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Abstract. The phenomenon of Shear Induced wave Transformations (SITs) (Chagelishvili et al. 1996), is a common
feature of flows, sustaining n > 1 mode of wave motion. Until now this “nonmodal” phenomenon was described
only in terms of the time evolution of individual Fourier harmonics of perturbations in the space of wave numbers
(k-space). In this paper we present the results of the first, direct numerical simulations of SITs, giving compelling
evidence in favor of the robust and recognizable character of SITs. The importance of these results for an under-
standing of physical processes in astrophysical shear flows is pointed out. Namely, concrete astrophysical situations
(solar plasma flows, galactic gaseous disks, accretion disks and accretion-ejection flows), where this approach may
help to shed some light on observational appearances of related objects, are indicated and discussed.
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1. Introduction

In astrophysics we are frequently challenged to consider
physical processes in shear flows: flows of astrophysical
plasmas with spatially inhomogeneous rates. Recent stud-
ies of the physics of shear flows have revealed a number
of peculiar, shear-induced processes, that might be ob-
servationally important in the astrophysical context (see
Rogava et al. 2000 and references therein). Therefore, the
study of astrophysical shear flows (ASF) is important both
from physical and astronomical points of view. For the
physical theory, these studies could provide ample range
of observational tests, since ASF are so diverse in terms
of physical conditions and a spectrum of physical param-
eters. For astronomy, these studies could possibly provide
a clue to the understanding of observational appearances
of related astronomical objects.

In many cases of practical importance ASF maintain
different modes of collective behavior: vortices, waves and
instabilities. When a flow sustains more than one mode
of collective behavior, for instance two or more different
kinds of wave modes, then the velocity shear may couple
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these waves with each other and may lead to their mu-
tual transformation. Originally, this effect was discovered
for a magnetohydrodynamic (MHD), two-dimensional (2-
D) shear flow: it was shown that the shear couples the
slow magnetosonic waves (SMWs) and the fast magne-
tosonic waves (FMWs) and that under favorable condi-
tions, namely, when the speed of sound CS and the Alfvén
speed CA are of the same order of magnitude, the cou-
pling leads to the efficient reciprocal transformations of
these waves (Chagelishvili et al. 1996).

It was apparent from the very beginning that the SITs
may easily occur in a number at astrophysical situations
and may have diverse and characteristic observational ap-
pearances. One of the first attempts of astrophysical appli-
cation was related to pulsar physics. Namely, it was shown
that SITs couple Langmuir oscillations with electromag-
netic waves in relativistic electron-positron plasmas and
the process was suggested (Mahajan et al. 1997) as an
alternative mechanism for the generation of pulsar radio
emission. Later it was shown that in the solar wind there
exist favorable conditions for the mutual transformation
of MHD waves and it was argued that the observed large-
amplitude Alfvén waves (AWs) in the solar wind may be
generated as a result of the SITs of photospheric SMWs
and FMWs (Poedts et al. 1998). It was surmised that
the SITs may play an important role in the generation
of MHD waves, coronal heating and the acceleration of
the solar wind (Rogava et al. 2000). Another prominent
astrophysical example of a magnetized ASF is a galactic
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gaseous disk that sustains both slow (∼0.2 km s−1) and
fast (∼20 km s−1) MHD density waves (Fan & Lou 1996).
Theoretical studies imply (Fan & Lou 1997; Rogava et al.
1999) that these waves may be coupled by the shear and
may transform into each other.

The mathematical aspect of the SITs is nontrivial –
it belongs to the so called “nonmodal processes”. These
phenomena are not accessible by means of the traditional
normal modes approach because of a fundamental qual-
ity of shear flow systems: non-self-adjointness, or “non-
normality” (Trefethen et al. 1993) of their linear dynamics.
These systems exhibit some interesting physics on finite
time scales associated with existing modes of collective
behavior and/or appearance of completely new processes
(see, e.g., Rogava et al. 2000 and references therein). The
so called nonmodal approach became a convenient instru-
ment for the disclosure of these phenomena (Mahajan &
Rogava 1999; Rogava et al. 2000). This method allows
one to reduce the original system of partial differential
equations for physical perturbation variables F (x, y, z; t)
to the set of non-autonomous ordinary differential equa-
tions (ODEs) for the functions F̂ [k(t), t] – amplitudes of
individual Fourier harmonics corresponding to the Fourier
decomposition of perturbations.

