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Abstract. This work investigates the annealing of silicate dust, the combustion of carbon dust and radial mixing of
both dust species within protoplanetary disks. For this purpose the diffusion-transport-reaction equations of both
dust species (including annealing of silicate and carbon combustion) are simultaneously solved with the equations
for the global evolution of an α-disk within an one-zone, time-dependent numerical model. The protostar-disk
system is assumed to be in a quiescent stage which corresponds with the class II phase of evolution of star-
disk systems. The results suggest that the diffusive transport spreads the dust globally throughout the disk, and
therefore provides an explanation for the existence of crystalline silicate and methane within the primordial bodies
of the solar system.
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1. Introduction

IR-spectra of many comets show clear evidence for
the presence of crystalline silicate dust (predominantly
olivine) in notable quantities, besides the well known fea-
tures of amorphous silicate dust (Hanner et al. 1994a;
Hanner et al. 1994b; Crovisier et al. 1997; Hanner et al.
1997; Yanamandra-Fisher & Hanner 1999). It is generally
assumed that the matter in cometary nuclei represents un-
altered pristine material from the time of formation of the
solar nebula, which has been “frozen in” since its integra-
tion into cometesimals. Since the dust in the interstellar
medium is exclusively amorphous, the protoplanetary ac-
cretion disk itself must be the formation site of the crys-
talline silicate. A possible formation process is annealing
of amorphous silicate in the warm inner zone of the accre-
tion disk. Due to diffusional mixing induced by turbulence
in the optically thick disk, a fraction of the annealed sil-
icate dust arrives at the cooler outer region of the disk,
where it may be built into larger bodies, e.g. cometesimals.
In the matrix material of some chondrites there are also
indications for the presence of silicate dust, which has ex-
perienced an annealing-event under the conditions of the
solar nebula. The process of radial mixing also is assumed
to be responsible for the existence of methane in comets
(e.g. Crovisier & Bockelée-Morvan 1999a).
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The idea of turbulent radial mixing of tracers across
wide ranges of the protoplanetary disk is attributed to
Morfill (1983). The following papers discuss and refine
this idea: Morfill & Völk 1984; Morfill 1985; Morfill et al.
1985). These investigations, however, solely include the
calculation of simple analytical disk models. For a differ-
ent type of a simple analytical disk model Stevenson &
Lunine (1988) examined, by numerically solving the dif-
fusion equation, the radial mixing of water vapour in the
disk. For solving the diffusion-transport-reaction equation
in one dimension, they assumed vr = −D/r in order to
simplify the advection term, and moreover they employed
a simple Tc ∝ r−1 law for the radial temperature structure
of the disk. Here vr denotes the radial advection velocity,
D the diffusion coefficient of the tracer in the disk gas
and Tc the temperature in the midplane of the disk, re-
spectively. In addition, Stevenson (1990) obtained an an-
alytical solution of the diffusion-transport-reaction equa-
tion for the diffusion of trace molecules, but again for a
simple approximation for the disk structure.

On the basis of a numerical solution of the diffusion
equation for the concentration of a tracer, Cyr et al. (1998)
calculated the radial mixing of water vapour by apply-
ing the semi-analytical model of Cassen (1994) for the
disk structure, and compared their results with that of
Stevenson & Lunine (1988). Another numerical model is
that of Drouart et al. (1999), who calculated the radial
mixing of deuterium in the solar nebular. They used the
analytical model of Dubrulle (1993) for the disk structure,
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which includes the more realistic approach for the opacity
law from Ruden & Pollack (1991), but the model did not
include the solution of the time dependent equation for
the conservation of angular momentum in the disk.

In the first part of the present series (Gail 2001a,
henceforth called Paper I) stationary numerical models of
protoplanetary accretion disks have been calculated which
consider the combustion of carbon dust, annealing of sili-
cate dust and radial mixing of the dust species. As shown
in Paper I, carbon combustion, annealing of silicates and
radial mixing have considerable influence on the chemical
composition of the disk matter as well as on the radial
disk structure. Stationary models, however, have an only
limited value since the lifetime of protoplanetary disks of
about 107 yr (Strom et al. 1993) is less than the diffusion
timescale in the outer parts of the disk. Because of the im-
portance of radial mixing with respect to the composition
of the primordial bodies in the solar system (and other
planetary systems) time dependent models are required
for a realistic treatment of mixing processes.

In this paper for the first time an attempt is made
to obtain numerically simultaneous solutions of both, the
equation of the conservation of angular momentum (in-
cluding a set of equations for the disk structure in the one-
zone approximation), and two sets of diffusion-transport-
reaction equations for the concentration of tracers in the
one-zone approximation. The tracers considered are sil-
icate dust grains which are converted from amorphous
to crystalline grains by annealing and solid carbon grains
which are oxidised by OH molecules. The purpose of this
work is to extend the discussion of Duschl et al. (1996),
Gail (1998) and Paper I of the impact of annealing of
amorphous silicates and of the destruction of carbon by
combustion on the structure of protoplanetary disks, and
to improve previous model calculations by calculating
time dependent models.

Observational evidence for both annealing of silicate
and for carbon combustion in the early stage of the solar
system can be seen in the comets. At one hand IR spectra
of many comets exhibit prominent features in the region
of the 10µm silicate band, which can be explained by the
presence of a substantial fraction of crystalline silicates in
these comets (Hanner et al. 1994a; Hanner et al. 1994b;
Crovisier et al. 1997; Hanner et al. 1997; Yanamandra-
Fisher & Hanner 1999). On the other hand, a large abun-
dance of methane is observed in comets (Crovisier &
Bockelée-Morvan 1999a). In both cases no possible process
of formation at small temperatures is known, i.e. the tem-
perature in the region of formation of the comets within
the primordial nebula was too low to form appreciable
quantities of crystalline silicate and of CH4. Thus, we as-
sume that the formation processes of crystalline dust and
methane occur in warmer parts of the primordial neb-
ula and, after their formation, the products are carried
around by turbulent eddies and are mixed to the loca-
tion of formation of the comets afar from the protostar.
In case of crystalline silicate grains the formation process
is supposed to be annealing. In case of methane we refer

to Finocchi et al. (1997a) who proposed a chain of follow-
up reactions of the products of carbon combustion which
forms a number of hydrocarbons like CH4.

The model calculations of the present paper are for
protoplanetary disks in the quiescent evolutionary stage
after formation of the star-disk system and before dis-
persion of the disk by the protostellar wind, which are
generally denoted as Class II objects (Natta 2000). The
quiescent phase is characterised by the global transport
of angular momentum in the disk, the slow continuous
depletion of the disk through the accretion flow onto the
protostar, a modest infall of matter onto the disk from the
ambient molecular cloud and no sudden violent interrup-
tions in the disk evolution such as thermal or gravitational
instabilities, respectively.

Actually, it is currently not known, whether an overall
turbulence in the disk drives the accretion process during
the whole quiescent phase of the disk evolution. If plan-
etary bodies are rapidly formed, an overall turbulence in
the disk might be prevented by emptied rings along the
planetary orbits. This would effect the angular momentum
transport, i.e. the global evolution of the disk, as well as
the radial diffusive mixing of matter within the disk. Since
mixing across gaps is impossible our calculation refers to
the early disk evolution before gaps are opened by the
formation of massive planets.

The organisation of the paper is as follows: Sect. 2 de-
scribes the processes of carbon combustion, annealing and
radial mixing in the disk, and presents the method of solv-
ing the diffusion-transport-reaction equation. Section 3
presents the relevant equations for calculating the disk
structure, particularly the opacity law. Section 4 intro-
duces the parameters and boundary conditions of the
model calculations. Section 5 presents the results and,
finally, Sect. 6 gives our conclusions.

2. Radial mixing in the disk by advective
and diffusive transport

This section serves as a summary of Sects. 2–4 in Paper I,
containing the relevant equations and assumptions for
treating the processes of the combustion of carbon, an-
nealing of silicate and radial mixing within the disk.

2.1. Carbon combustion

First we consider the combustion of solid carbon due to
surface reactions with OH molecules. Carbon is one of the
most important absorbers in the disks, hence important
for the disk’s structure. Thus one needs to know the phys-
ical process(es) which destroy the solid carbon particles.
One might be tempted to conclude that vaporization is
the process which destroys solid carbon, as this seems to
be a good assumption for at least the other main dust
absorbers. However, in protoplanetary disks combustion
by OH is the by far more efficient “destroyer” of the solid
carbon owing to the sufficient abundance of OH in medium
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temperature ranges of the disk (details in Duschl et al.
1996; Finocchi et al. 1997a).

The basic chemical reaction step for carbon oxida-
tion is:

H

H�� HH
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H
+ OH −→ + HCCO

An OH molecule breaks an aromatic six-ring at the
surface of the carbon grain and a HCCO radical is
injected into the gas phase. It is assumed that carbon
dust consists of a conglomerate of such six-rings, and
does not appear in the form of meteoritical kerogen which
consists of aromatic ring systems bridged by –CH2– or
–CH2–O–CH2– groups, quite similar to coal (Anders &
Kerridge 1988). As well, we assume no occurrence of
graphite or even of diamond.

Of interest also is the chain of subsequent reactions
in the disk’s gas under medium temperature conditions,
starting with the HCCO radical from the above reaction
and terminating at CH4 and finally at CO amongst other
products of carbon combustion. The methane might be
mixed into the outer zones of the disk by turbulent dif-
fusion and be incorporated there into the growing bodies
of the solar system. Hence, carbon combustion and radial
mixing possibly explain the large abundance of methane
and other hydrocarbons in comets. Some preliminary re-
sults for stationary disk models are presented in Gail
2001b (Paper III of this series).

The equation for the change of the radius of a spher-
ical carbon particle by OH combustion is (cf. Eq. (17) of
Paper I)

da
dt

= V0,carαoxnOHvth,OH. (1)

V0,car is the volume of a carbon atom in solid carbon,

V0,car =
ACmH

ρcar
, (2)

where AC is the atomic weight of carbon,mH the mass of a
hydrogen atom and ρcar = 2.26 g cm−3 the mass density of
solid carbon, respectively. αox represents a probability fac-
tor for both the collision and reactions of an OH molecule
with the C–C bonds at the grain’s surface, which here
is chosen to be 0.1 (from laboratory data as discussed in
Finocchi et al. 1997a). nOH is the particle density of OH in
the disk. With respect to the calculation of nOH we assume
that the O–H-chemistry in the region, where oxidation re-
actions occur, is in chemical equilibrium (Finocchi et al.
1997a; Finocchi & Gail 1997b). Finally we have the root
mean square velocity of the OH molecules

vth,OH =
√

kBTc

2πmOH
, (3)

where kB is the Boltzmann constant, Tc the temperature
in the midplane of the disk and mOH the mass of the
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Fig. 1. Illustration of the process of annealing. Left: amorphous
silicate grain with some small crystalline centers of nucleation.
Middle: the centers are growing due to annealing. Right: the
grain is completely crystallised.

OH molecule, respectively. Actually, oxidation reactions
at the surfaces of carbon grains do not only occur at or
close to the midplane of the disk, but also at larger heights
above the midplane, where the temperature is lower than
Tc and where the particle density nOH is lower as com-
pared to the density close to the midplane. In view of
the unresolved z direction in our model and in order to
simplify matters we take the density of OH at the disk’s
midplane and refer to the discussion in Sect. 3.1 of Paper I
for a justification of this.

