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Abstract. The classification scheme of mode oscillations in stars is investigated mathematically and physically by
using a new phase diagram representation. This technique is presented in order to study the basic equation of
motion for linear adiabatic nonradial oscillations, and leads us to obtain an unambiguous scheme classification
of modes. The order number introduced by this classification scheme only depends on the boundary conditions
at the endpoints, the centre and the surface of the star. Furthermore, this classification is independent of the
number of nodes of the eigenfunction used to characterize the oscillatory motion. Consequently, the sequence of
ordinate eigenfrequencies becomes the signature of the oscillatory system itself. Provided that the equation of
motion of linear adiabatic nonradial stellar oscillations has been reduced to a second-order differential equation,
this technique allows us to obtain a more reliable classification scheme of modes in stars. Although this phase
analysis method has been presented to characterize the propagation of acoustic-gravity waves with one or two
propagative regions, it can be nevertheless successfully applied to perturbative motions with more than three
propagative regions, provided that a propagation diagram can be built.
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1. Introduction

The progress of stellar seismology is strongly dependent
on our understanding of the basic properties of the sta-
tionary waves in the interior of the star. In particular,
one of the cornerstones of theoretical stellar seismology is
the determination of a correct classification scheme of the
eigenmodes that can be present for a given equilibrium
structure. Usually there are two ways of investigating
the classification scheme of stellar nonradial oscillations,
where one complements the other. The numerical method
is used to calculate the lower overtones and the asymptotic
methods (Shibahashi 1979; Tassoul 1980; Gough 1996;
Provost & Berthomieu 1986; Smeyers & Tassoul 1988;
Tassoul 1990; Vorontsov 1991; Gough 1993) are applicable
to the higher overtones. This formal mathematical classi-
fication is crucial to progress in the development of the
analytical dispersion relation of stationary waves (Gough
1993), and in the improvement of the inversion methods.

Cowling (1941) was the first to introduce a classi-
fication scheme for waves, based on the two restoring
forces present inside a star in hydrostatic equilibrium,
without magnetics fields or differential rotation: the pres-
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sure and the gravity. The Cowling classification scheme
divides stationary waves into three types: the gravity
modes (g−modes), the acoustic modes (p−modes) and the
f−mode (Deubner & Gough 1984; Gough 1993; Gough
1996; Unno et al. 1989). This classification is based on
the local properties of the waves which attribute to each
mode a order number determined by the number of nodes
of the radial eigenfunction. In particular, the f−mode
is a mode with a radial eigenfunction with no nodes. It
is easy to classify nonradial oscillations for simple stel-
lar equilibrium structures, as the less condensed poly-
tropes or even the zero-age main-sequence stars. This is
because the propagation zones for each restoring force
are clearly separated and they can be seen as a simple
generalization of the Sturm-Liouville type problem1. For
more evolved stars, the propagation zones of acoustic and

1 Strictly speaking, this is not a Sturm-Liouville problem be-
cause the dependence of the eigenvalue with the equilibrium
model is rather complicated. However, the main properties of
this oscillatory system are quite similar to the classical Sturm-
Liouville problem. This has been put in evidence by Ledoux &
Walraven (1958) for the high order gravity modes and the high
order acoustic modes, where a second-order system of stellar
oscillations has been obtained under the Cowling approxima-
tion (see Sect. 3.4).
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gravity waves overlap with each other. In some cases,
there are even more complicated propagation diagrams
with three or more propagation zones for a given wave,
as for evolved stars of 10 M� (Unno et al. 1989). In such
cases, the classification of nonradial modes is not triv-
ial. Different generalizations have been made by Scuflaire
(1974) and Osaki (1975), where the Cowling scheme has
been generalized. However, some problems have still re-
mained in these new schemes and the determination of
an unambiguous classification method has not yet been
achieved. More recently, in a tentative to obtain a scheme
that better represents the properties of modes, Shibahashi
& Osaki (1976a, 1976b) introduced a classification scheme
based on the behaviour of the modes in the trapping zone.
These classification schemes present two main problems
that difficult their use as a general classification procedure.
First, the fourth-order system of nonradial adiabatic stel-
lar oscillations has been reduced to a second-order system
by approximative methods, which makes impossible to ob-
tain a general scheme classification for the complete full
problem. Second, the classification scheme is dependent
of the eigenfunction that has been chosen to characterize
the oscillatory motion because the order of the mode is
determined by counting the number of nodes of this ra-
dial eigenfunction (Cox 1980). The classification scheme
presented in this article will try to overcome this second
problem.

Our goal in this article is to present a classification
scheme, for which the number associated to the order of
the modes is independent of the eigenfunction chosen to
characterize the oscillatory motion. We will analyse with
particular interest the low overtones which present some
peculiar behaviour for some complicated stellar structure
models. The method presented here is a particular phase
representation that is made for the second-order differen-
tial equation, written in an appropriate self-adjoint form.
This new method is a generalization of the method de-
veloped by Prüfer (1926), to study the classical Sturm-
Liouville problem. The technique presented can be suc-
cessfully applied for all the overtones from the smaller to
the higher ones. An analogous procedure has already been
used by Gabriel & Scuflaire (1979). This type classification
scheme as also being study by Lee (1985) in the specific
case of dipole modes. Lopes & Gough (2001) and Lopes
et al. (1997) as also used this technique to determine the
phase shift produced in the outer layers of the Sun and
solar-like stars by the partial ionization of hydrogen and
helium. A new variant of this method is used to calcu-
late the eigenfrequency equation of low degree modes of
acoustic oscillations (Lopes 2001).

The next section contains a brief presentation of the
motion equation of stellar oscillations for a spherically
symmetrical background state, where some approximative
results are mentioned. This is followed by the presenta-
tion of the new phase method to study the second-order
equation of oscillatory motion, where the mathematical
and physical properties of the acoustic-gravity waves are
discussed. In Sect. 5, we present the new classification

scheme, where we discuss the relation between this new
scheme and the ones currently used. In the last section,
a summary and conclusion of the main results here es-
tablished are presented and we also point out the useful-
ness of the results obtained for the general study of stellar
oscillations.

2. Basic equation of oscillatory motion

Formally, the nonradial adiabatic oscillations of stars can
be described as the solution of the simple linear homoge-
neous adiabatic wave equation:

Ψ =
[
∂2

∂t2
+ L

]
Ψ = 0 (1)

where is the adiabatic wave operator and Ψ is some
wave function depending on the position vector r and the
time t, that characterizes the oscillations (Gough 1993,
1996). The oscillatory motion under study is supposed to
be of such low amplitude that linearization of the full equa-
tions of fluid dynamics is valid, allowing to determine the
wave equation that describes the oscillatory movements.

Therefore, we are ignoring the interactions between
waves, non-adiabatic effects which are important only in
beneath the atmosphere, and effects of the turbulence in
the convective zone. We also consider a non-magnetic and
non-rotating star. The adiabatic wave operator depends
on the structure of the solar model, which we will refer to
as the background state. We have assumed that a frame of
reference exists in which the background state is indepen-
dent of time. In this case, there are genuinely separable
solutions Ψ(r, t) = R

[
Ψ(r)e−iωt

]
of the simple homoge-

neous adiabatic equation. Considering that the wave has
a pure dependence on t with frequency ω, the spatial part
of the wave function, Ψ(r) satisfies:

LωΨ = 0 (2)

where the three-dimensional spatial differential operator
Lω is obtained from the full wave operator by replacing
∂
∂t by−iω. We will use Ψr

2 to represent the factor depend-
ing on r in the separated form Ψ(r) = Ψr(r)Y ml (θ, φ) with
respect to the spherical polar coordinates (r, θ, φ) when
the background state is spherically symmetric, and where
Yml (θ, φ) = Pml (cos θ) eimφ is a spherical harmonic of de-
gree l and azimuthal order m, Pml being the associated
Legendre function of first kind. In this case, the separa-
tion of variables into radial and angular parts is possible
for all background variables, with the angular dependence
of Y ml (θ, φ) satisfying the eigenvalue equation,

r2∇2
⊥Y

m
l (θ, φ) = −L2Yml (θ, φ) (3)

where ∇⊥ is the horizontal Laplace operator, m =
−l, ...,+l and L2 = l(l+ 1). In that case Lω will represent
the radial part of the corresponding three-dimensional op-
erator with the same name. In the spherically symmetric

2 Hereafter we will refer to Ψ as Ψr, if not stated otherwise.
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case, the solutions of Eq. (2) together with appropriate
boundary conditions, admit discrete eigenfrequencies ωnl,
where n is the radial wave number. The spherical symme-
try of the background state is responsable by the degen-
eracy of ωnl with respect to m.