However, an important disadvantage of all “non-
modal” schemes is that although they help to disclose
new phenomena, providing us with basic understanding
of a temporal span of involved processes; they do not
give us any information about the spatial appearance of
these phenomena. We do know that SITs are taking place
in shear flows, but we still know next to nothing about
the appearance of these phenomena in real physical space.
This is a non-trivial step ahead, because, when we talk
about real space, we have to consider the superposition
of many Fourier components that undergo the process
of mode conversion at different moments in time and we
have also to take into account the effects of wave propa-
gation. Therefore, before addressing in detail the concrete
situations pertaining to the different astrophysical con-
texts described above, we think that an essential step is
to consider an ideal case in which we can examine whether
mode transformation can indeed be observed also in real
space and for which we can develop the tools for analysing
the process. This is the aim of the present paper and in
the next section we describe a simple 2-D MHD setup,
corresponding to Chagelishvili et al. (1996) where SITs
were originally identified, which allows as to study mutual
transformations of SMWs and FMWs. We write down the
system of partial differential equations for the perturba-
tions of physical variables and describe briefly the “non-
modal” evolution of the amplitudes of individual Fourier
harmonics. The third section contains a description of the
numerical simulation of the initial set of partial differential
equations. Detailed analysis of the results shows that the
initial compact “package” of SMWs undergoes an efficient
transformation into FMWs. The latter waves manage to
persist and even augment their strength despite the pres-
ence of nonzero viscous dissipation in the system. The

latter fact clearly indicates that the transformed FMWs,
in full accordance with the nonmodal behaviour of Fourier
amplitudes, efficiently extract energy from the mean flow.

In the final section we discuss the importance of these
results that give the first direct and firm evidence, obtained
by means of numerical simulations, in favor of the effi-
ciency of SITs. Possible applications of these results in as-
trophysics are outlined and critically discussed. We think
that solar plasma flows, galactic gaseous disks, accretion-
ejection flows and pulsar magnetospheric plasmas are as-
trophysical instances where one may look for SITs and
their observational appearances.

2. General formalism

We consider a standard MHD system:

Dtρ+ ρ∇·V = 0, (1)

ρDtV = −∇
(
P +

B2

8π

)
+

1
4π

(B·∇)B, (2)

DtB = (B·∇)V −B∇·V , (3)

∇·B = 0, (4)

where Dt ≡ ∂t + V ·∇ is the convective (material) deriva-
tive. The above set of equations needs to be comple-
mented by “an equation of state” relating the thermal
pressure to the density of the plasma. In this study we
adopt an adiabatic MHD fluid approximation and employ
Dt(Pρ−γ) = 0 as a closure equation. This equation of
state implies that the pressure and the density perturba-
tions are linked through p = C2

Sρ where CS is the homo-
geneous speed of sound.

We study the evolution of 2D waves in compressible,
unbounded parallel flow with uniform velocity shear con-
tained in an external regular magnetic field B0‖U0. The
mean velocity field is given by:

U0(Ay; 0), (5)

where the constant A (without loss of generality, we adopt
A > 0) parameterizes the linear inhomogeneity of the
background flow. The linear phase of the temporal evo-
lution of the system is governed by the following set of
partial differential equations (Chagelishvili et al. 1996):

Dtd+ ∂xux + ∂yuy = 0, (6)

Dtux +Auy = −C2
s ∂xd, (7a)

Dtuy = −C2
s ∂yd+ C2

A(∂xby − ∂ybx), (7b)

Dtby = ∂xuy, (8)

∂xbx + ∂yby = 0, (9)

where Dt ≡ ∂t +Ay∂x, d ≡ ρ′/ρ0 and b ≡ B′/|B0|, while
Cs and CA are the speed of sound and the Alfvén speed,
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respectively. In (7a–7b) the polytropic equation of state is
used to express the pressure perturbation by means of the
density perturbation: ∇p′ = C2

s∇ρ
′
.

The set of Eqs. (6)–(9) forms our basic system of equa-
tions. Before employing nonmodal techniques, we can de-
rive from (6)–(9), still staying in the “physical space”, a
pair of second order partial differential equations, which
describes the coupling between the SMWs and the FMWs.
Taking into account (6)–(9) we easily get:

D2
t by − C2

A[∂2
x + ∂2

y ]by = −C2
s ∂x∂yd, (10)

and defining an auxiliary variable Ψ ≡ ∂xd+ ∂yby we find
that the problem reduces to the solution of the following
pair of second-order equations:

D2
t by − [C2

A∂
2
x + (C2

s + C2
A)∂2

y ]by = −C2
s ∂yΨ, (11)

D2
t Ψ− C2

s ∂
2
xΨ = −C2

s ∂
2
x∂yby. (12)

