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Abstract. We present numerical experiments designed to evaluate the performance of the new Magnetic Doppler
Imaging (MDI) code INVERS10. Numerous test runs demonstrate what can be achieved with the MDI method
and allow assessment of the systematic errors that can cause distortions of the maps. Our numerical experiments
showed that given high-resolution observations in four Stokes parameters the code is capable of reconstructing
abundance and magnetic field vector distributions simultaneously and without any prior assumptions about the
magnetic field geometry. At the same time we found that in order to achieve reliable reconstruction using only
circular polarization data it is necessary to impose additional constraints on the possible structure of the magnetic
field. Numerical tests also reveal surprisingly different properties of the MDI maps from conventional scalar maps
which we attribute to the complex relation between the orientation of the field and the polarization signal. We
conclude that the information about the field is primarily extracted from the changes in magnetic orientation due
to rotation rather than from the Doppler shifts critical for scalar Doppler Imaging maps making it possible to

apply the MDI to even very slow rotators.
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1. Introduction

Doppler Imaging (DI) is a complex technique that is used
to reconstruct features on the surfaces of stars by invert-
ing a time-series of high-resolution spectral line profiles
into a map of the stellar surface. The basic concepts of
DI have been reviewed in a number of papers, which de-
scribed application of this technique to the imaging of
specific local parameters of the stellar photospheres. This
includes temperature mapping of late-type active stars
(Vogt et al. 1987; Rice & Strassmeier 2000), reconstruction
of the abundance distribution on the surfaces of chemically
peculiar stars (Rice et al. 1989) and imaging of the mag-
netic field on active late-type stars (Brown et al. 1991).
Recently Piskunov & Kochukhov (2002, hereafter
Paper I) extended DI principles to the recovery of the
vector magnetic fields from the rotational modulation of
all four Stokes parameter datasets. Our magnetic Doppler
Imaging code INVERS10 incorporates the latest develop-
ments in polarized radiative transfer, optimization and
parallel computing. It is the first DI code that is aimed at
the simultaneous and self-consistent recovery of the stel-
lar magnetic field vector map and a distribution of one
additional scalar parameter, such as the chemical abun-
dance for magnetic chemically peculiar stars in the current
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version of our code or temperature for active late-type
stars in future applications of our MDI method.

Similar to all other applications of Doppler Imaging
techniques, an MDI code requires extensive testing and
evaluation of its performance under realistic conditions.
This can be done with the help of numerical experiments.
In such tests the code is used in the forward mode for
calculation of the Stokes parameters for a given magnetic
and abundance distribution. Synthetic Stokes spectra are
convolved with the instrumental profile and a random
noise component is added to simulate imperfections of
real observational data. Then synthetic Stokes vectors are
used by the MDI code to recover magnetic and abundance
maps, which are finally compared with the initial distribu-
tions. In this paper we describe numerical tests and sim-
ulations for the domain of the early-type magnetic stars,
namely for the objects with inhomogeneous surface distri-
butions of chemical elements and well-ordered, predomi-
nantly quasidipolar magnetic fields. In future we plan to
extend our work to late-type active stars, which have less
organized weak fields and inhomogeneous surface temper-
ature distributions.

2. Setup for numerical experiments

For all numerical tests we used an ATLAS9 (Kurucz 1993)
model atmosphere with Teg = 9000 K and log g = 4.0.
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These stellar parameters are representative for a mag-
netic A-type star. We have chosen the rotational velocity
vsini = 30 kms~! and inclination angle i = 60°, which are
optimal for DI. In addition, modelling linear polarization
profiles requires specifying the angle © (0° < © < 360°)
between the stellar rotational axis and the local merid-
ian projected on the sky. We used © = 90° throughout
this paper. Both macroturbulent and microturbulent ve-
locities were assumed to be zero in all calculations. For
the evaluation of the disk-integrated Stokes parameters
we employed a spatial grid divided into 695 surface zones.
This grid size proved to be adequate for the calculation of
the Stokes flux profiles for the adopted value of vsini (see
Sect. 2.5.1 of Paper I for more details).

In out tests we considered magnetic geometries con-
sisting of different combinations of a centred dipolar and
a linear quadrupolar field. Each of the magnetic compo-
nents can be characterized by the field strengths By and
B, at the corresponding magnetic poles plus unit vectors
ug = (1, fa,7a) and uq = (1,84, 7q), specifying orienta-
tion of the dipole and quadrupole axes (0° < fq, 5q < 180°
and 0° < 74,7q < 360°). The magnetic field vector at a
given point 7 = (R,, p,n) on the stellar surface is given,
respectively, by

By(r) = —% [ud - 3%4 (1)
and
By(r) = f% [27(“‘;%;”)% + Ri* - 57(“‘}%'{) 7‘:| )

Here R, denotes the stellar radius, p and n are the lati-
tude (—90° < p < 90°) and the longitude (0° < n < 360°)
on the stellar surface. The angles 34 and 34 are measured
from the positive rotational pole (by definition the star
rotates counterclockwise), while the angles vq and 4 are
measured in the direction of stellar rotation from the half-
plane containing the rotational axis and zero stellar longi-
tude. A definition of the stellar longitude and latitude has
been detailed in Paper 1. The reference magnetic topology
of our DI tests consisted of a dipole with polar strength
B4 = 8 kG, positioned in the plane of the stellar rotational
equator, and with the positive magnetic pole crossing the
plane containing the line-of-sight and the stellar rotational
axis at zero phase: Bq = 90°, 74 = 0°. Such a magnetic ge-
ometry, rotational velocity and inclination collaborate to
maximize the magnetic variability of the spectral line pro-
files and represent an ideal combination for the application
of MDI.