In the case of a spherically symmetrical background
state, the homogeneous differential equation (Eq. (2)) rep-
resenting adiabatic oscillations is of fourth-order and has
to be solved subject to two regularity conditions at the
coordinate singularity r = 0, and to two boundary con-
ditions at the surface r = R (Unno et al. 1989; Gough
1993).

Taking into account the mathematical structure of the
operator Lω, it is possible to reduce this one to the stan-
dard second-order differential equation. This equation of
motion can be obtained directly from a linearized Eulerian
momentum equation and from the Poisson equation that
describes the oscillatory motion by making a convenient
transformation (Gough 1993). In the following, we make
a very brief presentation of approximations to the second-
order motion equations.

2.1. The standard form

The linear adiabatic nonradial stellar oscillations of a
spherically symmetrical background state can be written
in a standard form. Generically we can write the motion
equation of adiabatic nonradial oscillations as

d2Ψ
dr2

+ k2
r Ψ = 0 (4)

where the radial component of the local wave number, kr,
is given by

k2
r =

ω2 − ω2
c

c2
− L2

r2

(
1− N

2

ω2

)
(5)

where c, is the radial distribution of sound speed, ωc, de-
fines a generalized critical frequency and N , a generalized
Brunt-Väisälä frequency, that takes into account the geo-
metrical terms and gravity contribution for the local wave
number, which will be defined for each of the approxima-
tive motion equations. Ψ is the wave function, which is
proportional to the Lagrangian perturbation of pressure
and will take a particular dependence, in agreement with
the approximation used.

In the following analysis we will always consider this
general case given by Eq. (4), unless we say explicitly the
contrary.

2.1.1. The Planar approximation

In 1984, Deubner & Gough determined a linear second-
order differential equation in the standard form of the
Eq. (4), to describe the dynamics of adiabatic non-radial
oscillations. This equation of motion has been obtained by
a procedure analogous to the Lamb (1932) method. This
approximation can be made for waves with wavelength

much smaller than the solar radius and where the local ef-
fects of spherical geometry on the oscillatory motion can
be ignored. Additionally, the perturbations of the gravita-
tional potential have been ignored. In this case, the wave
function is given by,

δp = ρ1/2Ψ (6)

where ρ, is the density and δp, is the Lagrangian pertur-
bation of pressure. In this case, the local wave number,
kr, is given by Eq. (5), where the critical frequency, ωc, is
given by

ω2
c =

c2

4
1
H2

(
1− 2

dH
dr

)
, (7)

where H, is the density scale height. The generalized
Brunt-Väisälä frequency, N , is reduced to the classical
Brunt-Väisälä frequency, N , given by

N2 = g
(
H−1 − g

c2

)
, (8)

where g, is the gravitational acceleration. This model is
particularly interesting because of the simplicity in the
interpretation of the characteristic frequencies of the equi-
librium structure that determine the cavities of propaga-
tive waves. All the main properties of the local behavior
of waves, can be well defined in this approximation.

2.1.2. The Cowling approximation

The equation of motion of stellar oscillations can be ob-
tained by reducing the fourth-order system of stellar oscil-
lations to a second-order differential equation, where the
Eulerian perturbation of the gravitational potential is ne-
glected (Gough 1993). Cowling (1941) showed the interest
of this approximation, by pointing out that it has a rel-
atively minor effect on the modes, with exception to the
modes of low degree and low order. Under the approxi-
mation proposed, i.e., neglecting the contribution of the
Eulerian pertubation of gravitational potential, Φ′, the ini-
tial fourth-order system of adiabatic stellar oscillations is
reduced to a second-order motion equation, by the follow-
ing transformation

δp = sgn(f)
∣∣∣∣gρfr3

∣∣∣∣1/2 Ψ, (9)

where sgn(f), is the sign of the discriminant f . This
discriminant, is given by

f = 4 +
(
ω2 − ω2

J

) r
g
− L2

ω2

g

r
· (10)

ω2
J, is the square of the Jeans frequency, that is equal

to 4πGρ, where G is the gravitational constant. Using
this transformation, the motion equation of adiabatic non-
radial stellar oscillations, can be written in the form of
Eq. (4). In that case, the generalized Brunt-Väisälä fre-
quency, N , is given by

N 2 = g
(
H−1 − g

c2
− 2h−1

)
(11)
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and the critical frequency, ωc, is given by

ω2
c =

c2

4

(
H−2 + 2

dH−1

dr

)
− g

h
, (12)

where h is the scale height of g/r2 and H is a generalized
scale height. The scale height h, is given by

h−1 = 4r−1 − ω2
J

g
(13)

and H, is given by

H−1 = 3r−1 +H−1 +H−1
g +H−1

f , (14)

where Hg, is the gravity scale height and Hf , is the scale
height of discriminant f . A detailed discussion about these
variables is presented in Gough (1993).

The difference between the generalization of the Brunt-
Väisälä frequency, N and the critical frequency, ωc rela-
tively to these quantities in the Deubner & Gough (1984)
approach, is due to the contribution of geometrical terms,
that can be important for the most penetrative modes in
very dense stars.

2.1.3. The first post-Cowling approximation

A more general solution to the initial system of stellar
oscillations can be obtained, which takes into account a
major contribution related with Φ′. This is called the first
Post-Cowling approximation (Gough 1993; Dziembowski
& Gough, private comunication). Under this approxima-
tion the Brunt-Väisälä frequency, N , is given by

N 2 = g

(
1
H −

g

c2
− 2
h

)
(15)

and the critical frequency, ωc, is given by

ω2
c =

c2

4H2

(
1− 2

dH
dr

)
− g

h
− ω2

J.

The total scale height H, is given by

H−1 = 3r−1 +H−1 +H−1
g +H−1

f +H−1
ϕ , (16)

where the scale height Hϕ takes into account the contri-
bution related with the perturbation of the gravitational
potential (Gough 1993; Dziembowski & Gough, private
comunication; Lopes 2001). The scale height Hϕ, is given
by

H−1
ϕ =

ω2
Jr

gfH
· (17)

The wave function, δp, can be determined as

δp = sgn(f)
∣∣∣∣gρfϕr3

∣∣∣∣1/2 Ψ (18)

where ϕ, is a structure term related with the background
state, given by

ϕ(r) =
∫ r

0

H−1
ϕ dr. (19)

These new expressions for the characteristic frequencies
come from a contribution related with the perturbation of
the gravitational potential which can be obtained from the
linearized Poisson equation. The magnitude of the effect
relatively to the classical Cowling approximation strongly
depends on the density distribution in the central region
of the star.

2.2. Boundary conditions

The second-order motion equation together with two
boundary conditions, one at the centre and the other at
the surface, forms an eigen-value problem. We will present
these boundary conditions here, as they will be needed
later.

The center is a regular singular point. The regularity
condition for the perturbation of the Lagrangian variation
of pressure, δp, is given by

dδp
dr
− l

r
δp→ 0 (20)

as r → 0. The outer boundary condition, is fixed in the
atmosphere and we consider that the inertia of the corona
is so high that δp, is given approximately by

δp = 0 (21)

at r = R. These simple conditions are sufficient to the
discussion proposed in this article. These are the so-
called “zero-boundary conditions” (Unno et al. 1989). The
consideration of more realistic boundary conditions does
not modify significantly the method proposed to classify
modes in stars.

