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Abstract. The aim of the present work is to present theoretical results on the Stokes parameters of a resonance
spectral line, scattered by moving atoms (or ions) in the presence of a local magnetic field. We assume that the
scattered line is sensitive to the Hanle effect due to the magnetic field and also to Doppler redistribution due to
the atomic motions. The present theory is developed for a two-level atom, in the framework of the density matrix
formalism Blum (1981). Analogous results given in Sahal-Bréchot et al. (1986) for the magnetic-field effect alone,
and in Sahal-Bréchot et al. (1998) for the velocity-field effect alone, can be obtained from our theory by cancelling
in the equations, respectively, the velocity field or the magnetic field. The results of our theory are general and can
be used for astrophysical studies concerning the Hanle effect and the Doppler redistribution effect on the linear
polarization parameters of the scattered radiation. They can be used particularly to interpret linear polarization
of coronal spectral lines to get a complete determination of vectorial quantities such as the coronal magnetic field
and the solar wind velocity field vectors. As an application, the atomic velocity field distribution is supposed to
be Maxwellian with a drift velocity field vector. This latter describes the macroscopic motion of the scattering
atoms. In the solar corona, it can be assimilated into the solar wind velocity field vector.
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1. Introduction

Processes in the solar atmosphere such as coronal heat-
ing and solar wind acceleration have been studied (ob-
servationally and theoretically) for a long time. But until
now, due to our very limited knowledge of their sources
and nature, they still remain among the great challenges
of solar physics. The interpretation of these phenom-
ena arises from magnetohydrodynamic theoretical devel-
opments, which require the knowledge of vectorial quanti-
ties such as the coronal magnetic field and the solar wind
velocity field vectors.

In astrophysics, the complete determination of vecto-
rial quantities is more difficult than the determination
of thermodynamic scalar quantities (temperature, den-
sity, pressure etc.). These in fact can be determined by
using spectroscopic methods based on the interpretation
of the intensity profile of spectral lines. Common spec-
tropolarimetric methods can only give a partial deter-
mination of the vectorial quantities (here, we limit our-
selves to resonant scattering): the longitudinal component
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of the magnetic field via the Zeeman effect, or the line-
of-sight component of the scattering atoms velocity field
via Doppler shifts of the emitted spectral lines... However,
spectropolarimetric methods have the potential to provide
a complete determination of vectorial quantities. These
methods are based on the interpretation of the Stokes
parameters of spectral lines sensitive to the Hanle effect
(for the magnetic field) and to the Doppler redistribution
(for the velocity field vector). In fact, the Stokes param-
eters of well selected spectral lines sensitive to the Hanle
effect depend on the three components of the magnetic
field. Thus, they contain all the information on this vec-
tor (strength and direction) as shown by Sahal-Bréchot
et al. (1977). Similarly, the Stokes parameters of spectral
lines sensitive to the Doppler redistribution of an inci-
dent anisotropic and frequency dependent radiation field
depend on the strength and direction of the macroscopic
velocity-field vector of the scattering atom (Sahal-Bréchot
et al. 1998). Consequently, the presence of a magnetic field
(velocity field) modifies the polarization of the scattered
line which is sensitive to the Hanle effect (Doppler redistri-
bution). Inversely, by measuring the frequency-integrated
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linear-polarization1 parameters (degree and direction of
linear polarization) of a spectral line sensitive to the mag-
netic or to the velocity field and another spectral quantity,
we can get complete information on the field vector. To
determine completely a vector, we need in fact three inde-
pendent measurements. This is why we need an additional
measurement other than the degree and direction of lin-
ear polarization. The third quantity may be the electronic
density, the Doppler shift, etc.

In the solar corona, the emitted resonance lines from
lithium-like ion (O vi, N v, C iv, ...) are excited by
isotropic electronic collisions (that do not create polariza-
tion in the Zeeman sublevels) and by photoexcitation by
the unpolarized and anisotropic radiation coming from the
underlying chromosphere-corona transition region. The
de-excitation in these lines is by spontaneous emission.
The partial anisotropy of the incident radiation from the
transition region is at the origin of the atomic align-
ment in the upper levels. These scattered lines are, conse-
quently, linearly and partially polarized. In addition, they
are among the strongest lines emitted in the corona up to
large heights above the solar limb (Vial et al. 1980; Kohl
et al. 1998; Xing Li et al. 1998; and other papers related
to UVCS (UltraViolet Coronagraph Spectrometer, Kohl
et al. 1995) aboard the SoHO (the Solar and Heliospheric
Observatory, Domingo et al. 1995)).

At low latitudes in the solar corona, these lines have
typical widths of a few 10 km s−1, and they are affected
by the Doppler dimming effect due the outflow velocity
field of the coronal material (which is also of the order of
few 10 km s−1). The moving atoms (or ions) absorb the
incident radiation somewhere in the wings of the incident
line profile, at some distance from the zero velocity line
center. This means that the absorption takes place away
from the maximum of the incident radiation line profile.
Consequently, the reemitted line is not only shifted and
has its intensity dimmed compared to the incident one,
but also its linear polarization parameters (degree and
direction of linear polarization) are modified due to the
Doppler redistribution effect (Sahal-Bréchot et al. 1998).
The linear polarization parameters of the scattered radi-
ation depend on the strength and direction of the macro-
scopic velocity field vector of the scattering ions, so they
carry complete information on the solar wind velocity field
vector. Therefore, the measurement of the polarization
parameters of such lines (especially the O vi λ1031.92
line, hereafter O vi D2) permits one to determine com-
pletely the solar wind velocity field vector. Moreover, the
upper levels of the corresponding transitions have short
lifetimes. Owing to the smallness of the coronal magnetic
field strength, some of these lines are expected to be sensi-
tive to the Hanle effect. The linear polarization profiles of
these lines are also expected to contain the complete infor-
mation on the three components of the coronal magnetic

1 For the case of the Hanle effect alone, that we are con-
sidering in this paper, the integrated circular polarization is
generally zero, being essentially due to the Zeeman effect.

field vector. This makes the measurement of the linear po-
larization of these coronal lines very important and may be
the best method to get information on the solar wind ve-
locity field vector and on the coronal magnetic field vector.

