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Abstract. The heat flow and temperature structure within and surrounding a magnetic flux tube stored in mechan-
ical equilibrium in a stellar convection zone are considered. The stationary thermal equilibrium state is determined
through the analytical solution of a two-dimensional heat diffusion problem for an infinitely long cylinder with
different thermal conductivities inside and outside the cylinder, both spatially variable. In the exterior of the
cylinder, convective heat transport is approximated in terms of a linear diffusive process, while in its interior
convection is assumed to be suppressed and only the much smaller radiative conductivity remains. The results
show that, under the conditions prevailing near the bottom of the solar convection zone and in the limit of small
cylinder radius, the temperature disturbance (thermal shadow) in the exterior of the insulating cylinder is almost
negligible due to the large effiency of convective energy transport. The spatial dependence of the conductivities
and the curvature of the external temperature profile lead to a temperature excess in the interior with respect
to the undisturbed temperature profile far away from the cylinder. We show that, within the framework of the
thin magnetic flux tube approximation, this temperature excess is due to a heating term equal to the negative
divergence of the undisturbed radiative heat flow, as suggested earlier by Fan & Fisher (1996). These results are
independent of the treatment of the convective transport in the exterior as long as the stratification is almost
adiabatic. The consequences for the storage of magnetic flux in the solar convection zone, brought about by the

enhanced buoyancy and caused by the heating effect, are discussed.
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1. Introduction

The operation of a hydromagnetic dynamo as a gen-
erator for the solar magnetic cycle requires the stor-
age of magnetic flux near the bottom of the convection
zone for times comparable with the cycle (half) period
of 11 years (Parker 1975; Spruit & van Ballegooijen
1982; Schiissler 1983). While fields with a strength be-
low the equipartition value with respect to convection
(510* G) may be pumped toward the bottom of the con-
vection zone (e.g., Tobias et al. 1998), the much stronger
fields in the order of 10° G indicated by stability analysis
and numerical simulations of rising flux tubes (Moreno-
Insertis 1986, 1992; Choudhuri & Gilman 1987; D’Silva
& Choudhuri 1993; Fan et al. 1994; Schiissler et al. 1994;
Caligari et al. 1995, 1998) require the establishment of a
mechanical equilibrium (see also Rempel et al. 2000).

Moreno-Insertis et al. (1992) have shown that magnetic
flux can be stored in the form of toroidal flux tubes (flux
rings) in mechanical equilibrium within a subadiabatically
stratified layer of convective overshoot below the convec-
tion zone proper. This equilibrium is characterised by (a)
neutral buoyancy (density inside the tube equal to the ex-
ternal density) and (b) balance between the magnetic cur-
vature and Coriolis forces. An initially buoyant flux tube
reaches the state of neutral buoyancy by rising in the over-
shoot layer: the stable (subadiabatic) stratification leads
to a temperature deficit of the flux tube with respect to its
surroundings and a concomitant reduction of its buoyancy
until the state of neutral buoyancy is attained.

The temperature deficit necessary for neutral buoy-
ancy (AT)p/T ~ 1/ (B: ratio of gas pressure to magnetic
pressure) is very small near the bottom of the con-
vection zone. Even for a field of 10° G we only have

Atrticle published by EDP Sciences and available at http://www.aanda.org or

http://dx.doi.org/10.1051/0004-6361:20020488



http://www.edpsciences.org/
http://www.aanda.org
http://dx.doi.org/10.1051/0004-6361:20020488

F. Moreno-Insertis et al.: Thermal properties of magnetic flux tubes. L.

(AT)p ~ 20 K, while the ambient temperature is about
2 x 10% K. Convective energy transport is suppressed by
such a strong magnetic field, but radiative transport re-
mains and tends to smooth out the temperature deficit in
a neutrally buoyant flux tube (Moreno-Insertis 1983). The
time scale of this process is the radiative diffusion time,
7. = R%/xT, where R is the radius of the flux tube and
is the radiative thermal diffusion coefficient. Near the bot-
tom of the convection zone we have y1 ~ 10" cm?s™! (e.g.
Spruit 1977b), so that for a flux tube radius of 1000 km
(corresponding to a magnetic flux of about 3 x 102! Mx for
a field strength of 10° G) we find 7, ~ 30 yr. Consequently,
flux tubes stored in the overshoot layer for a few years
would seem to be barely affected by radiative diffusion.

On the other hand, we observe that (AT)p for neu-
tral buoyancy is much smaller than the variation of the
external temperature over the cross section of a horizon-
tal flux tube: for a tube radius of 1000 km we obtain a
temperature difference of AT, ~ 2 x 10* K between the
top and the bottom of the flux tube. Consequently, the
buoyancy of a flux tube is strongly affected if the internal
temperature only changes by a small fraction of the ex-
ternal temperature variation over the flux tube diameter.
This indicates that it may not suffice to consider only the
zeroth-order approximation in tube radius of the radia-
tive energy exchange between the flux tube and its exte-
rior. Higher-order effects depending on the actual height
profile of the external temperature should also be taken
into account. As we show in this paper, such effects may
arise from the radial variation of the gravitational accel-
eration, from spatial variation of the convective and ra-
diative thermal conductivities, and from thermal shadows
(Parker 1984b, 1987).

A first step along these lines was taken by Fan & Fisher
(1996, hereafter referred to as FF96), who suggested that
a magnetic flux tube with internally suppressed convective
energy transport, experiences a net heating due to a non-
vanishing divergence of the external radiative heat flow,
provided that radiative transport is unaffected within the
flux tube. The amount of heating for conditions prevail-
ing near the bottom of the solar convection zone appears
to be large enough to have considerable consequences for
the storage of magnetic flux tubes. The validity of the
claim in FF96 cannot be fully assessed from the paper
since it gives neither a formal solution of the diffusion
problem nor a full analysis of the asymptotic behaviour in
the limit of the small flux tube radius. In order to clarify
this situation, we have carried out, in the framework of
a diffusion model, a detailed study of the thermal state
of a magnetic flux tube embedded in a medium pervaded
by a fixed energy flux at a large distance from the flux
tube. In particular, we have considered the effects of (a)
different thermal transport coefficients inside and outside
the flux tube, (b) spatially varying transport coefficients,
and (c) convective transport proportional to the gradient
of potential temperature.

Section 2 gives the analytical solution of the station-
ary heat flow problem. In Sect. 3 we present results of a
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numerical simulation of the time-dependent problem in or-
der to provide some understanding of the manner in which
the stationary solution is approached and the associated
time scales. Section 4 contains the description of both the
stationary and the time-dependent problem in the frame-
work of the thin flux tube approximation for the case of
a fixed external temperature field (no thermal shadow).
Quantitative estimates and the consequences for the stor-
age of flux tubes near the bottom of the solar convection
zone are considered in Sect. 5. Section 6 contains a sum-
mary and discussion of the results.

