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Abstract. Alfvén-wave transmission through a parallel shock in case of an anisotropic gas pressure (P # Py)
is considered from the point of view of test particle acceleration in such shock waves. Treating the shock’s gas
compression ratio and the firehose factor, ¢ = 1—4x (P — PL)/B?, on both sides of the shock as given parameters,
we calculate the wave-transmission coefficients for circularly-polarized Alfvén waves of finite amplitude. We also
give an equation for the shock’s gas compression ratio including the effects of pressure anisotropy and waves. We
study wave transmission and test-particle acceleration in a model, where the downstream plasma is isotropic and
the upstream plasma remains stable against the firehose instability (¢ > 0). The results can be arranged in a
following manner with respect to the upstream parallel plasma beta, 5 = 87/ B2 (with Bo being the ordered
magnetic field): (i) for shocks with 8 < 2 the results for particle acceleration are only quantitatively different
for anisotropic upstream plasma; (ii) for 3 ~ 2, large anisotropies alter the wave-transmission and particle
acceleration picture completely relative to the isotropic case yielding much harder energy spectra with spectral
indices 1 < I' < 2 for all shocks with 1 < r < 4; (iii) for very hot and firehose-stable plasmas, the qualitative
changes in particle acceleration due to pressure anisotropies are limited to the weakest shocks and, thus, should

be analyzed in a non-linear manner to confirm the results.
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1. Introduction

Diffusive shock acceleration (Axford et al. 1977; Krymsky
1977; Bell 1978; Blandford & Ostriker 1978) is a univer-
sal mechanism for the acceleration of non-thermal parti-
cle populations (Drury 1983; Blandford & Eichler 1987).
Since energetic particles can be confined near the shock
by plasma turbulence, they are accelerated due to two
effects: (i) first-order Fermi acceleration due to multiple
crossings of the shock compression front and (ii) stochas-
tic second-order Fermi acceleration in the turbulent fields
near the shock. Assuming that the turbulence consists of
low-frequency waves on both sides of the shock enables one
to investigate the relative importance of these two mecha-
nisms. In this picture, the presence of the second-order
Fermi effect requires waves propagating in both direc-
tions relative to the mean magnetic field. This condition is

Send offprint requests to: R. Vainio, e-mail: ravainio@utu.fi
* Permanent address: Turku University.

always satisfied in the shock’s downstream region since an
upstream Alfvén wave, when transmitted through a fast-
mode shock, converts to two downstream waves propagat-
ing in both directions relative to the field (McKenzie &
Westphal 1969). However, a consideration of the acceler-
ation time scales of the two mechanisms shows that (i)
is much faster than (ii), and should dominate accelera-
tion under the assumption that the upstream waves are
self-generated by the cosmic rays streaming against the
plasma flow and, therefore, propagating in the backward
direction relative to the flow (Vainio & Schlickeiser 1998,
1999).

When the second-order Fermi acceleration is neglected
one obtains the canonical power-law (over momentum)
test-particle energy spectrum,

dJ/dE x p~ (1)

at the shock. Here, I' = (r5+2)/(rp—1) and rx, = V5,1 / Va2
is the scattering-center compression ratio at the shock,
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Vi,1j2) is the normal component of the mean velocity of
the upstream [downstream] scattering centers as mea-
sured in the frame of the shock. In general, the scatter-
ing center compression ratio is not the same as the gas
compression ratio r = up,1/Un,2 given by the ratio of
normal plasma flow speeds, wu, ;2. In particular,
scattering-center compression is not limited by the limit-
ing value of r < (75 +1)/(7g—1), where 7, is the polytropic
index of the gas equaling 5/3 for an isotropic, adiabatic,
non-relativistic gas.