2.3. Propagation diagram

The direction and magnitude of the acoustic-gravity wave
is determined by the competition between the radial
and tangential components of the local wave number k,
given by

k = krer + kheh, (22)

where er, eh are unitary vectors in the radial and hori-
zontal directions and kh (≡ L2/r2), is the tangential com-
ponent of the local wave number (Unno et al. 1989). The
radial component of the local wave number, is determined
by the local properties of the equilibrium structure. In
this sense, it is possible to build a diagram for the radial
component of the local wave number, which defines the
regions of propagative or evanescent behavior of a given
acoustic-gravity wave of frequency ω and degree l. This is
the so-called propagation diagram. Waves can propagate
where the square of the vertical component of the local
wave kr is greater than zero, and are evanescent elsewhere.
This leads to two asymptotic limits, for the very high and
for the very small frequencies. In the case of very high
frequencies, kr � kh, the propagation is predominantly
in the radial direction. In the other case, kr � kh, then



920 I. P. Lopes: Nonradial adiabatic oscillations of stars

a) b)

Fig. 1. Propagation diagram for a polytropic model with index ne = 3.0, adiabatic index γ = 5/3. The curves correspond to a
dimensionless circular frequency relatively to the dimensionless radius. These curves delimit the propagation region for modes
of degree ` = 2: a) The solid curves represent ω2

± computed in the Cowling approximation, the dashed curves represent planar
values of ω2

±, and the dotted curves represent the Brünt-Väisäla frequency, N , (increasing from the center to the surface) and
the Lamb frequency, S`, (decreasing from the center to the surface). b) The solid curves represent ω2

± computed in the first
Post-Cowling approximation, and the dashed curve represents ω2

± in the Cowling approximation.

the propagation is predominantly in the horizontal direc-
tion. This corresponds also to the spectral regions where
the restoring forces are dominated by gravity (through the
buoyancy) or pressure. Because of that, it is convenient to
write the local wave number as a function of the critical
frequencies ω2

±, in which case kr, is given by

k2
r = fg fp (23)

where fg is a discriminant, given by

fg =
ω

c

(
1− ω2

−
ω2

)
(24)

and fp is a discriminant, given by

fp =
ω

c

(
1− ω2

+

ω2

)
· (25)

The underscript g or p is fixed by the propagative regions
that are separated by ω− or ω+, respectively.

It follows from Eq. (23) that k2
r > 0, ω2

± are real and
fp > 0 and fg > 0 (acoustic or p-region, locally behaves
like an acoustic type wave) or fp < 0 and fg < 0 (gravity
or g-region, locally behaves like a gravity type wave). Here
we will be mainly concerned with the case where ω2

+ and
ω2
− are both real. In the case where ω2

− and ω2
+ are complex

conjugates3 it is also possible to use the same analysis.
It will slightly complicate the algebra, but the physical
conclusions remain the same.

The critical frequencies ω2
±, define the turning points

of the standard second-order differential equation, previ-
ously presented, i.e., k2

r = 0. In the more general case,
3 We observe that if k2

r is real, then ω2
− and ω2

+ are both
real or complex conjugates. Consequently fp and fg are also
complex conjugate functions.

ω2
±, can be determined numerically. However the critical

frequencies ω2
±(ω, l; r) can be obtained, by the relation,

ω2
±(ω, l; r) =

1
2
(
S2

l + ω2
c

)
±
√

1
4

(S2
l + ω2

c )2 −N 2S2
l (26)

where, the Lamb frequency Sl, is given by

S2
l = l (l + 1)

c2

r2
· (27)

In the case of Deubner & Gough (1984), these expressions
determine an explicit relation of the critical frequencies as
function of the background structure and independent of
the frequency (see Sect. 2.1.1). In Figs. 1 and 2 we present
the computed critical frequencies, ω2

±, for the different ap-
proximations presented in the previous section, in the case
of polytropes of index ne = 3 and ne = 4 and adiabatic in-
dex γ = 5/3. A discussion about the propagation of waves
in polytropic equilibrium structure with a different adia-
batic index can be found in Cowling (1941) and Scuflaire
(1974). The contribution related with the geometric terms
occuring in the variables N and ωc when computed in the
Cowling approximation is more important for the more
penetrative waves, i.e., waves with smaller degree, as it
is illustrated in Figs. 1a and 2a. Similarly, the first Post-
Cowling approximation, seems worth considering in the
case of stars with high density, where the presence of the
gravitational potential modifies significantly the values of
ω2
± in the central region of the star (cf. Figs. 1b and 2b).

In the next section, using the differential Eq. (4) with
the local wave number given by Eq. (23), we will write the
standard equation of motion in a convenient self-adjoint
form, very appropriate for the phase analysis that we will
present below.
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3. Phase analysis representation of the equation
of motion

The phase method proposed here is based in a general-
ization of a technique normally used to study the solu-
tions of a particular type of self-adjoint second-order linear
differential equation with homogeneous boundary condi-
tions, the so-called Sturm-Liouville problem. This method
consists in representing the eigenmodes in a convenient
Poincaré phase plane (in terms of polar coordinates), nor-
mally used to study an autonomous system of differential
equations.

In a first step, we present two complementary self-
adjoint forms of the standard second-order differential
equation that describes the adiabatic nonradial oscilla-
tions of a spherically symmetric star (Eq. (4)). Second,
we present the phase analysis method to determine the
eigenstates of each of these self-adjoint differential equa-
tions, where we introduce a classification scheme that is
build using the boundary conditions.

3.1. Complementary self-adjoint differential equations

The standard second-order differential equation of linear
adiabatic stellar oscillations (Eq. (4)), can be written into
a pair of self-adjoint differential equations. As we will dis-
cuss later, these equations should then be regarded as be-
ing complementary to each other, for the study of the local
properties, related with the two driving mechanisms, pres-
sure and gravity. The transformation of the second-order
differential equation into a self-adjoint form will be done,
taking into account the previous decomposition related
with the two propagation cavities for a given wave. This
is accomplished by the transformation,

Ψ =Mi Yi, (28)

where i = 1, 2 defines the two possible transformations,
related with two propagative regions. We point out that,
in the most general case, under these transformations Yi
does not conserve the location and the number of zeros
of the wave function Ψ. We consider also that Mi is a
real function. However, if the functionMi, is conveniently
chosen (with no zeros in the whole interval considered) it
is possible to determine the location of the zeros for the
wave function Ψ, by the location of zeros of Yi. Resulting
in the following self-adjoint equation of motion,

d
dr

[
Pi(r)

dYi
dr

]
+Qi(r)Yi = 0, (29)

where Pi, is given by

Pi(r) = sgn(Mi) |Mi|2 (30)

and Qi, is given by

Qi(r) = Pi
(
k2

r +
1
Mi

d2Mi

dr2

)
· (31)

The functionMi, can take two possible choices, which will
be in the mainframe of our analysis:

M1 = sgn(fg)|fg|−1/2 (32)

and

M2 = sgn(fp)|fp|−1/2. (33)

These two differential equations are equivalent to Eq. (4),
where k2

r is an invariant4 of that family of equivalent dif-
ferential equations. The determination of Mi presented
previously, has been done under the consideration that fg

and fp are real functions. In the case they are complex
conjugates then Mi is defined as the real part of fg and
fp, respectively.

These complementary equations will be very useful in
the analysis of the zeros of the wave function, Ψ. The lo-
cation of the turning points will determine what is the
most convenient formulation to study the properties of a
given wave of frequency, ω and degree, l, i.e., the formu-
lation is chosen such that Mi is strictly positive in the
interval considered. In fact, the localization of the singu-
lar points depends on ω and l, and they correspond to
the zeros of fp = 0 or fg = 0. Choosing the convenient
self-adjoint formulation for a given wave of parameters ω
and l, the function P−1

i (r) is regular (P−1
i (r) 6= ∞) in

the interval considered. In this sense, in waves for which
ω2 > ω2

± (fp > 0) in all the interval (acoustic type), the
location of zeros of Ψ, corresponds to the location of zeros
of Y1, provided thatM1 does not have zeros on the inter-
val considered. Equation (29) with i = 1, is the convenient
formulation to study the oscillatory motions. Conversely,
in waves for which ω2 < ω2

± (fg < 0) in the interval consid-
ered (gravity type), the location of zeros of Ψ corresponds
to the location of zeros of Y2. Equation (29) with i = 2, is
then the convenient formulation to study the oscillatory
motions. As we will discuss in Sect. 3.2, for some l and
ω a mixing mode can appear and both descriptions will
need to be used. Under a correct choice of the self-adjoint
form, the differential Eq. (4) for each of the propagative
regions, the number and the location of the zeros of Ψ,
can all be determined from a convenient self-adjoint form,
even in such case.