2. Stationary heat flow through a poorly
conducting cylinder in a non-uniform medium

2.1. Heat transfer equation

In this section we consider the stationary temperature dis-
tribution resulting after the introduction of an imperfectly
insulating cylinder in a medium with radiative or convec-
tive heat transport. We assume the unperturbed state to
be a plane-parallel stratified medium, which fulfils a sta-
tionary heat transfer equation of the form

V. Fo =0, (1)

where the unperturbed heat flow vector is denoted by F.
It has only a vertical (z) component, Fy, with a radiative
and a convective part, i.e.,

FO = FO,rad + FO,conv

T ele) |- (‘;—T)] - @)

Here Tp(z) is the unperturbed temperature profile, k, =
160T3/3kp is the radiative thermal conductivity (o:
Stefan-Boltzmann constant, k: Rosseland mean opacity, Cp
specific heat per unit volume), k. is the convective trans-
port coefficient for a linearized dependence of the con-
vective flux on the superadiabatic temperature gradient
(Spruit 1977a), and (dT'/dz).q is the adiabatic temper-
ature gradient. The description of the energy transport
in Eq. (2) uses the diffusion approximation for the radia-
tive transfer and a linearized mixing length approach for
convection (i.e., the convective flux is proportional to the
gradient of potential temperature).

We now consider the perturbation caused by the pres-
ence of a partially insulating, infinite cylinder of radius R,
whose axis points in the horizontal direction. For simplic-
ity we make the axis of the cylinder coincide with the y
coordinate axis. We assume the heat transport within the
cylinder to be purely radiative with a spatially dependent
conductivity k;(r), so that the heat flow vector inside is
given by

Fi = —Iii(’l") VTII, (3)

= —2)

with Ti(r) the internal temperature. In the stationary
state, the temperature distribution obeys the equation

V- [ri(r) VTi] = 0. (4)
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The presence of the cylinder causes a temperature per-
turbation T!(r) = T(r) — To(z) in the external medium,
so that the temperature gradient no longer always points
in the vertical direction. A non-vanishing horizontal com-
ponent of the heat flow results, which is carried in the
exterior by radiative transfer and by turbulent trans-
port described by the convective transport coefficient, k..
Assuming no variation in the y-direction (along the infi-
nite cylinder), the relation between the perturbed heat
flow, F', and the perturbed temperature profile in the
medium outside the cylinder, T'(r) = To(z) + To(r), is
given by:

—ky VT — K¢ [8—T — (dT) ] e, —/ica—Te
ad

F =
0z dz Oox °*

= Fy— xkVT/, (5)
where we have written K = K, + xc. Here, e, and e, are
the unit vectors in the z- and the z-direction, respectively,
and Eq. (2) has been used in order to obtain the second
equality. We have assumed (following Spruit 1977a) that
the convective energy transport in the horizontal direction
can be described by turbulent diffusion with k. as the
effective thermal conductivity. We have also assumed that
the thermal conductivities and (d7'/dz).q are unaffected
by the temperature perturbation. We briefly discuss the
consequences of relaxing this assumption at the end of
Sect. 4. In the stationary state we have V - F' = 0 and,
using Eq. (1), we obtain an equation for the perturbation
T! in the external medium, viz.
V- [k(z) VT = 0. (6)
Both Eq. (6) for the external and Eq. (4) for the inter-
nal temperature are of diffusion type. To solve the full
problem we require the temperature and the normal com-
ponent of the heat flow to be continuous at the boundary
between cylinder and external medium (at » = R in polar
coordinates centered at the cylinder axis):

T0+Té :ﬂa (7)

(8)

where e, is the normal vector at the surface of the cylin-
der. We also require the heat flow perturbation to vanish
asymptotically far from the cylinder, viz.

(Fo — & VT,) - e, = (—k; VT}) - ey,

k(z) VI, -0  for r—oo. 9)

Finally, the internal temperature, T;, has to be regular at
the axis of the cylinder (r = 0).

2.2. Exponential profiles of the conductivity
coefficients: Formal solution

There is no general solution of Egs. (4) and (6) for arbi-
trary spatial distribution of the conductivity coefficients.
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An analytical solution can be obtained in the case of ex-
ponential profiles for x and «;, namely:

k(z) = ko exp(Mz), (10)

ki(2) = Ky exp(M;z). (11)
This ansatz may restrict the generality of the results, but
to a lesser extent than could be thought at first sight. On
the one hand, (1) in the convection zone and overshoot
region x; < K¢ holds, so that the spatial variation of k,
can be neglected in the external medium, and (2) in the
radiative interior, k. vanishes. On the other hand, the cal-
culation in the limit of the thin flux tube approximation
(presented in Sect. 4) shows that only the first derivatives
of k and k; matter. Therefore, in that limit, any height
dependence of the transport coefficients can be locally ap-
proximated by Egs. (10) and (11). We define

o(r, )= /w(r, ) Ti(r, b, (12)
2(r, ¢) [k (r, 9) Ti(r, §). (13)

Inserting this into Eqs. (4) and (6) we obtain equations of
the Helmholtz type for evanescent waves, viz.

M2
M_2
~—E+AE=0 (r < R). (15)

These equations can be solved in terms of a Fourier series
including the modified Bessel functions K,,(Mr/2) and
Z,,(Mir/2). To satisfy the boundary conditions at » — oo
in the external medium and at 7 — 0 in the interior of the
cylinder, we have to choose the K, functions outside and
the Z,, inside. Using the definitions

MR M;R
ad:ef_7 a; d:ef , (]_6)
2 2
det MT det Mir
A:— Ai = 5 17
plarlly e 2 7

we can write the solutions for T, in the external medium
and for T in the internal medium as:

T.(r, p) = exp(—7 cos ¢) Z G, Ilgm EZ; cos(ma)
m=0 m
for (r > R), (18)
Ti(r, @) = exp(—7i cos @) Z Hm?”igzi; cos(me)
m=0 m \"1
for (r < R). (19)

The expansion coefficients G,, and H,, are determined
by the matching conditions (7) and (8) at the interface
between external medium and cylinder.
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2.3. Matching of temperature and flux at the surface
of the cylinder

The condition of continuity of the temperature at the
boundary of the cylinder (# = a,7 = a;), Eq. (7), be-
comes:

To(R, ¢) +exp (—acos ¢) Z G,, cos(mo)

m=0

=exp (—a; cos @) Z H,, cos(mg). (20)

m=0

The condition for the continuity of the normal heat flow
component, Eq. (8), is less immediate to transform, since
it involves the derivatives of the Bessel functions. We make
use of the recurrence relation for the derivatives K/, and
Z,. as follows:

Z IC'r/n(Z):_Z Icm+1(z) +mlcm(z)7 (21)

z I/ (Z) =z Im—i—l(z) + mIm(z)'

m

(22)

Using these relations in Eq. (8), we obtain the following
condition:

2a6T cos ¢ + exp(a cos @)

X Z Gm [a cosp—m-+a Kot (a)} cos(me)
m=0

ZmA 1l
K (a)

= T exp(a; cos @)
Ko
X Z H,, [ai cosd —m — a; M} cos(mg), (23)
m—0 Im (ai>
where
det Fp

5T X (24)

IioM.