Vainio & Schlickeiser (1998) studied the transmission
of Alfvén waves through a parallel shock wave and cal-
culated the resulting scattering-center compression ratio
for a model neglecting the effect of waves on the shock’s
gas compression ratio. They showed that the scattering-
center compression ratio tends to infinity at shocks with
r — (Ve +1—70)/(ve — 1), where 3 = 8rP,/B}
is the upstream plasma beta!, and P, and By are the
(isotropic) upstream gas pressure and the ordered mag-
netic field, respectively. At this limit, the Alfvénic Mach
number of the shock, M = uy/Va1 — r1/2, and the down-
stream backward Alfvén waves become standing waves
in the shock frame yielding formally infinite intensities
for these waves. This singularity is not a physical one,
and is removed by the inclusion of wave pressure and
energy flux to the shock’s Rankine-Hugoniot equations
(Vainio & Schlickeiser 1999). The scattering-center com-
pression ratios remain high also in the self-consistent
wave-transmission model which, therefore, is able to pro-
duce test-particle spectra that are harder than the limiting
value of I' = 2 occurring for 7, = r = 4 in the original
magnetostatic formulation of diffusive test-particle accel-
eration at non-relativistic shocks.

Anisotropic gas pressure modifies the dispersion re-
lation of the low-frequency (Alfvén) waves. As noted by
Schlickeiser & Vainio (1998), the important effects on par-
ticle acceleration in the model of Vainio & Schlickeiser
(1998, 1999) were the result of the inclusion of finite phase
speeds of the waves into the theory. Furthermore, pressure
anisotropies also modify the jump relations at the shock
in a non-trivial way. We know from observations that the
pressure in the solar wind is anisotropic (see, e.g., Marsch
1991 for a review). Particle reflection from the shock also
adds its contribution to the pressure anisotropy, so the
gas pressure just upstream a shock is probably anisotropic
even if the far upstream conditions were isotropic.

The purpose of this paper is to investigate the influence
of pressure anisotropies on the wave transmission problem,
shock compression ratios, and the resulting test-particle
acceleration at parallel shocks. Although we will discuss
briefly the pressure anisotropies associated with nonther-
mal particles, it is beyond the scope of the present study
to develop a theory with self-consistent determination of
pressure anisotropies around the shock. Thus, the effects

! Note that Vainio & Schlickeiser (1998) defined plasma beta
as the ratio of upstream sound speed to the upstream Alfvén
speed, which equals 23/v, or 63/5 for 75 = 5/3 in this paper.
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of anisotropy are studied in a simplified way treating the
anisotropy of the gas on both sides of the shock as a known
parameter, and constraining its values so that the plasma
stays stable against the upstream firehose stability cri-
terion. Similar ideas have been employed previously by,
e.g., Lyu & Kan (1986) in a study of plasma parameters
at shocks measured in near-Earth space.

2. The model
2.1. Shock equations

In a plasma with a non-zero magnetic field, the motion
of the particles along the magnetic field lines differs fun-
damentally from their motion perpendicular to the field
lines. This points at the necessity of allowing different
amounts of random energy for particle motions paral-
lel and perpendicular to the field, respectively. One ex-
pects the distribution function to have an axial symmetry
around the local magnetic field B, if the Larmor radii of
the particles are very small compared to the density scale
in the perpendicular direction. Then the gas pressure is a
tensor

P=Pil+ (P — P.)BB/B?, (2)

where | is the unit tensor. In a steady state, we can write
all the macroscopic conservation laws in form (e.g., Boyd
& Sanderson 1969)

V-®*=0 (3)
where @< is one of the fluxes: the mass flux,
2" = pu; (4)
the momentum flux,
PP =puu+P-T,
with

T = BB/4n — (B?/87)l

(5)

(6)

giving the electromagnetic stress tensor (neglecting small
electric-field contributions); or energy flux
L = —E XB+P-u+

1(TrP+pu Ju, (7)

which holds for a non-relativistic gas with zero heat flux.
Here, TrP = 2P, + P is the trace of the pressure tensor.

We consider the conservation laws across a planar
shock discontinuity. In addition to the macroscopic con-
servation laws, we use Maxwell’s equations V - B = 0
and ¢~ 19B/ot + V x E = 0, and Ohm’s law in form
E = —u x B/c to arrive at jump conditions (see also Lyu
& Kan 1986)

0 Btun — Bnutﬁ =0

B,.B;1?
4

(8)
(9)

pun 1 =0, |:putun -
1

272
|:pu +P”+(2¢_1)§7T:| =0 (10)
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2
'LLt'Bt