In the following sections, when we are referring to a
particular formulation, we will use the underscript i on
the variables Pi, Qi and Yi, with i = 1 for the acoustic
description and i = 2 for the gravity description. This is a
first step to the classification scheme that will be defined
like it was originally proposed by Cowling (1941), taking
into account the two driving mechanisms, the gravity and
the pressure.

3.2. Complementary phase equations

The phase analysis proposed here, can be considered as a
generalization of the method proposed by Eckart (1960),
Scuflaire (1974), Osaki (1975), Gabriel & Scuflaire (1979)

4 In this context, invariant means that the different differen-
tial equations, that can be obtained by any type of transfor-
mation (of the independent and dependent variables or both),
has k2

r as a characteristic quantity, independent of the trans-
formation considered.
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a) b)

Fig. 2. Propagation diagram for Polytropic models of index ne = 3, ne = 4.5 and adiabatic index γ = 5/3, for modes of degree
` = 1. The representation adopted is the same as in previous Fig. 1.

and Gough (1993) to discuss the classification scheme of
stellar oscillations. The method proposed by these authors
is based on the algebraic counting of the number of nodes
according to the behaviour of p′ relatively to δp (or the
other two wave functions). In our case the classification
scheme will be determined for a generic wave function that
can be related with δp (for example), and the order of
the mode will be determined by the boundary conditions
which can be, or not, reliable with the number of nodes of
this wave function.

The motion equation for linear adiabatic nonradial
oscillations (Eq. (4)) can be transformed into two self-
adjoint differential equations (Eq. (29)) to determine the
properties of the oscillations. Using the phase transforma-
tion (with i = 1, 2) for each of the self-adjoint forms (see
details about this phase analysis in Appendix A), given by

Yi = Ri sin θi (34)

and

PiY ′i = Ri cos θi (35)

where Ri(ω, l; r) and θi(ω, l; r) are the amplitude and
phase of the wave function Yi. After some straightforward
manipulation, we obtain the following two first-order dif-
ferential equations for the phase (phase equations):

dθ1

dr
= (fp + T (fg)) sin2 θ1 + fg cos2 θ1 (36)

and
dθ2

dr
= (fg + T (fp)) sin2 θ2 + fp cos2 θ2, (37)

where T (x), is the real function given by

T (x) = sgn(x) |x|−1/2 d2|x|−1/2

dr2
· (38)

The amplitudes in each case, are given by

R1 = R1,o exp
[

1
2

∫ r

ro

(fg − fp − T (fg)) sin (2θ1) dr
]

(39)

and

R2 = R2,o exp
[

1
2

∫ r

ro

(fp − fg − T (fp)) sin (2θ2) dr
]

(40)

where Ri,o is the initial amplitude.
At this level, it is important to point out that Eqs. (36)

and (37) are two different phase representations of the
same physical system described by Eq. (4), written in a
way that it avoids singular points for a given wave of de-
gree l and frequency ω, in a given region. It is possible to
determine a relation between the two phases, which is ob-
tained by imposing a matching of the logarithmic deriva-
tives of Ψ (Eq. (28)) between both descriptions. This is
given by

d
dr

ln |M1Y1| =
d
dr

ln |M2Y2|. (41)

Using Eqs. (32) and (33) with the phase relation A.5, we
obtain the following relation between phase θ1 and θ2:

cot θ1 =
fp

fg
cot θ2 −

1
2

1
fg

d
dr

ln |fp

fg
|. (42)

This relation can be used to determine the phase θ1 (of the
acoustic description) knowing the phase θ2 (of the gravity
description). We observe that when we want to convert
θ2 into θ1 (go from the gravity description to the acoustic
description), the point where fg = 0 is singular, so that
cot θ1 = −∞, and consequently θ1 = 0 + nπ. Finally,
we note that Eq. (42) is undefined in the radius where
fp = 0. However this situation never happens within this
transformation.

In short, the propagation of a wave of degree l and fre-
quency ω can be explicitly determined for any of the three
types of waves (which can be defined from the propaga-
tion diagrams) using the appropriate phase equation. For
the pure acoustic type waves, the phase can be determined
from Eq. (36) (acoustic description) because no singular
points occur inside.
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For the pure gravity type waves, the phase can be de-
termined by Eq. (37) (gravity description). Furthermore,
for mixed type waves which correspond to a mode that
propagates in two different regions, Eq. (36) can be used
to determine the phase propagation on the gravity region
and Eq. (37) to determine the phase propagation on the
acoustic region.

The matching condition is made in the region where
both descriptions, are accepted (without singular points).
A possible choise is a point r?, where fg(r?) = fp(r?)
and f ′g(r?) = f ′p(r?), in that case from Eq. (42) we obtain
θ1(r?) = θ2(r?). To make the matching we integrate each
of the equations from each side of the interval and match
them in the point r = r?, where both solutions are valid.

3.3. Boundary conditions

The stellar oscillation eigenmodes can be determined by
using one of the phase equations (Eqs. (36) or (37)), with
a convenient set of boundary conditions at the endpoints,
the centre and the surface. The phase equations are equiv-
alent one another and the choice of which discription to
use is matter of the tast of the author as well the type of
singularities that can be enconter. Indeed, a certain phase
equation with the respective boundary conditions at the
center and the surface, constitutes an eigen-value prob-
lem. In the following, we will indicate how it is possible
to determine the boundary conditions for each represen-
tation.

The phase at the endpoints is determined by using
one of two procedures. One consists in transforming the
boundary conditions of the eigenfunction Ψ or δp (see
Sect. 2.2) into an equivalent endpoint condition for the
phase function θi of the phase associated system, related
with the differential Eq. (29). Independent of the approxi-
mation made on the determination of the local wavenum-
ber, defined on the equation of motion (see Sect. 2), it is
possible to determine the phase at the endpoints from the
Lagrangian perturbation of pressure δp and the Eq. (A.5).
In the Appendix B, we present the determination of the
boundary condition in the case of the planar approxima-
tion (Deubner & Gough 1984).

An alternatively method consists in determining the
phase at the endpoints by imposing the regularity of
the phase function θi. A detailed analysis of the phase
Eqs. (36) and (37), indicates that these ones are singu-
lar at the endpoints, r = 0 (for all stars) and r = R (only
for polytropes). This implies that the boundary conditions
must be applied such that the singular solution at each of
the endpoints is eliminated. This is obtained by expand-
ing the solution, θi, as a power series of r, relatively to
the critical endpoint. It is necessary also to expand the
equilibrium quantities around the endpoints, r = 0 and
r = R. It is worth to notice that for each description it is
possible to study the properties of the gravity waves, as
well as of the acoustic waves, even if it is more convenient
to use a gravity description to study the eigenstates of

gravity perturbations and similarly the acoustic descrip-
tion to study the eigenstates of acoustic perturbations.
In that case for each description, we will refered to the
perturbation as characterized by the main contributer for
the restoring force that is present in a certain region in-
side the star. In this context, we will refered to an acoustic
behaviour or the gravity behaviour, as it is the gravity or
the pressure the main contributer for the restoring force.
The mixed modes can be treated as a combination of these
two “asymptotic” cases (as discussed in the previous sec-
tion), as an acoustic type mode or gravity type mode for
each of the region where one of these character prevails.
In particular, the inner and outer boundary conditions for
mixed modes are determined based in which is the domi-
nant wave character near the center or near the surface of
the star.

