual spectral lines
in a fixed interval Ξ (in units of the logarithmic wavelength
scale ξ).

The line extinction coefficient X(ξ) =
∑
l χl(ξ) and its

mean X̄(ξ; ∆) (Eqs. (1) and (18)) are not only determined
by the individual line strengths Al, the shape of the lines
Φ and its intrinsic width γl (cf. Eq. (2)), but also by their
degree of the “crowding” or overlapping. We thus expect
that – besides the average line strength AL =

∑
lAl/L –

the number L of spectral lines in the range considered, or,
equivalently, the line density

%L = L/Ξ , (23)

i.e. the number of lines per unit ∆ξ interval, will show up
as very important parameter of the opacity distribution.
The integration interval ∆ (Eq. (17)) entering X̄(ξ,∆) im-
plicitly contains the effects of the motions in the medium.

Although to our knowledge a comprehensive investiga-
tion of the dependencies of opacity distribution functions
on the various parameters is still missing, it is not our aim
to provide a full parameter study here. We rather want to
demonstrate the main characteristics of the opacity dis-
tributions.

4.1. Generation of a deterministic line list

For the simulation of the typical deterministic line extinc-
tion coefficient χ(ξ) we assume that the line centers follow
an equal probability distribution in the ξ interval and that
the strengths Al are described by a log series distribution
that is very similar to a power-law (Pareto) distribution of
index α = 3/2. We furthermore assume that all lines have
Lorentzian profiles with the same intrinsic width (damp-
ing constant) γ0. Details of this stochastic treatment and
the underlying assumptions are given in Sects. 5.4 and 7.1
(cf. also Wehrse et al. 1998). A realization of such a χ(ξ)
distribution which serves as the basis for the calculation
of our examples is given in Fig. 1: it shows that such a
choice of parameters leads to distributions of the extinc-
tion coefficients that look quite realistic.

In order to obtain the corresponding generalized opac-
ity distribution function at ξ, we suppose that all val-
ues of p̃(x̄; ξ,∆) are actually assumed in an appropriate
neighborhood, i.e. we make the ergodic hypothesis , and
form for many ξi of this neighborhood the expression
X̄(ξ; ∆) according to Eq. (18). We then count the num-
bers Nj for j = 1 . . . J of X̄(ξi; ∆)-values in the intervals
[max{X̄(ξi; ∆)} −min{X̄(ξi; ∆)}]/(J − 1). After normal-
ization, these numbers provide an approximation to the
generalized opacity distribution function.

4.2. Examples of static opacity distributions

In order to obtain the static case, ∆ is chosen sufficiently
small so that the calculated X̄(ξi; ∆) effectively repre-
sent X(ξi) ≡ X̄(ξi; 0); in our calculations, ∆ = 0.1 (i.e
∆� γ0).

In Fig. 2 the consequences of an increase in the line
density are shown for a static medium. It is seen that
for a small number L of lines the probability of having
small opacities is very large; due to the discretization the
value of X(ξ) = 0 has even the highest probability. High
values of X(ξ) have a low probability, as expected. This
pattern changes when the number L (or the density %L) of
the lines is increased: X(ξ) = 0 then gets the probability
zero, but still there is a maximum of p for low values of
the extinction coefficient. When the number of lines is
increased further the probability distribution gets much
broader, and the range of low probability for small X(ξ)
value gets wider.
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Fig. 3. Generalized (non-normalized) opacity distribution functions p̃(x̄; ξ,∆) at an arbitrary (logarithmic) wavelength ξ for
different values of ∆ (indicated in the upper right of each panel) and a line density %L = 0.1. The underlying extinction coefficient
χ(ξ) is simulated with the same assumptions as for Fig. 1; for the calculations, we have expressed the ξ scale in units of the
damping constant γ0 = 1

We note that the schematic figures of opacity distri-
butions, presented e.g. by Strom & Kurucz (1966) and
Mihalas (1978), refer only to the case of relatively small
L or %L.