3. Transformations as seen in k-space

At this stage we can employ standard “nonmodal” ap-
proach (see e.g., Chagelishvili et al. 1996). For the flow
described by Eq. (5) the only nonzero component of the
shear matrix (Mahajan & Rogava 1999) in this case is
S12 = A and, therefore, kx stays constant while the trans-
verse component of the wave vector varies linearly in time:

Ky(t) = ky −Akxt. (13)

The amplitude of an individual Fourier harmonic of our
auxiliary function Ψ is related to the amplitudes of d and
by via the relation Ψ̂ = i(kxd̂ + Ky(t)b̂y), while for the
amplitudes of Ψ and by from (11-12) we get the following
pair of second-order ordinary differential equations:

∂2
t b̂y + [C2

Ak
2
x + (C2

s + C2
A)K2

y(t)]b̂y = −iC2
sKy(t)Ψ̂, (14a)

∂2
t Ψ̂ + C2

s k
2
xΨ̂ = iC2

s k
2
xKy(t)b̂y, (14b)

which we can rewrite, switching to new variables X ≡ b̂y,
and Y ≡ −iΨ̂/kx, in a more symmetric form (and without
imaginary coefficients):

∂2
tX + [C2

Ak
2
x + (C2

s + C2
A)K2

y(t)]X = C2
s kxKy(t)Y, (15a)

∂2
t Y + C2

s k
2
xY = C2

s kxKy(t)X. (15b)

In this form this system resembles a standard pair of equa-
tions describing coupled oscillations (Magnus 1976; Morse
1981):

∂2
tX +W 2

XX + CY = 0, (16a)

∂2
t Y +W 2

Y Y + CX = 0, (16b)

with WX and WY being the eigenfrequencies of the X and
the Y oscillators, respectively; while C is the coupling co-
efficient. Obviously in our case the roles of effective eigen-
frequencies and the coupling coefficient are played by the
following quantities:

WX(t) = [C2
Ak

2
x + (C2

s + C2
A)K2

y(t)]1/2, (17a)
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Fig. 1. The evolution of the density (solid line) and the lon-
gitudinal (bx) magnetic field (dashed line) perturbations. The
values of parameters are: ky/kx = 3, CA/Cs = 1, and R ≡
A/Cskx = 0.1.
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Fig. 2. The evolution of the total energy of perturbations (solid
line) plotted together with the graphs for the time-dependent
dispersion curves of the SMW (dashed line) and the FMW
(dashed-dotted line) effective normal frequencies. The values
of the parameters are the same as for Fig. 1.

WY = Cskx, (17b)

C(t) = −C2
s kxKy(t). (17c)

Certainly this is not a standard coupled system with two
degrees of freedom, because one of our eigenfrequencies
and the coupling coefficient vary in time. However, the
analogy with mechanics may be used for the preparation
of initially “pure” normal modes (for the mathematical
details of this procedure see Poedts et al. (1998) or the
Appendix of this paper).

In order to illustrate how this method of the initial
separation of wave modes works we present here an ex-
ample of the solution when ky/kx = 3, CA/Cs = 1, and
R ≡ A/Cskx = 0.1. Figure 1 displays the evolution of
the density (solid line) and the longitudinal (bx) mag-
netic field (dashed line) perturbations. It is clear that
the initial perturbation is a pure SMW with phase dif-
ference being almost π/2 between these two oscillations.
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This “anticorrelation” of the density and the magnetic
field perturbations is a “bona fide” signature of the SMW
(Fan & Lou 1997) and helps to distinguish the SMW from
the FMW. The latter MHD mode, on the contrary, is
characterized by an exact correlation between these os-
cillations. Obviously Fig. 1 clearly shows that around the
time t∗ ≡ Csky/A = 30 a drastic change of the oscillation
mode occurs and the initial pure SMW transforms into
the FMW.

One of the notable features of the SITs is that in the
case of sufficiently low shearing rates (R � 1) the tem-
poral evolution of the perturbations stays adiabatic both
before and after the transformations. This is related to the
fact that the shear-induced change of the oscillation fre-
quencies is a much slower process than the oscillation time
scales associated with both modes. This is illustrated by
Fig. 2. The E(τ) graph is plotted together with the graphs
for the time-dependent dispersion curves of the SMW
(dashed line) and the FMW (dashed-dotted line) effective
normal frequencies. The energy evolution is adiabatic, fol-
lowing the SMW/FMW dispersion curve before/after the
transformation.

4. Transformations as seen in “real” space:
Methods

The theory of SITs in Fourier space, summarized in the
previous Sections, gives us important information on the
process. However, a complete and vivid picture of the phe-
nomenon can be obtained by examining the behavior of
the solutions in real space for a wave-packet – superposi-
tion of different Fourier harmonics.