2.4. Limit of small cylinder radius

There is no analytical solution of the matching condi-
tions (20) and (23) for G,,, and H,, in a general case. We
thus go to the relevant limit in our problem, namely the
case when the cylinder radius is small compared with the
length scales of variation of the unperturbed temperature
profile and of the heat transport coefficients, i.e., |a] < 1
and |a;] < 1. Under these conditions, we can use a simple
Taylor expansion of the background temperature profile

in the vicinity of the cylinder:
To(2) = Tog + Qz + P22 (25)

On the surface of the cylinder z = R cos ¢, so that we have

P Q P
2 2
To(z)=T,5 + 2a el + QGM cos ¢ + 2a 272 8 2¢. (26)
In the following, P and ) are taken as fixed quantities
determined by a given model of the unperturbed stratifi-
cation which satisfies Eq. (1).
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We expand the matching conditions for the tempera-
ture, Eq. (20), and flux, Eq. (23), in powers of a and ¢;
and retain terms up to a® and a?. At the same time, we
truncate the Fourier series at the cos(2¢) terms. We then
equate the coeflicients of each cos(m ¢) term on both sides
of Eq. (20) and perform the same operation for Eq. (23).
Six algebraic equations for the coefficients Gy, G1, Go, Hy,
Hy, and H; are thus obtained, from which the temperature
disturbance inside and outside the cylinder can be deter-
mined. Details of this operation are given in Appendix A.

2.5. Temperature perturbation for a strongly insulating
cylinder

In order to illustrate the various effects influencing the
thermal structure more clearly, we consider the case of
a strongly insulating cylinder, k;; < ko, in an environ-
ment dominated by convective energy transport, Fo raq <
Fo,conv- The latter assumption is satisfied for [;,Q| < Fp.
Under these conditions, the excess temperature in the tube

. . def L
interior, T} = T; — Ty, is given by

2
T'i/(ra ¢) = % (PR2 +QR(11 — AT(Zi) (]_ — %)

r 1 a 2
fATﬁcosngrATa 5 —~v—1In (§> +?COS2¢ (27)
where

e F
AT % gqer = TR (28)

Ko
and v = 0.577... is Euler’s constant. The correspond-

ing expression for the external temperature perturba-
tion in the vicinity of the cylinder (more precisely, for
a<P<gl)is

T.(r,¢)=— AT g cos ¢ (29)

1 7 1 R?
ATa|=—~v—In|= (14 = 20| -
#ata g -m(g)rg (1) 2

Most of the terms in Egs. (27) and (29) are proportional
to AT. As defined in (28), AT is a measure of the tem-
perature difference across a distance of order the cylinder
radius that is necessary to carry the whole heat flow F by
means of the conductivity kg. A strongly insulating cylin-
der blocks the heat flow in its interior and causes a pertur-
bation in a region of size R around itself. Hence, AT also
provides a measure for the temperature perturbation we
can expect around the cylinder. Equations (27) and (29)
thus contain terms relating to the thermal shadows around
the tube as well as terms relating to the unperturbed ther-
mal distribution (the latter only in Eq. (27)). We analyze
both kinds of terms in the following.

The two kinds of terms in the expressions for the
temperature perturbation come from different physical
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effects. The terms containing the parameters P and @
in Eq. (27), viz.

2

% (PR? + QRa;) (1 - %) (30)
correspond to the temperature perturbation that would be
established within the cylinder if the temperature on its
periphery were prescribed to be equal to the unperturbed
temperature profile given by Eq. (26) (i.e., the internal
temperature perturbation in the absence of any thermal
shadow). This can be shown explicitly by solving the gen-
eral problem of Eq. (4) with boundary condition as given
in Eq. (26) using an expansion in terms of Bessel func-
tions as in Eq. (19), and then applying the limit a; < 1.
The same result is obtained in the case of the thin flux
tube approximation studied in Sect. 4. In the simple case
when the conductivity inside is constant (i.e., if ¢; — 0),
only the P-term remains. This can be readily understood
in terms of the elementary potential theory: if x; is con-
stant, the linear term in the temperature distribution is
identical inside as outside; a correction is necessary only
for the parabolic P-term. On the other hand, if the con-
ductivity inside is non-homogeneous, then an additional
term appears (the Q-term in Eq. (30)) which accounts for
the fact that it is easier to create a heat flow at the top of
the cylinder than at the bottom (or vice versa, depending
on the sign of M;).

The remaining terms in Eq. (27) i.e., all terms contain-
ing the factor AT, as well as the whole expression (29),
correspond to thermal perturbations associated with the
diversion of the heat flow around the insulating cylinder.
In the special case of Egs. (27) and (29) these perturba-
tions amount to a cool thermal shadow at the rear and a
hot spot at its front (front and rear are meant in this pa-
per as seen by the incoming total heat flow. The heat flow
impinges on the tube at its front and leaves it at the rear).
In fact, the term proportional to AT cos ¢ in both equa-
tions is the classical thermal shadow term in the simple
problem of a strongly insulating cylinder inserted in a con-
ducting medium with constant conductivity coefficients
inside and outside. The other AT-terms in those equa-
tions result from the spatial inhomogeneity of «; and &:
the thermal shadow at the rear of the tube must be larger
if the conductivity there is smaller, and vice versa for the
hot spot. Figure 1 illustrates the spatial distribution of
the temperature perturbation within and in the vicinity
of the cylinder for a case dominated by thermal shadow
and hot spot.