The inner boundary condition near the center is ob-
tained by imposing that the solution to the phase equation
is regular, i.e. θi has a finite value. Now, we will illustrate
that by considering the case corresponding to the acoustic
description, i.e., we are interested in determine the solu-
tion, θ1 as given by Eq. (36). Furthermore, we will start-
ing by considering a wave that has an acoustic behaviour
near the stellar center, it follows that θ1 must be a regular
function at the center, as the phase has a finite value. We
notice that the first-member of Eq. (36) is singular, conse-
quently, the finite value of dθ1/dr is obtained by choosing
all the multi-value solutions, such as θ1 = 0 + nπ where
n is a positive or a negative integer (or in an equivalent
form θ1 = 0 (mod π); see also Appendix B). Similary in
the case of the gravity description (Eq. (36)), a wave with
a gravity behaviour at the center has a regular solution if
θ2 = 0 (mod π). It follows that the same boundary con-
ditions can be presented in both descriptions, given that
θ1 = θ2 + π/2. This relation between phases is illustrated
in the next section. In resume, the boundary condition for
the center require that(

dθi
dr

)
r=0

=

 0 (mod π)

+∞ (mod π)
. (43)

Alternativelly, from the phase Eqs. (36) and (37) it follows
in the case of the acoustic description,

θ1(ω, l; 0) =


0 (mod π) acoustic behaviour

π

2
(mod π) gravity behaviour

(44)

for modes with acoustic and gravity behaviour near
the centre of the star, and in the case of the gravity
description,

θ2(ω, l; 0) =


π

2
(mod π) acoustic behaviour

0 (mod π) gravity behaviour
(45)

for modes with acoustic or gravity behaviour.
The outer boundary condition, can be obtained also by

a series expansion around the endpoint r = R. In the case
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of polytropic equilibrium structures, because the sound
speed is zero at r = R, the phase Eqs. (36) and (37) can
be singular. It follows that(

dθi
dr

)
r=R

=

 0 (mod π)

+∞ (mod π)
, (46)

then we obtain the following type of conditions for the
surface,

tan2 θ1(ω, l;R) = − fg

fp + T (fg)
(mod π) (47)

and

tan2 θ2(ω, l;R) = − fp

fg + T (fp)
(mod π). (48)

An approximative solution can be obtain by using the
results of Appendix B. We start bu notice, that the
sound speed vanish at the surface, consequently, we have
tan2 θ1 ∼ −(1−N2ω−2) and tan2 θ2 ∼ −1/(1−N2ω−2). In
case of acoustic description if we consider the asymptotic
limit, ω →∞, then tan2 θ1 = 1, or θ1 = 0 (mod π) and in
the case of gravity description if we consider the asymp-
totic limit ω → 0 then tan2 θ2 = 1 or θ2 = 0 (mod π).
Consequently, following a similar procedure to study the
solution in the center of the star, we can obtain the ex-
pression for the two type of waves in both descriptions. It
follows,

θ1(ω, l;R)→


0 (mod π) acoustic behaviour

π

2
(mod π) gravity behaviour

(49)

and

θ2(ω, l;R)→


π

2
(mod π) acoustic behaviour

0 (mod π) gravity behaviour
. (50)

In real stars this outer boundary condition can be slightly
different, but the main conclusion remains the same.

We observe that with these boundary conditions for
the inner endpoint, in both descriptions both solutions are
regular because the amplitude and the phase have finite
values for r = 0.

3.4. Simplified phase equations

Ledoux & Walraven (1958) have derived a particular so-
lution, which presents two asymptotic limits for very high
and very small eigenfrequencies. In this case the system of
stellar oscillations under the Cowling approximation tends
toward a Sturm-Liouville type solution. Here, an analo-
gous situation takes place, when the term with the form
T (x), in Eqs. (36) and (37) can be neglected. This is a
good approximation in most of the stellar interior, be-
cause this term remains small compared with the other
terms almost everywhere, except near the turning points

(where fp or fg becomes 0) and the stellar surface. In that
case, the nodes of Y1 (or Y2) correspond to extremes of
Y2 (or Y1). The phase equations take the simple form:

dθ1

dr
= fp sin2 θ1 + fg cos2 θ1 (51)

and
dθ2

dr
= fg sin2 θ2 + fp cos2 θ2. (52)

In that case the phase between the two prescriptions has
the very simple relation, θ1 = θ2 ± π/2. It is also im-
portant to remark that, in a given representation when
a solution at the initial endpoint is singular, it is regular
at the other phase representation. This lead us to use a
convenient phase repesentation to avoid this singular be-
haviour, which is the origin of the acoustic and gravity
description presented in the last section.

It is important to stress that this is a very good rep-
resentation for the phase equations and from that we can
say that the difference between the acoustic and gravity
waves presents a shift of π/2. In this case, it is very clear
the fact that both phase equations are strictly equivalent.

For a given l, if ω2 is large this suggests the existence
of a spectrum of indefinitely increasing eigenvalues, corre-
sponding to the eigensolution denoted by acoustic modes
or p−modes. Conversely, for ω2 very small, this tends
to define a Sturm-Liouville problem with the parameter
1/ω2, which corresponds to the eigensolutions denoted by
gravity modes or g−modes.

4. Propagation of acoustic-gravity waves

The stellar oscillations are now described by one or an-
other phase equations (Eqs. (36) and (37)). These phase
equations with the respective boundary conditions 44
and 47 or 45 and 48 form a boundary value problem with
ω2 as an eigenvalue. In this section we start by deter-
mining numerically the eigenfrequencies that are solutions
of the eigenvalue problem presented. By the following,
we will present a classification scheme base in the result
obtained.

Let’s start by observing that the phase function
θi(ω, l, r) (mod π), has the same number of zeros at the
same location as the wave function Ψ, provided that the
transformations are made as was indicated previously.
However, the number and location of the zeros of the
wave function, δp, (obtained from the equation of motion,
Sect. 2), are the same as Ψ, only for pure acoustic or grav-
ity modes, due to the fact that the discriminant f as given
by Eq. (10) is strictly positive or negative in all the star.
In the case of mixed modes, another zero occurs for the
wave function, δp, at the radius of the star where f = 0.

The main properties of the stellar oscillations, can be
well defined in a linear phase diagram (see Fig. 4) that
determines the phase dependence of a given eigenmode
with the radius, for a given equilibrium structure. The
construction of the linear phase diagram is made by in-
troduction of an effective phase, φ(ω, l; r). This effective
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Fig. 3. Propagation diagram for a polytropic model with in-
dex ne = 3.0, adiabatic index γ = 5/3 and modes of degree
l = 2. The solid curves represent the critical frequencies ω±,
delimiting the two propagation regions of the stellar oscilla-
tions as it is obtained from the first Cowling approximation
motion equation (see text). The eigenstates corresponding to
the eigenmodes with dimensionless square of the circular fre-
quency, ω2: 234, 196, 163, 132.4, 104.8, 80.55, 59.42, 41.47,
26.72, 15.26, 8.175, 4.915, 2.828, 1.822, 1.270, 0.9360, 0.7188.

phase for each eigenmode, of an eigenvalue ω and degree
l, is given by

φ(ω, l; r) = θi(ω, l; r)− θi(ω, l; 0) (53)

where θi, is the phase function. The computation of the
linear phase diagram is made using the phase Eq. (36)
in the case of acoustic modes, and the Eq. (37), with
θ2 = θ1 ± π/2, in the case of gravity modes. In that case
the linear phase diagram for acoustic and gravity modes is
constructed based in the phase θ1. This is justified by the
simple relation between acoustic and gravity description
when the function T is neglected in the phase equation.
We remember that an eigenmode is the product of an am-
plitude function by a phase function, and the main prop-
erties of the eigenmode can be discussed using the phase
equation.

The nonradial oscillations of a star can be interpreted
as a superposition of stationary waves generated by the
competition between the pressure and the gravity. These
two driving mechanisms, define the two propagation re-
gions illustrated in the Fig. 3 for a polytropic equilibrium
structure of index ne = 3. An eigenstate, can be inter-
preted heuristically as being the result of the competition
between these two propagative regions, as it is determined
by the phase Eq. (36) (or Eq. (37)). The eigenstates cor-
responding to the acoustic waves of high frequency, can
be determined neglecting the contribution of the grav-
ity propagation region (which corresponds to neglecting
the second term of Eq. (36), which case is similar to the
Sturm-Liouville problem. In this case, the modes form a
well-ordered sequence, starting from a given fundamental

state. Conversely, the eigenstates of gravity waves of very
low frequency, can be determined by neglecting the con-
tribution of the acoustic propagation. A particular state
occurs in the star, even in a very simple equilibrium struc-
ture, caused by the fact that both propagative regions
contribute in the same order of magnitude for this stand-
ing wave. This corresponds to the f−mode. Furthermore,
this eigenmode presents a mixed nature and propagates
mainly or uniquely in the evanescent region of the star.
Cowling (1941) was the first to point out the fundamen-
tal difference of nature of the f−mode, relatively to the
p−modes and g−modes. The f−mode corresponds to the
fundamental oscillation of the system for which no nodes
occur on the wavefunction. Furthermore, for stars where
mixing of modes can occur, this f−mode, as it is defined
here, cannot exist.