4.3. Examples of generalized opacity distributions

In this section we restrict ourselves to the variation of the
generalized opacity distribution function p̃ with ∆ in or-
der to demonstrate – for the first time – the consequences
of velocity gradients (Fig. 3): when ∆ is small, the values

of X̄(ξi; 0) vary wildly since for small ∆ there is essen-
tially no averaging and ξi may e.g. be close to the center
of a strong line or it may be in an “opacity hole” be-
tween lines. Therefore the generalized opacity distribution
is rather wide in this case. When ∆ increases, the averag-
ing becomes more and more efficient, and the differences
in the extinction coefficients disappear more and more so
that p̃(x̄; ξ,∆) gets more peaked. In the limit of very large
∆ we find a distribution close to a Dirac delta function
δ(x̄− 〈x̄〉) with 〈x̄〉 = %LĀL.

Evidently the behavior of p̃ depends also strongly on
the variation of the line density % with ξ. We expect to
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find a more complicated behavior if % is not constant as
had been assumed for Fig. 3.

5. Poisson distributed spectral lines

If one has to deal with a very large number (L � 1) of
spectral lines it can be advantageous to replace the “de-
terministic” treatment of the lines by a statistic approach.
Wehrse et al. (1998) have shown that the assumption of
a Poisson point process is very flexible and well suited to
describe the distribution of a large number of lines.

5.1. Line extinction coefficient

In order to prepare the transition from the deterministic
description to a stochastic one, we first write the contri-
bution of the L lines to the extinction coefficient in the
form

X(ξ) =
L∑
l=1

χl(ξ) =
L∑
l=1

χ(ξ̂l, ϑl, ξ − ξ̂l) , (24)

cf. Eq. (1). Here ξ̂l denotes the center of line l, and
ϑl = {Al, γl,Φl} is a multidimensional variable charac-
terizing the properties of the lines. It comprises the line
strength Al, the intrinsic line width γl and the type of the
profile function Φl. By our notation, we have explicitly in-
troduced the (logarithmic) wavelength position of the line
center as an additional variable of χ, and – in order to
distinguish it from the “normal” logarithmic wavelength
– denote it by ξ̂l. In view of the numerous spectral lines
we are dealing with, we now regard ξ̂l and ϑl as contin-
uous variables and further assume that all lines have the
same type of profile function. Then the line extinction
coefficient reads

χ(ξ̂, ϑ, ξ − ξ̂) = A · Φ(ξ̂, γ, ξ − ξ̂) . (25)

5.2. Poisson point process: number and density of lines

We assume that the (ξl, ϑl) form a Poisson point process
(on the direct product set of the total wavelength interval
and the set of all possible line parameters). The descrip-
tion by a Poisson point process requires that there are no
correlations between the line positions and that the line
properties are not correlated. For the definition and de-
tails of a Poisson point process we refer to Wehrse et al.
(1998).

Let %(ξ̂, ϑ)dξ̂dϑ be the mean number of lines in dξ̂dϑ,
then the “ordinary” mean line density, i.e. the mean num-
ber of lines per unit logarithmic wavelength interval at the
position ξ, is given by

%(ξ̂) =
∫

Θ

%(ξ̂, ϑ) dϑ , (26)

and the mean number of all lines is

〈L〉 =
∫

Θ

∫ ∞
−∞

%(ξ̂, ϑ) dξ̂dϑ =
∫ ∞
−∞

%(ξ̂) dξ̂ . (27)

The total number L of lines is now a random variable, but
its expectation value 〈L〉 differs very little from the actual
number of lines since L is very large, i.e. 〈L〉 ' L. In the
probabilistic description the role of the total number L of
the lines is thus taken by 〈L〉.

In a Poisson point process the total number of lines is
Poisson distributed with the probability

IP{L = n} =
〈L〉n

n!
e−〈L〉 , (28)

and the number of lines per ξ-interval and hence the mean
density of lines ρ(ξ̂) follow a Poisson distribution as well.
For the line positions an equal-probability distribution
holds, whereas the distribution of the parameter ϑ for the
line properties can be chosen more or less arbitrarily.

5.3. Expectation value of e−X̄ z

We now turn now to the calculation of the expectation
value exp(−X̄z) which is characteristic for the solution
of the radiative transfer equation for the moving case
(Eq. (22)). Applying the result by Wehrse et al. (1998,
Eqs. (16) and (A6)) for the expectation values of Poisson
distributed lines we obtain〈

e−X̄(ξ;∆)·z
〉

=

〈
exp

(
−

L∑
l=1

1
w

∫ ξ

ξ−wz
χ(ξ̂l, ϑl, ζ − ξ̂l)dζ

)〉

=

〈
exp

(
−

L∑
l=1

1
∆

∫ ξ

ξ−∆

χ(ξ̂l, ϑl, ζ − ξ̂l)dζ · z
)〉

= exp
(∫

Θ

∫ ∞
−∞

%(ξ̂, ϑ) (29)

×
{

exp

(
− z

∆

∫ ξ

ξ−∆

χ(ξ̂, ϑ, ζ − ξ̂)dζ
)
− 1

}
dξ̂dϑ

)
.