If the radiative flux outside the cylinder is non-
negligible, the expressions for the temperature perturba-
tions become more complicated (see Appendix A). In a
region of convective overshoot, for instance, the convec-
tive heat flow is antiparallel to the total heat flow vector
and the radiative flux is larger than the undisturbed heat
flow. As a result, the presence of the cylinder in that case
leads to a cool thermal shadow at the front side and a
hot spot at the rear side of the cylinder. For the deep
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AT I - I S 1
I 4 ~ I

—1 0
x/R
Fig. 1. Isolines of the temperature perturbation within and
outside the cylinder for P > 0, M > 0, M; < 0, and kio < Ko.
Solid lines correspond to positive values, dashed lines to neg-
ative values. The dotted line indicates the periphery of the
cylinder. The undisturbed heat flow vector is directed upward,
in the positive z-direction. The hot spot below the cylinder
is stronger than the thermal shadow above because the ex-
ternal conductivity increases with height. The region of posi-
tive temperature perturbation dominates even more markedly
within the cylinder since the internal conductivity decreases
with height, leading to a flatter (steeper) temperature profile
in the lower (upper) part of the cylinder.

solar convection zone, however, we show in Sect. 5 that
the effects of thermal shadows and hot spots in any case
are much smaller than the terms due to the curvature
of the undisturbed temperature profile (the term propor-
tional to P in Eq. (27)) and the spatial variation of &; (the
term proportional to Q). This leads to negligible external
temperature perturbations and a cylindrically symmetric
internal perturbation given by Eq. (30).

2.6. Average temperature excess

To calculate the possible dynamical effects of the tem-
perature perturbation in and around the thermally insu-
lating cylinder one has to estimate the buoyancy ensuing
in the cylinder from the temperature perturbation with
respect to the unperturbed external medium. Given that
the temperature perturbation is small (because the cylin-
der radius is small), the thermal buoyancy force per unit
length of the cylinder, § Fp, can be simply calculated to
first order of approximation as

Y‘Vil

e0



F. Moreno-Insertis et al.: Thermal properties of magnetic flux tubes. L.

where ¢ is the gravitational acceleration and the area
integral is taken over the cross section of the cylinder.
Consequently, the average relative temperature excess,
(8T3), given by the integral in Eq. (31) divided by wR?, is
the relevant quantity that determines the total buoyancy
force on the tube. In the limit F yaq < Fo,conv considered
in the previous subsection, this quantity is immediately
calculated from Eq. (27). The result is:

2
Te()

1

+AT ai+ 1 1@
AT @ ERNATE
T, | 2" *\2 77 "3

We see that all terms have an R? dependence. Their rel-
ative size and, more importantly, the magnitude of the
resulting temperature excess depend on the values of P,
Q, a, and a; corresponding to the situation considered.

(32)

3. The time-dependent problem: Numerical
solutions

The stationary solution discussed in the previous section
can only be established if the tube is held in place for at
least a few times the characteristic timescale for thermal
exchange with the surroundings. In an actual magnetic re-
gion in a stellar interior this thermal evolution can cause
complicated dynamical processes which deform the mag-
netic tube (see Lenz et al. 2002). However, to understand
the thermal properties of our system, it may be of interest
at this point to disregard all kinematics and dynamics and
study the time-dependent problem of the establishment of
an equilibrium solution with heat conduction governed by
an inhomogeneous diffusion coefficient which contains a
strongly insulating cylindrical region.

To keep the problem as simple as possible, we adopt
as an initial condition a one-dimensional temperature dis-
tribution in the whole domain which fulfills the condition
of zero—divergence of the heat flow, viz.:

VIk(2)VTy(2)] = 0, (33)

with the conductivity x(z) having an exponential profile
as in Eq. (10). Ty(z) then also has an exponential pro-
file with constants determined by the boundary condition.
Introducing a partially insulating cylinder in that atmo-
sphere and calling %(z, z) the resulting conductivity func-
tion in the whole space, the thermal diffusion equation can
be written:

% =V [)2(1'; Z) VT(l.v th>] ) (34)
with
X(x, 2) = R(z,2)/cp (35)

and c, the specific heat per unit volume, which, for sim-
plicity, has been assumed constant in deriving Eq. (34).
We calculate the solution to the problem using a two-
dimensional computer code which makes use of the ADI
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Fig. 2. Time evolution of the temperature profile starting from
an unperturbed exponential profile after inclusion at time t = 0
of a partially conducting cylindrical domain around the center
of the box. Upper panel: successive profiles of the temperature
perturbation with increasingly higher maxima for increasing
times. Lower panel: the full temperature profile. Superimposed
on the figures (thick dashed line) is the profile of the thermal
diffusivity x(z = 0.5, z) (upper panel) and its logarithm (lower
panel).

method (alternating direction implicit method) and con-
tains an implementation of the Thomas algorithm for the
solution of the resulting matrix equations. The scheme is
semi-implicit and unconditionally stable. The integration
box is a square with boundaries at + = 0,1 and z =0, 1.
We choose M =1 and kg = 1 in Eq. (10). As boundary
conditions we assume a constant and uniform heat flow of
unit value pointing in the z-direction which enters the box
at z = 0 and leaves it at z = 1. Finally, the unperturbed
temperature profile is fixed by setting To(z = 0.5) = 4.8.

For the simulations we have taken the conductivity
R(z,z) as the product of the inhomogeneous exponential
profile of the unperturbed problem, x(z), times a hole pro-
file as follows:

R(z,z) = k(2) h(x, z) (36)
with h(z, z) given by:
W, 2) = 1+tanh[£(r—W)]’ (37)

2

where r is the distance to the center of the tube, and W
and £ are parameters which define the width of the hole
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advance of perturbation
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Fig. 3. Penetration of the perturbation into the cylinder: timescales. Left panel: the solid, short-dashed, dash-dotted and
dash-triple dotted curves show the advance into the center of the tube of the position where the temperature perturbation is
maximum, half-maximum, one tenth and one hundredth of the maximum, respectively. On the right panel, the same curves
are shown but with the positions measured from the initial point of the corresponding curve on the left panel. The theoretical
timescale 7 = (R/20,1)%/%X(x, 2) is shown as a quasi-diagonal thick, dashed line.

and the steepness of its walls. A cut along z = 0.5 of the
profile chosen in this section for X(x,z2) = R(x,2)/cp is
shown in Fig. 2 as a thick dashed line. The diameter of
the isolating region has been taken W = (0.08. We use
EW = 5.6, so that the function h(z,z) tends to the value
exp[2£(r—W)] in the neighborhood of the tube center and
the conductivity is suppressed there by several orders of
magnitude compared with its value outside.

In Fig. 2, the time evolution of the temperature profile
along the symmetry axis x = 0.5 is shown for a number
of successive instants. In the upper panel, the tempera-
ture perturbation is plotted, whereas on the lower panel
the actual temperature profile is shown. The reduced con-
ductivity in the tube causes a build-up of the temperature
in front of the tube and a cool region (a thermal shadow)
behind it. As time advances, the maximum and minimum
of the perturbation grow in absolute value until an equi-
librium is asymptotically reached. The local temperature
maximum and minimum also serve to deviate the heat flow
around the sides of the tube. The temperature profile close
to the tube center stays almost unchanged for an extended
time after the beginning of the calculation: the character-
istic timescale for the evolution of the perturbation at a
given position in the tube is 7 = (R/z20,1)?/X(x, 2), with
20,1 being the first zero of the Bessel function Jy (see
Sect. 4). This value becomes larger (in fact by several or-
ders of magnitude) the closer to the tube center. As a
result, the temperature profile is only gradually modified
in the interior: the change in the temperature, as it were,
advances into the tube only as far as the local diffusive
timescale would allow it to.