We introduce a set of discrete radii ai (i = 1 . . .M)
for the carbon grains. From Eqs. (1) and (3) one obtains
the characteristic time of decrease of the radius of carbon
grains due to oxidation by OH molecules from radius grid-
point ai to grid-point ai+1,

τi,i+1,car =
ai − ai+1

V0,caraoxnOH

√
2πmOH

kBTc
· (4)

Note that the main agent of destruction of carbon particles
is not a high temperature, as it is in case of vaporization,
but is a high particle density of OH. The carbon released
in the oxidation process ultimately will be bound into CO
in the oxygen rich environment of the disk, and will not
form solid carbon again.

2.2. Annealing of silicate dust

Next we determine an equation for the timescale of anneal-
ing of silicate dust particles. We assume that the silicate
grains from the parent molecular cloud, which fall onto
the disk, are amorphous, i.e. the lattice structure within
the solid is characterised by a global disorder of the single
atomic building blocks (SiO4 tetrahedrons). If the tem-
perature is high enough (T >∼ 800 K under conditions in
protoplanetary disks; Duschl et al. 1996), rearrangement
processes in the lattice on a big scale begin to occur and
finally lead to a crystalline lattice structure. This is a well-
known process in material science and is called annealing.

Annealing of silicate dust has a large effect on the
structure of protoplanetary disks (Paper I). This is traced
back to the fact that the opacity of crystalline silicates
is an order of magnitude lower than the opacity of amor-
phous silicates. Turbulent mixing transports the annealed
silicate dust beyond the disk zone, where it has been
formed, and replaces part of the amorphous silicate in the
outer regions of the disk. In Paper I the impact of an-
nealing on the global structure of disks already has been
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studied within the frame of stationary models, particular
its effect on the temperature at the disk’s midplane.

Figure 1 sketches a possible sequence of events for
annealing of a dust particle. Initially the grain exhibits
small areas of crystalline structure within the amorphous
texture of the grain, at least for pure statistical reasons.
These areas act as seeds for the further crystallisation. At
sufficiently high temperature the SiO4 tetrahedrons are
excited to a sufficiently high kinetic energy to surmount
the energy barriers, which previously inhibited them from
accessing energetically more favourable positions and ori-
entations in the lattice. If we ignore domain boundaries,
the grain finally will be completely crystallised. In this
scenario the process of crystallisation, of course, also can
cease if the temperature drops untimely, leeding to par-
tially crystallised grain (middle image in Fig. 1).

By assuming spherical growth of the small crystalline
seeds the increment of volume of a single crystallised
domain Vcry is approximately (Gail 1998)1

dVcry

dt
= 6V

1
3

0,silV
2
3

cryνvibe−Ea/kBTc , (5)

where Vcry is the volume of crystallised silicate within the
grain, V0,sil the volume of a SiO4 tetrahedron (calculated
as in Eq. (2)), νvib the characteristic frequency of lattice
vibrations and Ea the activation energy for rearrangement
processes in the lattice due to annealing, respectively. We
use laboratory data from recent annealing experiments of
Fabian et al. (2000) who found Ea/kB = 39 100±400 K for
the annealing of forsterite and employ νvib = 2× 1013 s−1

(Lenzuni et al. 1995; Duschl et al. 1996). In our model
calculations we consider forsterite (Mg2SiO4) as the only
silicate dust component, since it is the most abundant
silicate in protoplanetary disks. Enstatite (MgSiO3) and
quartz (SiO2) are not considered.

In Eq. (5) we do not take into account that separate
crystallised areas overlap in the late phase of annealing,
as it is shown in Fig. 1. However, this seems to have an
only slight effect on the results of the models, since, if
overlapping becomes important, annealing of grains has
already progressed to a large extent.

Using Vcry from Eq. (5), the degree of crystallisation
of the grain is determined by

xcry = min
(
ncryVcry

V0,sil
, 1
)
, (6)

where ncry is the fraction of growth centers per silicon
atom, i.e. the fraction of nucleation seeds. With Eqs. (5)
and (6), by introducing a discrete set xi (i = 1 . . .M) of
degrees of crystallisation xcry, we obtain the characteris-
tic time of annealing for a forsterite grain with degree of

1 Desintegration of the solid into microcrystalline areas with
different chemical composition and exsolution of existent im-
purities is not considered here.

crystallisation xi,cry into a forsterite grain with degree of
crystallisation xi+1,cry (Paper I)

τi,i+1,for =
x

1/3
i+1,cry − x

1/3
i,cry

2νvibn
1/3
cry

eEa/kBTc . (7)

In our model calculations we set ncry = 10−5. Due to
the weak dependency of the characteristic time of anneal-
ing (7) on ncry the choice of ncry has not too much effect
on the results for the disk structure2.

2.3. The diffusion-transport-reaction equation

Obviously in accretion disks there operates a process
which forces them to transport their matter inside (finally
onto the central object) and their angular momentum out-
side. In our model calculations for protoplanetary disks we
assume that this process is due to turbulent motions as a
result of convection, since the disks are convectively un-
stable in the vertical direction during their lifetime over
a wide spatial range (Lin & Papaloizou 1980; Ruden &
Lin 1986; D’Alessio et al. 1998). Additional to or instead
of convection, there may operate other sources of tur-
bulence in protoplanetary disks, e.g. shearing (Dubrulle
1993), a baroclinic instability (Cabot 1984) and a mag-
netic instability (Balbus & Hawley 1991). We conclude
that the turbulent flow induces a diffusion like mixing
of the matter in the disk, which consists of a gas-dust
mélange.

Because of the low particle density of the dust and
gas species in protoplanetary disks, except for hydrogen
and helium, the different tracers can be treated indepen-
dently of each other. In the one zone approximation the
diffusion-transport-reaction equation of a tracer, embed-
ded in a carrier gas of much higher particle density, is (e.g.
Hirschfelder et al. 1964; Paper I)

∂ci,j
∂t

+ vr
∂ci,j
∂r

=
1
rn

∂

∂r
rnDdg

∂ci,j
∂r

+
ci−1,j

τi−1,i,j
− ci,j
τi,i+1,j

·(8)

The second term on the l.h.s. is the advection term, the
first one on the rhs the diffusion term and the following
terms on the rhs the gain and loss terms. In Eq. (8) ci,j is
the concentration of the species j (in our case carbon and
forsterite), which occur in different properties i (in our
case carbon grains of different radii and forsterite grains
of different degrees of crystallisation), r is the radial dis-
tance from the protostar, vr the radial component of the
tracer’s velocity, n the total particle density (mainly due
to H2 and He) and Ddg the binary diffusion coefficient of
a dust tracer of low density in the carrier gas, respectively.
The characteristic timescales τi,i+1,j are given by Eqs. (4)
and (7), respectively.

2 However, for the smallest silicate grains with a diameter
a <∼ 10 nm our assumptions fail, since these grains hold less
than 105 silicon atoms and thus most of them contain no nu-
cleation seed for annealing.
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The binary diffusion coefficient is related to the viscos-
ity ν of the disk matter by

Ddg =
ν

Sdg
, (9)

where Sdg is the Schmidt number for the dust species in
the carrier gas. In Eq. (9) we assume that it makes no
difference whether the dust particles are transported by
random thermal motions (where the original definition of
the Schmidt number comes from; Waldmann 1958) or –
as in our case – by turbulence. The Schmidt number pro-
vides information about the strength of frictional coupling
between the dust particles and the carrier gas. If S−1

dg (an
inverse Prandtl number) is unity, the velocity of the dust
particles relative to the carrier gas vanishes, i.e the parti-
cles move around as the gas. In contrast, if S−1

dg vanishes,
the dust particles moves independent of the carrier gas,
i.e. frictional forces due to the gas have no influence on
the motion of the particles. The value of S−1

dg mainly de-
pends on the size of the dust particles and the density
of the carrier gas. In protoplanetary disks the dust par-
ticles are strongly coupled to the gas up to roughly mm
size across a wide spatial range (Weidenschilling & Cuzzi
1993). The present model calculations of protoplanetary
disks consider dust particles with a maximum size of about
1µm and do not include dust coagulation. Therefore we
approximate3

Sdg = 1. (10)

Laboratory experiments with small sized particles in flow
systems also yield Schmidt numbers of roughly unity
(Launder 1976; McComb 1990).

In the present model infall of matter from the ambient
molecular cloud onto the disk is neglected. In case of infall
a source term for the infalling matter has to be added
on the r.h.s. of Eq. (8). Model calculations with infall of
matter will be the subject of future investigations.

The quantities nOH, Tc, vr, n and ν in Eqs. (4), (7), (8)
and (9), respectively, will be calculated from the equations
for the radial disk structure in the one-zone approxima-
tion (see Sect. 3.1). In the following the binary diffusion
coefficient (9) is denoted by D.

2.4. Solution of the diffusion-transport-reaction
equation

The calculation of the carbon combustion and the an-
nealing of silicate dust in our numerical model of pro-
toplanetary accretion disks requires the solution of the
set of diffusion-transport-reaction Eqs. (8). For this pur-
pose we define a logarithmic grid for the carbon grain
size ai (i = 1 . . .N , N = 31) with a1 = 0.25µm and
aN = 0.001µm and an equidistant grid for the degree
of crystallisation of the silicate grains xi,cry (i = 1 . . .M ,
M = 11) with x1,cry = 0.0, x2,cry = 0.1, x3,cry = 0.2, . . .,

3 Strictly speaking, this approximation fails in the outer
zones of the disk, where the gas density becomes low.

xM,cry = 1.0. The choice of the size distribution of carbon
grains is motivated by the choice for the initial boundary
conditions for the ci,j which is a MRN size distribution
(see Sect. 4.1).

For the purpose of numerical calculations the set of
diffusion-transport-reaction Eqs. (8) is replaced by the set
of difference equations

cn+1
i,j,k − cni,j,k

∆t
= (1−Θ)

[
(rnD)n+1

k+ 1
2
(cn+1
i,j,k+1 − c

n+1
i,j,k)

nn+1
k rkhm,khr,k

−
(rnD)n+1

k− 1
2
(cn+1
i,j,k − c

n+1
i,j,k−1)

nn+1
k rkhl,khm,k

+
cn+1
i−1,j,k

τn+1
i−1,i,j,k

−
cn+1
i,j,k

τn+1
i,i+1,j,k

− an+1
i,j,k

]

+ Θ

[
(rnD)n

k+ 1
2
(cni,j,k+1 − cni,j,k)

nnkrkhm,khr,k

−
(rnD)n

k− 1
2
(cni,j,k − cni,j,k−1)

nnkrkhl,khm,k

+
cni−1,j,k

τni−1,i,j,k

−
cni,j,k

τni,i+1,j,k

− ani,j,k

]
, (11)

where we have introduced the abbreviations

hl,k = rk − rk−1

hm,k =
1
2

(rk+1 − rk−1) (12)

hr,k = rk+1 − rk,

(rnD)nk+ 1
2

=
1
2
(
rk+1n

n
k+1D

n
k+1 + rkn

n
kD

n
k

)
(rnD)nk− 1

2
=

1
2
(
rkn

n
kD

n
k + rk−1n

n
k−1D

n
k−1

)
(13)

and

ani,j,k =


vnr,k

cni,j,k+1 − cni,j,k
hr,k

vnr,k ≤ 0

vnr,k
cni,j,k − cni,j,k−1

hl,k
vnr,k > 0,

(14)

respectively. The index k denotes the grid-point at the
radial distance rk, the index n the grid-point of the time
grid tn and ∆t = tn+1 − tn the current time step. The
advection term (14) is treated by a simple upwind method.