In the second section, we will review briefly the
magnetic-field effect (Hanle effect) and the Doppler redis-
tribution effect on the linear polarization parameters of a
resonance scattered line. The third section is devoted to
the presentation of the physical and astrophysical context
of the present work and to the description of the physi-
cal system considered to compute the linear polarization
of a spectral line due to the resonance scattering of the
incident chromosphere-corona transition region radiation
by the coronal ions. In our model, we will limit ourself
to an elementary scattering medium in a limited volume
located on the solar vertical (theoretically, one scattering
point). In the fourth section, we will derive the density ma-
trix elements of the unpolarized incident radiation com-
ing from the underlying chromosphere-corona transition
region. The fifth section is devoted to the computation of
the atomic density matrix elements interacting with the
incident radiation and the isotropic electrons of the sur-
rounding medium, in the presence of a local magnetic field.
In the computations, we will take into account the effect of
the atomic velocity field distribution and the effect of the
local magnetic field. The sixth section is devoted to the
computation of the density matrix elements of the scat-
tered radiation along the line of sight. In Sect. 7, we use
the precedent results to derive the Stokes parameters of
a spectral line sensitive to the Hanle effect and to the ef-
fect of the drift velocity field of the scattering medium. In
the following section, we apply the results of the theory
to the case of the O vi D2 coronal line. We limit ourself
for this application to a Maxwellian velocity distribution
with a drift velocity field describing the macroscopic mo-
tion of the scattering ion. The last section is devoted to
the conclusions and the prospects relative to the present
work.

2. The magnetic-field and the velocity-field
effects on the linear polarization

2.1. The Hanle effect

The Hanle effect results in the modification of the lin-
ear polarization parameters (degree and direction of lin-
ear polarization) of a spectral line by a local magnetic
field vector. From a classical point of view, the excited
atom (or ion) acts as a dipole, so the corresponding dipolar
electric field is submitted to a precession motion around
the magnetic field vector at the Larmor frequency, ω,
which is directly related to the magnetic field strength
(ω =

µB

h̄
B, µB is the Bohr magneton and B is the mag-

netic field strength). In addition, the dipolar electric field
strength is damped by the finite lifetime of the upper level
of the atomic transition considered. In the case where the
magnetic field is strong, the precession motion dominates
the damping and, consequently, the electric field vector
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Fig. 1. Case of resonance scattering of a purely di-
rective and unpolarized incident radiation in the di-
rection (Pz) by moving atoms with a velocity VP lo-
cated around the point P . The scattered radiation
is observed in the direction (PZ) (the line of sight).
The atomic levels being assumed infinitely sharp, in
the comoving frame, the atom absorbs and reemits
the incident radiation at the eigenfrequency ν0. In
the laboratory frame (fixed frame), the atom ab-
sorbs the incident photons with the shifted frequency

ν = ν0

(
1 +

VPz
c

)
. The correspondent intensity I (ν)

of the incident line profile is lower than the central
one I (ν0). The scattered line has the frequency ν′

with a shift ν′ − ν0 = ν0
VPZ
c , and has also its in-

tensity dimmed compared to that scattered by atoms
at rest. The polarization parameters of the scattered
radiation are the same as those of a line scattered by
atoms at rest. In this figure, we limit ourself to the
case of right scattering.

follows a completely symmetric path, and the re-emitted
radiation is depolarized (see cf., Landi Degl’Innocenti
1992: Fig. 8). However, if the damping time and the pre-
cession period are approximately of the same order of mag-
nitude, the emitted radiation is linearly polarized with
a degree lower than in the case of zero magnetic field.
The polarization direction also makes an angle with that
for zero magnetic field (for more details, see Mitchell &
Zemansky 1934). The modification of the polarization pa-
rameters depends on the strength and direction of the
magnetic field vector. We should notice that this classi-
cal description can explain only the case of the normal
Zeeman triplet (i.e., two-level atom Ju = 1, Jl = 0). For
more complicated atomic transitions, one must use quan-
tum theory.

The Hanle effect was used successfully to study the
magnetic field vector in solar prominences (Leroy 1977;
Sahal-Bréchot et al. 1977; Bommier & Sahal-Bréchot 1978;
Leroy 1978; Bommier et al. 1981; Sahal-Bréchot 1981;
Landi Degl’Innocenti 1982; Athay et al. 1983; Leroy et al.
1983; Leroy et al. 1984; Querfeld et al. 1985; Bommier
et al. 1986a,b; Bommier et al. 1994). Bommier & Sahal-
Bréchot (1978 & 1982) showed that the sensitivity of a
given spectral line to the Hanle effect occurs within the
range

0.1 ≤ ω τ ≤ 10, (1)

where τ is the lifetime of the upper level of the atomic
transition. In the visible, hydrogen lines Hα and Hβ, and
the helium line D3, have an ideal sensitivity to the Hanle
effect. This is one of the reasons for the study of the Hanle
effect in solar prominences. In the solar corona, the ex-
pected order of magnitude for the magnetic field strength
is of a few Gauss. Consequently, only lines with short life-
times are expected to be sensitive to the Hanle effect.
Polarization of lithium-like ion lines observed in the far
ultraviolet (FUV) are expected to be also sensitive to the

effect of the local magnetic field. The measurement and in-
terpretation of the linear polarization parameters of such
lines should give us important information on the coronal
magnetic field.