It is possible to prove that the modes form a well-
ordered sequence when the star is simple5, given that two
different eigenmodes never cross. However, this can be
guaranteed only for modes that propagate locally as an
acoustic type wave or gravity type wave. The evanescent
type mode f is the only exception. The fact that the phase
of two eigenmodes never crosses, is reliable on the topolog-
ical properties of the propagation diagram (see Figs. 1, 2
and 3) and the properties of the phase equations. For
two waves with frequencies, ωa and ωb, such as ωb < ωa,
the propagative characteristics are fixed differently for an
acoustic-gravity wave, in function of the type of propaga-
tion. For a wave that propagates acoustically, the higher
frequency presents always a larger propagative region.
Conversely, for a wave that propagates by gravity type,
the higher frequency presents always a smaller propagative
region. Furthermore, on the propagative region, we have
that fp(r;ωa) ≥ fp(r;ωb) ≥ fg(r;ωa) ≥ fg(r;ωb) ≥ 0, for
two waves that propagate acoustically, and fg(r;ωa) ≤
fg(r;ωb) ≤ fp(r;ωa) ≤ fp(r;ωb) ≤ 0, on the other cases.
Using the phase equations corresponding to each one of
these descriptions, we have that θ1,a(r) ≥ θ1,b(r) for
acoustic type propagation and θ2,a(r) ≤ θ2,b(r) for gravity
type propagation, for each point inside the star. This de-
termines that two eigenmodes can never cross each other,
if they are acoustic waves, gravity waves or mixed waves.

In Figs. 3 and 4 we represent the propagation diagram
and the linear phase diagram for the eigenmodes of degree
l, for a polytropic equilibrium structure of index ne = 3
and adiabatic index γ = 5/3. The phase function of acous-
tic waves and gravity waves, present important propaga-
tive topological differences between them. However, for
the very low frequency acoustic waves and high frequency
gravity waves, the propagation is similar to a f−mode.

The main asymptotic properties can be illustrated in
the planar approximation (see Appendix B). In the case
of acoustic modes, corresponding to the higher frequencies
(ω → +∞), the phase Eq. (36) is dominated by the term

5 A star is considered simple in this context: when its prop-
agation diagram can be obtained by a topological deformation
of a simple polytrope such as polytrope ne = 3.
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Fig. 4. Linear phase diagram for a polytropic equilibrium
model of index, ne = 3, and adiabatic index γ = 5/3. The
curves represent the phase function φ(ω, l, r) of eigenmodes of
frequency ω and degree l = 2. The thin-dashed straight lines
represent the number π-cycle that a phase function has de-
veloped from the internal endpoint r = 0, until the external
endpoint r = R. The inner boundary condition at r = 0 and
the outer boundary condition at r = R for the different cy-
cles of π are represented by a black dot. In the propagative
regions where the eigenmodes behave like an acoustic wave
the phase increases (clockwise direction) and in propagative
regions where the eigenmodes behave like a gravity wave the
phase decreases (anticlockwise direction). The phase function,
φ is calculated for a given eigenstate, from the higher to the
lower eigenfrequencies. The radial order number, n = φ/π,
takes values from 10 to −10 (see text).

ω/c, through the discriminant fp and fg. Then the phase,
θ1, is given approximatively by

θ1(ω, l; r) ≈ ωτ τ(r) =
∫ r

0

dr
c

(54)

where τ , is the so-called acoustic radius. However, the
phase stays practically constant on the evanescent regions.

Alternatively, the gravity modes are given by Eq. (37),
corresponding to the smaller frequencies (ω → 0), the

discriminants fp and fg can be approximated by

fp ≈ −
L2

ω

c

r2
and fg ≈ −

1
ω

N2

c
· (55)

In that case, we have a competition between these two
terms, which give the waviness pattern, characteristic of
the phase function of gravity waves. It is possible to
demonstrate that the asymptotic leading term, in this case
leads to

√
fpfg ≈ L/ω N/r.

In the example presented above, mixing of modes does
not occur (no overlap of the propagative region), but if
this happens, the phase function presents a similar be-
haviour to the acoustic and gravity modes for each one of
the respective propagation regions (see Fig. 2b).

5. Classification of stellar oscillations

To discuss the differences between the new classification
scheme proposed in this work relatively to the classifi-
cation schemes normally used, we present in the follow-
ing the original classification proposed by Cowling (1941)
and the generalization of that one made by Eckart (1960),
Scuflaire (1974) and Osaki (1975).

5.1. Classical classification schemes

The first classification scheme to label the eigenmodes of
oscillations was introduced by T. Cowling (1941). This is
valid provided that the reduction of the fourth-order sys-
tem of nonradial adiabatic stellar oscillations to a second-
order system is obtained under the hypothesis that the
Eulerian perturbation of the gravitational field can be ig-
nored. This scheme provides a good qualitative description
of higher-order modes for l = 0 and l = 1 and for all the
modes with l ≥ 2.

Formally, the frequency is unbounded below (except
when l = 0), and also unbounded above. Therefore, it is
not immediately obvious where to choose the origin of n.
It is possible to choose n such that as n → ±∞ for a
fixed l, |n| − 1 is the number of zeros in the eigenfunc-
tion, when l ≥ 2 and |n| is the number of zeros in the
eigenfunction, when l = 0. For spherically symmetrical
modes (l = 0), the lowest-frequency mode (fundamental
mode) is labeled n = 1. In simple stellar models, modes
with n > 0 and n < 0 have the characteristics of acoustic
and internal gravity waves; they were designated p-modes
and g-modes by Cowling (1940). Modes with n = 0, are
fundamental g-modes or f -mode, and have the property
that when l� 1, they have no zeros in the eigenfunction.
Under these considerations, the modes of a star can be
classified as p-modes for n > 0 and g-modes for n < 0,
and a (unique) f -mode for n = 0. Then both g and p se-
quences start from n = 1. The fundamental l = 0 mode,
was labeled with n = 1.

The Cowling classification scheme has been general-
ized by Eckart (1960), by taking into account the tunnel
effect that can take place when the competition between
the two restoring forces pressure and gravity is of the same
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order. Eckart (1960) discusses how the phase differences
between vertical displacement and pressure fluctuation de-
creases with height for acoustic modes and increase for
g-modes, so that order n can be computed by first assign-
ing a signal to each zero in the eigenfunction according
to the direction of variation of the phase difference, and
then counting the zeros algebraically. Scuflaire (1974) and
Osaki (1975) presented the same criterion to classify stel-
lar oscillations. Scuflaire (1974) has demonstrated that,
for relatively condensed polytropic modes ne ≥ 3.4213 (in
case of modes of degree l = 2) and γ = 5/3, the mix-
ing of modes (in the Cowling approximation) occurs. This
classification scheme, has been found to work well in most
stars for oscillations with l ≥ 2, when the Cowling approx-
imation is not considered. The problem remains for l = 1.
Another classification scheme was proposed by Shibahashi
& Osaki (1976), based on the properties of the wave on
the main trapping region.

However, none of these classification schemes is suffi-
ciently general. This is due to two main reasons. One, is
the fact that the classification scheme is dependent on the
eigenfunction used to determine the order n of the mode,
which in the most general case does not necessarily have
the same number of zeros of other eigenfunctions choosen
also to classify the modes of some physical system (Cox
1980). This means that the classification scheme depends
on the properties of the wave function choosen to define
the system, as it has been illustrated by different authors
(Cox 1980 and references there). The classification scheme
does not work for modes with l ≤ 1. Even if we consider
that this hypothesis is acceptable, there is a second prob-
lem which remains. It is the fact that all the classification
scheme has been done under the Cowling approximation,
and the full problem is just an extension of this case.

5.2. New classification scheme

The resonant cavities are clearly defined for all modes
of any order, and not only for modes of high-order and
very high degree, as is normally done in the most classi-
cal scheme classifications. We start by pointing out, that
the phase functions θi(l, ω; r), only depend on the struc-
ture of the equation of motion, i.e. on the topology of the
propagation diagram.