The set of Eqs. (11) is solved by standard meth-
ods (fully implicit, i.e. Θ = 0), starting from the equa-
tion with i = 1 (largest carbon grains, completely amor-
phous silicate grains) and successively continuing with the
equations with i = 2, 3, . . . up to N or M , for carbon
combustion or annealing, respectively. It is an important
simplification for the solution of the set of Eq. (11) that
the equation i exclusively couples with the next equation
i + 1, i.e. it is assumed that carbon grains do not grow
in size (due to condensation or coagulation) and that par-
tially or completely annealed silicate grains do not become
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amorphous again (supported by the fact that no physical
process is known, which could do this in protoplanetary
disks).

Note that for the rate terms in Eqs. (11) and (8) some
of the terms have to be omitted at the boundaries of the
i-grids:

In the case i = 1 there exists no gain term, since
(i, j) = (1, car) refers to the carbon grains with maxi-
mum size in our model calculations and (i, j) = (1, for)
refers to forsterite grains with a degree of crystallisation
of zero, respectively. For i = 1 only the loss terms have to
be considered.

In the case (i, j) = (M, for) no losses occur, since the
forsterite grains are already completely annealed. The cor-
responding terms have to be omitted in this case.

In the case (i, j) = (N, car), losses correspond to the
complete combustion of carbon grains, thus Eq. (11) is
correct at (i, j) = (N, car).

The choice of boundary conditions, which are required
for solving the set of diffusion-transport-reaction Eqs. (8),
will be discussed in Sect. 4.

3. The global structure and evolution of the disk

This section presents the equations for our model of the
radial structure and temporal evolution of protoplanetary
disks.

The present model calculations are performed in the
one-zone approximation, therefore all disk quantities are
evaluated at (or close to) the disk midplane. The sole heat-
ing mechanism of the disk is assumed to be viscous dissi-
pation. This assumption is supported by the vertical disk
models of D’Alessio et al. (1998), who found stellar irra-
diation to be the most important heating source of the
disk atmosphere, but viscous dissipation dominating for
the heating close to the disk midplane.

Gas and dust are supposed to be in thermal equilib-
rium. The condensation of the main dust absorbers (ex-
cept for solid carbon) is calculated for an equilibrium
state, and we take care of an as accurate as possible spec-
ification of the opacity of the disk matter. Coagulation of
dust or formation of larger bodies are not considered.

3.1. The disk equations

We assume geometrically thin viscous Keplerian α-disks in
the one zone approximation. From the equation of angular
momentum conservation one derives the equation

∂Σ
∂t

=
3
r

∂

∂r

√
r
∂

∂r
νΣ
√
r (15)

for the global evolution of the surface density Σ (e.g.
Pringle 1981). ν is the viscosity.

Equation (15) is a differential equation of diffusion
type, as the diffusion-transport-reaction Eq. (8), but with-
out the advection and rate terms. Thus it can easier be
solved than (8) (again fully implicitly).

While the accretion disk evolves it loses matter
through its inner boundary. Using their numerical model
for protoplanetary accretion disks Ruden & Pollack (1991)
pointed out that the mass loss onto the star amounts to
about one half of the initial disk mass for the first million
years of disk evolution. Thus accretion of mass onto the
star has to be taken into account. The (time dependent)
disk mass is given by

Mdisk(t) =

ro∫
ri

2πrΣ(r, t) dr. (16)

ri and ro are the inner and outer boundaries of the disk,
respectively. Consequently for the (time dependent) stellar
mass one has

M∗(t) = M∗,0 +Mdisk,0 −Mdisk(t). (17)

M∗,0 and Mdisk,0 are the initial stellar and disk masses,
respectively. Equation (17) holds if the outer boundary
ro is chosen to be large enough such that the outward
directed radial mass transport of matter does not lead to
significant mass loss through ro in late phases of the disk
evolution. Again, we do not consider infall of matter onto
the disk.

Besides Eq. (15) for the evolution of the surface density
Σ we need equations for calculating the radial structure of
the disk. In case of a thin Keplerian α-disk in the one-zone
approximation the basic set of equations is (Pringle 1981;
Lin & Papaloizou 1985; Ruden & Pollak 1991):
1.) The Keplerian angular velocity of matter in the disk:

Ω =

√
GM∗
r3
· (18)

G is the gravitational constant and M∗ the mass of the
protostar. We do not consider self gravitation of the disk,
as well as we do not consider the influence of the radial
pressure gradient on the motion of the disk matter around
the central star.
2.) The isothermal sound speed:

cs =

√
kBTc

µmH
· (19)

µ is the mean molecular weight of the disk matter.
3.) The pressure scale height, calculated at the midplane
of the disk:

hs =
cs
Ω
· (20)

4.) The viscosity in the α-approximation of Shakura &
Sunyaev (1973):

ν = αhscs. (21)

α is the parameter of the efficiency of turbulent viscosity.
This is also the viscosity ν used for evaluating the diffusion
coefficient (9).
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5.) The effective temperature of the disk surface:

σT 4
eff =

9
8

Ω2νΣ + σT 4
cloud. (22)

σ is the Stefan-Boltzmann constant and Tcloud the tem-
perature of the ambient molecular cloud. In the derivation
of Eq. (22) it is assumed that dissipation of kinetic energy
through viscous processes is the sole energy source. The
energy production is limited to the disk midplane. The
energy transport occurs exclusively in the vertical direc-
tion and by radiation in an approximately plane parallel,
geometrically thin disk.
6.) The mean vertical mass density:

ρm =
Σ

2hs
· (23)

Note that ρm is not the central mass density but is lower
than this by a factor of roughly 2.
7.) The mean molecular weight:

µ = µ(ρm, Tc). (24)

The mean molecular weight (24) in principle is a function
of temperature and mass density. We use a fixed value
of µ = 7

3 valid for a mixture of molecular hydrogen and
helium with a helium abundance of 0.1 relative to H. In
our models the disk is hot enough for dissociation of H2

only close to the inner boundary and solely in early evo-
lutionary stages. The degree of dissociation of H2 has no
significant effect on the behaviour of the dust, hence disso-
ciation of H2 is neglected. Note that in Paper I dissociation
of H2 was considered.
8.) The Rosseland mean of the mass extinction coefficient
of the disk matter at the midplane:

κR = κR(ρm, Tc). (25)

The opacity (25) is a function of temperature and mass
density. The way of its calculation will be discussed in the
following subsection.
9.) The vertical optical depth at the midplane:

τc =
1
2

ΣκR. (26)

Equation (26) only holds for a constant opacity. In the case
of a slight dependence of the opacity on temperature and
density, as in our case, Eq. (26) at least is an acceptable
approximation.
10.) The temperature at the midplane:

T 4
c = T 4

eff

(
1
2

+
3
4
τc

)
+ T 4

cloud. (27)

Equation (27) is the vertical temperature stratification
in the Eddington approximation according to the the-
ory of plane parallel stellar atmospheres. The last term
at the r.h.s. is added to account for the disk irradiation
by the molecular cloud which at the same time ensures
Tc ≥ Tcloud for the cool parts of the disk far away from

the central star. For the chemical active zone of the disk
this term is negligible.

Equations (18)–(27) represent the basic set of equa-
tions for the radial structure of the disk. It is solved by
iterating Tc up to an accuracy of 10−7. Additionally there
are some other important variables.
11.) The pressure close to the midplane:

Pc = c2s ρm. (28)

12.) The total particle density close to the midplane:

n =
Pc

kBTc
· (29)

13.) The pressure of OH molecules close to the midplane:

pOH = pOpHKp(OH). (30)

pO and pH are the partial pressures of free oxygen and hy-
drogen atoms, respectively, and Kp(OH) is the constant
of the law of mass action for the OH molecule. The calcu-
lation of pO and pH is described in Paper I. In Eq. (30) we
assume that the loss of OH molecules due to carbon com-
bustion is counterbalanced by the gain of OH molecules
due to its production by H2 dissociation and the reaction
H + H2O → OH + H2 of the free H atoms. In principle
one has to solve an extended chemical reaction network
which, however, is out of the scope of the present work.
14.) The mass accretion rate:

Ṁ = −6π
√
r
∂

∂r
νΣ
√
r. (31)

15.) The radial drift velocity:

vr =
Ṁ

2πrΣ
· (32)

The radial drift velocity determines the advection
term (14) for calculating the set of diffusion-transport-
reaction Eqs. (11).

3.2. The opacity

In this work a main focus is centered on an accurate treat-
ment of the disks opacity. The opacity (25) essentially is
calculated as in Paper I, however, some modifications are
required for the present model calculation.

The Rosseland mean of the opacity of the gas-dust
mixture is approximated by

κR = κgas + ficeκR,ice + (1− fice)
∑
j

fjκR,j. (33)

κgas is the opacity of the disk gas and κR,j the Rosseland
mean of the opacity of each dust species j and fj its de-
gree of condensation4. The dust species which we have to

4 κR,j corresponds to the opacity of species j if the key ele-
ment required for its formation (e.g. Si for silicates, C for car-
bon dust) is completely condensed into this dust species. Then
fjκR,j is the opacity in case of an only partial condensation of
the key element into the dust species.
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consider are ice coated grains, silicate grains (forsterite),
carbon grains, iron grains and corundum grains. These are
supposed to be the most important absorbers. We just add
up the Rosseland means of the different dust species, i.e.
we assume an essentially grey extinction. The factors fice

and (1 − fice) in Eq. (33) serve for a smooth transition
of κR in the zone of ice vaporization.

The condensation degrees fj (specified: fice, ffor, fcar,
firo and fcor, respectively) are calculated as in Paper I.
The degree of condensation of ice for ice coated grains is
given by

fice = max
(

1− pv,ice

pH2O
, 0
)
, (34)

where pv,ice is the vapour pressure of ice, calculated
from an approximation formula of Lichtenegger & Kömle
(1991). The steam pressure pH2O is calculated as in
Paper I.

The degree of condensation of carbon is given by

fcar =
1

V0,carεC

N∑
i=1

4π
3
a3
i ci,car. (35)

εC is the abundance of carbon nuclei with respect to hy-
drogen nuclei. For the mixture of amorphous and crys-
talline silicate grains the opacity is approximated by

κR,sil = fcry,forκR,sil,cry + (1− fcry,for)κR,sil,am, (36)

where the indices “cry” and “am” mean crystalline and
amorphous. fcry,for is the average degree of crystallised
silicate which is given by

fcry,for =
M∑
i=1

xi,cryci,for. (37)

The concentrations ci,j in Eqs. (35) and (37) follow from
the solution of the diffusion-transport-reaction Eq. (8).

