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Abstract. The non-perturbative general relativistic approach to global astrometry introduced by de Felice et al.
(1998) is here extended to account for the star motions on the Schwarzschild celestial sphere. A new expression
of the observables, i.e. angular distances among stars, is provided, which takes into account the effects of parallax
and proper motions. This dynamical model is then tested on an end-to-end simulation of the global astrometry
mission GATA. The results confirm the findings of our earlier work, which applied to the case of a static (angular
coordinates only) sphere. In particular, measurements of large arcs among stars (each measurement good to
~100 parcsec, as expected for V' ~ 17 mag stars) repeated over an observing period comparable to the mission
lifetime foreseen for GAIA, can be modeled to yield estimates of positions, parallaxes, and annual proper motions
good to ~15 parcsec. This second round of experiments confirms, within the limitations of the simulation and the
assumptions of the current relativistic model, that the space-born global astrometry initiated with Hipparcos can
be pushed down to the 1075 arcsec accuracy level proposed with the GAIA mission. Finally, the simplified case
we have solved can be used as reference for testing the limiting behavior of more realistic models as they become

available.
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1. Introduction

In a recent paper (de Felice et al. 1998) (Paper I from
now on) a non-perturbative approach was developed to
perform satellite astrometry in a general relativistic frame-
work. We considered a background space-time geometry
given by the Schwarzschild metric and modeled a static
sphere centered at the Sun, i.e., stellar positions were de-
fined by azimuths and colatitudes, only. This investigation
into non-perturbative methods was stimulated by the high
accuracy which can be reached by the forthcoming as-
trometric space-missions, for example GAIA, which is ex-
pected to measure positions, parallaxes and annual proper
motions to better than 10 parcsec for stars brighter than
V ~ 15 mag. Non perturbative methods can, at least in
principle, take into account the general relativistic effects
with an approximation as high as is needed.

In this article, we complete the work we presented in
Paper I by extending it to a dynamical simulation, in
order to build a relativistic model which allows for the
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determination of parallaxes and proper motions. We use
the same mathematical setup of Paper I.

Greek indices run from 0 to 3; subscript “” marks
a stellar position and the metric signature is taken +2;
repeated indeces are to be summed over their range of
values.

2. Mathematical preliminaries

We consider a mathematical model which consists of an
astrometric satellite (the observer) orbiting on a spatially
circular geodesic around the Sun. The latter is assumed
non rotating, spherically symmetric and therefore gener-
ating a Schwarzschild space-time metric. As in Paper I,
we neglect the contribution of the Earth and the other
solar-system planets to the background geometry. Under
these conditions, the center of the Sun coincides with the
barycenter of the satellite-Sun system. Also, the space-
time metric in polar coordinates is given by

P (1-15) e _dr?
ds (1 dtJr(l_%g)

+r? (d6? + sin® 6 dg?) (1)
.
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where the colatitude § € [0, 7], the azimuth ¢ € [0,27]
and the polar distance r €]0,00[; 7y = 2GM/c? is the
gravitational radius of the Sun and Mg its mass (in con-
ventional units). The observer’s trajectory in the § = /2
plane is given by the four-vector

u® = e¥ (65 +Q6%) 2)

where 62 is the Kronecker delta, and

o= (1= —qay2) " (3)

T
is the normalization factor (i.e., uqu® = —1), Q =
+(M/r*)'/2 is the Keplerian angular velocity with re-
spect to an observer at infinity and in units of (length)~?
(M = GMg/c?).

A Dbasic observable in astrometry is the angle be-

tween two stars. The cosine of such an angle is given by
(Brumberg 1991):

haﬁk?kg (4)
oo kTR )2 (hyr ks k5 )2

cos 1o = (

where kY and kS are the components of the tangents
to the null geodesics of the photons emitted by the two
stars, and hag = gap + usug is a tensor which projects
in the rest frame of the observer. The components of the
null geodesics in the space-time defined by Eq. (1) are
(de Felice & Clarke 1990)

oM\ !
k0—<1—> o

r

=~
If

where Epy, is the photon’s total energy in units of 2, Lon
and I, are respectively the total and the azimuthal an-
gular momenta of the photons in units of c.