An equivalent expression can be obtained by introducing
the abbreviation by Wehrse et al. (1998) for the line con-
tribution to the expectation value for Poisson distributed
lines,

Ω(ξ, η;w) =

〈
exp

(
− 1
w

L∑
l=1

∫ ξ

η

χ(ξ̂l, ϑl, ζ − ξ̂l)dζ
)〉

, (30)

so that〈
e−X̄(ξ;wz)·z

〉
= Ω(ξ, ξ − wz;w) . (31)

The expectation value of exp(−Xz) for the static case can
be obtained as the limit w,∆→ 0 (cf. Eq. (20)) yielding〈

e−X(ξ)·z
〉

= Ω(ξ, ξ; 0)

=

〈
exp

(
−

L∑
l=1

χ(ξ̂l, ϑl, ξ − ξ̂l) · z
)〉

(32)

= exp
[∫

Θ

∫ ∞
−∞

%(ξ̂, ϑ)
(

e−χ(ξ̂,ϑ,ξ−ξ̂)·z − 1
)

dξ̂dϑ
]
.
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5.4. Basic functions of the Poisson point process

As can be seen from Eq. (29), the characteristic expec-
tation value occurring in the Poisson point process is a
functional of two basic functions:

1. the line extinction coefficient χ(ξ̂, ϑ, ξ − ξ̂) (Eq. (25))
and

2. the distribution %(ξ̂, ϑ) of the lines in (ξ̂, ϑ)-space.

These two functions also determine the generalized opac-
ity distribution function (cf. Sect. 6).

Of course, for any actual calculation the basic func-
tions have to be specified. First, in most cases we may
assume that in each spectral interval dξ̂ the parameter ϑ,
describing the line properties, is independent of the mean
line density %(ξ̂) (Eq. (26)) so that

%(ξ̂, ϑ) = %(ξ̂) · f(ϑ) , (33)

where f(ϑ) is the distribution function of ϑ, normalized
according to

∫
Θ f(ϑ)dϑ = 1.

A further reasonable assumption is, that all spectral
lines have the same intrinsic shape or profile function Φ
and the same intrinsic width γ0.

Finally, with all these assumptions, the two basic func-
tions of the Poisson point process become

χ(ξ̂, ϑ, ξ − ξ̂) = A · Φ(ξ̂, γ0, ξ − ξ̂) and (34)

%(ξ̂, ϑ) · δ(γ − γ0) = %(ξ̂, A) = %(ξ̂) · f(A) · δ(γ − γ0) ,

where the line strength distribution is normalized accord-
ing to

∫ A2

A1
f(A)dA = 1. Thus %(ξ̂, ϑ) is determined solely

by the product of the mean line density and line strength
distribution.

To summarize, for any application the quantities yet
to be specified are

the profile function Φ and its intrinsic width γ0,
the line density %(ξ̂), and
the distribution f(A) of the line strengths.

In our numerical examples which will be given in
Sect. 7, we adopt these assumptions, and in particular we
consider Lorentz profiles with the same damping constant
γ0 for all lines, and with the distribution f(A) of their
strengths following a power-law or Pareto distribution.

After this short introductory overview over the statis-
tic description of the spectral lines in terms of a Poisson
point process, we now turn to the derivation of the corre-
sponding generalized opacity distribution.

6. Generalized opacity distribution function
for Poisson distributed lines

To derive the generalized opacity distribution function p̃
for lines described by the Poisson point process, we start
by applying Fourier’s integral theorem to p̃:

p̃(x̄; ξ,∆) = F−1
x̄ {Fk{p̃}} (35)

=
1

2π

∫ ∞
−∞

eikx̄
[∫ ∞
−∞

e−ikȳ p̃(ȳ; ξ,∆) dȳ
]

dk ,

where

Fk{p̃} ≡ IF(k; ξ,∆) =
∫ ∞
−∞

e−ikȳ p̃(ȳ; ξ,∆) dȳ (36)

is the Fourier transform and F−1
x̄ is its inverse; here k is

real, and p̃, of course, is a real function with p̃ ≥ 0. Since
on the one hand x̄ (or ȳ) are positive quantities and on the
other hand negative values occur in the Fourier integrals,
we formally set p̃ = 0 for x̄, ȳ < 0. Note that here the
arguments ξ and ∆ of p̃ occur only as parameters.