For κR,sil,cry we use data for the optical constants of
crystalline olivine (Huffman, private communication), in
case of κR,sil,am data of amorphous forsterite (Draine &
Lee 1984; Draine 1985). For calculating the degree of con-
densation of silicate grains ffor only forsterite is consid-
ered. This is a slight simplification in order to hold the
number of dust species as low as possible. Optical data
for the other dust species are taken from Lide (1995) (in
case of iron), Koike et al. (1995) (corundum) and Draine &
Lee (1984), Draine (1985) (carbon). The Rosseland mean
of the opacities of each dust species are calculated by Mie
theory and assuming a Mathis-Rumpl-Nordsieck (MRN)
size distribution for each species (Mathis et al. 1977). For
the opacity of ice coated grains κR,ice we use the approx-
imation of Bell & Lin (1994).

In the special case of carbon dust the grain size distri-
bution changes with time due to carbon combustion. But,
anticipating a result of our model calculations, the grain
size distribution of carbon does not deviate far from the
initial MRN distribution. Thus we compute the Rosseland

mean of carbon dust by using the MRN size distribution
throughout the entire evolution of the disk.

The opacity of the gas κgas is calculated by

κgas =
(

1
κ4

mol

+
1

κ4
at + κ4

el

)− 1
4

· (38)

κmol, κat and κel are the opacities of molecules, atoms/ions
and free electrons, respectively, calculated with the ap-
proximations of Bell & Lin (1994). The special kind of
interpolation in Eq. (38) defines smooth transition zones
between the opacity regimes. The opacity of H− is omitted
to avoid thermal instabilities due to the steep temperature
dependent rise of the opacity in the region of the existence
of negative hydrogen ions (Bell & Lin 1994; Hartmann &
Kenyon 1996). This approximation has little effect to our
model since we are particularly interested in the physi-
cal and chemical conditions within disk regions with an
only moderately high temperature where dust exists, and
disregard the extreme processes appearing within the hot
inner part of the disk. In case of models for cool disks
H− absorption does not play any role anyway.

4. Numerical proceeding

This section presents the choice for the boundary condi-
tions and model parameters and the method of calculating
of the numerical model.

4.1. Initial and boundary conditions

The solution of the set of diffusion-transport-reaction
Eqs. (8) and the equation for the evolution of the sur-
face density (15) requires the prescription of initial and
boundary conditions.

4.1.1. Initial conditions

In case of the initial conditions, Σ and ci,j have to be spec-
ified for each (i, j) at each of the radial grid points. The
solutions of Eqs. (8) and (15) have the property to develop
to asymptotic terminal states due to their diffusion like
type, in which the inner part of the disk evolves through
a series of quasi-stationary states, while the outer parts
expand in time. For our purposes a relaxation towards
these terminal states is desired as fast as possible since we
are interested in physical and chemical conditions in the
disk at an evolution time as early as possible. Hence, we
wish to start with initial models which are already close
to the asymptotical states which develop after an initial
transient period. For this purpose we choose stationary
disk models as initial condition.

More precisely, we choose stationary disk models con-
structed by the methods of Paper I including the calcula-
tion of carbon combustion but by suppressing the calcu-
lation of silicate annealing. This guarantees an appropri-
ate initial specification of Σ, ci,car and ci,cr for every i at
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Table 1. Parameters used for the calculation of the disk
models.

initial stellar mass M∗,0 1 M�

stellar effective temperature T∗ 4500 K

stellar luminosity L∗ 5 L�

stellar radius R∗ 3.688 R�

inner disk radius ri 5 R∗

outer disk radius ro 200 AU

molecular cloud temperature Tcloud 20 K

initial disk mass Mdisk,0 0.2 M�

disk angular momentum Jdisk 1053 g cm2 s−1

viscosity parameter α 10−3, 3× 10−3, 10−2

each radial grid point. The suppression of silicate anneal-
ing means that initially there is no crystallised silicate
in the disk. This should be a good assumption as there
is little or even no crystallised silicate in the interstellar
medium.

For carbon dust grains the initial size distribution is
assumed to be given by the MRN size distribution (Mathis
et al. 1977). Due to the weakness of the accretion shock for
mass-infall onto the outer parts of the disk dust grains sur-
vive almost unmodified, and their size distribution should
be that of interstellar dust grains, which we assume to be
given by the widely used MRN size distribution5. The ini-
tial value for the degree of condensation of carbon is set
to f0,car = 0.6 (Mathis et al. 1977), as in Paper I. The
remaining carbon is assumed to be bound in CO.

4.1.2. Boundary conditions

The boundary conditions for the concentration ci,j,k at
the inner and outer borders of the radial grid are deter-
mined as follows: at the inner boundary the silicate is com-
pletely annealed and the carbon dust completely burnt
(cf. Eqs. (19) and (35) of Paper I). At the outer bound-
ary the silicate dust is completely amorphous and the size
distribution of carbon dust, again, equals the MRN distri-
bution as initially assumed to be valid for the dust from
the molecular cloud (cf. Eqs. (22) and (36) of Paper I).

The surface density Σ is assumed to vanish both at
the inner and outer boundary. At the outer boundary this
choice is reasonable since the surface density becomes ex-
tremely low far away from the protostar. At the inner
boundary this choice seems to be unreasonable since the
surface density usually rises with decreasing radial dis-
tance to the star. However, this choice is common prac-
tise in evolutionary calculations of one-zone models be-
cause it has two advantages. At one hand the solution
of Eq. (15) becomes much easier as in the case of non-
vanishing boundary condition. On the other hand this
choice ensures that the matter which passes through the

5 Different size distribution of ISM dust grains have been
proposed by Weingartner & Draine (2001).

Table 2. Parameters for the initial mass accretion rate at the
edges of the disk (in units of 10−9 M� yr−1; cf. Eq. (43)) for
our different models, and angular momenta of disks with given
viscosity parameters α calculated from Eq. (39) of Stepinski
(1998) and Eq. (40) of Nakamoto & Nakagawa (1995) in units
of 1053 g cm2 s−1. In the present model calculations the angular
momentum Jdisk of the disk is set to 1053 g cm2 s−1 in each
model.

model α Ṁa Ṁb Jdisk,ste Jdisk,nak

a1 1× 10−3 95.000 2.8126 0.640 0.646
a3 3× 10−3 364.78 8.1997 0.930 0.784
a10 1× 10−2 1714.6 26.963 1.400 1.002

parameters, start value for Tc

initial model (Σn=0
k , cn=0

i,j,k)

set of radial disk Eqs. (18) – (27)

new Tc,k, iteration up to ∆ = 10−7

Eq. (15) for Σ

new Σn+1
k , iteration up to ∆ = 10−5

new n (29), nOH (30), Ṁ (31), vr (32)

set of DTR Eqs. (11)

new cn+1
i,j,k

new fcar (35), fcry,for (37), M∗ (31)

next time step

?

?

?

?

?

?

?

?

?

?

���
�

Fig. 2. Flow chart of the numerical code (for details see
text). ∆ denotes the accuracy of the iteration, and the term
“diffusion-transport-reaction” is abbreviated by DTR. Arrows
with full lines denote iteration steps. The arrow with dashed
lines marks the iteration of the concentrations cn+1

i,j,k, which is
omitted in our model calculations, and the arrow with dotted
lines denotes the loop.

inner boundary is definitely extracted from the disk and
falls onto the protostar. As a result of this choice for the
inner boundary condition the surface density decreases un-
physically close to the inner boundary. However, we found
in our model calculations that this has no significant in-
fluence on the disk structure in those regions of the disk
where dust does exists.
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4.2. Model parameters

Next we have to choose a set of parameters for the disk
model. With respect to the properties of observable star-
disk systems in a quiescent state (e.g. Natta 2000) we de-
termine a set of parameters typically for protostars and
protoplanetary disks (Table 1).

With respect to the viscosity parameter α and the an-
gular momentum Jdisk of the disk Stepinski (1998) and
Nakamoto & Nakagawa (1995) derived quite similar re-
lations between these quantities. Stepinski (1998) com-
pared disk observations with a big number of simple semi-
analytic disk models and found the relation

Jdisk,ste ≈ 6.7α0.34 (39)

for stars with masses of 0.85−1.62M�, where Jdisk,ste is
in units of 1053 g cm2 s−1. Nakamoto & Nakagawa (1995)
calculated numerical models for the growth of protoplan-
etary disks and obtained

log Jdisk,nak = 0.577−
√
−0.256 logα− 0.180 (40)

for a final disk-to-star mass ratio Mdisk/Mast of about 0.1
after 106 yr. According to Ruden & Pollack (1991) the ini-
tial disk-to-star mass ratio exceeds the final value by a fac-
tor of about 2. Jdisk,nak also is in units of 1053 g cm2 s−1.
Calculated and observed lifetimes of α-disks agree rea-
sonably well for a choice of α between 10−2 and at least
10−3 (Ruden & Pollack 1991; Calvet et al. 2000; Drouart
et al. 1999). The proper range of angular momenta Jdisk

for these values of α according to (39) and (40) are shown
in Table 1. A reasonable choice of Jdisk then is to set the
disk’s angular momentum Jdisk to 1053 g cm2 s−1 for each
of our models with different viscosity parameters α.

The initial disk mass Mdisk,0 is chosen to be below
the reference point of Shu et al. (1990) for disk stabil-
ity against gravitational perturbations. The stellar radius
follows from the relation

L∗ = 4πR2
∗ σT

4
∗ . (41)

The initial disk mass Mdisk,0 and the angular momentum
of the disk

Jdisk =
∫ ro

ri

2πr3ΩΣ dr (42)

are determined by the mass accretion rate Ṁ of the initial
stationary model.

To get simultaneously the adopted values for the initial
disk mass Mdisk,0 and angular momentum Jdisk, Ṁ gener-
ally can not be constant, as it is assumed in the stationary
models of Paper I, but has to be assumed as radially de-
pendent in a suitable fashion. We specify a fermi-like dis-
tribution as initial distribution for the radial dependence
of the accretion rate

Ṁ(r) =


Ṁa at r < ra

Ṁa

(
Ṁb

Ṁa

) r2a−r
2

r2a−r
2
b

at ra < r < rb

Ṁb at r > rb,

(43)

where Ṁa and Ṁb are the mass accretion rates at the
borders of the variable part of the radial Ṁ -distribution
between ra = 5 AU and rb = 50 AU, respectively. This
choice of Ṁ(r) is somewhat arbitrary, but in our numer-
ical model calculations after an initial transient time the
local accretion rate Ṁ calculated according to (31) is in-
dependent of the particular choice of the initial model. In
this work we study models with three different values for
the viscosity parameters, α = 10−3, 3 × 10−3 and 10−2,
which in the following are abbreviated as a1, a3 and a10.
The values of Ṁa and Ṁb for the different initial mod-
els are shown in Table 2. The resulting initial Ṁ(r) from
model a3 is shown as an example in the upper part of
Fig. 4.

4.3. Numerical treatment of the model

The numerical method of the present model calculation is
as follows (cf. Fig. 2):

Within a given time step, Eq. (15) for the surface den-
sity is solved using standard methods for parabolic equa-
tions. The value of ν that is required for the solution of
Eq. (15) is calculated by solving the set of equations for
the radial disk structure (18)–(27) since ν itself depends
on Σ. This requires an iteration of Σ and ν(Σ) for self
consistency which is done by a fixpoint iteration up to an
accuracy of 10−5 for Σ.