From Egs. (1) and (5), and denoting A = L/E and
A=1/E, Eq. (4) has the general form

cos 1o = \I/()\l,AQ;Al,Ag) (6)

where ¥ is given by Eqgs. (6) and (7) of Paper I (see also
Appendix A of that paper). The linearized form of the
observation Eq. (6) is then

7Sin’(/}12(5”(/}12 = Z[aA(D\A + bAéAA] A=1,2 (7)
A
where
oV b ov
AT N, 4~ 9A,
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The position of the observer is fixed once the radius of the
orbit and the azimuthal angle ¢, of the event of observa-
tion are given; the latter can be taken equal to zero, say,
while the choice of the observer in the equatorial plane
implies 6, = 7/2. The coordinate positions of the stars do
not explicitly appear in Egs. (6) and (7) since they are hid-
den in the constants of motion. However, the integration
of the equations of motion (5) coupled with the observa-
tion Eq. (6), lead to relations which ultimately allow one
to determine the unknown stellar positions.

2.1. The inclusion of parallax

In the simulation of a static sphere, the equations of mo-
tion of the photons were integrated assuming that dis-
tances from the Sun were infinitely large. In order to take
into account finite coordinate distances to stars, we sim-
ply limit the integration of the radial equation accordingly.
Therefore, we have

/T0 sgn(k™) dr’ B ™/2sgn(k?)sin @’ d¢’ (8)
r A2 oM\ Jo VAZsin? o2
L= /2 ==
r r

and

/”/2 sgn(k)Ado’
o sin@/+/A2sin% 6’ — \2 ¢

where (r, 0, ¢) specify the coordinate position of a star
whose photons are received by the observer at (r,, 8, =
/2, ¢o).

The constant of motion A can be expressed in terms
of the distance, 7., of the point of closest approach of the
photon’s trajectory to the Sun. At such point £ = 0 and
therefore

dg’, 9)

w2 (1- —) ) (10)

The plot of the function w?(r.) has a minimum at r. =
3M. As the radius of the Sun R is much bigger than 3M,
in practice only two cases need to be considered: r. > Rg
and r. < Rp.

For r, > Rg, there are no restrictions to the access of
directions on the sky, as the emitted photons can always
reach the observer regardless of the relative location of the
Sun. In this case the integration of Egs. (8) and (9) yields
relations of the type

z(r,re) = g(0, $; ¢o)
A = hO.6500) re > Ro. (1)
A = w(re)
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For r. < R, the only meaningful cases are those with the
satellite-based observer between the Sun and the star. In
this configuration only two relations are used, i.e.

5(7‘, A) = 9(95 ®; ¢o)
)\2 Tec § R@» (12)
F = h(gad), d)o)

Functions g¢(0, ¢; ¢o), h(0, ¢; ¢o) and w(r.) are un-
changed from Paper I (see Appendix A there), while
z(r, rc) and Z(r, A) now read

JVANE M c
z(r,re) = flagy <1 - ) {(1 — 7“_) (arcsin:—
C C [¢]

. Tc
—arcsin — — flagyw
r

M {(rc ) To — Te
- —+2
Tc To To + Te

Tc r—"Te
—fl —+2 13
agz(r"_ ) 7’+7’C:|}, ( )
1 1 M MY 4,4
2 A) = (a—@‘ﬁ?‘m+m)”
1 1
— — — ) cA. 14
(TO T)c ( )

We use the expression p = r,/r to define the coordinate
parallax, and transform Egs. (11) through (14) accord-
ingly. In our model, 7, is the distance of the observer to the
Sun, and if r, = 1 AU, the above definition is close to the
one used in classical astrometry (p = sin™!(ro /1) >~ 7, /7.