In analogy to Eq. (22), the inner Fourier transform can
be regarded as the expectation value〈

e−X̄(ξ;∆)·ik
〉

=
∫ ∞
−∞

e−x̄·ik p̃(x̄; ξ,∆) dx̄ (37)

so that

p̃(x̄; ξ,∆) =
1

2π

∫ ∞
−∞

eikx̄ ·
〈

e−X̄(ξ;∆)·ik
〉

dk . (38)

This pair of relationships is equivalent to Eq. (35).
We note that in probability theory 〈exp(ikX)〉 is the

characteristic function of the probability density p(x) of
X , and it is well known that p(x) is the Fourier trans-
form of the characteristic function (e.g. Feller 1966; Reichl
1980).

For a Poisson distribution p(X = n) = λne−λ/n!, the
characteristic function is 〈exp(ikX)〉 = exp[λ(eik − 1)]
(Fisz 1978). This basic structure can also be recognized
in our expression (32) although here we do not directly
consider a Poisson distribution, but rather deal with the
distribution of the wavelength-integrated line extinction
coefficients X̄(ξ; ∆) where it is only the total number of
lines which obeys a Poisson distribution (Eq. (28)).

We evaluate the expectation value (37) for a line dis-
tribution obeying a Poisson point process from Eq. (29)
with the assumptions (34) by setting z = ik and obtain〈

e−X̄(ξ;∆)·ik
〉

(39)

= exp

(∫ A2

A1

∫ ∞
−∞

%(ξ̂, A)
{

e− ik AU − 1
}

dξ̂ dA

)

where we have introduced the abbreviation

U ≡ U(ξ̂, ξ,∆, γ0) =
1
∆

∫ ξ

ξ−∆

Φ(ξ̂, γ0, ζ − ξ̂) dζ . (40)

We point out that the expression A ·U(ξ̂, ξ,∆, γ0), occur-
ring for Poisson distributed lines, is not to be confused
with X̄(ξ; ∆) defined in Eq. (18) although both formally
are similar. U is not of the type of a mean value such as
X̄, but rather is defined as the integral over the single line
which is characteristic for the Poisson point process. The
limit of U for ∆→∞ is zero. In fact, Eq. (39) establishes
the connection between U and X̄.



1092 B. Baschek et al.: Opacity distribution in static and moving media

According to Eq. (38), the generalized opacity distri-
bution function is given by

p̃(x̄; ξ,∆)

=
1

2π

∫ ∞
−∞

exp

[
ik x̄

+
∫ A2

A1

∫ ∞
−∞

%(ξ̂, A)
{

e− ik AU − 1
}

dξ̂ dA

]
dk (41)

=
1
π

∫ ∞
0

exp

[∫ A2

A1

∫ ∞
−∞

%(ξ̂, A) {cos (k AU)− 1}dξ̂ dA

]

× cos

{
kx̄−

∫ A2

A1

∫ ∞
−∞

%(ξ̂, A) sin (k AU) dξ̂ dA

}
dk .

(42)

This is the central connection of the opacity distribution
function to the Poisson statistics in the case of a moving
medium.

In order to further evaluate the expressions (41) and
(42), we have to specify the two basic functions (34) for
Poisson distributed lines. The generalized opacity distri-
bution function p̃(x̄; ξ,∆) can then be calculated by means
of the fast Fourier transform (see Appendix).