The set of radial disk Eqs. (18)–(27) is solved by
first assuming a value of Tc and going stepwise through
Eqs. (18)–(27) until we obtain from (27) a new value
for Tc. Then Tc is iterated with a bisection method up
to an accuracy of 10−7.

Then the set of diffusion-transport-reaction Eqs. (11)
is solved with standard methods, using the values of vr,
n, ν, Tc and nOH from the solution of the set of equa-
tions for the radial disk structure (18)–(30) from the last
iteration step for Σ. The resulting concentrations ci,j,k
determine the degree of crystallisation of forsterite grains
fcry,for and the degree of condensation of carbon grains
fcar by Eqs. (37) and (35). The values of ci,j,k, fcry,for and
fcar then are used for the next time step.

Finally the stellar mass M∗ is re-calculated from
Eqs. (16) and (17), and the next time step is performed.

The global numerical method of the model calculation
is not fully implicit. It contains an explicit part, since the
concentrations ci,j,k are not iterated for the new time step.
There is an additional explicit part with respect to the
stellar mass for which we always use the value from the
last time step, because the mass accretion onto the star
is a slow process. We did a test calculation for model a3
with a fixpoint iteration for ci,j,k by using the new values
of ci,j,k for re-calculating Σ and ν(Σ) at the new time step
and iterating up to an accuracy of 10−5. This iteration is
indicated in Fig. 2 with the dashed lines. Compared to the
reference model without iteration we find only minor devi-
ations for those variables which specify the disk structure
(most important are the midplane temperature Tc and
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Fig. 3. The radial disk structure of model a3 with annealing, carbon combustion and radial mixing by diffusion (full lines) and
without (dashed lines) after 104 yrs (1), 105 yrs (2) and 106 yrs (3). The initial model is indicated by dotted lines. a) Midplane
temperature Tc. b) Surface density Σ. c) Vertical optical depth τc at midplane. d) Aspect ratio hs/r.

surface density Σ), at a level of at most one per mille.
Other variables, like the degree of condensation of the dif-
ferent dust species fj and the accompanying dust opac-
ities κj , differ only slightly from their values within the
reference model. The differences are well below of 1% in
most regions of the disk, except for the range of vapourisa-
tion of the dust species where somewhat larger deviations
of more than 10% occur for these variables as compared to
the reference model. Such large deviations, however, oc-
cur only if the absolute numerical values of the fj are very
low. The iterated concentrations ci,car,k and ci,for,k show
a similar behaviour.

To give an example, the deviation of the degree of crys-
tallisation fcry,for, calculated from Eq. (37), from the ref-
erence model is smaller than about 2% for fcry,for ≈ 10−3.
At the same order of magnitude the OH particle density
deviates from that of the reference model, but only in the
range of OH formation. Finally, the values of the drift
velocity vr and the mass accretion rate Ṁ deviate from
the reference model by roughly 15% in the vicinity of the
radial grid-points, where they change sign and their abso-
lute values become very small, while at other radial grid-
points the deviation, again, is below 0.1%. We conclude
from these results that the application of our semi-implicit
numerical technique is of sufficient accuracy. A fully

implicit calculation increases the computational time by a
factor of 40 without a significant improve of accuracy.

In each model calculation we start with a time step
∆t = 10−8 yr and increase it slowly. The time step is
chosen as follows: if the surface density changes by more
than 3% between two time steps the following time step
is somewhat reduced. If the change of the surface density
is less than 1% the time step is somewhat increased. After
an initial transient time the concentrations ci,j,k do not
change too much if the model has relaxed from the start
model and evolves steadily towards its asymptotic solu-
tion. Hence, we can take advantage of the semi-implicit
method which in principle allows an unlimited increase of
the time step. However, experience taught us to limit the
time step to a few hundred years because of the nonlinear
coupling between the model equations.

The model integration is terminated at 106 yr for each
of the models, since our model assumptions of neglecting
coagulation and formation of big bodies certainly becomes
invalid after this time.

The radial grid ranges between 8.58×10−2 and 200 AU.
The grid is chosen to be logarithmic equidistant, get-
ting closer spaced inwards, with a resolution of 100 grid
points per decade. We tested model a3 with higher and
lower resolutions of 200 and 50 grid points per decade,
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Fig. 4. The mass accretion rate Ṁ (top) and the pressure scale
height hs versus radial distance plotted with a linear scale (bot-
tom) of model a3 with annealing, carbon combustion and ra-
dial mixing by diffusion (full lines) and without (dashed lines)
after 104 yrs (1), 105 yrs (2) and 106 yrs (3). The dotted lines
indicate the initial model.

respectively. As well we tested model a3 with larger grids
for the degree of crystallisation (21 instead of 11 grid
points) and for the carbon grain size (61 instead of 31 grid
points). In all cases we found only minor changes as com-
pared to the reference model which are of the order of at
most a few percent for each variable.

5. Results

5.1. Time dependent radial disk structure

First we discuss the global structure of the disk for our
standard model a3. Figure 3 shows the results for some
important disk quantities. They are compared with the
results of a model calculation with the same set of pa-
rameters for the disk, but neglecting annealing of silicate,
carbon combustion and radial mixing of silicate and
carbon grains in the disk.

At first we notice in Fig. 3 the steady depletion of the
disk due to the accretion process which lowers the mid-
plane temperature Tc (Fig. 3a) and the surface density Σ
(Fig. 3b) with time. After 106 yr the disk mass is reduced
from initially 0.2 to 0.095 M�. Associated with the disk
depletion is the slow inward shift of the vaporization lines
of the most important absorbers which clearly can be seen
in the time dependent evolution of the midplane optical
depth τc (Fig. 3c) and especially in the inward shift of
the temperature plateaus, which results from the opac-
ity reduction by dust vaporization. These effects already

are observed in the time dependent model calculations of
Ruden & Pollack (1991).

The comparison of the results of model a3 with and
without radial mixing by diffusion confirms the results of
Paper I. The global disk structure decisively is modified
by the annealing of silicate grains, but only in the inner
part of the disk, where silicate dust is one of the main
absorbers.

As a result of silicate annealing the midplane temper-
ature is lowered and the surface density increases signifi-
cantly in the region where silicate dust exists. As an ex-
ample of the maximum deviation between both models,
i.e. between the models neglecting or including annealing,
the surface density after 105 yr at 0.65 AU is increased by
390 g cm−2 from 1820 to 2210 g cm−2 and the midplane
temperature is reduced by 230 K from 1310 to 1080 K.
The consequences for chemical processes within the disk
due to the temperature reduction will be the subject of
future investigations.

In the outer zones the disk atmosphere is not opti-
cally thick anymore. The point of transition from the op-
tically thick to the optically thin case first moves from 48
to 70 AU by the radial expansion of the disk during early
evolutionary stages, later the transition point moves in-
wards again because of disk clearing. In principle, for op-
tical depths below unity the present model is inconsistent
because our calculation of the midplane temperature (27)
assumes optical depths exceeding unity. However, the disk
structure within the inner part of the disk might not be
effected too much by this.

Figure 3d shows the influence of annealing on the as-
pect ratio hs/r. In model a3 there might exist two zones of
shadowing of the disk surface against illumination by the
protosolar radiation field that are located outwards and
close inwards of the vaporization line of ice6. Furthermore,
in the model neglecting silicate annealing, carbon com-
bustion and radial mixing there might occur additional
zones of shadowing, after 104 yr at 1.2 and 2.5 AU and
after 105 yr at 1.0 AU. However, the model including sili-
cate annealing, carbon combustion and radial mixing does
not show these additional zones of shadowing, since in this
case the radial run of the aspect ratio hs/r is more smooth.
Presently we do not consider stellar irradiation of the disk
surface in our model calculation, though this is important
for the chemical composition of the disk, because the ver-
tical mixing in turbulent regions of the disk transports
chemical processed matter from the surface to the mid-
plane and vice versa. However, such effects can not be
treated on the basis of the one zone approximation.

The upper part of Fig. 4 shows the time evolution
of the mass accretion rate. In the inner part of the disk

6 Note that the aspect ratio is not a strong indicator for
shadowing.
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Fig. 5. Rosseland mean of the extinction coefficient κR (thick lines) after 104 yrs (1), 105 yrs (2) and 106 yrs (3) in model a3.
The individual absorbers (dashed lines) are denoted by obvious abbreviations. Left column: a) radial mixing, annealing and
carbon combustion excluded. Right column: b) radial mixing, annealing and carbon combustion included.

matter is transported inwards by viscous accretion7. At
the same time the outer part of the disk expands due to

7 Within some turbulent eddies there probably occurs radial
outflow in the midplane and accretion only in higher layers,
but the off-center accretion over compensates the negative ac-
cretion in the midplane in these eddies (see the 2D models of
Kley et al. 1993).

the transport of matter outwards. The turn over point be-
tween accretion and expansion moves from 13 AU at 104 yr
up to 47 AU at 106 yr. The absolute value of the accretion
rate gradually decreases during the evolution of the disk.
Apart from the very beginning the mass accretion rate
never exceeds 3 × 10−7M� yr−1 during the evolution of
the disk in model a3. Though considering or neglecting
radial mixing processes in the disk considerably changes
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line) for the initial state of the disk of model a3. The individual
absorbers (dashed lines) are denoted by obvious abbreviations.

the structure of the disk model, the influence of radial mix-
ing processes on the evolution of the mass accretion rate
is small, especially in the late phases of the disk evolution.

Quite interesting is the linear-linear plot of the pres-
sure scale height hs versus the central distance r in the
lower part of Fig. 4. The axes use the same scaling, there-
fore the plot represents the vertical cross section of the
disk. It is remarkable that the disk’s height hardly changes
with time. This is a result we found for each of our models
which reflects the fact that (i) according to Eq. (20) for
given r the height essentially is determined by Tc and (ii)
that Tc becomes nearly constant (=Tcloud) in the outer-
most part of the disk (cf. Fig. 3a). Note that the pressure
scale height is not an observable, although actually an ob-
server’s experience is that one cannot conclude the age of
a protoplanetary disk from the disk geometry.

Figure 5 shows the temporal evolution of the radial
dependence of the total Rosseland mean of the extinc-
tion coefficient κR for model a3 with and without radial
mixing. The initial profile of κR is shown in Fig. 6. The
individual contributions of the most important absorbers
are plotted in both figures, too. The comparison of the left
and the right part of Fig. 5 reveals the strong modifica-
tion of the disk opacity by silicate annealing. By annealing,
the total extinction coefficient drops by more than a fac-
tor of 2 in the zone of dominant silicate absorption. The
extinction of the other absorbers also is changed by the
modified temperature and density conditions within the
disk. The influence of radial mixing on the radial distribu-
tion of annealed silicate dust grains is evident. Crystalline
grains are present even in low temperature regions of the
disk, though annealing only occurs at temperature above
≈800 K. More details are discussed below.