2.2. The Doppler redistribution

2.2.1. Case of a directive incident radiation

In the present section, we consider the case of unpolarized
radiation beam propagating in the direction (Pz) (Fig. 1)
and which is scattered by moving atoms or ions at P . We
observe the scattered photons in the direction of the line
of sight (PZ). We assume that the incident line profile is a
Gaussian centered at the frequency ν0 of the correspond-
ing atomic transition. In the atomic frame, an atom (or
ion) absorbs the incident radiation and reemits photons at
the frequency ν0. This assumes that the atomic sublevels
are infinitely sharp and that the absorption profile can be
assimilated to a δ-function. Since the natural width of the
transition is several orders of magnitude smaller than the
(Doppler) width of the incident radiation, this is indeed
a very good approximation. In the laboratory frame, the
moving atom with a velocity VP absorbs incident pho-
tons at the shifted frequency ν = ν0

(
1 + VPz

c

)
. Thus, the

absorption takes place somewhere in the wings of the inci-
dent line profile, which means that the absorbed intensity
is lower than that of the central zero velocity field fre-
quency of the incident line profile. Consequently, the scat-
tered line is not only shifted (by ∆ν ∝ ν0

VPZ
c , where VPZ

is the component of the atomic velocity field along the line
of sight), but has also its intensity dimmed compared to
the incident one (Fig. 1). In this case (perfectly directive
incident radiation, i.e., maximum anisotropy), it is found
that the atomic velocity field affects only the scattered
line intensity but has no effect on its linear polarization
parameters, which are the same as those of photons
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Fig. 2. Effect of the velocity field of
the scattering atoms on the linear po-
larization parameters of the reemit-
ted radiation. To obtain the modifi-
cation of the polarization parameters,
we need a partially anisotropic inci-
dent radiation field. This is the case
of the chromosphere-corona transi-
tion region radiation field scattered
by the coronal ions. The polarization
parameters of the reemitted photons
carry with them important informa-
tion on the macroscopic velocity field
vector of the coronal ions which can
be assimilated to the solar wind ve-
locity field vector. In the present fig-
ure, we consider the case of right scat-
tering, the line of sight (PZ) is par-
allel to the axis (Py).

scattered by atoms at rest (here we take into account
only radiative excitation). The corresponding formulae are
given by Sahal-Bréchot et al. (1998) (formulae 51–55). To
get the effect of the velocity field on the linear polariza-
tion parameters of the scattered radiation, we need partial
anisotropy of the incident radiation.

2.2.2. Case of partially anisotropic incident radiation:
qualitative explanation

To explain qualitatively the velocity-field effect on the po-
larization parameters of the scattered radiation, we con-
sider the case of the coronal ions which scatter the un-
polarized and partially anisotropic radiation coming from
the underlying chromosphere-corona transition region. In
the laboratory frame, the frequency absorption of the in-
cident radiation by the moving ion depends on the in-
cidence direction of the photons, which makes different
angles with the ion velocity field as it varies within the ra-
diation cone. Radiation coming from a given direction is
more or less dimmed than others as shown by Fig. 2. The
angular dependence of the dimming due to the scattering
ion motion leads to a modification of the linear polariza-
tion parameters of the scattered line. The rotation angle
of the direction of linear polarization and the decrease of
the polarization degree of the scattered radiation depend
on the three components of the velocity vector of the scat-
tering ion. The quantum theory of this phenomenon and
the resulting analytical formulae are developed in Sahal-
Bréchot et al. (1998).

3. Physical system

The aim of the present work is to determine the equa-
tions giving the Stokes parameters of a resonance scat-
tered spectral line by moving atoms in the presence of a

local magnetic field. The scattered line is supposed to be
sensitive simultaneously to the Hanle effect due the lo-
cal magnetic field and to the Doppler redistribution effect
due the macroscopic velocity field of the scattering atoms.
These atoms are supposed to be excited by isotropic colli-
sions and by a partially anisotropic radiation field. Owing
to this partial anisotropy, the scattered photons are lin-
early and partially polarized. This is the case of the coro-
nal ions which scatter the partially anisotropic radiation
coming from the underlying chromosphere-corona transi-
tion region.

The physical system considered is composed of moving
atoms in an elementary volume located at P (theoretically,
one point: Fig. 3). The scattering volume is located at a
given distance above the limb. The incident unpolarized
photons come from a spherical cap on the Sun, limited
by the cone tangent to the Sun and with vertex at the
point P . The atoms interact with the local magnetic field
embedded in the surrounding medium. This is the case of
the coronal ions, such as O vi, which absorb and reemit
by resonance scattering the unpolarized radiation coming
from the underlying transition region. The scattered pho-
tons are observed in the direction of the line of sight which
makes an angle θ (scattering angle) with the vertical to the
Sun which is the symmetry axis of the incident radiation
cone.

Hereafter, we adopt the model of the two-level atom
which is valid for the description of the scattered radiation
by the coronal ions in the EUV wavelength domain. We
assume that the lower level of the atomic transition con-
sidered is not polarizable (which is the case of the lower
level of the (3/2→ 1/2) transition of the O vi D2 coro-
nal line). The electrons velocity field distribution is an
isotropic Maxwellian, so the electronic collisions do not
create atomic polarization (i.e., population imbalance) in
the upper level of the atomic transition.
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Fig. 3. The physical system considered is composed of atoms
or ions located around the point P . The atoms (ions) interact
independently with the partially anisotropic incident radiation
coming from the spherical cap limited by the tangents to the
sphere with center O and radius 1 R�, and with electrons that
have an isotropic velocity distribution (which do not create
linear polarization). The shaded part on the spherical cap rep-
resents the polar hole.