With this substitution, the functions z(r,r.) and
Z(r, A) in (11) and (12) are replaced by the following
expressions:

oM\ ~? M
f(p,re) = flag, <1 - ) {(1 — —) (arcsin Te
Tc Te To

. Pre )
—arcsin — — flag; 7

To

Pre To — PIc
—fl — +2 15
og (24 2) o (15)
1L pP M Mp*\ 5.
Ny = (o2 A
Fp, ) <67“f; 6r3  4rd + 4rd ¢
1
+ (— - 3) cA (16)
To To
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Then, the differential observation Eq. (7) can be cast into
a form containing the differentials of the astrometric quan-
tities 6, ¢, and p by means of the expressions:

dA = apdf+ Bade + ya dp, (17)

d\ = a)df + By do + v dp. (18)

Let us consider the cases of Egs. (11) and (12) separately:

e 71.> Ry — A variation in angular position implies
a variation of X\ and A. This, in turn, implies a variation
of r. from Eq. (10). After some algebra, we derive the
following coefficients:

e Ow (0N 0y
AT o \are ) 00

_ow (9f\ ' ayg
B = a—<a> 90 19)
_ ow (af\"lof
= Ore \ Ore Op
_ A0 Adw (0f\ ' 0y
WToNee T Ao \or. ) 98
A29h  Xow [Of\ ' ag
f”ﬁ%ﬁa—rc(are) 9 (20)

A Ow <8f>1 of
Y\ = ——+ a0

“Aorc \ore)  Op
The partial derivatives of f which enter Egs. (17) and (18)

differ from their analogues in Paper I (see Appendix A of
that paper) and read:

-1 —1/2
OF — (1-222) M) ) 4 flagz (1- 2
Ore Te r2 r

C C

r To o

M 2 —1/21 2.2\"1/2
1) (1) S fage(1-Pe) 2
Te r2 To r2 To

M
X {— (arcsin Te _ flag2 arcsin Pre ﬂaglﬂ')
T

+%[<ﬁ+2>,/w—ﬂag2<&+2) To — Pl
ré To To + Tec To To + Pre
M1 [rog—r1c Te To To + T¢c
—— =/ — = | —+2 5
Te [To V 7o+ Tc To (ro + Tc) To —T¢
fﬂag2£1 / o~ Ple + flag?2 (prc + 2)
oV To+Pre To
% Pro _ To +p7ac:| } ’ (21>
(ro +pre)?  ro — pre
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oM\ 2 M
= —(1- 1—— | x
Te Te
Y M [n o
7”3 To Te [To V 7o +Prc
Tc Telo To + Pre
(2 e )
To (To + prc) To — Prc

e 1. < Rg — Following the same arguments as before
we obtain the new coefficients:

(o) o
A= oA 90

(22)

~\ —1

_(9f) 9y

Ba = <8A> 90 (23)
~\ —1 ~

_ _(of) 9of
A= <8A> ap

CNon A (of\ g
= 9%a6 Ta\an) a6

~\ —1

_A20n A [0F\  og

B = a%+x (8_/\) 90 (24)

of

M = %7

NI
A\ OA

where the following expressions differ from the analogue
relations used for the static case:

of (L _p M Mt 5o
oA 6rd  6r3  4rd 4rd
1 p
(r_ - 7"_> ¢, (25)
of Mp*  p*\ 5,3 cA
op < rd 273 ¢ To (26)

2.2. Mathematical description of stellar motion

The motion of a distant star can be formally described
by considering its Schwarzschild coordinates functions of
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coordinate time. Replacing these functions with their
Taylor expansions, one has

p(t) = plto) +p x (t —to)+
0.5p x (t—1t9) + ...

o(t) = 9(t0)+ue x (t—to)+ (27)
0.5 4ig % (t —tg)* + ...

o(t) = d(to) + pe X (t —to)+
0.5 iy x (t—t0)2 + .,

where we made use of the definition of coordinate parallax,
p(t) = ro/r(t), introduced earlier, and of the definitions
Lo = d—f, pe = G5, which we will refer to as (angular)
proper motions. Also, the time derivative of p in Eqgs. (27)

can be written as p = —% Vi, where V; = % is the
coordinate radial velocity. We recall here that the coor-
dinate quantities in Eqgs. (27) are not directly observable.
HOWQVGI‘, as r > To, p(to), 9(t0)7 d)(tO)a p (OI‘ ‘/r>a e, and
1t can be interpreted as the corresponding quantities of
classical astrometry.