In this section we adopt this perspective and we ap-
proach the problem with two different methods: by a nu-
merical solution of the full set of MHD equations and by a
semi-analytical approach based on asymptotic expansions
(Whitham 1974). These two methods will be described in
the next two subsections.

4.1. Numerical solutions

We have solved numerically the fully nonlinear viscous and
resistive MHD equations by using a central differencing
scheme with fourth order spatial accuracy.

As an initial condition, we superimpose on the basic
shear flow (5) a wave packet, that we define in k-space cen-
tered around a value (kx(0) = kx0, ky(0) = ky0). The form
of the perturbations for the different physical variables
in real space can be then obtained through the inverse
Fourier transform and expressed in the following form:

d(x, y) = ε

∫
D(kx, ky)F (kx, ky) exp(ikxx+ ikyy)dkxdky,

(18a)

ux(x, y) = ε

∫
U(kx, ky)F (kx, ky) exp(ikxx+ikyy)dkxdky,

(18b)

uy(x, y) = ε

∫
V (kx, ky)F (kx, ky) exp(ikxx+ ikyy)dkxdky,

(18c)

bx(x, y) = ε

∫
B1(kx, ky)F (kx, ky) exp(ikxx+ikyy)dkxdky,

(18d)

by(x, y) = ε

∫
B2(kx, ky)F (kx, ky) exp(ikxx+ikyy)dkxdky ,

(18e)
where F (kx, ky) is the shape of the wave packet in k-space
and the functions D, U, V and B give the relative am-
plitudes of the other physical variables, for the different
Fourier components, and determine the relative strength
of SMW and FMW for each of the components of the wave
packet. In particular, if we want to excite initially a packet
of “pure” slow or fast magnetosonic waves, we have to use
the expressions given in the Appendix. The explicit form
for F (kx, ky) is also given in the Appendix. Finally ε gives
the scaling of the perturbation, which will be taken to be
sufficiently small to examine the behavior of linear waves.

The system we are considering does not have any char-
acteristic scale, we have only the constraint that the char-
acteristic length scale of perturbations l ∼ |k0|−1 has
to be much less than the size of the computational do-
main L. This is because we want to avoid the influence
of domain boundaries on the shear-induced processes,
which we are intending to simulate. We have therefore
chosen an arbitrary unit of length and in this unit we
have fixed kx0 = 2 and ky0 = 6, so that the central
wavenumber of the wave-packet corresponds to the case
we have presented in the previous section. Our unit of
time will then be the sound crossing time over the unit
of length. The Reynolds and magnetic Reynolds numbers
are both equal to 500. The computational domain, defined
by (−L < x < L,−L < y < L), with L = 40, is divided in
1024× 1024 grid points and the boundary conditions are
periodic along the direction of the basic flow and outflow
in the transverse direction.

4.2. Semi-analytical method

We can follow the propagation of a wave packet using
the theory of ray tracing described by Whitham (1974)
and Lighthill (1978), under the assumption that the wave-
lengths are much smaller than the scale of variation of the
basic flow. In this case we can describe the solution in
terms of a slowly varying wavetrain, writing each quan-
tity in the form

A(r, t) exp [iθ(r, t)] , (19)

where θ(r, t) is the phase function and its derivatives rep-
resent the local frequency and wavenumber of the wave
packet, i.e.

ω =
∂θ

∂t
, k = −∇θ .

In a shear flow the frequency ωr in a local reference frame
moving with the local fluid velocity satisfies locally the
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dispersion relation

ωr = ωr

(
−∂θ
∂x
,−∂θ

∂y

)
,

with the two solutions of FMW and SMW, while

ω = kxU0(y) + ωr,

therefore

∂θ

∂t
= ωr

(
−∂θ
∂x
,−∂θ

∂y

)
− ∂θ

∂x
U0(y),

differentiating this equation with respect to x and y, and
using the identity ∂kx

∂y = ∂ky
∂x , we get

∂kx
∂t

+
(
U0 +

∂ωr

∂kx

)
∂kx
∂x

+
∂ωr

∂ky

∂kx
∂y

= 0, (20)

∂ky
∂t

+
(
U0 +

∂ωr

∂kx

)
∂ky
∂x

+
∂ωr

∂ky

∂ky
∂y

= −kx
∂U0

∂y
· (21)

Considering the initial conditions described in the previ-
ous subsection, we have at t = 0 a set of wavenumbers
concentrated near the origin. We can then follow their
propagation using Eqs. (20)–(21), which can be written in
characteristic form

dkx
dt

= 0, (22)

dky
dt

= −Akx, (23)

on the rays defined by the equations

dx
dt

= U0 + Vgx, (24)

dy
dt

= −Vgy, (25)

where Vgx and Vgy are the x and the y components of the
group velocity, respectively.