=0 11
4dr L (11)

expressing the continuity of normal magnetic and tangen-
tial electric fields across the shock (Eq. (8)), and the con-
servation of mass and perpendicular momentum (Eq. (9)),
parallel momentum (Eq. (10)), and energy (Eq. (11)).
Here, subscripts n and ¢ denote vector components normal
and tangential to the planar shock and
B2/Am '
is the firehose factor specifying the pressure anisotropies.
Regarding the upstream values for all variables as known
input parameters and the downstream values as un-
knowns, we have altogether 8 equations and 9 unknowns.
To close the set, we simply take the downstream pres-
sure to be isotropic, which should be reasonable at least
for shocks with a compression ratio differing considerably
from unity; for such shocks the transition layer is likely
to produce short-scale magnetic turbulence that can lead

to the isotropization of the particles just downstream the
shock.

p 2
+{§uf+ (2¢ — 1)—;}% — ¢B,

p=1- (12)

2.2. Alfvén-wave properties

Pressure anisotropies also modify the dispersion relation
of Alfvén waves, which at long-wave-length limit becomes
(e.g., Stix 1962)

w? = pV2k? (13)

for circularly polarized waves propagating parallel to the
mean field. Here, the wave frequency w and the wavenum-
ber k are measured in the plasma frame. For positive val-
ues of ¢, Eq. (13) describes waves propagating at phase
speed £¢'/2Bg(47p)~"/? parallel (4) or anti-parallel (—)
to the mean magnetic field, By. For negative values of
¢, Eq. (13) describes the firehose instability: the mag-
netic fluctuations become group-standing and grow ex-
ponentially at rate Va|¢|'/?|k|. From now on we take
¢ > 0, although the results could be generalized also to
the firehose-unstable case. Note that the firehose unstable
case can only be realized for P > B?/4r, so restricting
the analysis to the stable cases is natural for plasmas with
low S.

Combining Ohm’s and Faraday’s laws gives the
relation

sB*
(4mp)t/2

between the velocity and magnetic-field perturbations as-
sociated with Alfvén waves propagating parallel (4) or
anti-parallel (—) to the mean magnetic field. We assume
that the turbulent magnetic field can be decomposed to
two wave fields propagating in opposite directions,

dB =Bt +6B,

dut = F¢!/? (14)

(15)
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yielding the equation
B~ —6B*
_ 41/2
du = ¢/ (Anp) 2 (16)

3. Results and discussion
3.1. Alfvén-wave transmission and compression ratio

IftM > zj)i/Q and M/r'/? > zj)%/Q, the flow around the
shock is entirely super-Alfvénic. Then all upstream Alfvén
waves are convected through the shock to become down-
stream Alfvén waves. Some waves are transmitted retain-
ing their propagation direction relative to the flow, but
others get reflected, i.e., assume the other propagation di-
rection. Alfvén-wave transmission through a parallel shock
wave can be calculated by taking the tangential magnetic-
field and velocity components to be due to waves, B; =
0B and u; = du. We shall first investigate the trans-
mission coefficients in a shock with a pre-described gas
compression ratio. Thus, by using the first four jump con-
ditions, Egs. (8-9), together with Egs. (15-16) and assum-
ing a degenerate upstream cross helicity, 0B = 5B1i, we
find after an amount of straight-forward algebra

poOBE POl Mahel”
OB} 26/ M + hey/*r1/?

pe 0B @ e Make
(53? 2¢;/2 M — h¢é/2r1/2 ’

where h = +[—]1 denotes waves propagating parallel [anti-
parallel] to the plasma flow. These reduce to the results
of Vainio & Schlickeiser (1998) when ¢; = ¢ = 1. The
transmission problem was first treated by McKenzie &
Westphal (1969), but their results for anisotropic condi-
tions are incorrect: they used an incorrect dispersion re-
lation (w/k = +¢~'/2V4) and neglected the additional
¢-factor from the transverse momentum equation (see
Eq. (9)).