Atoms interact with photons and colliding particles
(electrons) independently. Studying the interaction of one
atom with the local medium leads to the statistical equi-
librium equations where the solutions are the populations
and coherences between the Zeeman sublevels which are
related to the Stokes parameters of the scattered photons.
To obtain solutions (Stokes parameters) of the whole sys-
tem at a given frequency, we then can sum the obtained so-
lutions for one atom over all the atoms of the system, hav-
ing the same velocity field along the line of sight. Hereafter
we will consider only one scattering atom for the compu-
tations of the Stokes parameters of the scattered photons
as a function of the magnetic field and the atoms macro-
scopic velocity field vectors. At the end, we will sum the
final results over the atoms of the whole system (for more
details, see Sahal-Bréchot et al. 1998).

The total system (scattering atom, colliding particles,
radiation and magnetic field) is isolated and reversible.
So, it can be described by its density matrix, ρ, solution
of the Schrödinger equation

i h̄
dρ
dt

= [H, ρ] , (2)

where H is the Hamiltonian of the whole system. The
evolution of the atomic subsystem is described by the re-
duced density matrix, ρA, defined by a trace (average)

of the whole system density matrix ρ over the states of
the complementary subsystem (radiation + colliding par-
ticles) (Cohen-Tannoudji 1977; Cohen-Tannoudji et al.
1988). The evolution of ρA is given by the so-called “mas-
ter equation” (Cohen-Tannoudji et al. 1988). The form of
the master equation is given by Cohen-Tannoudji (1977),
Bommier & Sahal-Bréchot (1991), Sahal-Bréchot et al.
(1992), etc.

4. Polarization matrix elements of the incident
radiation

For the calculations of the Stokes parameters of the scat-
tered line, the magnetic field vector is defined by its
strength B, by the polar angle η with the polar axis,
and by the azimuthal angle ψ between the solar limb tan-
gent (Px) and the projection of the magnetic field vector
on the plane (xPy) tangent to the solar limb.

In the comoving frame, the atom absorbs the incident
radiation at the transition frequency ν0 (we assume that
the absorption profile is a δ-function). However in the lab-
oratory frame, the moving atom, with a velocity vector vA,
absorbs the incident radiation coming from a given ele-
mentary area around a point M on the spherical cap at
the shifted frequency ν = ν0

(
1 + vA·n

c

)
. n is the unitary

vector of the direction (MP ) of angular coordinates (α, β)
in the solar frame (Pxyz). We note by J (α, β, ν) the an-
gular distribution of the local intensity at the scattering
point P for the radiation coming from the direction (MP )
at the frequency ν (given in erg cm−2 s−1 sr−1 Hz−1).

We denote the polarization matrix of the incident pho-
tons at the frequency ν by ϕ(ν), which depends on the
frequency because of the scattering atom motion. This
matrix is obtained by averaging the incident radiation on
all the directions (Sahal-Bréchot et al. 1998). It should
be normalized to the mean local intensity of the incident
radiation

Tr [ϕ(ν)] = J̄ (ν). (3)

By using the relation between ν and the atomic velocity
field vA given by the Doppler effect, ϕ(ν) can be expressed
as a function of vA and will be denoted as ϕ(vA).

Equation (3) implies that the polarization matrix of
the incident radiation can be written as the angular av-
erage J (α, β, ν) multiplied by a unitary matrix M(α, β),
which describes the angular behavior of the incident ra-
diation coming in the direction n(α, β) (for more details
see Sahal-Bréchot et al. 1998). The elements of the po-
larization matrix expanded on the irreducible tensor ba-
sis
{
T kq
}

are obtained by expanding the matrix M(α, β)
in multipole terms on the same basis in the solar frame
(Pxyz) ((Pz) is the quantization axis), thus

M(α, β) =
2∑
k=0

k∑
q=−k

Mk
q(α, β) T kq . (4)

The matrix elements of ϕ(vA) developed on the irre-
ducible tensor basis

{
T kq
}

, in the solar frame (Pxyz), are
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consequently given by

ϕkq (vA) =
1

4π

∫
α

dα sinα
∫
β

dβ J (α, β, v A)Mk
q (α, β)

= KMk
q(α, β).

(5)

For electric dipole transitions, we limit ourself to integer
values of k between 0 and 2. k = 0 gives the intensity com-
ponent, k = 1 gives the circular polarization components
(which are zero if the incident radiation is unpolarized),
and k = 2 gives the linear polarization components. The
computation of the matrix elementsMk

q(α, β) is presented
in Sahal-Bréchot et al. (1986). Their expressions are given
also by Sahal-Bréchot et al. (1998).

The density matrix of an atom in interaction with its
surrounding medium (incident photons and colliding par-
ticles) depends on the local magnetic field and eventu-
ally on the atomic velocity field. It is more practical to
write the equations describing this interaction in the frame
where the magnetic field vector is parallel to the quanti-
zation axis. This permits to keep the magnetic quantum
number as a good quantum number. In addition, the den-
sity matrix elements of the reemitted photons are eas-
ily obtained in this frame. We note by (PX ′Y ′Z ′) the
magnetic frame, the quantization axis (PZ ′) is parallel to
the magnetic field vector. It is, so, necessary to rewrite
the density matrix elements of the incident photons in
the frame (PX ′Y ′Z ′) which is obtained from the solar
one (Pxyz) by a rotation with the Euler angle (ψ, η, 0)

(
ψ

and η are respectively the azimuth and the polar angle of
the magnetic field vector in the frame (Pxyz)

)
.