This can be seen in more detail from Fig. 3. On the left
panel (solid line) we have plotted in abscissas the position

of the maximum of the temperature perturbation with
time as ordinates. Three further curves on the diagram
(short-dashed, dash-dotted and dash-triple dot) show the
positions along the z-axis of the point in the temperature
profile where the perturbation is 1/2, 1/10 and 1/100 of
the maximum, respectively (from the two sides around the
maximum, we choose the one closest to the box center).
Finally, the theoretical timescale 7 = (R/z01)?/X(z =
0.5, z) is superimposed as a thick dashed quasi-diagonal
line. We see that all curves are essentially parallel to
the theoretical timescale all along the successive orders
of magnitude in time (and, in fact, the curve for the max-
imum of the profile is quite close in value to it). Important
deviations occur basically only when the final equilibrium
position is approached (e.g., z — 0.5 for the point with
1/100 the maximum temperature perturbation). This can
also be seen on the right-hand side panel, where the po-
sitions are now plotted as shift from the initial position
shown for each curve on the left panel.

The temperature perturbation visible in Fig. 2 is suf-
ficient to divert essentially the whole heat flow around
the diffusivity hole. This can be seen in Fig. 4, where
the z- and xz-components of the heat flow vector corre-
sponding to the final stationary state are shown along
four cuts in the box parallel to the z-axis, namely one
along the symmetry axis z = 0.5 (solid), one (long-dashed)
along the line x = 0.57, which cuts the cylinder close to
its boundary, and two further cuts outside the cylinder
(x = 0.66 and = = 0.76, drawn short dashed and dashed-
dotted, respectively). The unperturbed value of the flow
has been added in the upper panel as a thin solid hor-
izontal line. Along the x = 0.5-line the z-component of
the heat flow is completely suppressed in the interior of
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Fig. 4. z- and xz-components of the heat flow along four cuts
in the z-direction (solid: z = 0.5, i.e., the symmetry axis; long-
dashed: x = 0.57; short-dashed: = 0.66; dash-dotted: x =
0.76), The unperturbed value of the z-component is also shown
as a thin solid line.

the tube; the x-component is zero there anyway by sym-
metry. Outside the cylinder and at the height where it is
located, the F, component is enhanced with respect to
the unperturbed value (see the short-dashed), in order for
the total flow across each horizontal cut to remain con-
stant. This enhancement is still visible in the outskirts of
the box (z = 0.76, dash-dotted curve). The x-component
becomes fairly large in the periphery of the tube (long-
dashed curve in the lower panel), to about two thirds of
the z-component. | F,;| becomes small as one moves further
away from the tube (short-dashed and dash-dotted curves
in the lower panel).

The stationary solution obtained in this section cannot
be compared directly with the analytical solutions of the
previous section since the internal thermal conductivity
does not have an exponential profile as in Eq. (11), but
is, rather, just a hole with a flat bottom and steep walls
(even if the latter are smooth, to guarantee good numerical
behavior). However, we can calculate the various terms in
Egs. (27) and (29) for the values used in the numerical
solution. They are as follows:

AT = 0.048, (38)
a = 0.04, (39)
QR = — AT, (40)
PR? = a AT. (41)

It follows that the stationary profile obtained in this sec-
tion is essentially due to the pure thermal shadow terms in
(27) and (29). As we will see in the following sections, this
behavior is more adequate for isolating tubes in a purely
radiative environment: in the solar convection zone (even
in the overshoot region) we expect the convection to be
sufficiently effective that a tiny temperature perturbation
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in front of and behind the tube can divert the whole heat
flow around its periphery, so that the thermal shadow
terms become much smaller than the P- and Q-terms.

4. Thin flux tube approximation

We have seen in Sect. 2 that the perturbation of the ex-
ternal temperature field is in the order of AT = FyR/ko.
Because of the high efficiency of convective energy trans-
port, near the bottom of the solar convection zone we have
AT ~ 0.025 K. The much larger temperature perturbation
in the tube interior in the order of 100 K is mainly due to
the curvature of the temperature profile and the spatial
variation of the radiative conductivity (see Sect. 5). We
may therefore assume that the temperature on the sur-
face of the cylinder is a fixed function of height, so that
we can derive the heating rate and the equilibrium tem-
perature in the framework of the thin flux tube approx-
imation (Roberts & Webb 1978; Spruit 1981; Ferriz-Mas
et al. 1989) and compare them with the result of Sect. 2
as well as with the heating term derived by FF96.

Consider a parabolic profile of the external tempera-
ture (see Eq. (25)),

T.(2) = Teo + Qz + P22,

and a linear function for the thermal conductivity within
the cylinder,

ki(2) = Ky(1 + M;z) .

(42)

(43)

It turns out that only the first derivative of x; is relevant
for the thin-tube result up to second order in the radial
expansion, so we need not go to higher orders of z in (43).
In polar coordinates we have

Ki(r, @) = Kyo(1 + Mir cos ¢) Lef Kig + TRi1 - (44)
Together with the radial expansion of the (time-
dependent) temperature field within the cylinder,

Ti(r, ¢, t) = Too(t) + 1T (4, t) + r*Tia(,t) + ..., (45)

we insert Eq. (44) into the expression for the heating rate,
For the zeroth order, i.e. the heating rate at the tube cen-
ter, we obtain

T T
Ho = Kig (T“ + 711 + Tjy + 4Ti2) + ki Ti + ki Tjy (47)
where primes indicate derivatives with respect to ¢. The
terms proportional to r—! diverge for r — 0 unless T} +
T;1 = 0, so that we have

Til = T1 COS (i) (48)

where 7 is determined by matching the solution to the
external temperature at » = R. We have already omit-
ted a term proportional to sin ¢ since its coefficient be-
comes zero upon application of this boundary condition.
Inserting Eq. (48) into Eq. (47) we find

Ho = rio(Tjs + 4Tia + MiT1) . (49)
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Derivation of this equation with respect to ¢ yields

(T/ +4T52) =0, (50)
so that
Ti2 = T2 cos(2¢) + a(t), (51)

where we again have already omitted a term proportional
to sin(2¢) that vanishes upon application of the boundary
condition. The three quantities, 71, 7, and «, are deter-
mined by matching the interior solution,

Ti(r, ¢,t) = Tio(t) + r’a(t) + r7i cos ¢ + 1°73 cos(2¢) (52)
to the external temperature at r = R