Comparing our present results with the stationary
models of Paper I reveals the importance of time depen-
dent calculations, particularly for the extinction proper-
ties of the disk (cf. Figs. 6 and 5 of the present work
with Fig. 3 in Paper I). The result for the stationary disk

models of Paper I are not merely snapshots of the disk
in some evolutionary stage but correspond to virtual final
stages of stationary disks where diffusion has operated for
infinitely long times. Real disks, however, exist only for a
limited period of time of at most 107 yr (Strom et al. 1993;
Hartmann et al. 1998; Calvet et al. 2000) shorter than the
characteristic diffusion time scales in the outer part of the
disk (cf. Fig. 9 of Paper I). This results in a significantly
different extinction structure of the evolved disks for the
time dependent models of our present work compared to
the stationary models of Paper I.

In addition, it is noteworthy that in our standard
model a3 including silicate annealing, carbon combustion
and radial mixing for each of the main dust absorbers
there exists a radial zone in the disk, where this absorber
dominates the disk’s opacity. E.g., at 104 yr the main ab-
sorber for r ≥ 12 AU is ice coated dust, for 2.8 AU ≤ r <
12 AU amorphous silicate dust, for 1.0 AU ≤ r < 2.8 AU
carbon dust, for 0.3 AU ≤ r < 1.0 AU iron dust and for
0.1 AU ≤ r < 0.3 AU corundum dust, respectively. This is
a consequence not only of the different stability limits of
the different dust species, but also of the particular initial
conditions in model a3, which lead to a zone of domi-
nant carbon absorption. Only the crystalline silicate dust
shows no such zone of opacity dominance in model a3,
since already the opacity of iron grains exceeds that of
the crystalline silicates at 104 yr at each r.

Note that in the model without annealing and diffusion
and also in the initial model there appears a distinct iron
feature inside the radius where one would näıvely suppose
complete vaporization of iron grains (see Figs. 6 and 5).
This feature appears because in the region of silicate va-
porization the disk temperature rises only slightly whereas
the density rises strongly. This leads to a small range of
stability for solid iron in our model without annealing and
diffusion, whereas the model including annealing shows no
such iron feature owing to the modified temperature and
density conditions.

5.2. Dust behaviour in the disk

Next we consider the behaviour of the dust species in the
disk for our standard model a3. For this purpose in Fig. 7
the temporal variation of the degrees of condensation of
the different dust species are plotted.

The time dependent model results in a continuous
transport of matter inwards due to advection and turbu-
lent diffusion. Consequently the combustion line of solid
carbon (Fig. 7a) and the vaporization lines of the mineral
dust species (Figs. 7b, c and d) shift inwards with time.
Corundum (Fig. 7d), for example, is stable all over the
disk after 106 yr since, then, the maximum temperature
in the disk everywhere drops below the vaporization limit
of corundum (about 1800 K under the conditions of pro-
toplanetary disks). Simultaneously with the inward drift
of matter in the inner disk regions one observes the ex-
pansion of the outer parts of the disk. During the disk
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Fig. 7. Degree of condensation of the dust species after 104 yrs (1), 105 yrs (2) and 106 yrs (3) in model a3. a) Fraction of C
condensed into solid carbon fcar. b) Fraction of Si condensed into forsterite ffor. c) Fraction of Fe condensed into solid iron firo.
d) Fraction of Al condensed into corundum fcor. In b), c) and d) annealing, carbon combustion and radial mixing is neglected
in the left and included in the right part of the figure. The dotted lines indicate the initial model.

evolution the carbon grains in the outer regions are diluted
by mixing with carbon free material from the interior due
to diffusive mixing. In addition, outwards of the turn over
point between accretion and expansion, the outwards di-
rected advection is the dominant transport process, which
becomes important for the radial mixing of carbon grains
at late times of the disk evolution.

Results of model a3 for the case where radial mixing,
annealing of silicates and carbon combustion are neglected
are shown in the left part of Figs. 7b, c and d. A com-
parison of the left and right part of the figures shows the
effect of annealing of forsterite. The reduction of the opac-
ity κR and the resulting reduction of the midplane tem-
perature Tc by annealing leads to an inward shift of the
condensation lines of the dust species. Anewed the small
islands of iron stability in the innermost disk region, al-
ready mentioned above, can be seen.

Figures 8 and 9 show the distribution of annealed sil-
icate dust in the disk for model 3 (for comparison see
Figs. 5 and 6 in Paper I). Figure 8 shows the concentration
of silicate grains with different degrees of crystallisation at
each radius of the disk after 104 yr. Owing to an identi-
cal treatment of annealing in this work and in Paper I
the results in the present work for annealing remain un-
modified: in hotter parts of the disk where Tc >∼ 800 K
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Fig. 8. Radial variation of concentration of forsterite grains
cfor with different degrees of crystallisation xcry at distance r
after 104 yr for model a3.

the silicate is completely annealed. The turbulent mixing
within the disk leads to a transport of annealed silicate
dust up to large distances from the protostar which in our
solar system correspond to the Kuiper belt. There exists
only a small fraction of only partially crystallised silicates.
The total fraction of partially crystallised forsterite takes
its maximum of 4.2% after 104 yr at 1.8 AU. Afterwards,
this maximum slowly drifts inwards (2.5% at 1.2 AU after
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pletely crystallised lattice structure. The dotted line corre-
sponds to the initial model.

105 yr and 3.4% at 0.5 AU after 106 yr). The maximum
fraction of partly crystallised silicate occurs if the fraction
of fully crystallised grains is between 80 and 90 %. In the
inner parts of the disk virtually every forsterite grain is
annealed.

Figure 9 shows the average degree of crystallisa-
tion fcry,for. The time dependent behaviour of annealing
can be seen much clearer in this figure. Owing to the small
amount of partially crystallised forsterite grains Fig. 9 ap-
proximately corresponds to the fraction of fully annealed
grains in Fig. 8. As can clearly be seen, some fraction of
crystallised grains is carried over a wide distance into the
outer disk region after they have experienced an annealing
event in the warm inner disk. After 106 yr, at r = 15 AU,
the average degree of crystallisation equals about 10%
(Tc = 43 K) and still about 1% at 95 AU (Tc = 23 K). Note
that the degree of crystallisation has only a formal mean-
ing in disk zones where silicates are completely vaporized.
Of course, the numerical values given above should be
taken not too seriously for our simplistic one-dimensional
disk model, however, they give a qualitative clue to how
substantial turbulent diffusion is able to transport matter
through the disk.

We also re-calculated the model a3 with a slightly
different value for the activation energy of annealing
Ea/kB = 41 000 K which was derived by Lenzuni et al.
(1995) and Duschl et al. (1996) from the annealing exper-
iment of Nuth & Donn (1982). As a result of the higher
activation energy the fraction of crystalline silicates in the
disk slightly decreases which results in a slight increase
of the opacity as well as of the midplane temperature.
The maximum temperature deviation is about 10 K in the
range of Tc = (800 ± 50) K where annealing takes place.
In other disk regions the modification of the disk struc-
ture is negligible. The model results, thus, do not depend
critically on the value of Ea.

In an annealing experiment (Hallenbeck et al. 1998;
Hallenbeck et al. 2000) there has been observed a different

evolutionary track of annealing of magnesium silicates as
compared to the experiments of Fabian et al. (2000) and of
Nuth & Donn (1982). Hallenbeck et al. 1998 detect a stall
phase within the annealing process, during which the spec-
tral features of the silicates at 10 µm hardly change. The
stall phase might be attributed to a different composition
of the initial amorphous silicates as compared to those of
Fabian et al. (2000) and of Nuth & Donn (1982). As a re-
sult the characteritic timescale of annealing has a different
form as compared to (7), and the annealing temperature
increases from about 800 K to about 950 K in the present
disk models. Though we did no time dependent model
calculation with the law for the characteritic timescale of
annealing of Hallenbeck et al. (2000), we conclude that the
disk structure would be somewhat influenced in the sense
that the annealing zone is slightly shifted inwards, but it
does not dependent critically on the annealing model.

We also continued the calculation of model a3 after
106 yr up to a time of 5×106 yr. Besides the further deple-
tion and cooling of the disk the radial mixing of matter in
the disk progresses during this period of disk evolution. As
a consequence of diffusional mixing and outwards directed
advective transport in the outer parts of the disk, the ra-
dial run of the degree of crystallisation of forsterite fcry,for

markedly flattens at 5×106 yr. For example, fcry,for drops
to 0.150 at 1 AU and increases to 0.084 at 100 AU at this
instant (cf. Fig. 9). At the same time the degree of con-
densation of carbon grains fcar is even almost a constant
of roughly 0.58 throughout the entire disk (cf. Fig. 7a).
The disk mass decreases to 0.016M� at 5× 106 yr.

Figure 10 shows the change of the radial variation of
the carbon grain size distribution with time. The initial
grain size spectrum (Fig. 10a) was constructed from the
stationary disk model including combustion but neglecting
annealing and diffusion. At ∼1.7 AU the initial size distri-
bution of carbon grains in the small zone of carbon com-
bustion can clearly be seen. During the subsequent disk
evolution the initial grain size spectrum changes gradu-
ally due to carbon combustion and radial mixing of the
disk matter (Figs. 10b, c and d). As an important ef-
fect the concentration of solid carbon in the outer disk
decreases because the carbon grains are diluted by mix-
ing with carbon free gas from the inner disk regions (cf.
Fig. 7a). However, the variation of the exponent of the
size spectrum βMRN with time is negligible, except in the
zone of complete carbon combustion where the size dis-
tribution flattens markedly until finally the largest grains
disappear.

Figure 11 shows the radial run of the partial pressure
of OH, which is responsible for the oxidation of the car-
bon grains, and the total gas pressure. OH is sufficiently
abundant to oxidize carbon only in the innermost part
of the disk. Combustion sets in if the particle pressure of
OH exceeds about 10−10 dyn cm−2, which corresponds to
a midplane temperature of about 1100 K in the present
models. The characteristic time of combustion (4) of a
carbon grain with a radius of 0.25µm then is of about
3× 104 yr.
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Fig. 10. Radial and time dependent variation of the carbon grain size spectrum. ccar is the concentration of carbon grains of
radius a at distance r for model a3 for the initial model (initial MRN distribution) a) and after 104 yrs b), 105 yrs c) and
106 yrs d), respectively.

Finally, Fig. 12 shows the temporal variation of two
selected disk variables, the midplane temperature Tc and
the degree of crystallisation of forsterite fcry,for, at selected
radial distances from the protostar r = 1, 3, 5, 10 and
30 AU for model a3. These radii roughly correspond to the
present positions of the Earth, the asteroid belt, Jupiter,
Saturn and Neptune, respectively.

The midplane temperature Tc in model a3 including
silicate annealing, carbon combustion and radial mixing
(Fig. 12a), again, reveals the depletion of the disk with
time owing to accretion onto the star. However, as the
accretion rate decreases with time (Fig. 4a), the decrease
of the midplane temperature slows down. For example,
this leeds to midplane temperatures of 30, 175 and 444 K
after 106 yr at the locations of Neptune, Ceres and the
Earth, respectively. The plateaus at the graphs for 5 and
10 AU are due to the vaporization of ice. These plateaus
are instructive and may be important for the formation
of the gas planets since in model a3 at the distance of
Jupiter, for example, the midplane temperature remains
roughly constant at about 140 K from 3.5 × 105yr on for
many of hundred thousand years.