Let us, next, calculate the gas compression ratio for a
shock propagating with Mach number M into a gas with
parallel plasma beta, 3 = 87P;/ B2 and firehose factor

B — BL
=1—-——"-"7-2>0
o 21 +b) =
with 8, = 87P,1/B3 and b = (6B/By)? giving the per-
pendicular plasma beta and the squared ratio of the wave-
amplitude and ordered magnetic field By, respectively?.
Egs. (17-18) give

(19)

2 _
Bo_py Moo

2
By M2 —¢27“’ ( 0)

which can be seen to hold for a general upstream cross
helicity by transforming Eq. (9) into the de Hoffmann—
Teller frame, where w;B,, = u,B; on both sides of the

2 Note that this ratio was denoted b? in Vainio & Schlickeiser
(1999).
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shock. In this frame the energy equation can be written
in a form independent of tangential velocities as

2
p 2B 5B B?
u— —1 =
KQu”BwL y Ty )un| =0

with B2 = B2 + B2. Because it does not involve tangen-
tial velocities, Eq. (21) holds in any shock frame. Using
Egs. (20-21) together with Eq. (10) gives two equations,

(21)

8P -1
gg‘lz = )+ 2P =
M? — ¢1)?
2 o2 —1
:Tﬁl"'g{M +2[r(¢1 — 1) — (g2 — 1)]

+br [M2 +2(¢1 — 1)

(M2—¢1)2H

—[M? +2r(¢pg — 1)] O o2

(23)
for the downstream parallel pressure, where Bip 2, =
By and B}, = bBZ have been used. Multiplying both
sides by 7(M? — ¢o7)? produces a quartic equation for r,
which reduces to a cubic given by Eq. (14) of Vainio &
Schlickeiser (1999) for ¢1 = ¢o = 1. The extra root ap-
pears in the present model, since » = 1 is no longer a
trivial solution, but represents a change in the pressure
anisotropy accompanied by a change in the transverse
magnetic field and parallel gas pressure.

One should also check for the physicality of the ob-
tained shock solutions. We will not analyze this in detail,
but note only that if the analysis of the entropy change
across the shock is based on ideal gas law, we can write
(Lyu & Kan 1986)

PLyPap}

AS «x In
Pt Pjip3

(24)
Thus, for upstream (; — 0, the entropy change ap-
proaches infinity for a finite perpendicular pressure down-
stream. This may be interpreted as being due to an in-
crease of the degrees of freedom from 1 to 3 in the gas. In
the numerical analysis below, we have checked for the en-
tropy increase as the physicality criterion for the solution.

The easiest way to analyze the compression ratio as
a function of Mach number is to solve for b or 3| in
Eqgs. (22-23), regard it as a function of two variables
(r and M), and to contour plot it fixing the values of
other parameters. Thus, e.g.,

2(4 - 1) Ao =1 —r(¢1 —1)]
57 ME + 5(r —1)

_ L{QMQT 5+2(¢p1 —1)(2r — 5)

B =

5(r—1)

2 2
—r[2M? — 5r — 6r(¢2 — 1)]%}, (25)
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Fig. 1. Gas compression ratio of a parallel shock with ¢2 = 1
propagating into a plasma with 3 = 0.2 (solid curves), 2.0
(dashed curves), and 10.0 (dot-dashed curves) with b = 0.1,
and ¢1 = 1 (thin curves) or ¢1 = max{0,1 — 33,/(1 + b)}
(thick curves).

which has been used in Fig. 1 to present the fast shock
solution for an isotropic downstream pressure in case of
large-amplitude upstream waves (b = 0.1). For compari-
son, both low- and high-beta upstream plasmas are consid-
ered with isotropic and very anisotropic conditions. The
effect of upstream anisotropy is, as expected, small for
shocks with cold upstream gas, but it becomes significant
as the beta becomes larger. The effect of anisotropy for
a large beta is to increase the compression ratio, i.e., to
give a stronger shock for a constant Mach-number. Note
that in case of the largest beta, we have had to discard
the solutions with smallest values of r as unphysical since
they do not fullfil the entropy-increase criterion.

The Alfvén-wave transmission coefficients for the
shocks in Fig. 1 are given in Fig. 2. We choose outwards-
propagating (h = —1) upstream waves consistent with
their generation by counter-streaming particles. For the
colder upstream gas, the transmission coefficients are af-
fected only a little by the pressure anisotropy, but for the
hotter case we see substantial effects; especially the re-
flection coefficient is substantially increased in presence
of anisotropies. Generally, T > R, for h = —1, but for a
marginally firehose-stable upstream plasma (¢1 = 0), the
downstream state tends to an equipartition between for-
ward and backward propagating Alfvén waves (T, R — 2)
as r — 4.