PR?
2

T.(R, ¢) = Teo + +RQcos ¢+ R2§ cos(2¢), (53)

so that we obtain

T =Q, (54)
Ty = g, (55)
a= LO];QTiO + g- (56)
Consequently, we find for the heating rate

Ho = % + ki (2P + M;Q). (57)

The first term on the right hand side of this equation rep-
resents the simple radiative heat exchange term (Moreno-
Insertis 1983); the corresponding time scale, ¢, R?/(4k;),
agrees to within 30% with the exact solution for the low-
est decay mode, ¢, R?/(23 1ky9), where zo1 ~ 2.4 is the
first zero of the Bessel function Jy. The deviation of the
thin-tube result from the exact solution even in the limit
R — 0 is caused by the fact that the second-order thin
flux tube approximation forces the eigenfunction to stay
parabolic out to = R (Ferriz-Mas et al. 1989). The sec-
ond term on the r.h.s. of Eq. (57) agrees with the heating
rate derived by FF96, namely the term V - (kVT.) taken
at r=0 (2 =0).

We obtain the equilibrium temperature at the tube
center by setting Ho = 0 in Eq. (57). The result is

R2 def
Tio = Teo + T(2P + MlQ) = Teq,O (58)
and, using Eq. (52), the equilibrium solution in the whole
cylinder becomes
PR?> M;
Teo + — * TQ(R2 — %) +7Qcos ¢
2

+ PTT cos(2¢) .

Teq (T, ¢) =
(59)

The corresponding temperature perturbation with respect
to the background profile,

PR2 MiQR2 7“2
L )(1@),@0)

Teq(r,d) — Te(r,¢) = (
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agrees with the solution given in Eq. (27) in the limit of
negligible thermal shadow effects (AT — 0).

In the framework of the thin flux tube approximation,
it is easy to estimate how strongly the perturbation of the
radiative conductivity caused by the temperature pertur-
bation affects the equilibrium temperature and the heat-
ing rate. We replace Eq. (43) by

ki(2) = Kig(1 + Miz) + 0k(2) . (61)

and write the perturbation of the radiative conductivity as

oK

Kig

Ti — Te(2)

=38.5
TeO

; (62)

assuming Kramer’s opacity law, x oc T%%p=2 and dp/p =
—0T/T for a thin flux tube with 5 > 1. Repeating the
same steps as in Eqgs. (44-58) leads to the equilibrium
temperature perturbation at the tube center, viz.

R? 8.5M,Q R?
Teq0 —Teo = T(QP + M;Q) (1 + T?) : (63)

Inserting values corresponding to the conditions in the
lower solar convection zone (see Sect. 5) and a tube ra-
dius of 1000 km, we find that the relative difference to the

result with no k perturbation given in Eq. (58) is a few
times 10™% and therefore negligible.

5. Magnetic flux tubes in the solar convection
zone

In order to evaluate the consequences of the thermal en-
ergy exchange for magnetic flux storage in the solar inte-
rior, we consider flux tubes in the lower convection zone
and in the overshoot layer. From the convection zone
model of Spruit (1977a) we derive the following values
for the various quantities that are relevant in our context:

ko =5 x 102 erg (cm s K)_l )
Kip = 8.1 x 10 erg (cm s K)™1,
Kio/Ko = 1.6 x 1076,

Too =22 x 105K,
M=10"cm ",
M;=—25x10"cm ™!,
Q=-16x10""Kcem™!,
P=3x10""K cm 2. (64)

These values apply to the bottom of the convection zone
proper as well as to the overshoot region. The value for M
cannot be determined very precisely from the convection
zone model; our estimate gives the order of magnitude of
that quantity in the lowermost 15 Mm of the convection
zone. For M; we have used Kramer’s law (see Eq. (17)
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of FF96). The quantity ) essentially represents the adia-
batic temperature gradient while P (proportional to the
second derivative of Tp) is determined from

BT, (TV\ | Vi () g (V) oo
d22 dz\ H, /] R \dz R \dz /)’

where V is the logarithmic temperature gradient, H the
pressure scale height, i the mean molecular weight (as-
sumed to be constant), R the gas constant, and g the
gravitational acceleration. Inserting values, it turns out
that the second term on the r.h.s. of Eq. (65) is two orders
of magnitude smaller than the first term. The correction
due to the spherical geometry (Fy o< 72 in spherical coor-
dinates) is even four orders of magnitude smaller than the
first term. Consequently, the value of P near the bottom
of the solar convection zone is practically only determined
by the outward decrease of the gravitational acceleration;
in particular, it is independent of the specific description
of the convective energy transport as long as the stratifi-
cation is nearly adiabatic. Clearly, the same statement is
true for the temperature gradient, Q.

For a quantitative estimate we consider a magnetic
flux tube with a radius of R = 1000 km radius and a
field strength of B = 10° G. The tube contains a mag-
netic flux of ®pae ~ 3 x 102! Mx, which is a typical
value for a sunspot. Such tubes are thought to be stored
in the convective overshoot layer prior to their eruption to
form sunspot groups and magnetically active regions (e.g.
Moreno-Insertis et al. 1992; Caligari et al. 1995). The val-
ues of the R-dependent quantities are then

M
a:—R = 5x1072,
M;
a; = L —1.3x1072,
2
FoR
AT = 22 =25 % 102K,
Ko

n = —[0.577 +In(a/2)]"* = 0.32. (66)

Since Ky, < Ko, we can use Eq. (27) for the temperature
perturbation within the flux tube. The excess temperature
(with respect to the background stratification) at the tube
center (r = 0), AT.q, can then be written as a sum of
contributions arising from different physical effects:

def

AToq = T/ (r = 0) = ATs + ATp + AT, (67)
where

1 a a; _
ATS:[G<§_7_1H§)_5] AT ~ 107*K (68)

represents the effect of the perturbation of the external
temperature field (thermal shadow). The smallness of ATy
shows that thermal shadow effects are negligible in the
case considered here; this is due to the large value of k.
The other two terms in Eq. (67) describe the contribution
due to the curvature of the background temperature,

2

PR
ATp = ~ 15K, (69)
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and the contribution resulting from the spatial variation
of the radiative thermal conductivity,

QR
AT, =2 g ~ 100K (70)
Therefore, the net temperature excess of
AT,y ~ 115 - (R/1000 km)? K (71)

is primarily determined by the divergence of the back-
ground radiative heat flux (as suggested by FF96, see also
Sect. 4 above), which, in turn, is dominated by the out-
ward decrease of the radiative conductivity.