The time evolution of the degree of crystallisation of
forsterite fcry,for in model a3 at different radial distances
(Fig. 12b) shows a division into three radial zones of dif-
ferent type of time evolution within the first 106 yr. In
the inner part of the disk (r <∼ 2 AU) from the very

beginning on all the silicate grains are annealed, and they
remain to be so as long as the temperature is higher than
800 K, whereafter fcry,for decreases with time due to the
disk depletion. In the outer part of the disk (r >∼ 10 AU)
fcry,for increases with time due to radial turbulent mixing.
In an intermediate zone (2 AU <∼ r <∼ 10 AU) first radial
mixing leeds to an increase of fcry,for, whereas later the
disk depletion moves the disk matter closer to the star
and then reduces fcry,for. Thus fcry,for takes a maximum
and decreases afterwards. At 106 yr the degree of crys-
tallisation of forsterite at the location of Ceres is of about
25%, whereas it has just reached 5.6% at the location of
Neptune.

5.3. The distribution of largest experienced
temperature

For studying the mineralogy of primitive meteorites and
comets the temperature history of their building blocks is
of great interest. For this purpose we calculate for each
distance r the distribution of the highest temperatures
the dust particles found at this distance ever experienced
during their past history.

We approach this problem by defining a grid for the
highest temperatures Tl that dust grains ever experienced
in the disk, where l denotes the grid point of the tem-
perature grid. We choose a temperature grid between
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a minimum and a maximum temperature of 20 K and
2020 K, respectively, in steps of 40 K (51 grid-points).
The minimum temperature equals the temperature of the
ambient molecular cloud, i.e. the minimum (midplane)
temperature in the disk in our models, and the choice
of the maximum temperature accounts for the fact that
above 2000 K the dust in the disk is completely vaporized
under the conditions of the protosolar nebula.

The occupation number of each temperature grid
point l at distance r denotes the fraction of dust
grains Cl(r), which previously have experienced a highest
temperature event falling into Tl − 20 K ≤ T < Tl + 20 K.
If the local dust temperature T (r) satisfies

T (r) ≥ Tl + 20 K (44)

for some l with 1 ≤ l ≤ L, where L is the maximum of l
for which (44) is satisfied, the concentration CL+1 of level
L + 1 at the radius r is increased by the value of Cl and
Cl is set to zero for all l = 1 . . . L satisfying (44). For
the purposes of numerical calculations this behaviour is
simulated by letting

dCl
dt

=

{
Cl−1

Tl,l+1
− Cl

Tl,l+1
if Tc ≥ 1

2 (Tl + Tl+1)

0 else
, (45)

where Tl,l+1 is the characteristic time of transition from
level l to l + 1.

In protoplanetary disks gains and losses at the tem-
perature grid point l also occur by radial turbulent and
advective transport. Hence, to determine the occupation
numbers Cl we have to solve another set of diffusion-
transport-reaction equations (cf. Eqs. (8) and (11))

∂Cl
∂t

+ vr
∂Cl
∂r
− 1
rn

∂

∂r
rnD

∂Cl
∂r

= Rl, (46)

where the rate term Rl is given by the rhs of Eq. (45).
The indices k of the radial grid are omitted in Eqs. (45)
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Fig. 12. The time evolution of a) the midplane temperature
Tc and b) the degree of crystallisation of forsterite fcry,for in
model a3, including (full lines) and neglecting (dashed lines)
silicate annealing, carbon combustion and radial mixing at se-
lected radial distances to the protostar. These radii roughly
correspond to the orbits of the Earth, the asteroid belt, Jupiter,
Saturn and Neptune, respectively.

and (46) for clarity. Once again one has to observe the
modification of the gain and loss terms in Eq. (46) at the
borders of the l-grid (cf. Sect. 2.4).

Since gain and loss at a temperature level l occurs
instantaneously we set the characteristic time of change
Tl,l+1 to a small fraction of the current numerical time
step ∆t,

Tl,l+1 = 10−3∆t. (47)

The set of Eq. (46) is solved by the same method as pre-
sented for the solution of the set of diffusion-transport-
reaction Eq. (8) (fully implicit).

The choice of the temperature differences ∆Tl of the
l-grid is constrained by the largest differences in tempera-
ture between two radial sampling points k and k+1. If the
grid point distance within the l-grid is smaller than the
temperature difference between two points of the radial
k-grid, then the concentration Cl at some l can get unnat-
urally depleted compared to the concentrations Cl−1 and
Cl+1. In order to meet this requirement we re-calculated
the model a3 with 200 radial grid points per decade (in-
stead of 100 in the standard case) and found the lowest ad-
mitted value of the temperature differences ∆Tl within the
temperature grid for an adequate resolution to be 40 K.
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Fig. 13. The concentration of dust particles C which experienced a largest temperature Tc at the midplane of the disk in model a3
(including radial mixing) at some selected radial distances after 104 yrs (1), 105 yrs (2) and 106 yrs (3). The temperature of the
initial model is indicated with dotted lines. Top left: at r = 0.1 AU. Top right: at r = 1 AU. Bottom left: at r = 10 AU. Bottom
right: at r = 100 AU.

The result for model a3 is shown in Fig. 13. For selected
radial distances the concentration distribution Cl is plot-
ted. Loosely speaking, this shows for some temperature Tc

the fraction of grains which somewhere in their past have
already been in a disk zone with this temperature, but
never in a hotter zone. The most conspicuous features of
the distribution Cl are the local maxima at 1750, 1400
and 1060 K, respectively, observable in most of the plots
in Fig. 13. They result from the temperature plateaus oc-
curring close to the vaporization lines of corundum, sili-
cates and the combustion line of carbon, respectively (cf.
Fig. 3). In addition there appears a small bump at 750 K
which results from the temperature plateau due to the an-
nealing of silicates. Hence grains which resided for a long
time in the region of one of these temperature plateaus
are more frequent compared to grains which experienced
another temperature history.

A large fraction of the grains during the disk evolution
is mixed from the inner region to large distances from the
protostar. E.g., the concentration of grains which expe-
rienced a highest temperature event between 1360 K and
1400 K after 106 yr is 3.4% at 0.1 AU, 3.0% at 1 AU, 1.5%
at 10 AU and 0.07% at 100 AU, respectively. In addition,
the fraction of particles which experienced a largest tem-
perature event of larger than 1000 K after 106 yr is 100%
at 0.1 AU, 34% at 1 AU, 9.2% at 10 AU and still 0.61%
at 100 AU, respectively. These results for the tempera-
ture history of dust grains anew demonstrate the extent

of transport of matter by radial turbulent mixing in the
disk.

The fraction of “well-toasted” grains in the outer parts
of the disk (r >∼ 10 AU) continuously increases during the
disk evolution due to radial mixing (Fig. 13). At the same
time, the fraction of grains with low highest temperature
events increases in the inner parts of the disk (r <∼ 1 AU)
owing to the decrease of the disk’s midplane temperature
with time by disk depletion.

Note that for Tc >∼ 1700 K all dust species are vapor-
ized except for corundum. Hence the local maximum at
∼1750 K solely results from corundum grains. The local
maximum at ∼1400 K mainly results from crystalline sil-
icate grains, with a small admixture of corundum grains.
Carbon grains appear for Tc <∼ 1100 K and finally amor-
phous silicate grains for Tc <∼ 800 K.

5.4. The models a1 and a10

After having discussed our standard model a3 in detail
we consider the models a1 and a10 with lower (10−3) and
higher (10−2) viscosity parameter α, respectively, in order
to show the dependence of our time dependent calcula-
tions on the viscosity parameter.

First we compare the disk structure of the models a1
and a10 (Figs. 14 and 15) with the model a3 (Fig. 3).
The most important difference between the models is the
evolutionary timescale of the disk. The larger the viscosity
parameter α, the larger the accretion rate Ṁ and, thus,
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Fig. 14. Same as Fig. 3 but for the model a1 (α = 10−3).

the lower the viscous timescale. As a result the disk masses
after 106 yr are 0.14M� in model a1, 0.095M� in model a3
and 0.030M� in model a10, respectively.

The different extents to which the disk are depleted
in the present models leads to a different time depen-
dent evolution of their temperature and density structure.
Particularly in the case of α = 10−2 the surface density
distinctly drops during the late phase of disk evolution,
and therefore also the midplane temperature decreases
(Figs. 15a and b). In contrast, during the early phase of
evolution of the disk model a10, the disk is hotter com-
pared to the models with lower α (Figs. 3 and 14) owing
to the more efficient heating by the accretion flow. Note
again that the present models initially have the same disk
masses and angular momenta.

Another significant property of the disk structure is
the homologous time evolution of the radial dependence
of the disk quantities. Particularly this property can be
recognized by the inward shift of the temperature plateau
corresponding to the vaporization of ice coated grains at
Tc ∼ 160 K with time (Figs. 3a, 14a and 15a). The ho-
mologous evolution of features with time results from the
strong dependence of the disk structure on the opacity
(Eq. (33)) which rules the radiation transport in the disk.
Radiation transport in turn dominates the energy trans-
port in protoplanetary disks (e.g. Lin & Papaloizou 1985),
hence the disk structure is considerably influenced by the
opacity law.

If the vertical optical depth (Figs. 14c and 15c) drops
below unity, the disk gets optically thin and isothermal
with respect to the z direction, i.e. the effective tem-
perature Teff , given by (22), equals the cloud tempera-
ture Tcloud. After 106 yr, the limit τc = 1 is achieved
at 69 and 31 AU for the models a1 and a10, respectively.
Initially the disk is optically thin at r > 48 AU for each
model. Thus, at the time of termination of the simulation,
model a1 has not finished its expansion phase as a result
of angular momentum transport, whereas model a10 al-
ready is in the contraction phase due to substantial mass
loss onto the star.

The influence of radial mixing of annealed silicates on
the disk structure in both models a1 and a10 (Figs. 14
and 15) is similar to that observed in model a3 (Fig. 3).
At early evolutionary stages the location of significant
modifications of the disk structure as compared to the
model neglecting carbon combustion, silicate annealing
and radial mixing occurs, again, in the temperatures range
[200, 1450] K, i.e. between the vaporization lines of ice and
(annealed) silicates. The magnitude of the alteration of
model a1 and a10 by either including or neglecting an-
nealing and radial mixing is of the same order of magni-
tude as compared to model a3, i.e. a maximal decrement
of the midplane temperature Tc and increment of the sur-
face density Σ of about 25% for model a1 and 15% for
model a10. The vertical optical depth is reduced by a fac-
tor of roughly 2 in maximum. The radial run of the aspect
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Fig. 15. Same as Fig. 3 but for the model a10 (α = 10−2).

ratio hs/r in both models a1 and a10 shows a smoothing
similar to model a3 with the exception that in model a1
including annealing, carbon combustion and radial mixing
there might occur an additional shadowing zone, which is
located at 0.6 AU after 104 yr and at 0.5 AU after 105 yr,
respectively.