6.1. Static limit

The conventional opacity distribution function p(x; ξ) for
Poisson distributed lines is obtained from Eqs. (41, 42) as
the limit for ∆→ 0:

p(x; ξ)

=
1

2π

∫ ∞
−∞

exp

[
ik x (43)

+
∫ A2

A1

∫ ∞
−∞

%(ξ̂, A)
{

e−ik AΦ(ξ̂,γ0,ξ−ξ̂) − 1
}

dξ̂ dA

]
dk

=
1
π

∫ +∞

0

exp

[∫ A2

A1

∫ ∞
−∞

%(ξ̂, A) (44)

×
{

cos
(
kAΦ(ξ̂, γ0, ξ − ξ̂)

)
− 1
}

dξ̂ dA

]

× cos

(
kx−

∫ A2

A1

∫ ∞
−∞
%(ξ̂, A)

× sin
(
k AΦ(ξ̂, γ0, ξ − ξ̂)

)
dξ̂ dA

)
dk ,

where we have used from Eq. (40) that

lim
∆→0

U(ξ̂, ξ,∆, γ0) = Φ(ξ̂, γ0, ξ − ξ̂) . (45)

Here the static opacity distribution function p(x; ξ) for
Poisson distributed lines is obtained by the Fourier inte-
gral of the corresponding expectation value 〈exp(−X · z)〉
(Eq. (32)). Conversely, for the static case, the expectation

value can be recovered from the opacity distribution func-
tion by applying a Laplace transform to p(x; ξ) according
to Eq. (10). It may be instructive to give some details of
how this inverse step is achieved: by inserting p(x; ξ) from
Eqs. (43) into (10) we get〈
e−X·z

〉
=

1
2π

∫ ∞
0

e−xz
∫ ∞
−∞

eikxC(k)dk dx (46)

with

C(k) = (47)

exp

(∫ A2

A1

∫ ∞
−∞

%(ξ̂, A)
{

e−ik AΦ(ξ̂,γ0,ξ−ξ̂) − 1
}

dξ̂ dA

)
.

Performing the integration over x first, results in∫ ∞
0

e(ik−z)xdx =
1

z − ik =
i

k + iz
(48)

(k real, z > 0). The remaining integral over k along the
real axis is evaluated by application of the residue theorem
in the complex k-plane. To this purpose,

C(k)
k + iz

=
∞∑

n=−∞
an · (k − k0)n (49)

is expanded as a Laurent series around k0 = −iz, where
a−1 = C(−iz). This finally leads to the expectation value
given by Eq. (32).

We note that, in contrast to the static case, however,
the analogous transformation for the moving case cannot
be carried out since ∆ = wz also contains z.

The fact that the expectation value 〈exp(−Xz)〉 can
be expressed as the Laplace transform of p(x; ξ) allows
us – again for the static case only – to express also the
characteristic function of p(x; ξ) either as the Laplace or
as the (inverse) Fourier transform of p: Since IL(z; ξ) in
Eq. (10) can be defined for all complex z with Re(z) ≥ 0,
we may formally choose the purely imaginary value z =
−ik to arrive at

L−ik{p} =
∫ ∞

0

eikxp(x; ξ)dx =
∫ ∞
−∞

eikxp(x; ξ)dx

= 2πF−1
k {p} =

〈
eikX

〉
. (50)

Note that the “single line” which appears in Eqs. (43) and
(44) as a consequence of the assumed Poisson point pro-
cess may be regarded as the statistical analogue of the “fat
line” introduced in the pioneering work by Labs (1951).

7. Examples of opacity distribution functions
for Poisson distributed spectral lines

In our following examples of opacity distribution functions
with the formalism of the Poisson point process no at-
tempt is made to systematically cover the entire range of
the relevant parameters. Instead, our specific assumptions
and choice of the parameters aim at the presentation of a
few typical cases which allows to discuss the fundamental
dependence of the opacity distribution on the most im-
portant parameters (and which furthermore requires not
too large an effort for the numerical calculation).
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Fig. 4. Generalized opacity distribution functions p̃(x̄; ξ,∆) (right column) and the real parts of their corresponding expectation
values, Re

(〈
exp(−X̄(ξ; ∆) · ik)

〉)
(left column), for Poisson distributed lines at an arbitrary (logarithmic) wavelength ξ. Shown

are examples for three combinations of the line density % and the averaging parameter ∆: (10, 100), (100, 100), and (1, 0.1)
(top to bottom), where k = ak′ with a = 64, 512, and 64 (top to bottom). For comparison, we have added (as dots) in the lower
right panel values for the generalized opacity distribution function calculated according to the procedure described in Sect. 3.
The lines have the same statistical properties in both cases. Note that the small wiggles in the lower left panel result from
inaccuracies in the ξ̂-integration (cf. Eq. (41)) as a consequence of a highly oscillatory behavior of the integrand