All Stokes profiles in this paper were calculated for
the iron doublet Fe1r 6147.74 A and 6149.26 A. Table 1
lists atomic parameters of these transitions relevant for the
magnetic spectrum synthesis. These data were extracted
from the VALD atomic database (Kupka et al. 1999). The
Zeeman splitting pattern was calculated with the help of
expressions given in Sobelman (1979). The Fe11 6147.74 A
and 6149.26 A spectral lines are known to have different
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Table 1. Atomic parameters of the Fe 1l doublet used in MDI
calculations. Subscripts u and 1 correspond to the upper and
lower atomic levels.

A (A) loggf FEi(m™) g & gu Ju
6147.741 —2.721 31364.440 1.2 1.5 2.7 0.5
6149.258 —2.680 31368.450 0.0 0.5 2.7 0.5

magnetic sensitivities and serve as a primary spectral di-
agnostic for the surface field modulus of slowly rotating
Ap stars (Mathys et al. 1997). Note, that in very strong
magnetic fields (210 kG) relative positions and strengths
of the m and o components of this Fe1l doublet deviate
from the simple Zeeman splitting pattern. Mathys (1990)
showed that in strong fields the partial Paschen-Back ef-
fect plays an important role in the formation of these spec-
tral lines, and therefore must be taken into account in any
realistic synthetic spectra calculations. However, since we
are mainly interested in the numerical tests of an MDI re-
construction, not in confronting our synthetic Stokes pro-
files with real observations, departures from the Zeeman
effect were not taken into account in our calculations.

The Fe11 6149.26 A has an unusual splitting pattern of
a pure Zeeman doublet. In the regime of the Zeeman effect
wavelength positions of the m and o magnetic components
coincide, resulting in Stokes @ and U to be exactly zero
regardless of the field strength or orientation. Thus, in the
MDI tests with four Stokes parameters we effectively used
only the linear polarization signal from the Fe11 6147.74 A
line.

The abundance distribution adopted in the MDI sim-
ulations consisted either of three spots of enhanced Fe
abundance located at different latitudes or a larger single
spot centred on the negative magnetic pole. We used an
iron abundance £(Fe) = log(Npe/Niotal) = —4.0 outside
spots and £(Fe) = —2.5 inside iron concentrations. For the
calculations with an homogeneous Fe distribution e(Fe) =
—3.65 was adopted for the whole stellar surface. Synthetic
observational data were simulated for 10 equidistant rota-
tional phases and convolved with the Gaussian instrumen-
tal profile with FWHM = 61 mA (corresponding to the
spectral resolution R = 100000 at A = 6148 A). Random
noise with an amplitude of o7 = 3.3 x 1072 (S/N = 300)
was added to Stokes I profiles, while noise levels in Stokes
V and Stokes QU were scaled down by a factor of 1.5
and 4, respectively. These values were selected in order to
keep amplitudes of the circular and linear polarization sig-
natures in the FelI lines at the level of 3—4¢. Specific noise
levels were adopted only for the modelling of the partic-
ular Fell doublet and do not set general requirements for
the spectropolarimetric data in other wavelength regions.
In the case of magnetic topologies studied with INVERS10
other stronger spectral lines (e.g. Fe11 4923.93 A and Fenr
5018.44 A) show linear and circular polarization signa-
tures with much higher amplitudes and can be detected
at the 30 level with a S/N of 150-200 in Stokes @ and
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Table 2. Numerical tests of the MDI code. Parameters of the global magnetic distributions are given for a dipolar field D in
the form (Ba, B4, v4), for an axisymmetric quadrupole Q as (Bq, (4, 7q) and for magnetic spots of test No. 3 as (field strength in
the spot Bspot, spot latitude pspot and spot longitude nspot). The field strengths Ba, Bq and Bgpot are given in kG. The stellar
parameters are represented as vsing in kms™! and angles i and © in degrees. de, §B, §p and 67 are the average errors of the
recovery of abundance, magnetic field strength, and meridional and azimuthal orientations of the magnetic field vectors.