Comparing AT,q with the temperature deficit corre-
sponding to neutral buoyancy of a (thin) flux tube, ATp =
Two/B ~ 13K (with B = 10° G, 3 ~ 1.6 x 10%), with the
variation of the background temperature over the diam-
eter of a horizontal tube, ATp = 2R|Q| ~ 3.2 x 10*K,
and with the variation of potential temperature, ATs =
2R|6|T/Hyp ~ 0.1K (for |§] = |V — Vaa| = 107°), we find
the scaling
ATs < ATp < ATyq < ATp. (72)
The ratio of ATeq and ATg is

AT‘eq - 2(I)magpeO (2P + MIQ)
ATy B3 Ty

. B\
~8.8 8
3x1021Mx ) \105G )

where ®,,s is the magnetic flux of the tube and peg is the
external pressure at z = 0, the height of the tube center.
Whenever this ratio is of order one or larger, the heating
effect due to the variation of the radiative energy flux leads
to a significant buoyancy of the tube and therefore must
be taken into account in studies of magnetic flux storage
and evolution. Consequently, radiative heating cannot be
ignored for the kind of flux tubes that are thought to be
the sources for the emerging active regions at the solar
surface. We can see this also by considering the time evo-
lution of the internal temperature in the thin flux tube
approximation (cf. Sect. 4). In the simplest case we have

(73)

dTio(t)  Teq — Tho(t)
—_ 74
dt T0 ( )
with
0.17R?
T = =% 5.4yt (75)
Kig

in the case of our “standard” flux tube of 1000 km radius.
How long does it take for an initially neutrally buoyant

tube with
Ti0(0) = Teo(1 — B71) = Teo — AT (76)

to reach the temperature T,y and so acquire a significant
buoyancy force? Writing Tip(tg) = Teo, we find

ATg
AT,

tg = 7o In (1 + (77)
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Fig. 5. Radiative energy flux in units of the total solar flux
(dotted line) and volume heating rate (full line) as a function of
radius for a model of the solar convection zone with overshoot
(Skaley & Stix 1991).

As long as € = ATg/AT.q remains sufficiently small, so
that we can write In(1 + €) ~ ¢, tg becomes independent
of the tube radius:

0.686PT30

tpr~y ——m— ~0.6vyr.
B = B@2P + MiQ)ry Y

(78)
Consequently, flux tubes stored near the bottom of the
convection zone become significantly buoyant within less
than a year. This raises questions with regard to flux stor-
age in the convective overshoot region. As discussed in a
subsequent paper (Rempel et al. 2002), storage times com-
parable to the length of the solar cycle require a rather
strongly subadiabatic stratification with 6 < —10~* if the
radiative heating effect is included.

Figure 5 gives the undisturbed radiative energy flux in
units of the total solar flux (dashed line) and the volume
heating rate —V - Fyaq = V- (kVT) (thick line) as a func-
tion of the radius for a model of the solar convection zone
with overshoot (Skaley & Stix 1991). The overshoot layer
corresponds to the region where the convective energy flux
is directed inward, so that Fy,q/Fg > 1. Apart from a thin
boundary layer of thickness $1000km at the transition to
the radiative core, the radiative flux decreases outward, so
that the heating rate is positive over the bulk of the over-
shoot layer and in the lower convection zone. A typical
value in the overshoot layer is 3 W m~3.

6. Summary and discussion

In order to study the thermal properties of magnetic flux
tubes embedded in a non-magnetic fluid, we have stud-
ied a general two-dimensional thermal diffusion problem.
Both the flux tube and its exterior have been considered,
allowing for inhomogeneous heat conductivities in both
regions. The case of small tube radius in comparison to
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the scales over which the diffusivities vary admits an an-
alytical solution.

The case of a flux tube embedded in a convective re-
gion with internally suppressed convective energy trans-
port can be treated within the framework of this model
by (a) using the diffusion approximation for the radiative
energy transport inside and outside the tube and (b) ap-
plying to the perturbation in the convective transport,
caused by the presence of the tube the linear approxi-
mation of Spruit (1977a), so that it can be treated as a
diffusion process as well. Under the conditions of the lower
solar convection zone, the external temperature perturba-
tion is almost negligible, owing to the very large efficiency
of the convective energy transport in diverting the blocked
convective heat flow around the tube. Significant thermal
shadows and hot spots can emerge only in the case of ther-
mal blankets blocking the convection over a horizontally
extended region (Parker 1987).

When the external temperature perturbation is negli-
gible, the internal thermal structure of the tube interior
is determined by the undisturbed external temperature
stratification, in particular by the curvature of the tem-
perature profile (the coefficient P in Eq. (25)) and by the
spatial variation of the radiative heat conductivity. Both
quantities are independent of the detailed model of con-
vective energy transport as long as the stratification is
nearly adiabatic. The thermal effect of the external tem-
perature profile near the bottom of the solar convection
zone corresponds to a radiative heating of the flux tube
equal in amount to the negative divergence of the external
radiative heat flow, in accordance with the result of FF96.
The same result is found by using a thin flux tube approx-
imation to the second order in a tube radius with a fixed
external temperature profile.

While the thermal equilibrium resulting within the
tube can be well understood using the (analytical) tools
developed and explained in this paper, the question of how
this equilibrium can be reached cannot be answered in a
simple or unique way. Whenever the dynamics can be dis-
regarded and the simple assumption of constant pressure
and zero velocity can be sustained, one can solve the time
dependent problem as a purely diffusive phenomenon with
inhomogeneous diffusivity coefficients. With the help of
the simple example treated in Sect. 3 by means of a com-
puter code, one can understand that the establishment of
the thermal equilibrium in and around a strongly insulat-
ing tube proceeds gradually, the equilibrium profile being
established at each point on the timescale provided by the
local value of the diffusivity. This means that the pertur-
bation advances into the less diffusive regions on a (much)
slower timescale than in the rest of the integration do-
main. This is at variance with the simple image that lies
at the base of the thin flux tube approximation (at least,
of its zero-order version).

Consideration of the dynamics ensuing from the ther-
mal evolution adds a new dimension (and a large de-
gree of complication) to the problem. As shown by Lenz
et al. (2002), long before the establishment of the thermal
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equilibrium solution the density differences arising within
the tube cross-section through the thermal processes cause
a dynamical evolution which leads to the loss of the sim-
ple tube-like structure. The detailed evolution (and the
degree of loss of the simple tube-like shape) depend on
the initial conditions, e.g., whether the magnetic field is
twisted in the tube or otherwise. Hence, there is no unique
answer to the time evolution problem.