7.1. Additional assumptions for the examples

For all examples given here, we adopt the assumptions
given in Eq. (34). In addition we specifically assume that
all spectral lines are described by a Lorentz profile with
the damping constant γ0 (in logarithmic frequency units),

Φ(ξ̂, γ0, ξ − ξ̂) =
A

π

γ0/2

(ξ − ξ̂)2 + (γ0/2)2
· (51)

Furthermore we adopt a power-law f(A) ∝ A−α in the
range from A1 to A2 for the distribution of the line
strengths A with the particular index α = 3/2,

f(A) dA = cAA
−3/2 dA with cA =

1
2

√
A1A2√

A2 −
√
A1

,(52)

an assumption which is in accord with theoretical and
empirical results of atomic spectroscopy (see e.g. Wehrse
et al. 1998).
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In probability theory, the probability density f(x) =
(α−1)/x0 · (x/x0)−α for x > x0, and = 0 for x ≤ x0, with
α > 1 is known as Pareto distribution (see e.g. Fisz 1978),
so that Eq. (52) represents a trimmed Pareto distribution
with α = 3/2.

For α = 3/2, the mean line strength,

Ā =
∫ A2

A1

Af(A) dA =
√
A1A2 , (53)

is the harmonic mean of the smallest and largest line
strength considered. We note that a useful simplified ver-
sion of the line strength distribution (52) can be ob-
tained in the limiting case of a small range in A, i.e. for
∆A = A2 −A1 � Ā:

f(A) dA ' 1
∆A
·
(
A

Ā

)−3/2

dA , (54)

where A1,2 ' Ā∓∆A/2.

7.2. Opacity distribution function for a line strength
distribution ∝ A−3/2

For the case that f(A) is presented by the trimmed Pareto
distribution (52) and Lorentz line profiles (51) are consid-
ered, the first steps in the calculation of the generalized
opacity distribution function can be carried out analyti-
cally. We get for the expectation value (Eq. (39))〈

e−X̄(ξ;∆)·ik
〉

= exp
(∫ ∞
−∞

%(ξ̂)Y (k, U) dξ̂
)
, (55)

where

Y (k, U) (56)

= exp

(
cA

∫ A2

A1

A−3/2
(

exp(−A · ikU)− 1
)

dA

)

= 2cA ·
(

e−A1·ikU − 1√
A1

− e−A2·ikU − 1√
A2

+
√
k
√
πiU

[
Erf
(√
k
√
iA1U

)
− Erf

(√
k
√
iA2U

)])
.

For a Lorentz profile with a damping constant γ0, the
integral in Eq. (40) becomes

U =
1
π∆
·
(

arctan
ξ − ξ̂
γ0/2

− arctan
(ξ − ξ̂)−∆

γ0/2

)
. (57)

In the final step, the generalized opacity distribution func-
tion p̃(x̄; ξ,∆) is obtained by (numerical) integration over
k according to Eqs. (41) or (42).

7.3. Examples

For all examples of calculations of generalized opacity dis-
tribution functions p̃(x̄; ξ,∆) for Poisson distributed lines
we keep A1 and A2, and hence also cA and Ā fixed, and
vary only the line density %(ξ̂) which we for simplicity –

without substantial loss of insight – assume to be inde-
pendent of ξ, i.e. %(ξ) = %0 and the damping constant γ0.

In Fig. 4 we present Re
(〈

exp(−X̄(ξ; ∆) · ik)
〉)

and the
Fourier transform of the full, i.e. complex expectation
value which is the generalized opacity distribution func-
tion p̃(x̄; ξ,∆). The values of ∆ are 100, 100, and 0.1, and
those of the line density %0 are 10, 100, and 1. For all ex-
amples; the damping constant is γ0 = 0.1, and the line
strengths are allowed to vary over a small range only so
that we have essentially for all lines A = 1. In test calcu-
lations some wider ranges in A have been adopted as well,
demonstrating that the upper and lower bounds, A1 and
A2, have such a strong influence on the resulting distri-
bution function that the parameters for the integrations
(e.g. the step widths) had to be readjusted.