The effects of a variable coordinate parallax on our
relativistic model are fully taken into account by a) in-
serting the expression for p(t) in Egs. (27), truncated to
the required order, in the formulas derived in the previous
section and defining the coefficients v and vy in Egs. (17)
and (18), and by b) substituting the variation of the co-
ordinate parallax p(t), i.e. dp(t) = dp(to) + dp x (t —to) +
0.56p x (t —tg)? + ..., again in Eqgs. (17) and (18)*.

Similar considerations hold for the angular quantities
in Egs. (27), i.e., the relativistic model can be specialized
to take into account the time variability of the angular
coordinates with no restrictions on which terms of their
Taylor expansion can be included. The choice of which
terms to include will depend not only on the distance to
the objects and how fast they move on the Schwarzschild
sphere, as it would be for single stars, but also on their
nature (binary, variable, presence of unseen low-mass com-
panions, etc.). In this article all of our objects are assumed
single stars, i.e., point like sources of constant luminosity?2.

For simplicity, we decided to adopt the basic model

p(t) = plto)
0(t) = 0(to) + pe x (t —to) (28)
¢(t) = d(to) + po x (t = to),

! As in Paper I, the small differences p(to), 0p, etc. are in-
tended relative to the approximate (initial) values of a suitable
reference catalog.

2 This is similar to what was done for the Hipparcos mis-
sion. There, the Sphere Solution, i.e., the high accuracy recon-
struction of the celestial sphere, was performed on a subset of
the program sources called “primary” (single and non-variable)
stars, for which the only non-secular component of their motion
is the parallactic displacement.
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and in the remainder of this section we briefly discuss the
implications of this choice.

In principle, it is possible to deduce all of the com-
ponents of stellar velocity by utilizing astrometric mea-
surements only. In particular, the radial velocity of a star
affects both its distance (i.e., parallaz, see the expression
for p given above) and its angular (i.e., proper) motion;
therefore, it is necessary to evaluate whether such effects
need to be included in the model. Straightforward calcu-
lations show that a Ap of ~10 parcsec in 5 years, which
we can assume as representative of the minimum varia-
tion measurable by a GAIA-like mission, requires a radial
velocity of V; ~ 1.8 x 10* km s™! at a distance of 100 pc.
Therefore, this is probably a negligible effect for the great
majority of the potential targets.

The annual proper motion variation (in arcsec/yr?) in-
duced by stellar radial velocity, in astrometric jargon per-
spective acceleration (or foreshortening term), is estimated
by the expression

i1 (arcsec/yr?) ~ —0.1V.Vip? - sin 1"

(Green 1985; Bucciarelli et al. 1995), where p is given in
arcsec, V; and V; (the tangential velocity) in Km s™!, and
sin1” is the conversion factor from arcsec to radians. For
example, a star with V. = V4 = 100 Km s™! at a dis-
tance of 280 pc will have a displacement <10 parcsec
after 5 years.

Another effect induced by V; (x p) is an apparent place
effect, since it represents the change in the star position
as seen from Earth. The yearly angular variation amounts
to approximately

p?V; - sinwu
W (arcsec),

where p is given in radians, V; in AU/yr, and u is the
angle between the observer and the star as seen from the
Sun®. Using the same value of the radial velocity as before
(which corresponds to ~15 AU/yr), this term will add
less than ~1 parcsec to the 5-year positional change of all
targets beyond ~20 pc; therefore, it appears negligible in
virtually all cases.

From the above considerations, the choice of
model (28) appears appropriate for describing the effects
of stellar motions for the large majority of the single stars
accessible to GATA. Nonetheless, for a non-negligible frac-
tion of stars in the solar neighborhood, higher order terms
will have to be introduced thus providing estimates of as-
trometric radial velocities.