The formula giving the density matrix elements φ′kq
(relative to a frame R′) obtained from the elements φkq
(relative to a frame R) through a rotation from R to R′
of angles (Ω,Θ,Ψ) is given by (Bommier 1977)

φ′
k
q′ =

k∑
q=−k

ei (qΩ+q′ Ψ) dkq′q (−Θ) φkq , (6)

the coefficients dkq′q are given in Brink & Satchler (1962).
We note by ϕ′(vA) the incident photons density ma-

trix in (PX ′Y ′Z ′). The matrix elements of ϕ′(vA) are ob-
tained from those of ϕ(vA) by using the equation of the
density matrix element transformation by an Euler rota-
tion given by

ϕ′
k
q′(vA) =

k∑
q=−k

eiψ q dkq′q(−η) ϕkq (vA). (7)

The resulting matrix elements ϕ′kq(vA) of the incident pho-
tons written in the magnetic field frame are given by

ϕ′00(vA) = ϕ0
0(vA)

ϕ′11(vA) = ϕ′10(vA) = ϕ′1−1(vA) = 0

ϕ′20(vA) = 1
2 (3 cos2 η − 1) ϕ2

0(vA)−
√

3
2 sin (2 η)

×<e
[
eiψ ϕ2

1(vA)
]

+
√

3
2 sin2 η <e

[
ei 2ψ ϕ2

2(vA)
]

ϕ′21(vA) =
√

3
8 sin (2 η)ϕ2

0(vA) + cos (2 η)

×<e
[
eiψ ϕ2

1(vA)
]

+ i cos η =m
[
eiψ ϕ2

1(vA)
]

− 1
2 sin (2 η) <e

[
ei 2ψ ϕ2

2(vA)
]
− i sin η

×=m
[
ei 2ψ ϕ2

2(vA)
]

(8)

ϕ′22(vA) =
√

3
8 sin2 η ϕ2

0(vA) + 1
2 sin (2 η)

×<e
[
eiψ ϕ2

1(vA)
]

+ i sin η =m
[
eiψ ϕ2

1(vA)
]

×+ cos2 η+1
2 <e

[
ei 2ψ ϕ2

2(vA)
]

+ i cos η

×=m
[
ei 2ψ ϕ2

2(vA)
]
.

The symbols <e and =m design respectively the real and
imaginary part of their arguments. To avoid the repetition
of the previous expressions, we note

ϕ′
k
q (vA) = Kϕ′kq(α, β, η, ψ) (9)

ϕ′kq (α, β, η, ψ) is the angular term of the density matrix
element ϕ′kq (vA).

As mentioned in Sahal-Bréchot et al. (1998), the ex-
pressions obtained for the polarization matrix elements
of the incident radiation are general and no restricting
assumptions are made to this part. In order to get the
density matrix of the reemitted photons which lead to the
Stokes parameters of the scattered radiation, we should
write and solve the statistical equilibrium equations de-
scribing the interaction of the moving atom with the inci-
dent radiation.

5. Atom-radiation interaction: Atomic density
matrix

We denote with ρA (vA, t) the density matrix of an atom
having the velocity vector vA. We have∫

TrA [ρA (vA, t)] d
3
vA =

∫
F (vA) d

3
vA = 1, (10)

because the trace of ρA (vA, t) is the sum of level popula-
tions of an atom with a velocity vector vA.

In order to obtain, in the laboratory frame, the master
equation for ρA (vA, t), which describes the evolution of the
atomic subsystem coupled with its surrounding medium
(photons and colliding particles (electrons)) (Bommier &
Sahal-Bréchot 1978; Cohen-Tannoudji 1962 & 1977; Fano
1957), we assume few approximations. The impact approx-
imation (Bommier & Sahal-Bréchot 1991) supposes that
the mean duration of the atom interaction with a photon
or an electron is much shorter than the mean duration
separating two successive interactions; the “no-back re-
action” approximation (Bommier & Sahal-Bréchot 1991;
Cohen-Tannoudji 1977; Cohen-Tannoudji et al. 1988; Fano
1957), also supposes that the atom surrounding medium
has enough degrees of freedom to dissipate rapidly the
atom interaction effects in the way that they will not have
any back effect on this atom; the Markovian evolution of
ρA (vA, t) supposes that this evolution depends only on the
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present time. We neglect also the atom recul during the
interaction with the electrons, this is because of the atom-
electron mass ratio. It is also the case for the atom-photon
interaction.

The complete equation for the atomic density matrix
evolution is given by Eq. (36) in Bommier & Sahal-Bréchot
(1978). By taking into account the approximations cited
previously, the master equation of the atomic subsystem
density matrix takes the following form

dρA (vA, t)
dt

=
1
i h̄

[HA, ρA (vA, t)]

+
(

dρA (vA, t)
dt

)
R

+
(

dρA (vA, t)
dt

)
C

,
(11)

where the indexes R and C are respectively relative to
the photons subsystem and to the colliding particles one.
They represent an average on the states of the two subsys-
tems photons and colliding particles, which are completely
decoupled.

Writing the coupling terms of the master equation as a
function of the corresponding S matrixes (scattering ma-
trixes) (see Bommier & Sahal-Bréchot 1991) permits us to
compute them easily. The atom interaction with the elec-
trons with a isotropic distribution affects only the Zeeman
sub-level populations. The atom motion appears only in
the coupling terms with the incident photons, whose den-
sity matrix elements were computed previously.

In the case of a two-level atom (e.g. the case of the
O viD2 coronal line), we obtain the statistical equilibrium
equations between the upper level u and the lower level l of
the atomic transition considered. In the irreducible tensor
basis, by taking into account of the magnetic-field effect
and of the atom velocity-field effect (the quantization axis
is parallel to the magnetic field vector), we obtain in the
frame (PX ′Y ′Z ′)

JuJuρA
k
q (vA,B) =

JlJlρA
0
0 (vA)

Aul + i q ω

×
[
Ne αlu (Te)

√
2Jl + 1
2Ju + 1

δk0 +Blu ϕ
′k
q (vA)

×3
√

2Jl + 1 (−1)Ju+Jl+k+1

{
1 1 k
Ju Ju Jl

}]
,

(12)

where ω is the Larmor frequency and αlu (Te) is the elec-
tron excitation rate. k = 0 or 2 in this case. The term
with k = 0 (q = 0) gives the upper level population and
the other terms with k = 2 (q = 0;±1;±2) are related
to the linear polarization parameters of the atomic tran-
sition (alignment terms). ϕ′ is the polarization matrix of
the incident photons in the magnetic frame (PX ′Y ′Z ′) (ϕ
in the solar frame (Pxyz)).