It is evident that the frequency of the oscillation
in Re

(〈
exp(−X̄(ξ; ∆) · ik)

〉)
determines the position of

the peak of the generalized opacity distribution function
p̃(x̄; ξ,∆), and that the fall-off of the amplitudes controls
the width of p̃. Equation (42) reveals that that the fall-
off is governed by

∫ ∫
% {cos(kAU)− 1} dξ̂dA, and the fre-

quency by
∫ ∫

% sin(kAU) dξ̂dA. Due the complicated na-
ture of the integrals, the detailed dependence on the line
densities and line parameters is intricate, and its discus-
sion is therefore beyond the scope of this paper.

As is seen from the lower right panel of Fig. 4, there is
an excellent agreement between the opacity distribution
determined by means of a Poisson point process and that
calculated directly from averaged extinction coefficients,
i.e. from simulations according to Sect. 3. We therefore
consider both ways essentially as equivalent; the latter just
has some computational advantages whereas the former
allows a much deeper insight.

8. Discussion

By the algorithms introduced in this paper, new ways are
added to the possibilities of treating many lines in radia-
tive transfer problems. First, in static media the opac-
ity distribution function can be calculated by means of a
Poisson point process. Secondly, two ways are suggested
for the application to differentially moving media where
a generalized opacity distribution function can be derived
either directly from running averages of the absorption co-
efficient or from the Poission point process. This implies
in particular that there are now methods available that
allow an equally efficient treatment of radiation fields in
static and in differentially moving configurations.

The resulting logical dependencies are summarized in
Fig. 5. It is seen that all cases rely on a proper line list and
that then there is a variety of ways to proceed. The way
chosen in an actual problem has then to be determined by
the particular circumstances such as e.g. the availability
of large computers, the programming effort to be invested,
or the frequency resolution needed. Note in particular that
the static case can always be regained as the limit w → 0.

It is evident that in particular the assumption of a
Poisson point process not only speeds up strongly the
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Fig. 5. Basic expressions and interrelations for the Generalized ODF for a differentially moving plane-parallel layer and the
corresponding conventional static ODF (opacity distribution function)

modeling of radiation fields but it also provides possibil-
ities to solve problems that have been inaccessible up to
now as e.g. the influence of very many, very weak lines.
However, it has also to be acknowledged that this pa-
per provides only the basics for the statistical methods.

Subsequent steps must comprise investigations (i) on the
dependencies of the shape of the distribution function on
the various parameters, (ii) on possibilities of simplifying
the ODF without significant loss of accuracy, e.g. as the
representation by a normal distribution as is suggested by
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the shapes shown in Figs. 2 to 4, and by the central limit
theorem, (iii) on alternative algorithms for the determina-
tion of the distribution function that might not only be
faster and avoid the difficult integrations (cf. Eqs. (41),
(42)) but that also allow a more complete insight such
as e.g. a cumulant expansion (cf. Stuart & Ord 1987) in
which correlations would show up immediately, and (iv)
on the proper densities of line strengths, shapes, and spac-
ing as functions of element abundances, temperatures and
pressures. Further studies should be devoted to the exten-
sion to scattering lines and to NLTE conditions (e.g. by
the use of Wigner matrices).
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Appendix: Determination of the ODF by fast
Fourier transformation

The actual calculation of the generalized opacity distri-
bution function p̃(x̄; ξ,∆) from Eq. (41) by means of the
fast Fourier transformation is intricate and requires spe-
cial care. It is best performed in the following way:

1. The integral∫ A2

A1

∫ ∞
−∞

%(ξ̂, A)
{

exp
(
−ik AU(ξ̂, ξ,∆, γ0)

)
− 1
}

dξ̂ dA

is decomposed into its real and imaginary parts when-
ever possible;

2. the integrations over ζ and A are performed analyti-
cally (e.g. for Lorentz or Gauss profiles);

3. the integrations over ξ̂ are done numerically for 2n

values of k, where n and ∆k have to be chosen in
such a way that the variations of the integrals is suffi-
ciently well reproduced and their values are sufficiently

negative so that the corresponding exponentials for the
largest k values are close to zero;

4. an array Q is formed of these exponentials and subse-
quently an array S consisting of Q and the transposed
conjugate complex of Q;

5. the array S is fast-Fourier-transformed to give a dis-
crete approximation to p̃(x̄; ξ,∆).

By this procedure p̃(x̄; ξ,∆) should be real and aliasing
frequencies should have a small amplitude.
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