3 Notice that, even though in our relativistic formulation the
star’s coordinates are naturally given in the barycentric refer-
ence frame, any stellar intrinsic motion which would cause a
change in the observed directions to the star has to be included
in the model in order not to bias the estimate of the actual,
i.e. barycentric, directions.

F. de Felice et al.: General relativistic satellite astrometry. II.

2.3. The inclusion of proper motion

The addition of the two components of proper motion to
our unknowns is rather straightforward, the difference be-
ing the integration limits in Eqgs. (8) and (9) are now func-
tions of coordinate time, 8(t) and ¢(t).

The system of Egs. (12) in Paper I (with the inclusion
of the parallax as shown in the previous section) becomes
f(pre) = g(0(to) + po(t — to),

¢(to) + po(t = to); do)

2 T
T = (0t + ot — ), (29)
d(to) + e (t — to); do)
A(T) = w(re).

System (29) is formally identical to Egs. (11) except for
the time dependence which allows for inclusion of proper
motion as a correction term in a Taylor expansion of the
corresponding angular coordinate. Then the differential
relations between the constants of motion A and A, and the
unknowns will be formally the same as in (17) and (18),
that is

0N = apdb(t) + Badd(t) + yadp, (30)

N = axdf(t) + Brdo(t) + yadp. (31)
Since it is
g(g(tO)a ¢(t0) ,,LLG,,LLd)) =

9(0(to) + pa(t —to), d(to) + pe(t — to))

and

h(O(to), d(to) s e hg) =
h(0(to) + me(t — to), p(to) + pe(t —to)),

we finally obtain
— sin ¢12(t) (5’4/112 = A1 00, (to) + By 5¢1 (to) +
C10r1 + D1 dpe, + E1 6/L¢1 +

Az 605 (to) + B2 62 (to) +

Co0r2 + D2 619, + E2 0pig,, (32)
where
A1l = aran, +bian,, Az = asan, + baap,,
Bi = a108x, +018a,, B2 = a2fx, + b2fh,,
C1 = a1y, +b017a,, C2 = azya, + baya,, (33)

Dlel(t*tO)a D2:A2(t*t0)7

E1 :Bl(t—to), EQZBQ(t—to).
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The coefficients of the linearized condition Eq. (32) are cal-
culated using the catalog values of the relevant quantities.
The adjustments 60(to), 0¢(to), dIp(to), dpg, and due rep-
resent the unknown quantities needed to bring the catalog
values closer to the true ones. Finally, sint 0% is the lin-
earized form of the GAIA observation; again, the numer-
ical values for sin are derived from the catalog values,
whereas 01 is the difference between the angular distance
measured by the satellite (which is within 100 parcsec of
the true distance) and the corresponding catalog-derived
quantity.

Although the proper motion listed in our simulated
catalog is the variation of the stellar coordinates with re-
spect to the coordinate time, in the simulation we have
to refer to the satellite proper-time 7. The latter there-
fore has to be converted into coordinate time in order to
compute the correct stellar position.

The relation between coordinate time and proper-time
of the orbiting observer is given by

3M
dr=e¥dt=4/1- . dt.

Here we have always assumed 7 = 0 for ¢t = 0, so that

(34)

3M

To

1-—

T =

t. (35)

3. End-to-end simulation

The simulation of the dynamical case follows the same
three-step procedure utilized for the static one, with the
appropriate changes due to the inclusion of the new vari-
ables, parallax and proper motions.

First, we generate the set of true quantities, which de-
fine initial location and temporal evolution of the stellar
positions on the relativistic (Schwarzschild) sphere, ac-
cording to the basic model (i.e., Eq. (28)).

Stars are generated within a uniform density sphere of
500 pc centered on the Sun (i.e., p > 2 mas), the individual
proper motions are computed assuming a linear velocity
dispersion of ¢, = 15 km s~!, while radial velocity has
been neglected. The distribution and kinematics of the
resulting sample of simulated stars is not representative of
the motions of the corresponding (relatively) small portion
of the actual Galaxy. Neverthless, the adopted values are
adequate, within the scope of this work, for the generation
of realistic angular motions.