This method allows us to capture the propagation
properties of FMWs and SMWs but not their transforma-
tion, since the solutions of the previous section show that
the transformation process occurs quite abruptly when
ky = 0, thus violating the adiabatic assumption made in
the derivation above. Following the wave packet we have,
therefore, assumed that each wave number initially starts
as a FMW or a SMW (appropriate for the considered case)
and then, during the propagation, when ky = 0 it switches
to the other kind of wave.

5. Transformations as seen in “real” space:
Results

The study of the dynamics of a single Fourier harmonic,
described in Sect. 2, allows us to analyze the process of
mode conversion, but cannot capture the effects related to
the wave propagation and their interplay with the process
of conversion. This can only be achieved by studying the

behavior of solutions in real space and in this Section we
will indeed follow, as an example, the evolution of a wave
packet, analyzing propagation and conversion effects. As
discussed in Sect. 3, this has been done through a nu-
merical solution of the full system of MHD equations.
The initial conditions for the wave packet are described
in Sect. 3. Initially, as we have discussed, the packet is
composed mainly of slow waves and the amplitude of the
perturbation of the x component of velocity is 2 × 10−2

(small enough to consider it linear). Saying “mainly” we
want to emphasize that the method of initial preparation
of “pure” normal modes is valid only approximately. It
is exact only for oscillatory systems with constant char-
acteristics, while the parameters of our system vary adi-
abatically. Therefore, the initial wave package, “baked”
according to the approximate “recipe”, will be mainly a
package of SMWs with a small dash of FMWs. Since group
velocities of these two wave modes are quite different, this
initial FMW impurity will drift much faster than the bulk
of the package, composed of SMWs, and the two of them
will be spatially separated.

The general evolution can be seen in Fig. 3, where we
show images of the distribution of the y-component of ve-
locity at eight different times. From the figure, we can see
that initially the wave packet splits in four parts. The two
central parts slowly propagate along the positive and neg-
ative x-direction. These two packets, as they propagate,
also rotate in the clockwise direction. The rotation of the
packet is associated with the drift of ky induced by the
shear and discussed in the previous section (see Eqs. (22)–
(23)). The group velocity for slow waves with wavenumber
equal to the central value of the packet is mainly directed
along the x-direction and this explains the propagation of
the packet in this direction. The Fourier harmonics com-
posing the packet evolve separately, each one follows its
ky-drift described by Eq. (23) and, at different times, they
will reach the value ky = 0 around which transformation
to fast waves occurs. Fast waves have a large component
of the group velocity along the y-direction and, there-
fore, as soon as transformation begins to occur, around
t = 30, the packet begins to get an elongated compo-
nent in the y-direction. The fast waves propagating along
the y-direction are also dragged forward for positive y (or
backward for negative y) by the increasing x-velocity com-
ponent of the shear flow and thus the packet takes a curved
shape (see panels 5− 6− 7− 8 in Fig. 3).

In panel 2 − 3, alongside the slow packets that prop-
agate along the x-direction, we observe also the presence
of two other packets with a higher y-component of their
propagation velocity. Their propagation can also be fol-
lowed in the successive panels. The presence of these addi-
tional packets is due to the fact that, as we have discussed,
the initial conditions we have imposed do not correspond
exactly to pure slow waves but contain a small mixture of
fast waves.

The changes in the shape of the wave-packet can be
also captured using the ray-tracing approach described in
the previous section. We start assuming that initially, at
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Fig. 3. Real-space evolution of initial (predominantly SMW) perturbation package, given by eight panels for eight different
moments of time: t = 0, 8, 16, 24, 32, 40, 48 and 56, respectively.