In the simple case that the tube-like shape is con-
served, the effects discussed in this paper are relevant for
the problem of the storage of the magnetic field in the
lower convection zone of the Sun. As shown in a forthcom-
ing paper (Rempel et al. 2002), the heating of the tube
caused by the non-zero divergence of the radiative flux
makes the tubes rise from their original position of storage
in the overshoot region to the main bulk of the convection
zone (and from there to the photosphere) on a timescale
which, for the case of tubes with field strength 10° G
and radius of 1000 km, is short compared with the so-
lar activity cycle period. If this fate were to be avoided,
the logarithmic temperature gradient in the overshoot re-
gion should be below adiabatic by an amount of at least
§ ~ —10~* (which, in fact, may not be unrealistic: see
Xiong & Deng 2001).

The general formalism developed in this paper is well
applicable to magnetic structures in the radiative core of
the Sun, where the radiative heat conductivity is affected
by temperature perturbations (e.g. those developing in a
neutrally buoyant flux tube). As pointed out by Parker
(1984a,b), thermal shadows in this case could lead to cir-
culation flows and lithium mixing. We shall consider this
problem in subsequent work.
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Appendix A: Solution for small cylinder radius

In order to determine an approximate solution of Egs. (14)
and (15) in the limit |a| < 1 and |a;| < 1, we expand the
matching conditions, Egs. (20) and (23), in powers of a
and a; up to second order and truncate the Fourier series
at m = 2. Using Eq. (26) for the background temperature,
we obtain from Eq. (20):

, 2P

Q ,2P
(TeO +a W) + QGM cosd+a e cos(2¢)

a? a’
+ [(1 + Z) —acos¢+ T COS(2¢)}

X |Gy + Gy cos ¢ + G4 cos(2¢)]

a? a?
= Kl + Z) — ajcos ¢ + 1 COS(2¢)]

X [Hy + Hy cos ¢ + Hy cos(2¢)] . (A.1)
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The matching condition for the normal component of the
heat flux, Eq. (23), yields:

2adT cos ¢ + [(1 + %2) + acos ¢ + %2 cos(2¢)}

X [GO <acos<;§ + aﬁ(l) EZ;)
2 (a)
a)

5 (a)

2 (a)

e

+ G, (acosd)lJra cos ¢

N———

>

1

e

+ G, (acos¢2+a

N———

]

e

Kig

== {(1 + a_f) + ajcos ¢ + aTECOS(Qd))]

Ko 4
I, (ai))

1,
1)> cos ¢

(a;
J)cnia]

3 (ai
7, (ai)

We use the approximations (cf. Abramowitz & Stegun

1965; Ch. 9.6)

X {HO (ai cos ¢ — a;

—
S

)
(

N
B)

+ H, <aicosd>1ai

Ry

N
S
~—

+ H, <ai cosp — 2 — qy (A.2)

aq (12
aél) Eai; =5+ O(a;h) (A.3)
aq a-2
aiiz Eai; = Fl + O(ai4) (A5)
aj % EZ; =2+ 0(a?) (A.6)
ai EZ EZ; =4+ 0(a") (A7)
ai% EZ; =n-— % [1+ g(2+n) + O(a*) (A.8)
with
n=-[m(3) ”F’ (A.9)

v =0.57721... (Euler’s constant).

We equate the coefficients of the terms o« cos(m¢), m =
0,1,2, on both sides of Egs. (A.1) and (A.2), respectively,
and thus obtain six algebraic equations for the expansion
coefficients, G,, and H,,, m =0,1,2:

2P a? a
T+’ 15 +Go (1+ Z) -Gy

CLi2 a;



1034 F. Moreno-Insertis et al.:
Q _
QGM —Goa+ Gy = —Hya; + Hy (A.11)
5 2P a? a
@i+ Gy — G5 + Gy
(112 ai
:H04 —HlEJrHQ (A.12)
(12
Gyn [1 - Z(l + n)} +Ga=0 (A.13)
2a0T + Goa(l +1) + G, = % (Hya; — H,) (A.14)
0

CL2 Rio CLi2
GOZ(Q +1n) 4+ Gia+2G, = —(Hog —2Hy ) (A.15)
0

In deriving this set of equations we have assumed that
Gm,Hpn < O(a™,a™). This assumption can be jus-
tified either by solving the set of equations includ-
ing the neglected terms or, a posteriori, by solving
Egs. (A.10)-(A.15) to first order in (a,a;) and taking the
limits @ — 0 and al — 0. We then find H, = O(a’,a?),
(HlaGl) = O(al a; )a and (GOaGQaHQ) - 0((12,(112,(1(1)
The weak (logamthmlc) dependence of 1 on a does not
affect these conclusions. This allows us to further simplify
the set of equations by neglecting all terms proportional to
Gya and Gya?. Furthermore, Eqs. (A.10), (A.11), (A.13),
and (A.14), form an independent subset of equations for
Gy, Gy, Hy, and H;:

2P
T80+CLM2+GO G12
af aj
(145 a0
Q _
2a— + G, = —Hya; + H, (A.17)
M
Gon+ Gra =0 (A.18)
2a0T + G, = % (Hya; — H,) - (A.19)
0

To second order, the expansion coefficients resulting from
this set of equations are:

20> ,
%:i_ﬁg(mg+w> (A.20)

N kgt kg \ kg M

K Q
G, =—2a—2— (0% 45T A21
! CLHOJrKiO(KOM_‘_ ) ( )
a? K Q

Hy=T, 1+ —9 (= - 6T
0 eO( Jr‘L)Jraa’fo""‘fio (M )
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Thermal properties of magnetic flux tubes. I.

The coefficients GG, and H, follow by inserting these ex-
pressions into Eqgs. (A.12) and (A.15), again omitting the
fourth-order terms proportional to Gya?:
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General expressions for the external and internal tem-
perature perturbations can be determined by expanding
Egs. (18) and (19) in Sect. 2 up to second order in a and a;,
truncating the expansion in azimuth angle at m = 2, and
inserting the coefficients given by Eqgs. (A.20)—(A.25). In
the lower parts of the solar convection zone we can addi-
tionally take the limit ,, < xy and obtain to first order
in K,y/Kq the expressions

{PRQ +a ( @> (QR — AT)]

Kq

(1 )Jr(z—i;)QRJrAT)
)
{

(A.24)
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Ti(r.¢) =

X

( B0gR + AT)

Kig [PR2_|_a1(QR AT)]} 7 €08 2¢  (A.26)

To(r,¢)= a <@QR+ AT) <1 M _7)
Ko 2

— <@QR+ AT) Ecos.qﬁ
Ko r

o (fegrt ar) (142
2 Ky R?

2
; [PR2 +a; (QR — AT)] — R }cos,2¢> (A.27)
0

where AT = 2a6T. If in the undisturbed state the radia-
tive heat flux is much smaller than the convective flux,
ie. if x|QIR < Ky AT, we can restrict ourselves to the
zeroth order in k;/k, and obtain the expressions given by
Egs. (27) and (29) in Sect. 2.
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