3.2. Test-particle acceleration

The most important parameter controlling the energy
spectrum of cosmic rays accelerated by a shock wave
is the compression ratio of the scattering centers that
are responsible for the isotropization of the energetic
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Fig. 2. The transmission coefficients 7' and R for paral-
lel shocks with ¢2 = 1 propagating into a plasma with
By = 0.2 (solid curves), 2.0 (dashed curves), and 10.0 (dot-
dashed curves) with b = 0.1, and ¢ = 1 (thin curves) or
¢1 = max{0,1 — 13 /(1 + b)} (thick curves). The dotted line
separates the curves for R and T (>R).

particles. In case of Alfvén waves generated in the up-
stream region, we may write

Uy — d)i/QVAl

T = (26)
ug + ch(i)%/QVAz
where
T2 _ R2
Ho=-=£ "k 2

is the downstream cross helicity, and T and Ry are
the transmission coefficients of the waves at constant
wavenumber k. Generally, they depend on the spectral in-
dex of the wave intensity, I(k) oc k79, but for ¢ = 1 they
reduce to T and R, respectively (Vainio & Schlickeiser
1999). Thus, for ¢ = ¢2 =1,

(T2 + R)(M — 6)")
(T2 + R%)M — (T? — R2)r1/2

TR =T (28)
which is plotted in Fig. 3 for the shocks analyzed in Figs. 1
and 2. The effect of anisotropy is again negligible for the
shock propagating into the colder gas, but for the hot-
ter gas, the shock is much stronger particle accelerator in
case of anisotropic upstream gas. The shocks with small
31 produce the largest values (6.5 for the studied case of
b = 0.1) of the scattering-center compression ratio at rela-
tively low r and M, which was already the result of Vainio
& Schlickeiser (1998, 1999). The inclusion of anisotropic
pressure, however, allows an extension of this interesting
parameter range, where the spectral index of the shock-
accelerated particles is between 1 < I' < 2, to shocks
propagating into hotter gases than for the isotropic case.

The results for the scattering-center compression ra-
tio were also calculated for the interesting case of B = 2
at several values of the firchose factor (Fig. 4) to see, how
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Fig. 3. Scattering-center compression ratio of a parallel shock
with ¢2 = 1 propagating into a plasma with 8 = 0.2 (solid
curves), 2.0 (dashed curves), and 10.0 (dot-dashed curves) with
b=0.1, and ¢1 = 1 (thin curves) or ¢1 = max{0,1— 13 /(1+
b)} (thick curves).
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Fig. 4. Scattering-center compression ratio of a parallel shock
with ¢2 = 1 propagating into a plasma with b = 0.1 and
By = 2.0, with 81 =0, 8 (solid curves) and 3, /8 = 0.75
(dashed curve), 0.5 (dotted curve), and 0.25 (dot-dashed curve).

large anisotropies are needed for qualitative effects on par-
ticle acceleration from pressure anisotropies. It is evident
that relatively small values, below ¢; =~ 0.5, are needed
to produce large effects on particle acceleration. But, for
¢1 < 0.25 the scattering-center compression ratio is above
4 for all 1 < r < 4.

Perhaps the most unexpected result of our calculation
is the ability of weakly compressive (r 2 1) shocks to
accelerate particles efficiently in warm plasmas. This re-
sult, however, depends crucially on the assumption of the
shocks ability to isotropize the fluid. If r differs consider-
ably from unity, one can probably safely assume that the
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small-wavelength magnetic turbulence generated in the
shock transition can be responsible for the isotropization.
On the other hand, the transverse magnetic field attains
large values across the 3 ~ 2 shocks with ¢; < 1 re-
gardless of the compression ratio. This can also add to
the isotropization of the particles since the field changes
direction across the shock at scales comparable to the ion
Larmor radius. However, the shocks with small » do not
contain large amounts of energy to be given for acceler-
ated particles. When at the same time the test-particle
spectral index is below 2, the pressure in accelerated par-
ticles diverges without a cutoff in the spectrum. The less
there is energy available, the smaller value for the cutoff-
momentum must be, and it may well turn out that the
weak shocks can not be described by the test-particle pic-
ture at all. The confirmation of this requires non-linear
analysis, which we shall undertake in the future.