In Fig. 16 the results for the time dependent be-
haviour of important dust species for both models a1 (I)
and a10 (II) are shown. Figures 16 Ia and IIa show the de-
gree of condensation of carbon for both models. Obviously
the different values of the viscosity parameter α leed to a
more rapid evolution of the disk of model a10 compared
to the the disk of model a1. Whereas in model a1 solid
carbon is completely oxidized inside of 0.2 AU at 106 yr
(Fig. 16 Ia), in model a10 the stability limit of carbon
has moved below the inner boundary of the radial grid
at the same time (Fig. 16 IIa). At the same time oxida-
tion products of carbon combustion are transported up
to the outer boundary of the radial grid after 106 yr in
model a10 (Fig. 16 IIa). This is not a result of diffusive
mixing, since the viscous timescale τν = r2/ν in the outer
parts of the disk exceeds the termination time of the model
calculation, but is a result of the outward advection in the
outer disk zone. The turn over point between accretion
and expansion at 106 yr in model a10 is located at 49 AU,
and the viscous timescale τν at 200 AU, for example, re-
mains roughly constant at 2.7 Myr during the disk evolu-
tion. Hence, the degree of condensation of carbon slightly

drops below the initial value of 0.6 after 106 yr in the outer
parts of the disk, because of the outward transport of car-
bon free material by disk expansion. In contrast, owing
to the lower value of α the disk model a1 after 106 yr has
not evolved to such an extent that a substantial fraction
of partially burned material is transported to the outer
boundary.

Figures 16 Ib and IIb show the time dependent evo-
lution of the degree of condensation of forsterite for
both models a1 and a10. The degree of condensation of
forsterite becomes unity for radii larger than 1 AU in
both models after 104 yr (Figs. 16 Ib and IIb). At 106 yr
forsterite is condensed even everywhere in model a10
within the range of our radial grid (Fig. 16 IIb), while
disk model a1 is hot enough at this instant to vaporize
a certain fraction of the silicate in the inner part of the
disk. Note that initially the stability limits of solid carbon
and of the silicates in model a1 are at different locations
compared to model a10.

In Figs. 16 Ic and IIc the evolution of the degree of
crystallisation of forsterite with time is plotted for models
a1 and a10. The transport of annealed silicates across the
disk by diffusional mixing is remarkable. In both models a
substantial fraction of crystallised silicate grains spreads
across the optically thick part of the disk at termination
of the simulation. Up to 106 yr the degree of crystallisa-
tion at τc = 1 is 2.5 × 10−4 in model a1 (69 AU) and
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Fig. 16. Degree of condensation of carbon a), degree of condensation of forsterite b) and degree of crystallisation of forsterite c)
after 104 yrs (1), 105 yrs (2) and 106 yrs (3) in model a1 with α = 10−3 (I) and a10 with α = 10−2 (II). The initial model is
indicated with dotted lines.

0.115 in model a10 (31 AU), respectively. At the same in-
stant within the asteroid belt the degree of crystallisation
exceeds 17% in each model.

6. Concluding remarks

Protoplanetary accretion disks are fascinating objects, not
only for observers, but also from the theorists point of
view. Their theoretical interpretation and model construc-
tion even in the simplest case require the simultaneous
application of several physical theories: mechanics, hydro-

dynamics, turbulence theory, thermodynamics, solid state
physics, optics, radiation transport theory and chemical
reaction theory, respectively.

In the present work we try to insert a further building
block into the still incomplete building of the theory of the
properties and evolution of protoplanetary accretion disks
and of the solar nebula: time dependent radial mixing of
particulate disk species, which are of interest with respect
to the evolution of the disk structure, to observations of
protoplanetary disks and to primordial bodies in the solar
system.
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It is known from the observations of IR spectra of
comets that some comets contain a substantial fraction
of crystalline silicates. By fitting laboratory spectra of a
number of candidate minerals in the spectral range of
8−13µm, Hanner et al. (1994b) obtain good agreement
with the spectra of comets P/Halley (1986 03), Bradfield
(1987 29) and Levy (1990 20), respectively, by assum-
ing a fraction of roughly 25% crystalline olivine embed-
ded within a matrix of amorphous olivine. Similar frac-
tions of crystalline olivine are found to be present in the
comets Mueller (1993a) (Hanner et al. 1994a) and Hale-
Bopp (1995 O1) (Crovisier et al. 1997; Hanner et al. 1997;
Bouwman et al. 2001). Recently Yanamandra-Fisher &
Hanner (1999) anewed fit the spectra of the above comets
by using optical properties of nonspherical particles. Their
calculation gave best fit for a mixture of amorphous and
crystalline olivine grains with a fraction of 20% crystalline
olivine. Also remarkable is the comet 103P/Hartley 2,
which likewise exhibits the crystalline silicates bands in its
IR spectrum (Crovisier et al. 1999b), but which suppose
to originate from the Edgeworth-Kuiper belt in contrast
to the above comets which originate from the Oort cloud.

By assuming that annealing and radial mixing is the
process explaining the presence of crystalline olivine in
comets, our model results favour a not too low viscos-
ity parameter α, as a degree of crystallisation of silicates
fcry,for ≥ 0.2 outside of the snow line (Tc <∼ 160 K), where
the cometesials were formed, is attained only by the mod-
els a3 (α = 3 × 10−3) and a10 (α = 10−2) during a long
period of the disk evolution. For models a3 and a10 a de-
gree of crystallisation of 20% in the region of ice stability
is achieved after roughly 3× 105 yr and 5× 104 yr, respec-
tively. As a result, comets which contain this fraction of
crystalline silicates have to be formed inside of about 7 AU
in model a3 and about 11 AU in model a10. In contrast,
for the model a1 with α = 10−3 the degree of crystalli-
sation just attains 20% close the vapourisation line of ice
at the time of termination of the simulation (106 yr) at
a radial distance of about 4.5 AU. Other comets show no
features of crystalline silicates in their spectra, hence the
location of their formation seems to be far outside in the
disk where fcry,for is very small.

Admittedly, the above numerical values of our model
calculations should not be taken too seriously since we
do not know the true initial conditions of the solar sys-
tem, e.g. the initial disk mass and angular momentum.
Furthermore, we do not resolve the vertical and azimuthal
direction, and we still do not be aware of the true mech-
anism driving viscous accretion and turbulence. However,
the results of our model calculations qualitatively demon-
strate the efficiency of radial mixing of matter within the
solar nebula. Improved future models have to be developed
to verify these results.

Evidence of radial mixing and annealing in the solar
nebula beside the comets also is detected in meteorites.
Actually, it is not easy to find evidence in laboratory
study as in most cases the building blocks of the mete-
orites, which are assumed to be primordial matter of the

solar system, are thermally altered within the meteoritical
parent bodies. As an example, the coarse grained compo-
nent of the matrix of the Allende meteorite experienced
a heating event that lasted about 10−100 days at a sup-
posed temperature of 1000 K (Toriumi 1988). Annealing
of the coarse silicate grains is a possible explanation. A
more distinct indication for annealing in the primordial
solar nebula shows the CO meteorite Allan Hills A77299.
The matrix of Allan Hills contains a significant fraction of
olivine that obviously was crystallised under low pressure
conditions, i.e. not inside a larger parent body (Brearley
et al. 1989). The authors rule out other formation pro-
cesses, e.g. crystallisation during dust condensation or an
impact event.

Another indication of radial mixing within the pri-
mordial solar nebula is the presence of methane in the
comets. A formation of CH4 in the cold outer parts of the
disk seems to be impossible (Fegley & Prinn 1989). In our
model calculation we showed that the degree of condensa-
tion of carbon grains fcar in the middle and outer zones
of the disk decreases with time as a result of diffusional
mixing, e.g. from initially 0.6 to 0.55 at 6 AU after 106 yr
in each of the models (a1, a3 and a10). The carbon dust
rich matter from the parent molecular cloud is diluted by
carbon dust poor matter from inner disk regions which
contains the combustion products of the carbon grains,
especially C2H2 and CH4, which are products of chemi-
cal reactions of the residuals of carbon combustion in the
gas phase (Finocchi et al. 1997a). This could explain the
large observed fraction of the methane and acetylene in
the comets (Crovisier & Bockelée-Morvan 1999a).

Evidence of annealed silicates outside of the solar sys-
tem shows the disk around TW Hya. TW Hya is an about
8 Myr old pre-main sequence star (Webb et al. 1999). In
a recent observation the optically thick disk of TW Hya
has been resolved in the near IR, while it still remains
unresolved in the mid IR (Weinberger et al. 2002). The
spectrum in the range of 10µm clearly shows the 11.3µm
feature of crystalline forsterite and a flat shape in the re-
gion of about 10−11.5µm similar to Hale-Bopp in April
1997 (Bouwman et al. 2001) which is typically for a mix-
ture of amorphous and crystalline silicates. These results
are a rather strong indicator for proceeded annealing in
the protoplanetary disk of TW Hya, though the crystalline
material could also be liberated by collisions between large
planetesimals and cometesimals, respectively, which might
be present in this developed disk and which experienced
thermal alteration in their interiors.

In conclusion, one of the most important results of our
model calculations is that radial mixing of annealed sili-
cate grains affects the disk’s radial structure to a signifi-
cant extent. In the zone of stability of silicate dust in each
of the models (a1, a3, a10), the inclusion of silicate an-
nealing, carbon combustion and radial mixing reduces the
midplane temperature by about 20% as compared to the
models including these processes, while the surface density
increases to the same percentage. This result clearly shows
that annealing, carbon combustion and radial mixing can
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not be neglected in model calculations of protoplanetary
accretion disks, which have the purpose of investigating
the radial structure, chemical composition and radiation
of the disks.
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References

Anders, E., & Kerridge, J. F. 1988, in Meteorites and the
early solar system, ed. J. F. Kerridge, & M. S. Matthews
(University of Arizona Press, Tuscon), 1155

Balbus, S. A., & Hawley, J. F. 1991, ApJ, 376, 214
Bell, K. R., & Lin, D. N. C. 1994, ApJ, 427, 987
Bouwman, J., Meeus, G., de Koter, A., et al. 2001, A&A, 375,

950
Brearley, A. J., Scott, E. R. D., Keil, K., et al. 1989,

Geochimica et Cosmochimica Acta, 53, 2081
Cabot, W. 1984, ApJ, 277, 806
Calvet, N., Hartmann, L. W., & Strom, S. E. 2000, in

Protostars and Planets IV, ed. V. Mannings, A. P. Boss, &
S. S. Russell (University of Arizona Press, Tuscon), 377

Cassen, P. 1994, Icarus, 112, 405
Crovisier, J., & Bockelée-Morvan, D. 1999, Space Sci. Rev., 90,

19
Crovisier, J., Leech, K., Bockelée-Morvan, D., et al. 1997,

Science, 275, 1904
Crovisier, J., Leech, K., Bockelée-Morvan, D., et al. 1999,

Workshop on Thermal Emission Spectroscopy and Analysis
of Dust, Disks, and Regoliths, April 28-30, 1999, Houston,
Texas, abstract No. 3010

Cyr, K. E., Sears, W. D., & Lunine, J. I. 1998, Icarus, 135, 537
D’Alessio, P., Cantò, J., Calvet, N., et al. 1998, ApJ, 500, 411
Draine, B. T. 1985, ApJS, 57, 587
Draine, B. T., & Lee, H. M. 1984, ApJ, 285, 89
Drouart, A., Dubrulle, B., Gautier, D., et al. 1999, Icarus, 140,

129
Dubrulle, B. 1993, Icarus, 106, 59
Duschl, W. J., Gail, H.-P., & Tscharnuter, W. M. 1996, A&A,

312, 624
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