The oscillation corresponding to an eigenstate, can be
defined in terms of the boundary conditions, where ω2 is
a parameter. In this sense, an eigenstate occurs when the
difference of phase between the initial phase at r = 0 and
the final phase6 at r = R, are a multiple of π. This intro-
duces a natural scheme classification for the eigenmodes,
which determines the order number of the mode, n, as the
integer associated to the total number of π-cycles that

6 For some modes the influence of the boundary conditions
is negligible. In those cases only the layers of the evanescent
region, very near the turning point, contribute to the phase.
Such cases, correspond to consider that the endpoints of the
problem are: −∞ and +∞.

the phase function has developed from the inner endpoint
where the inner boundary condition is fixed until the outer
endpoint where the outer boundary condition is fixed (see
Sect. 4). The determination of the eigenvalue equation,
similar to the Bohr-Sommerfeld quantization rule, is done
in one particular description given that, as we mentioned
previously, both descriptions are equivalent. An eigenstate
corresponds to the following condition for each of the wave
types:

φ(ω, l, R) = θi(ω, l;R)− θi(ω, l; 0) = nπ (56)

where φ(ω;R) is the difference between the outer bound-
ary condition fixed for r = R, given by θi(ω, l;R) and the
inner boundary condition given by θi(ω, l; 0). In our case
it is given by the expression 47 (or 48). n, is a negative
or positive integer, starting from 0. The well-ordered se-
quence7 of eigenfrequencies, corresponding to the ordering
of the integer n, from −∞ to +∞, is guaranteed by the
properties of the phase function discussed in the last sec-
tion. The only exception is the unique f−mode. It will
be positive, if θi(R,ω) > θi(0, ω) and it will be negative
in the opposite case. The negative integer is reserved for
the gravity modes, and the positive integer for the acous-
tic modes. However in the case of mixed modes the sign
of n, determines the dominant character of the propaga-
tion mode. This classification scheme is general and is
fixed by the boundary conditions, and does not depend
on the turning points of the modes, or even on the alge-
braic counting of the number of nodes of the eigenfunction
(i.e. the number of π cycles, that the phase function has
developed from the internal endpoint, until the external
endpoint).

The more condensed polytropes (see Fig. 2b) cannot
have the f−mode. However, the degeneracy of the eigen-
states of low order modes can occur more frequently due
to the overlap of the two propagative regions. In Figs. 3
and 4 we present the propagation diagram and the linear
phase diagram of a polytope of index ne = 3. The high
values of |n| correspond to pure acoustic waves for posi-
tive values of n and pure gravity waves for negative values
of n. This occurs because these waves present only one
propagative region and a well behaved phase function in
each case. In that case, the main properties are conserved
for modes of low radial order. However, in the case of con-
densed polytropes such as polytropes of index ne = 4.5, for
the lower radial order modes, the wave function presents
a mixed character which is determined by each of the two
propagative regions. In this case the eigenstate can occur
by two possible ways: or the eigenstate is mainly deter-
mined in only one of the propagative regions, or is fixed
by both propagative regions when the evanescent region
between them is small compared with the wavelength of
the wave, i.e., tunnel effect. It will be the particular topo-
logical nature of the propagation diagram that will deter-
mine the different eigenstates. In such cases the previous

7 by “well-ordered sequence” we mean that two modes of
different frequencies never cross.
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Fig. 5. Linear phase diagram of modes of degree l = 1, for a
polytropic model of index, ne = 4 and adiabatic index γ = 5/3.
The representation adopted is the same of the previous figure.

classification fails for modes of low degree, particularly
those with l = 1, in highly condensed stellar models. In
the scheme presented, the dipole modes have a perfect or-
dering, even for the lowest orders, such as n ≤ 2. This
is evident for modes of a polytrope of index ne = 4 with
n ≤ 3, l = 1 (see Fig. 5). The lower-order modes have
phase paths quite different from those of the higher-order
modes, because the perturbation to the gravitational po-
tential in the central region can change the character, in
regions where the mode behaves like a gravity wave. We
believe that this is the reason why previous classification
schemes do not work. This behaviour is likely to occur in
real stars (Lopes 2000).

It is convenient, also to point out the agreement be-
tween this method and the classical method proposed by
Cowling (1941) and others, for the higher order modes of
simple stars (see Fig. 4). For example, for a polytrope of
ne = 3 the eigenstate of order n = 10, corresponds to an
acoustic mode, for which the phase function, presents 11
nodes (i.e. π-cycles of the phase function) and is classified
with n = 10 in the classical scheme. A gravity wave, of

order n = 6 presents 7 nodes and is classified with n = 6
in the classical scheme.

Finally, we observe that only in the case of a Sturm-
Liouville eigenvalue type problem, it is guaranteed that
the eigenfunction associated to some eigenvalues, has ex-
actly n zeros (Cowling 1941). It is just in eigenvalue prob-
lems similar to that one that it is possible to use the count-
ing of the zeros of the eigenfunction to label the order of
the eigenstate. Moreover, the algebraic counting of zeros
of the eigenfunction on the gravity region or the acoustic
region can also be used to label the states of the system
(Scuflaire 1974). This is on the basis of the usual classifi-
cation schemes, and it is one of the reasons why they do
not work.

6. Summary and conclusion

It has been known since the first classification scheme pro-
posed by Cowling (1941) and later developed by Scuflaire
(1974) and Osaki (1975), that the classification of modes
for relatively evolved stars is ambiguous. This problem in
the classification arises from the fact that the complete
fourth-order system of stellar nonradial adiabatic oscil-
lations has been obtained by a simple extension of the
classification scheme proposed by Cowling (1941) for a
second-order system, obtained by neglecting the Eulerian
perturbation of the gravitational potential in the full prob-
lem. Furthermore, any classification scheme depends on
the wave function choosen to determine the eigenstates of
the oscillatory system and on its number of zeros.

In this work, we have addressed the problem deter-
mining a unique classification scheme for the equation of
motion, independent of the eigenfunction used to charac-
terize the oscillatory motion and its number of zeros.

The principle consists in determining two self-adjoint
forms of the equation of motion, build by using the propa-
gation diagram which is associated with the different types
of stellar perturbations, that overcome from the restoring
force due to the competition between the pressure and
the gravity. All the properties of the eigenmodes depend
only on the topological properties of the propagation dia-
gram. For each of the self-adjoint forms of the equation of
motion, a phase representation of the eigenmode is made
which consists in describing the oscillatory motion of adi-
abatic oscillations by a system of two first-order nonlin-
ear differential equations for the phase and the amplitude.
The equations are coupled only in the amplitude equation,
leaving a single phase equation to determine the eigenfre-
quencies. A convenient phase representation is determined
for each type of propagation, corresponding to each case,
whether is the pressure or the gravity that dominates in
the restoring force. This competition between the pressure
and gravity, can generate 3 types of waves for which the lo-
cal properties can be defined on a propagation diagram to-
gether with the respective linear phase diagram, for which
the linear phase properties are distinct from each other.
Furthermore, the linear phase diagram proposed, consti-
tutes a powerful method to determine an unique radial
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order number n. Similarly to the classical methods, the
sign of order number n determines the dominant nature
of the wave.

A possible atempt to classified the eigenvalues of
the linear adiabatic nonradial oscillation system (of the
fourth-order problem of nonradial adiabatic oscillations),
is to determine the radial order n of the eigenmode by
using the phase equations Eqs. (36) and (37) with the re-
spective boundary conditions given by Eqs. (44) and (47)
or (45) and (48). In that way, this technique can be used to
constrain the linear phase diagram, which can determine
the unique radial order number n. However, it is expected
that this technique will not work in all the cases, once the
second-order system have been obtained by an approxi-
mative method. A more extensive study must be made to
identify those cases that this porcedure can be applied.

Finally, the classical scheme proposed by Scuflaire
(1974) and Osaki (1975) corresponds to a particular case
of this general scheme, for which the order number n is
equal to the algebraic counting of the number of modes in
the different propagative regions, with a positive sign for
modes in the acoustic propagative region and a negative
sign for modes in the gravity propagative region.
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Appendix A: Phase analysis

Here, we introduce a technique which allows to investi-
gate the properties of the eigen-solutions of a formally
self-adjoint differential equation, which was been devel-
oped initially, to analyze the properties of the solutions of
the Sturm-Liouville problem (Prüfer 1926). This method
is convenient to find out how often the solution of Eq. (29)
(corresponding to both descriptions), oscillates in the in-
terval under consideration, which corresponds to the num-
ber of zeros of that solution.