The corresponding catalog values are generated, as usual,
by adding suitable root-mean-square (rms) errors to the
true values (see Table 1)

Next, we find the stellar pairs which can be observed
by a satellite that sweeps the sky following a Hipparcos-
like scanning law. The result of these two steps is the
generation of the measured quantity, — sin(¢)d, and of
the coefficients in Eq. (32) for the construction of the lin-
earized condition equations for all of the observed pairs.
Finally, the least-squares solution of the system is found by
means of a conjugate-gradient method, suitable for large
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GAIA — Dynamic Schwarzschild solution
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Fig. 1. True parallax errors versus colatitude (0). Here and in

the following graphics outliers are not considered.

GAIA — Dynamic Schwarzschild solution
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Fig. 2. True colatitude errors versus colatitude.

and sparse matrices like ours, and the adjustment errors
are directly computed by comparison to the true values.
In Table 1, the values of the parameters in com-
mon with the static simulation are unchanged from those
adopted in Paper I; this to keep maximum consistency
with the static treatment, albeit GAIA’s baseline config-
uration has changed in the meantime (see next section).

4. Results and discussion

Table 2 shows the typical results of the simulation of 5 dif-
ferent classes of the dynamical model. The mission is al-
ways started at t = —T'/2, while its length varies from 2
to 5 years. The catalog reference (mean) time is always
at half the mission lifetime (¢ = T'/2), which provides the
most accurate positions, while the correlation between po-
sition and proper motion is minimized (Eichhorn 1969;
Mignard et al. 1985).

Figures 1-5 show the results for the 5-year-period case.
Plotted are the true errors (i.e., the individual differences
between estimated and true values) of the five astrometric
parameters considered versus co-latitude.
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Table 1. Most relevant parameters of the GAIA dynamic simulation.

numerical value

comment

parameter

orbital radius

1.496 x 10** m

same as Earth’s orbital radius (Rg)

precession angle 43° same as solar aspect angle
satellite spin period 128 min
angles between three viewing directions 54°, 785 Only two viewing directions retained in latest designs
field-of-view of each telescope 1°6
mission duration (T) up to 5 years
mission starting time (to) -T/2 minimum correlation between coords. and proper motions
No. of simulated stars 2000 same magnitude (V' ~ 17 mag)
No. of unknowns up to 10000 up to five parameters per stars
radius of the simulated sphere 2 mas uniform density sphere of 500 pc in radius
assumed velocity distribution 15 km s7! for the simulation of proper motions
catalog error on coordinates and parallax 2 mas
catalog error on proper motions 2 mas/year

single-measurement error (ooss)

100 parcsec

as expected for pairs of V' ~ 17 mag stars

Table 2. Results of a set of simulations with 7' = 2 to 5 years and to = —7'/2. Columns labelled with “n.it.” and “nepns” are
the number of iterations needed for convergence (5000 was the maximum number of iterations allowed) and the number of arcs
observed during the simulation, respectively; @ is the equations-to-unknowns ratio, and (dx) and os, refer to the mean and

standard deviation of the true errors of the least-squares solution for the variable x.

T n.it. 7Nobs Q (0p) osp (00) oso (sin@d@) osiness (Oue) Osug  (sin@dpge) Tsin 0 6p,
(1) (uas) (uas) (uas) (uas) (uas)  (uas) (uas/yr) (uas/yr) (was/yr) (uas/yr)
5 83 286431 28.6 0.20 15.79 —0.86 9.49 —0.06 13.54 —0.02 6.58 —0.34 7.84
4 99 227869 22.8 0.20 17.88 —0.19 10.67 0.53 15.28 0.60 9.60 —0.89 11.31
3 124 172150 17.2 0.29 20.73 —0.76 12.97 —1.03 17.88 —0.13 15.65 1.72 19.34
2.5 172 144063 14.4 0.28 22.98 —0.89 15.56 —2.71 1991 —0.18 21.52 3.31 25.32
2 839 115218 11.5 0.58 29.75 —0.83 21.06 3.67 26.64 0.45 67.32 —4.98 52.69