6. Polarization matrix elements of the reemitted
photons

The polarization matrix elements of the reemitted photons
can be obtained from the previous equation describing the

evolution of the atomic subsystem in interaction with the
incident photons and the colliding particles in the presence
of a magnetic field. We denote by φ(vA,B) this matrix in
the magnetic field frame (PX ′Y ′Z ′) where the quantiza-
tion axis (PZ ′) is parallel to the magnetic field vector. The
polarization matrix elements φkq (vA,B) of the reemitted
photons are given (as number of re-emitted photons per
unit time, per unit volume and per unit velocity distribu-
tion) by

φkq (vA,B) =
NA F (vA)
1 + i q γ

[
Ne αlu (Te)

1√
3
δk0

+Blu ϕ
′k
q (vA) c(k)

]
,

(13)

where NA is the number of scattering atoms per unit vol-
ume, γ = ω τ (τ being the lifetime of the upper level of
the atomic transition), and Blu is Einstein’s coefficient for
absorption. The coefficient c(k) is defined by

c(k) =
{

1 if k = 0
cul if k = 2 (14)

the coefficient cul being defined in Sahal-Bréchot et al.
(1998) (see also Landi Degl’Innocenti 1984; Landi
Degl’Innocenti & Landi Degl’Innocenti 1988).

Then, the polarization matrix elements of the reemit-
ted photons written in the frame of the magnetic field are
given by

φ0
0(vA) =

1√
3
NA F (vA)Ne αlu+NA F (vA)Blu ϕ

′0
0(vA),

φ2
q(vA,B) =

NA

1 + i q γ
F (vA)Blu cul ϕ

′2
q(vA).

(15)

The other elements φ2
−1(vA,B) and φ2

−2(vA,B) can be
obtained using the conjugation property (Bommier 1977)

φk−q = (−1)q φkq
∗
. (16)

To get the Stokes parameters of the scattered photons, we
should calculate the density matrix elements of the reemit-
ted radiation written in the laboratory frame where the
quantization axis is along the line of sight. We denote this
frame by (PXY Z), where (PZ) is directed along the line
of sight. (PXY Z) is obtained from the solar frame (Pxyz)
by an Euler rotation with angles (−π2 , θ,

π
2 ). θ (angle be-

tween (Pz) and (PZ)) is the scattering angle.
It is more useful to rewrite these polarization matrix

elements of the reemitted radiation first in the solar frame
(Pxyz) and then in the frame of the line of sight (PXY Z).
This is to reduce the number of rotation angles in the final
expressions. The atomic frame (Pxyz) is obtained from
the magnetic frame (PX ′Y ′Z ′) by a rotation with angles
(0,−η,−ψ). We note with φ′kq (vA,B) and Φkq (vA,B), re-
spectively, the polarization matrix elements of the scat-
tered photons (developed on the irreducible tensor basis)
in the solar frame (Pxyz) and in the frame of the line of
sight (PXY Z).
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The polarization matrix elements of the reemitted pho-
tons φ′kq(vA,B) written in (Pxyz) are given by

φ′00(vA) = φ0
0(vA)

φ′20(vA,B) = 1
2 (3 cos2 η − 1)φ2

0

+
√

3
2 sin (2 η)<e(φ2

1) +
√

3
2 sin2 η<e(φ2

2)

φ′21(vA,B) = e−iψ
{
−
√

3
8 sin (2 η)φ2

0

+ cos(2 η) <e(φ2
1) + i cos η=m(φ2

1)

+ 1
2 sin (2 η)<e(φ2

2) + i sin η=m(φ2
2)
}

φ′22(vA,B) = e−i2ψ
{√

3
8 sin2 η φ2

0

− 1
2 sin (2 η)<e(φ2

1)− i sin η =m(φ2
1)

+
cos2 η + 1

2
<e(φ2

2) + i cos η =m(φ2
2)
}
·

(17)

In (PXY Z), the polarization matrix elements of the scat-
tered radiation are given by

Φ0
0(vA,B) = φ′00(vA,B) = φ0

0(vA,B)

Φ2
0(vA,B) = 1

2 (3 cos2 θ − 1)φ′20

−
√

3
2 sin (2θ)=m(φ′21)−

√
3
2 sin2 θ<e(φ′22)

Φ2
1(vA,B) = i

{√
3
8 sin (2 θ)φ′20 + cos(2 θ)=m(φ′21)

−i cos θ<e(φ′21) + 1
2 sin (2 θ)<e(φ′22)

+i sin θ=m(φ′22)
}

Φ2
2(vA,B) = −

{√
3
8 sin2 θ φ′20 + 1

2 sin (2 θ)=m(φ′21)

−i sin θ<e(φ′21)− cos2 θ + 1
2

<e(φ′22)

−i cos θ=m(φ′22)
}
·

(18)

7. Stokes parameters of the reemitted photons

The Stokes parameters of the re-emitted radiation by mov-
ing atom with a velocity field vA are given as a function
of the density matrix elements of the reemitted photons
written in the frame of the line of sight (in number of
reemitted photons per unit of time, per unit of volume
and per unit of velocity distribution) by the following re-
lations (Sahal-Bréchot et al. 1998, 1986)

I(vA,B) =
3

4 π

(
1√
3

Φ0
0(vA,B) +

1√
6

Φ2
0(vA,B)

)
Q(vA,B) = − 3

4 π
<e
(
Φ2

2(vA,B)
)

U(vA,B) =
3

4 π
=m

(
Φ2

2(vA,B)
)

V(vA,B) = 0.