A.1. Basic transformation

The linear adiabatic wave equation of stellar oscilla-
tions (Eq. (29)), is written as a system of two differen-
tial equations of first-order. This is accomplished by the
transformation

Zi(r) =
1
Pi(r)

dYi
dr

(A.1)

resulting in the system{
dYi
dr = P−1

i (r)Zi
dZi
dr = −Qi(r)Yi

. (A.2)

It is possible to reduce this system to a new one, where the
two equations are coupled only in the amplitude equation,
leaving a single phase equation to determine the eigenfre-
quencies. This is accomplished by using polar coordinates
(phase transformation),

Yi = Ri sin θi Zi = PiY ′i = Ri cos θi (A.3)

where Ri = Ri(r), is the amplitude of the wave function
Yi, given by

R2
i = Y2

i + (PiY ′i)
2 (A.4)

and θi = θi(r), the phase of the wave function Yi, given
by

θi = arctan
(
Yi
PiY ′i

)
· (A.5)

Solving the system (A.2) for Ri and θi, yields

dθi
dr

= Qi(r) sin2 θi +
1
Pi(r)

cos2 θi (A.6)

and

Ri = Ri,o exp
[

1
2

∫ r

ro

(
1
Pi(r)

−Qi(r)
)

sin (2θi) dr
]
. (A.7)

Equations (A.6) and (A.7) are called the phase asso-
ciated system. Each solution of the original self-adjoint
differential Eq. (29) is determined up by two constants:
the initial amplitude Ri,o = Ri(ro) and the initial phase
θi,o = θi(ro), where ro corresponds to the endpoint where
the boundary condition is applied. The change of the ini-
tial phase Ri,o, corresponds to multiply the solution Yi,
by a constant factor; thus, the zeros of the wave function
Yi can be located by studying the differential Eq. (A.6).
In this sense, this transformation preserves the zeros of
the original wave function, and their respective location.
The eigenmodes can be determined by the solution of
Eq. (A.6) with the convenient boundary conditions. We
remember that this analysis is applied to the linear adi-
abatic non-radial oscillations and consequently the am-
plitude of waves can be determined up to an arbitrary
constant.

We point out that the transformation of the standard
differential equation into a self-adjoint form does not con-
serve necessarily the number of zeros or the location of
the original differential equation. The same remains true
for all the transformations between equivalent differen-
tial equations. However, under the two transformations
presented previously to the differential Eq. (4), the self-
adjoint transformation and the phase transformation, the
number and the location of zeros of the wave function Ψ
are preserved. In the case of the self-adjoint form it is nec-
essary to take the convenient formulation, for which the
functionMi, does not presents zeros in the interval, where
the self-adjoint form is applied.

Furthermore, we point out that the number of zeros
of a given eigenfunction is not a unique way to classify
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modes (see Sect. 5). In fact, a classification scheme can be
determined independent of that and the number of zeros
can be used to classify the modes only in some particular
cases.

A.2. Local phase properties

The properties of the eigenfunction and of the correspon-
dent eigenfrequencies can be determined from Eq. (A.6),
with the correspondent boundary conditions. It is possible
to build a graph for each eigenmode of a given eigenfre-
quency ω and degree l, where the variation of the phase
with the stellar radius is represented. We call this the lin-
ear phase diagram (see Fig. 4), and we will return later to
this point.

A solution Yi(r) of the Eq. (29) has a zero at a point
r = r1 if and only if θi(r1) = nπ, where n is always an inte-
ger. At each of these points cos θi = 1 and dθi

dr = P−1
i (r).

On the propagation regions where k2
r > 0, this means

geometrically that each curve (PiY ′i,Yi) in the plane
(PiY ′i ,Yi), corresponding to a solution Yi of the differen-
tial Eq. (29) (for a given eigenvalue ω), can cross the PiY ′i
axis (θ = nπ) counterclockwise when Pi > 0, and clock-
wise when Pi < 0. The solution Yi(r) of the Eq. (29) (or
equivalently of the Eq. (A.6)) for a given interval can lead
to one of two possible cases: If sgn(Pi(r)) = sgn (Qi(r))
then it has a discrete number of zeros, if any at all.
Alternatively, if sgn(Pi(r)) 6= sgn (Qi(r)) then it has ei-
ther one zero or no zero at all. The waves are propagative
only, where sgn(Pi(r)) = sgn (Qi(r)) and they are evanes-
cent elsewhere. In the case of the acoustic propagative
region (fp > 0 and fg > 0) the phase is increasing with
the radius (dθi

dr > 0) and in the case of gravity propagative
region (fp < 0 and fg < 0) the phase is decreasing with
the radius (dθi

dr < 0). In case of pure acoustic modes, the
phase θi is always increasing (dθi

dr > 0) in all the interval
where the wave is propagative, and decreasing elsewhere.
This works conversely for the pure gravity modes.

In resume, we can identify a particular phase signature
of modes related with the propagative behavior in a given
region. Then locally a gravity type wave and a acoustic type
wave, propagates depending upon whether the phase point
is traveling clockwise (gravity or g-modes, where dθi

dr > 0),
or counterclockwise (acoustic or p-modes, where dθi

dr <
0), at points of θi(r1) = nπ, as r increases. The global
behavior of the eigenmodes is discussed in the Sect. 3.2.

Appendix B: Determination of the boundary
conditions in the case of planar approximation

In this section, we present the calculation of the end-
points conditions of the associated phase system, applied
to equations of motion for adiabatic oscillations when the
wavelength is much less than the solar radius, the local ef-
fects of spherical geometry on the dynamic can be ignored
(Deubner & Gough 1984, see also Sect. 2.1.1). To simplify
the determination of the endpoints of the phase equations,

from the boundary conditions (see Sect. 2.2), we will con-
sider the phase equations, on the approximation proposed
in Sect. 3.4 (Eqs. (51) and (52)). Furthermore, we will con-
sider only the dominant terms for ω2

+ and ω2
− in the planar

approximation, given by Eq. (26), which are proportional
to S2

l andN2, respectively. This example is particularly in-
teresting because the boundary conditions corresponding
to that case remain the same for the other approximations
by the fact that the dominant terms which determine the
local behaviour of the phase are presented in this case.
The functions, fp and fg are given approximately by

fp ≈
ω

c

(
1− L2

ω2

c2

r2

)
(B.1)

and

fg ≈
ω

c

(
1− N2

ω2

)
· (B.2)

The boundary condition, of the Ψ function, can be deter-
mined from the boundary conditions of δp, by the Eq. (6)
and the respective boundary conditions for δp. The regu-
larity condition in the centre for Ψ is

d ln Ψ
dr

→ l

r
(B.3)

as r → 0. The boundary condition on the surface, for Ψ is

Ψ = 0 (B.4)

at r = R. Using the phase transformation (Eq. (A.5)),

cot θi = sgn(Mi)|Mi|2
[
− d

dr
ln |Mi|+

d
dr

ln |Ψ|
]

(B.5)

for each one of the descriptions i = 1, 2. We observe that
for the centre, from the series expansions of equilibrium
quantities we obtain (as r → 0),

d
dr

ln |fp|1/2 → r−1 (B.6)

and

d
dr

ln |fg|1/2 → 0. (B.7)

Under these considerations, it is possible to determine the
initial phase of the associated phase system. The end-
points for the centre are (r → 0). In the case of the acous-
tic description, we obtain

cot θ1 ≈ sgn(fg)
co
ω

1
1− N2

ω2

l

r
→ +∞ (B.8)

or

θ1 = 0 (mod π). (B.9)

In the case of the gravity description, we obtain

cot θ2 ≈ sgn(fp)
co
ω

r2

r2 − L2

ω2 c2o

l

r
→ 0 (B.10)
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or

θ2 =
π

2
(mod π). (B.11)

The endpoints for the surface, can also be calculated for
both descriptions. It is also possible to determine the am-
plitude boundary conditions, but they are not interesting
to our problem.

At last, it is important to observe that the initial
boundary conditions can be understood in terms of the
physical nature of the acoustic and gravity waves.
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