GAIA — Dynamic Schwarzschild solution

20

GAIA — Dynamic Schwarzschild solution

4"
0l 10 |
T o g§ o
s 3
g g
‘B
—20} _10|
—40 |
-20 L. , , D , " , ,
0 25 50 75 100 125 150 175 0 25 50 75 100 125 150 175
6 (deg) 6 (deg)

Fig. 3. True longitude errors versus colatitude. Notice the er-
rors become smaller near the colatidudes 43° and 137°. This is
where the number of connections (observations) per stars peaks
as a result of the particular sky coverage startegy simulated.

Similarly to the static solutions, the errors reach their
minimum values near colatitudes 43° and 137°, where the
number of connections (observations) per star peaks as
a result of the sky coverage imposed by the sky scanning

Fig. 4. True colatitude proper motion errors versus colatitude.

strategy adopted. The effect is particularly evident for the
two longitudinal unknowns sin 6 ¢ and the corresponding
proper motion component sin@ 4. Moreover, the errors
compare well with the approximation (valid in the absence
of correlation among the observations) ooss/v/Q, where
@ is the average number of equations per unknown (see
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Fig. 5. True longitude proper motion errors versus colatitude.

Table 2) and o4 = 100 parcsec, for the average measure-
ment error. This is true for all but the simulation with 7" =
2 year, for which the proper motion errors are ~2 times
larger than the expected value of ~30 parcsec. This sug-
gests that the 5-parameter dynamical model becomes
inadequate as the relatively short time baseline makes
it difficult to disentangle the secular (proper motion)
component of stellar motions from the quadratic (paral-
lax) one. Experiments run with 7' = 1.5 year and T =
1 year failed to produce meaningful solutions. Therefore,
it appears that a fully dynamical solution has to wait
for ~2 years of uninterrupted observations before being
attempted, a result consistent with earlier findings from
preparatory studies for the Hipparcos mission.

Consistent with the results presented in Paper I is also
the finding that the error in longitude is larger than that
in latitude. This is again an effect of the scanning law,
and theoretical predictions (Betti & Sanso 1985) antici-
pates Osingsg/0s0 ~ 1.6. This value compares well with
the ratio of ~1.4 derived from the results of the 5-year-
mission case in Table 2. Notice that the effect is signifi-
cantly less pronounced (~1.2) for the two components of
proper motion.

4.1. Rank deficiency

With the addition of the kinematical parameters the
rank deficiency of the design matrix of the observation
equations increases. For a classical sphere model (as in
Hipparcos) the design matrix has a rank deficiency of 6,
twice that of the static case (Paper I). In our case, rank de-
ficiency is probably less, as the formulation of the relativis-
tic model requires to specify the trajectory of the observer,
i.e., a circular orbit in the plane 6, = 7/2. Nevertheless,
the numerical method we used for solving the system of
equations can deal with rank deficient matrices without
the addition of external constraints otherwise necessary
to find the least-squares solution among the infinite pos-
sible ones, i.e., to lock the solution in a given system of
coordinates (see discussion in Paper I). To investigate the
statistical properties of the unconstrained solutions, we
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ran the 5-year case with different sets of constraint equa-
tions. The generic form of any of such equations (each
added to the system of equations with “infinite” weight)
is

d(unk) = unk(true) — unk(catalog),

where 0(unk) is the correction to any of the unknowns
86, 66, dug, and Sugt. In this form, the constraint equa-
tions fix the values of the astrometric parameters of se-
lected stars to their true values (unk(true)), which are
always available in a simulation. Therefore, compensation
for rank deficiency is done through the best possible in-
formation. Up to 6 of such equations are used, in which
case 4 of them are relative to one star and the remaining 2
are for a second star suitably located on the Schwarzschild
sphere. The results show that the errors of the constrained
solutions are indistinguishable from those in Table 2. The
same conclusion holds for the average values of the true
errors (06), (d¢,sin®), (Opg), and (Sug,sind) of the con-
strained solutions, they all have the sub-parcsec values
of the corresponding quantities in Table 2. This, in turn,
suggests that the coordinate frame of the reconstructed
spheres were always close to the Schwarzschild sphere de-
fined by the true coordinates.