3.3. Pressure anisotropies created by non-thermal
particles

We will briefly discuss the pressure anisotropies created
by the shock-related non-thermal particles assuming non-
relativistic particle speeds for simplicity. For particles ac-
celerated at the shock to speeds clearly exceeding the
shock-frame scattering-center speed, Vi, particle scat-
tering results in a distribution function, fy(x,v,u) =
dSN/(dvd®z), that is only weakly dependent on the
pitch-angle, arccosp. In the upstream wave frame, the
small anisotropic portion of the distribution, gs(p) =
fst — (fst) where () denotes angle averaging, is antisym-
metric relative to u = 0 if the net magnetic helicity of the
waves is zero (e.g., Schlickeiser 1989), which we assume.
Thus, the pressures due to these particles are

P = m/d3v V2 (1 —€)? fi (29)

Py = % /dBUUQ(l — 11%) fsts (30)

where € = (u; — V1) /v = ¢}/2VA1/U and the integrals are
calculated in the wave frame. Using the antisymmetry of
gst and the zero net flux of particles in the shock frame,
[ d3v (vp+V4) fs = 0, one obtains after a straight-forward
calculation the contribution from these particles to the
upstream pressure anisotropy as

pst (2) B_g

p1 4m (31)

Pl = Pro = 6,2 (2M — 617%)
This increases towards the shock with the suprathermal
particle density pst, but does not attain large values for
low-Mach-number shocks. Note that this contribution is
exactly zero for a marginally stable plasma (¢; = 0).
Another contribution to the pressure anisotropy comes
from the particles that have just been reflected by the
shock and subsequently been picked up by the upstream
waves. Let us, for simplicity, consider a cold background
plasma, and assume that the shock reflects a small fraction
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of the incoming background-plasma ions back to the up-
stream region. We model those particles as a beam with
a density of pp, = mny, propagating along the magnetic
field away from the shock and include also the particles
that return to the shock after their isotropization by the
upstream waves. Specifically, in the upstream wave frame
we take the distribution function for the reflected and re-
turning particles to be

Fee(@, v, 1) =y (2)[6 (0 + 1) + 1M/ (M — ¢1/%)|F(v),(32)

where F(v) = §{v — (u1 + V1)}/2mv?. This gives a zero
net flux of particles in the shock frame and a pressure
difference of

Bj

Pl = Pise = MM + 61/ 01 = 6}/ 0. (33

If this contribution dominates the upstream pressure

. . . . 1/2
anisotropy, one can obtain a cubic equation for ¢;’".
At high Mach numbers, the solution is approximately

¢1=1—4M?py/p1.

4. Conclusion

We have considered the Alfvén-wave transmission and
test-particle acceleration problem (Vainio & Schlickeiser
1998, 1999) for shocks with anisotropic pressure. In our
model, the firehose factors on both sides of the shock
are predetermined parameters. For a detailed analysis,
we chose a model with isotropic downstream pressure,
and upstream pressure anisotropy that is bounded by
the requirement of firehose stability. We showed that the
pressure anisotropies have only a minor effect on wave
transmission and particle acceleration for plasmas with
low 3. However, plasmas with upstream [ ~ 2 and
B1L < B seem to develop qualitative effects on both
the wave transmission and particle acceleration relative
to the isotropic-pressure case. Our study revealed the ca-
pability of weak shocks propagating into such plasmas to
accelerate particles effectively by creating a large change
in the average scattering-center speed across the shock
though the increase of the phase speed of low-frequency
waves across the shock. Plasmas with large values of
beta, 3 > 1, can not develop very large anisotropies
(8L < B)) without becoming firehose unstable, which
again prevents large deviations in our model between
the anisotropic and isotropic cases except for the weak-
est shocks with M < Misotr(r = 1). The low-Mach-number
shocks are weakly entropy increasing in the ideal gas
model and should, therefore, be studied more carefully
using kinetic analysis. In conclusion, the results of our
study point out the importance of kinetic analysis of up-
and downstream plasma to fully understand the physics
of shock acceleration.
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