(19)

In the present case, the V(vA,B) Stokes parameter van-
ishes because the incident radiation field is considered
completely unpolarized.

The general form of the reemitted radiation Stokes pa-
rameters (here we take into account only of the linear po-
larization) is given by I(vA,B)
Q(vA,B)
U(vA,B)

 =
1

4 π
NA F (vA)Ne αlu

 1
0
0


+

1
(4 π)2 NABlu

∫
α

dα sinα
∫
β

dβ F (vA)J (α, β, vA)

×


 1

0
0

+ cul

 AIAQ
AU

 ·
(20)

The quantities AI , AQ and AU , which contain the effect
of the magnetic field, are given in Appendix A.

From the forms of the equations giving the Stokes
parameters as a function of the magnetic field and
the velocity field, it is clear that the Hanle effect and
the Doppler redistribution effect are completely decou-
pled. Particularly, by cancelling the magnetic field in
the terms AI , AQ and AU , we obtain the results of
Sahal-Bréchot et al. (1998) which give only the velocity-
field effect. To obtain the Stokes parameters as a function
of the magnetic field alone, we can just cancel the velocity
field vector in the dimming term.

We note that we have assumed only the two-level atom
approximation and there is no approximation on the in-
cident and the reemitted line profiles. There is also no
approximation on the velocity distribution F (vA) of the
scattering atoms. It can be isotropic as in the inner corona
(although this point is not really clear) or anisotropic as
observed by UVCS/SoHO in the high solar corona.

Following Sahal-Bréchot et al. (1998), to get the dis-
tribution in frequency and intensity of the polarization of
the scattered radiation, it is necessary to sum the contri-
bution of all the atoms having the velocity vAZ

along the
line of sight. This can be performed by an integration over
the velocity field distributions vAX

and vAY
in the plane

perpendicular to the line of sight.
The Stokes parameters as a function of the scattered

radiation frequency ν are given (in number of photons per
unit of time, per unit of volume, per unit of frequency and
per unit of solid angle) by I(ν,B)
Q(ν,B)
U(ν,B)

dν = dvAZ

∫∫  I(vA,B)
Q(vA,B)
U(vA,B)

dvAX
dvAY

. (21)

8. Case of a Gaussian velocity field distribution
with a drift velocity field vector

We consider the case of the O vi D2 coronal line formed in
the solar corona by the resonant scattering of the unpolar-
ized and partially anisotropic radiation coming from the
underlying transition region. We assume that the incident
and reemitted line profiles are both Gaussian with respec-
tive linewidths ∆νDi

and ∆νDs . We obtain a corresponding
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equation for the incident photons polarization matrix ele-
ment by replacing, in the Eq. (47) in Sahal-Bréchot et al.
(1998), the limb-brightening function f(α) by a function
f(α, β), for the more general case when the incident radi-
ation field is not cylindrically symmetric around the solar
vertical (Pz), which is the case when one observes in the
coronal polar holes. The polarization matrix of the inci-
dent photons is given by

ϕ (vA) =
Ic

4 π
√
π∆νDi

∫
α

dα sinα f(α, β)
∫
β

dβ

× exp

[
−
(
ν − ν0

∆νDi

)2
]
M(α, β).

(22)

We assume also that the atomic velocity distribution is
Gaussian combined with a drift velocity field vector. It is
given by

F (vA) =
1

π3/2 (∆νDs)
3 exp

[
−
(
ν0

c

vA − V
∆νDs

)2
]
. (23)

The macroscopic velocity field vector V can be assimi-
lated to the solar wind velocity.

The equations giving the Stokes parameters for this
case are a generalization of those given in the Appendix A
in Sahal-Bréchot et al. (1998) (Eq. (A1) for the frequency
dependent Stokes parameters, and Eq. (A8) for the inte-
grated Stokes parameters on the line profile). They can be
written in the general form IQ
U

 = KcolNe αlu

 1
0
0


+Krad


 1

0
0

+ cul

 AIAQ
AU

 ·
(24)

The coefficients Kcol and Krad are given by Eq. (A1) in
the appendix of Sahal-Bréchot et al. (1998) for the fre-
quency dependent Stokes parameters, and by Eq. (A8) in
the same paper for the Stokes parameters integrated on
the scattered line profile. In both cases, we have

Krad ∝
1

(4 π)2

NA Ic Blu

√
π
√

∆ν2
Di

+ ∆ν2
Ds

∫
α dα sinα f(α, β)

×
∫
β

dβ exp

[
−
(ν0

c

)2 (V · n)2

∆ν2
Di

+ ∆ν2
Ds

]
·

(25)

The term in the exponential contains the velocity-field
effect (it is the dimming term).

9. Conclusions

We have developed, in the frame of the density matrix
formalism, the theory giving the Stokes parameters of a
linearly polarized spectral line sensitive simultaneously to
the Hanle effect due to a local magnetic field and to the
Doppler redistribution due to the macroscopic velocity
field of the scattering atoms. In the obtained equations,

there is no assumption on the geometry of the magnetic
field and velocity field vectors. There is no hypothesis also
on the line profiles nor on the velocity distribution of the
scattering atoms. The obtained results are general and
can be applied to physical problems implicating the mag-
netic field and/or the velocity field. From the final results,
it is possible to obtain the Stokes parameters of a spec-
tral line sensitive only to the Hanle effect or only to the
velocity-field effect. This is done by cancelling one or other
of these quantities in the final equations. In particular, we
get the results obtained by Sahal-Bréchot et al. (1998),
by cancelling the Larmor frequency (the magnetic field)
in the angular terms AI , AQ, AU . We obtain the Hanle
effect alone by cancelling the velocity field in the dimming
term.