Issues related to rank deficiency of the GAIA sphere
will have to be addressed in detail once a more advanced
relativistic model® becomes available.

4.2. Catalog errors

A set of experiments was devoted to investigating the ef-
fect of increasing catalog errors on the sphere solutions.
The true values of positions, parallax, and proper mo-
tions were degraded with different catalog errors in the
range 1+1200 mas (or mas/yr). As usual, the quality of
the adjusted parameters of any of the solutions was gauged
by calculating mean and standard deviation of the corre-
sponding true errors. The solutions corresponding to cat-
alog errors from 1 to 5 mas do not show appreciable dif-
ferences. Then, the standard deviations begin to increase
monotonically, but the numbers remain below 10% of the
best value for catalog errors of up to 200 mas. The mean
values do not manifest a similar monotonic increase, and
stay stationary at 1-2 parcsec

4.3. Compliance with the GAIA baseline mission

As mentioned in the previous section, GAIA’s baseline
payload has changed significantly since Paper I. The two
features of the new baseline payload (Gilmore et al. 1998)

4 Parallax does not contribute to the rank deficiency as it is
not affected by rotations of the coordinate system.

5 This model will have to include a more realistic observer,
corrections to the satellite attitude, and extra parameters de-
scribing the in-flight behavior of crucial parts of the payload,
i.e. telescopes and focal plane.
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of relevance to this study are: a) only two viewing di-
rections are retained (instead of three), and b) the as-
trometric performance has significantly improved. With
only two field-of-views the number of observed angular dis-
tances is reduced to ~50% of the original value. Also, bet-
ter astrometric performance means that the 100-uarcsec
measurement error simulated now applies to stellar pairs
fainter than before, i.e., pairs with equal brightness com-
ponents of 17th magnitude in V (see for example Table 1
in Lattanzi et al. 2000). In this context, the results shown
in Table 2 are expected to exceed those predicted for the
baseline mission at V' = 17 mag.

To verify on this, we ran a five-year simulation similar
to the corresponding case in Table 2, but with only two
viewing directions (separated by a 54° angle); the results
were (059, Osin 066, Osp) ~ (15, 25, 28) parcsec, and (05,
Osin66u,) ~ (11, 13) parcsec/yr. These values are indeed
very close to those predicted for the baseline mission at
V = 17 mag, and are also consistent with the degrada-
tion factor of ~1.4 due to the decrease in the number of
observations.

5. Summary and conclusions

We have shown that the static model in the general rela-
tivistic framework of Paper I, can be extended to a fully
dynamical implementation.

Of course, these are the initial steps towards a rela-
tivistic model which takes into account a more realistic
observational setting and therefore more suitable for the
reduction of the GAIA data. The results expected for a
Hipparcos-like simulation are maintained, with the scale
improvement due to better single-measurement errors.
Indeed, measurement errors of ~100 parcsec, as expected
for 17th mag stars, and a mission lifetime comparable to
that foreseen for GAIA, result in angular and radial po-
sitions, and annual proper motions good to ~15 parcsec.
This suggests that we do have the mathematical tools for
taking into proper account the small relativistic effects
within our solar system.

Future developments will address more realistic
models. These will have to consider all of the relevant
gravity fields within the solar system, and appropriate
representations of the satellite, i.e., they will have to take

F. de Felice et al.: General relativistic satellite astrometry. II.

into account a more realistic orbit and the extra degrees
of freedom which arise from attitude errors and payload
parameters.

A final word on the practical implications of this work.
The simplified case we have solved can be an important
test case for the more realistic treatment under develop-
ment. The more complex model will have to reproduce the
results presented here once the descriptions of the grav-
itational field and the observer are both reduced to the
approximations adopted in this article.
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