Fig. 4. The shapes of the wave-packets, calculated by means of analytical approximation, at the same moments of time, for which
the numerical solution is displayed in Fig. 3. Different tonalities of grey are used to distinguishing between: SMW transformed
into FMW (the darkest), SMW that stays SMW (lighter), FMW transformed into SMW (still lighter), and FMW staying FMW
(the lightest).

t = 0, all the wave number components of the packet are
concentrated at the origin. Then we follow the propagation
of each wave number according to Eqs. (22)–(25), and the
shape of the packet at a given time is reconstructed from
the position of all wave numbers at that time. We assume
that initially in the wave-packet both slow and fast waves

are present and we follow their propagation and their mu-
tual transformations. Initially, the propagation velocities
for each wave number of the slow and fast components are
given by Eqs. (24)–(25) where vg is taken to be the slow or
the fast group velocity for that wave number, respectively.
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As time progresses, Eq. (23) shows that ky changes
its value and, when ky = 0, we assume that the transfor-
mation of slow to fast or of fast to slow waves may occur
(as discussed above). Accordingly, hereafter, the group ve-
locity is switched from slow to fast or from fast to slow.
The transformation, however, is not complete. Slow waves
are not totally transformed to fast waves or, conversely,
fast waves are not totally transformed to slow waves.
Therefore, we have followed also the propagation of slow
and fast waves that do not undergo the transformation
process. In Fig. 4 we show the shapes of the wave-packets
at the same moments of time, for which the numerical so-
lution is displayed in Fig. 3, so that a comparison between
the exact numerical solution and the analytical approxi-
mation can be performed. Originally, when transformation
has not yet occurred, we observe only the presence of two
pairs of wave-packets (fast and slow waves), but, from the
time when transformation begins to occur, we observe the
presence of four pairs of wave packets (slow transformed
into fast, slow that stays slow, fast transformed into slow
and fast that stays fast). To distinguish between the dif-
ferent wave packets we have used for each of them a dif-
ferent tonality of grey: the darkest for slow transformed
into fast, lighter for slow that stays slow, still lighter for
fast transformed into slow and the lightest for fast that
stays fast.

In comparing the numerical and analytical solutions,
we have to keep in mind that we have somewhat different
initial conditions, since for the analytical solution we as-
sume essentially a point source at t = 0. However, we can
see that the characteristics of the solution are captured
quite well by the analytical approach. The comparison
also allows a better interpretation of the numerical results
since it enables the identification of the different compo-
nents. For example, we can notice that in the numerical
solution it is also possible to observe the transformation
of the fast wave-packets in slow wave-packets.

The firm evidence of the occurrence of the SITs is
demonstrated by Fig. 5, where we show images of the dis-
tribution of the y-component of the perturbed velocity for
four different times. The distribution at each time (shown
in the first column) has been decomposed in to its slow and
fast components and these are shown respectively in the
second and third column of images of the figure. The de-
composition has been obtained first projecting the Fourier
components of the perturbation onto the eigenvectors for
the slow and fast modes and then transforming back in
real space the slow and fast components separately. We
can see that initially the four wave-packets can be eas-
ily separated in their slow and fast components. At later
times, we see that the elongated arcs extending in the y
direction can be effectively identified as fast waves and a
remnant of the slow mode is still found slowly “creeping”
in the x direction.

Another strong signature of the SITs – drastic change
of the phase characteristics of MHD waves (Fan & Lou
1997; Rogava et al. 1999) before and after the transfor-
mation – is illustrated in Fig. 6, where we plot cuts of the

density and Bx perturbations, in the positions and along
the directions shown by the arrows marked in Fig. 5. From
the plots we can see that in the positions of slow waves
we indeed find a substantial phase difference (opposition
of phases) between density and magnetic field perturba-
tions, in complete accordance with the theoretical expec-
tations (see panels A, B, C, E). While at the location of
fast waves, density and magnetic field perturbations are
almost in phase (see panels D, F).

In Fig. 7 we show the behavior of the total perturba-
tion energy defined as

E =
1
2

∫
(d2 + |u|2 + |B|2)dxdy, (26)

as a function of time. We can compare the behavior shown
in the figure with the behavior of single harmonics shown
in Fig. 2. For single harmonics, energy stays constant be-
fore the transformation, and a strong increase follows af-
ter the transformation. In the case of the numerical cal-
culations, we have to take into account that dissipation
is present and that we are observing a packet of Fourier
harmonics undergoing transformation at different times.
Initially, we have a strong decrease of energy due to the
action of dissipation. Around t = 30, we observe a flat
minimum, when the different SMW harmonics are trans-
forming into FMWs, and afterwards the energy keeps in-
creasing at a lower rate than that observed in Fig. 2. In
this last part we have again to take into account the action
of dissipation that competes against the energy growth of
FMWs, but this latter effect seems to prevail, implying
persistence of the generated FMWs.

6. Discussion

Several years ago “nonmodal” study of MHD perturba-
tions led to the discovery of velocity shear-induced wave
transformations (SITs). This phenomenon, despite its lin-
ear nature, was suspected to be quite persistent and uni-
versal. However, direct numerical simulations that could
confirm these expectations, could display SITs explic-
itly and could show their appearance within real physical
space, were dramatically lacking.