As an application to the coronal case, we have used a
Maxwellian velocity field distribution with a macroscopic
velocity field vector for the coronal ions. In future work,
we will take into account, in the calculations, the velocity
distribution anisotropy observed by UVCS/SoHO (the ion
cyclotron effect). The integration along the line of sight
will be the subject of a more complete future work.

We will use these results in a further paper to inter-
pret the linear polarization parameters of the O vi D2

coronal line measured by using observations performed by
the SUMER (Solar Ultraviolet Measurements of Emitted
Radiation) spectrometer (Wilhelm et al. 1995; Wilhelm
et al. 1997; Hassler et al. 1997) on board of SoHO on
March 19, 1996 (Raouafi et al. 1999a,b,c,d; Raouafi 2000).
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Appendix A: AI, AQ and AU terms

The angular terms AI , AQ and AU are function of the
angular coordinates (α, β) of an emmetting point on the
solar disk; the angular coordinates (η, ψ) of the magnetic
field vector (or of the velocity field vector); the scattering
angle θ and of γ = ω τ (where ω is the Larmor angular
frequency and τ is the lifetime of the upper level of the
atomic transition considered). Their expressions are given
by the following equations

AL =
4∑
i=0

ξiALi with L = I;Q;U (A.1)

where

ξ0 = ϕ′
2
0(α, β, η, ψ);

ξ1 = <e

(
ϕ′21(α, β, η, ψ)

1 + iγ

)
;

ξ2 = <e

(
ϕ′22(α, β, η, ψ)

1 + i2 γ

)
;

ξ3 = =m

(
ϕ′21(α, β, η, ψ)

1 + iγ

)
;

(A.2)
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ξ4 = =m

(
ϕ′22(α, β, η, ψ)

1 + i2 γ

)
;

and

AI0 = d2
00(−θ)d2

00(η) − 2 d2
01(−θ)d2

10(η) sinψ
−2 d2

02(−θ)d2
20(η) cos(2ψ);

AI1 = 2 d2
00(−θ)d2

01(η)− 2 d2
01(−θ)

[
d2

11 − d2
1−1

]
(η)

× sinψ − 2 d2
02(−θ)

[
d2

21 − d2
2−1

]
(η) cos(2ψ);

AI2 = 2 d2
00(−θ)d2

02(η)− 2 d2
01(−θ)

[
d2

12 + d2
1−2

]
(η)

× sinψ − 2 d2
02(−θ)

[
d2

22 + d2
2−2

]
(η) cos(2ψ);

AI3 = 2 d2
01(−θ)

[
d2

11 + d2
1−1

]
(η) cosψ

−2 d2
02(−θ)

[
d2

21 + d2
2−1

]
(η) sin(2ψ);

AI4 = 2 d2
01(−θ)

[
d2

12 − d2
1−2

]
(η) cosψ

−2 d2
02(−θ)

[
d2

22 − d2
2−2

]
(η) sin(2ψ);

(A.3)

AQ0 = d2
20(−θ)d2

00(η)−
[
d2

21 − d2
2−1

]
(−θ)d2

10(η)
× sinψ −

[
d2

22 + d2
2−2

]
(−θ)d2

20(η) cos(2ψ);
AQ1 = 2 d2

20(−θ)d2
01(η)−

[
d2

21 − d2
2−1

]
(−θ)

×
[
d2

11 − d2
1−1

]
(η) sinψ −

[
d2

22 + d2
2−2

]
(−θ)

×
[
d2

21 − d2
2−1

]
(η) cos(2ψ);

AQ2 = 2 d2
20(−θ)d2

02(η)−
[
d2

21 − d2
2−1

]
(−θ)

×
[
d2

12 − d2
1−2

]
(η) sinψ −

[
d2

22 + d2
2−2

]
(−θ)

×
[
d2

22 + d2
2−2

]
(η) cos(2ψ);

AQ3 =
[
d2

21 − d2
2−1

]
(−θ)

[
d2

11 + d2
1−1

]
(η) cosψ

−
[
d2

22 + d2
2−2

]
(−θ)

[
d2

21 − d2
2−1

]
(η) sin(2ψ);

AQ4 =
[
d2

21 − d2
2−1

]
(−θ)

[
d2

12 − d2
1−2

]
(η) cosψ

−
[
d2

22 + d2
2−2

]
(−θ)

[
d2

22 − d2
2−2

]
(η) sin(2ψ);

(A.4)

AU 0 =
[
d2

21 + d2
2−1

]
(−θ)d2

10(η) cosψ
−
[
d2

22 − d2
2−2

]
(−θ)d2

20(η) sin(2ψ);
AU 1 =

[
d2

21 + d2
2−1

]
(−θ)

[
d2

11 − d2
1−1

]
(η) cosψ

−
[
d2

22 − d2
2−2

]
(−θ)

[
d2

21 − d2
2−1

]
(η) sin(2ψ);

AU 2 =
[
d2

21 + d2
2−1

]
(−θ)

[
d2

12 + d2
1−2

]
(η) cosψ

−
[
d2

22 − d2
2−2

]
(−θ)

[
d2

22 + d2
2−2

]
(η) sin(2ψ);

AU 3 =
[
d2

21 + d2
2−1

]
(−θ)

[
d2

11 + d2
1−1

]
(η) sinψ

+
[
d2

22 − d2
2−2

]
(−θ)

[
d2

21 + d2
2−1

]
(η) cos(2ψ);

AU 4 =
[
d2

21 + d2
2−1

]
(−θ)

[
d2

12 − d2
1−2

]
(η) sinψ

−
[
d2

22 − d2
2−2

]
(−θ)

[
d2

22 − d2
2−2

]
(η) cos(2ψ).

(A.5)

The coefficients dkqq′ are given in Brink & Satchler (1962).
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