In this article we report the first real-space simulations
of the SITs. We found that the effect is indeed robust – it
persists and it is strongly pronounced even in the presence
of the nonzero dissipation. This allows us to assume that in
real shear flows – laboratory MHD devices, terrestrial and
astrophysical situations – this effect will not be obliterated
by the presence of other physical phenomena.

Where, in astrophysics, could we expect to observe
manifestations of the SITs? Below we discuss three classes
of ASF – solar plasma flows, galactic gaseous disks and
accretion-ejection flows – where theoretical modeling of
these objects and the interpretation of their observational
features might lead to the identification of the SITs.

The solar atmosphere is known to be particularly rich
in diverse kinds of complicated oscillatory, transient or
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Fig. 5. The distribution of the y-component of the perturbed velocity for four different times, t = 5, 20, 35, 50, respectively.
The distribution at each time (shown in the first column) is decomposed in its slow (second column) and fast (third column)
components. The arrows and letters show the points where we have taken the cuts that are shown in Fig. 6.
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Fig. 6. Cuts of the density and Bx perturbations, in the positions and along the directions shown by the arrows marked in
Figure 5. In the positions of slow waves there is a substantial phase difference between density and magnetic field perturbations
(see panels A, B, C, E), while at the location of fast waves the perturbations are almost in phase (see panels D, F).

sustained motions throughout different kinds of flow pat-
terns within the solar photosphere, chromosphere, transi-
tion region and corona (Pneuman & Orrall 1986; Thomas
1996). Solar plasma flows of different nature and geometry
can sustain all three kinds of MHD waves, but only Alfvén
waves seem to be capable of making the whole trip through
the chromosphere, penetrate through the transition region
and reach the low coronal layers. Recent observational re-
sults (Grall et al. 1996) indicate that the acceleration of
the polar wind is almost completed by 10R�, implying
that the acceleration of the solar wind and the heating of
the solar corona occur in approximately the same region,
where plasma motions, coupled with magnetic fields, are
having significant impact on physical processes.

Therefore, it is reasonable to admit that solar plasma
flows might exhibit SITs (Poedts et al. 1998). Recently
it was argued (Rogava et al. 2000) that FMWs, pro-
duced by high-frequency photospheric motions within iso-
lated intense magnetic flux tubes, could become subject
to shear-induced FMW-AW transformations in the chro-
mosphere. The Alfvén waves, being weakly dissipative,
and channelized by spicules, could penetrate through the
transition region and reach those “heights” of the solar
corona, where the main bulk of the coronal heating and
the solar wind acceleration processes take place. The pres-
sure of these waves, as well as compressional damping

Fig. 7. Temporal evolution of the total perturbation energy
normalized to its initial value.

of “secondary” fast waves (the outcome of the opposite
(AW-FMW) transformation processes) might contribute
to the acceleration of the solar wind.

Now, having first encouraging results of direct MHD
simulations, showing robust character of SITs, we could
develop a detailed, 3-D numerical MHD model and
check whether the regime of shear-induced MHD wave
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oscillations can indeed be realized in the solar wind
(Poedts et al. 1998), in the inner corona and in various
kinds of solar flux tube flows (Rogava et al. 2000). Can
SITs help to generate large amplitude Alfvén waves pene-
trating through the transition region? The analysis of this
problem involves a quite broad program, because it re-
quires one to perform high-resolution simulations of the
SITs with a properly chosen equilibrium setup, boundary
conditions and realistic values of the solar plasma physical
parameters.

Another challenging task would be to see how SITs be-
have? in galactic gaseous disks. It is believed that shear-
induced processes play a significant role in the generation
and maintenance of the galactic MHD density waves for
gas-rich spiral galaxies (Fan & Lou 1996, 1997), where
physical conditions seem to be favorable for the SITs.
Thermal and magnetic energy densities are of compara-
ble magnitude: for typical nearby galaxies the Alfvén (CA)
and sound (Cs) speeds are comparable and fall in the range
∼10–20 km s−1. This supports the existence of both fast
(∼20 km s−1) and slow (∼0.2 km s−1) MHD density waves
in such a disk system. Phase characteristics of mass den-
sity and azimuthal magnetic field perturbations help to
distinguish galactic MHD density waves from one another
(Fan & Lou 1997). In particular, for a FMW the enhance-
ment of the surface density and parallel magnetic field are
more or less in phase, while for a SMW there is a signifi-
cant (≥π/2) phase difference between these perturbations.
The “Whirlpool galaxy” M 51, for instance, has been iden-
tified as a clear case of a galactic disk with FMWs, while
in NGC 6946 coherent large-scale magnetic spiral arms
are located between the optical spiral arms leading us to
believe that here we observe SMWs. Moreover, there is at
least one example of a spiral galaxy where optical and ra-
dio continuum observations indicate the presence of both
kinds of MHD density waves! This is the galaxy IC 342,
where observations show the presence of SMWs in the in-
ner (rigidly rotating) region of the galactic gaseous disk
and FMWs in the outer (differentially rotating) region.
Recently it was argued (Poedts & Rogava 2000) that this
galaxy features the very first observational evidence of the
SITs. Real-space simulations, with due consideration of
the rotation curve and all its physical characteristics, tak-
ing into account the influence of Coriolis forces and the
self-gravity, might result in the numerical spatial portrait
of the wave evolution, which could be compared with ex-
isting observational data about magnetic field structure of
this galaxy.

Yet another broad class of ASF, where SITs can be
modeled numerically, are accretion-ejection flows. The
possible role of SITs in the generation of “mixed” MHD
turbulence in accretion disks has already been indicated
(Rogava et al. 2000). Numerical models may help to un-
derstand what role is played by the SITs in the generation
of the disk wind and the appearance of ejectional outflows
in different kinds of accretion-ejection systems (Balbus &
Hawley 1998; Ferrari 1998).

Therefore, apart from the general importance of the
obtained results, which constitute the first, real-space
simulations and verification of the SITs, they may serve
as a steppingstone for the further, comprehensive study of
shear-induced phenomena in different astrophysical situa-
tions. The attractive advantage of the real-space simula-
tions in the astrophysical context is that they are much
closer to the real observational picture than the analysis
of the same phenomena in the space of wave numbers. In
this way we may come much closer to the interpretation
and understanding of some puzzling observational features
and appearances of related astronomical objects.
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Appendix A: Preparation of “pure” initial modes

In order to excite “pure” modes in a coupled linear os-
cillatory system with two degrees of freedom, described
by (16), one needs to calculate fundamental (normal) fre-
quencies for t = 0, given by the standard expressions
(Magnus 1976):

Ω∓ =
1√
2

√
W 2
X +W 2

Y∓
√

(W 2
X −W 2

Y )2 + 4C2. (A.1)

It is easy to see that in this particular case Ω+ and Ω− cor-
respond to the standard frequencies of FMWs and SMWs,
respectively.

When coefficients are constant, the general solution of
(16) is a certain mixture of the normal modes:

X = X+ cos(Ω+t− φ+) +X− cos(Ω−t− φ−), (A.2a)

Y = σ+X+ cos(Ω+t− φ+) + σ−X− cos(Ω−t− φ−), (A.2b)

where the auxiliary quantities σ± relate the oscillation
amplitudes of the two normal modes to one other and are
defined as:

σ± ≡
Ω2
± −W 2

X

C =
C

Ω2
± −W 2

Y

, (A.3)

while the φ± are the initial phases of the coupled oscilla-
tors.

From these expressions we see that the system exhibits
simple harmonic motion with one of the fundamental (nor-
mal) frequencies (Ω+ or Ω−) when either X+ or X− is
equal to zero. It immediately follows that:

– X+ 6= 0 and X− = 0, when Y = σ+X , and ∂tY =
σ+∂tX

– X− 6= 0 and X+ = 0, when Y = σ−X , and ∂tY =
σ−∂tX .
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Thus in order to excite initially a “pure” oscillation with
one of two normal frequencies we should make an arbitrary
choice for X(0) and ∂tX(0) and take for Y (0) and ∂tY (0):

Y (0) = σ−X(0), ∂tY (0) = σ−∂tX(0). (A.4)

This set of initial conditions will give us pure SMWs,
while for the excitation of an initial pure FMWs we
have to repeat the same procedure, but replace σ− by
σ+ in (A.4). If we express these conditions in terms of
the physical variables, we obtain d = (σ− − ky/kx)by,
ux = iAby/kx, uy = 0, bx = −kyby/kx. While for the
functions D, U, V, B1, and B2 we get:

D(kx, ky) = σ− −
ky
kx
,

V (kx, ky) = 0,

B1(kx, ky) = −ky
kx
,

B2(kx, ky) = 1.

Finally the explicit form that we have chosen for the wave
packet is

F (kx, ky) =

{
atan(ξ) if ξ > 0

0 if ξ < 0
, (A.5)

where

ξ =

(
1− (kx − kx0)2 −

(
ky − ky0

kx
kx0

)2
)
. (A.6)
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