Test Surface distributions Stellar Obs. Recovery e 6B ép on
No. e(Fe) magnetic field model parameters data of %) ) ¢ ©
1 Reference test model
no spots  D:(8, 90°, 0°) 30, 60°, 90°  IQUV e,B 6.3 6.8 4.6 2.4
1 spot D:(8, 90°, 0°) 30, 60°, 90° IQUV e,B 7.6 87 4.7 3.1
2 Complex global magnetic distributions
no spots  Q:(8, 90°, 0°) 30, 60°, 90° IQUV e,B 9.8 9.3 103 5.0
no spots  D:(8, 90°, 0°)+Q:(8, 90°, 0°) 30, 60°, 90° IQUV e,B 7.1 7.5 4.4 2.7
no spots  D:(8, 90°, 0°)+Q:(8, 90°, 90°) 30, 60°, 90°  IQUV e,B 6.8 5.6 4.0 2.5
3 spots Q:(8, 90°, 0°) 30, 60°, 90° IQUV e,B 14.1 16.0 153 11.1
3 spots D:(8, 90°, 0°)+Q:(8, 90°, 0°) 30, 60°, 90° IQUV e,B 155 11.1 8.3 5.7
3 spots D:(8, 90°, 0°)+Q:(8, 90°, 90°) 30, 60°, 90° IQUV e,B 13.7 159 9.9 6.6
3 Non-global magnetic distribution
no spots  two spots (8, 0°, 0°)+(—8, 0°, 180°) 30, 60°, 90°  IQUV B — 213 34 1.1
no spots  two spots (8, 0°, 0°)+(—8, 0°, 180°) 30, 60°, 90° v B — 458 204 3.1
4 MDI of slow rotators
3 spots D:(8, 90°, 0°) 30, 60°, 90°  IQUV e, B 11.1 105 6.5 3.5
3 spots D:(8, 90°, 0°) 10, 60°, 90°  IQUV e, B 13.8 54 5.1 2.6
3 spots D:(8, 90°, 0°) 5, 60°, 90° 1QUV e, B 13.3 45 4.4 2.8
3 spots no magnetic field 5, 60°, 90° I € 88.7 — — —
5 Non-optimal orientations of the stellar and magnetic azes
no spots  D:(8, 90°, 0°) 30, 30°, 90° IQUV e, B 5.5 6.0 3.4 1.8
no spots  D:(8, 30°, 0°) 30, 60°,90° IQUV e, B 74 5.2 6.3 4.4
no spots  D:(8, 60°, 0°) 30, 60°, 90° IQUV e, B 6.1 5.3 3.7 2.1
no spots  D:(8, 45°, 0°) 30, 90°,90° IQUV e, B 9.1 4.3 4.7 2.4
6 Errors in the input parameters
no spots  D:(8, 90°, 0°) 27, 60°,90° IQUV B — 200 151 6.9
no spots  D:(8, 90°, 0°) 33,60°,90° IQUV B — 192 38.1 17.3
no spots  D:(8, 90°, 0°) 30, 40°, 90°  IQUV B — 9.4 7.9 2.9
no spots  D:(8, 90°, 0°) 30, 80°, 90° IQUV B — 7.0 10.1 3.0
no spots  D:(8, 90°, 0°) 30, 60°, 120° IQUV B — 150 282 144
7 Reduced quality of the observational data
3 spots D:(8, 90°, 0°) 5 phases 30, 60°,90° IQUV e,B 186 17.7 11,5 6.1
3 spots D:(8, 90°, 0°) phase gap of 0.3 30, 60°,90° IQUV e,B 183 149 11.1 38
3 spots D:(8, 90°, 0°) R = 20000 30, 60°, 90°  IQUV e,B 22.0 124 8.0 3.5
3 spots D:(8, 90°, 0°) or=17x10"2 30, 60°, 90° IQUV e,B 42.3 226 142 7.8

U and a S/N of 30-50 in Stokes V. As for real applica-
tions of the MDI, medium strength or moderately strong
spectral lines with a high amplitude of linear polarization
signatures are the best. For cool Ap stars such spectral
features can be selected using an atlas of Zeeman polar-
ization in the spectrum of 8 CrB published by Wade et al.
(2000D).

In all test inversions with four Stokes parameters we
used the Tikhonov regularization functional to regularize
reconstructed maps of the abundance and magnetic field
vector. Our detailed investigation of the role of regular-
ization in the MDI (see Sect. 2.7 of Paper I) showed that
this type of regularization function ensures the smooth
convergence to the optimal maps but does not impose
any global constraints on the final magnetic geometry.
The regularization parameter was selected in such a way

that at convergence the regularization functional and x?2
of the fit to simulated observations gave approximately
equal contributions to the total discrepancy function. In
the MDI experiments based on circular polarization data
alone (Sect. 10) the multipolar regularization function in-
troduced in Paper I was used together with the Tikhonov
functional in order to improve recovery of the magnetic
field. At the same time abundance images were still regu-
larized by the Tikhonov functional alone.

We note that in our four Stokes parameter Doppler
Imaging based on the inversion technique with the
Tikhonov regularization no global constraints are imposed
on the large scale field structure and therefore the re-
sulting magnetic distribution does not necessarily satisfy
Maxwell’s equations. This problem is common for all ap-
plications of unconstrained Doppler reconstruction of the
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Fig. 1. Synthetic Stokes I, Q, U and V profiles of the Fe11 6147.74 and 6149.26 A spectral lines for the reference test distribution
(Fig. 3). Simulated observational data is shown by dots, while solid lines represent the final fit by the MDI code. Profiles for
consecutive rotational phases are shifted in the vertical direction. Note, the different scale used for Stokes I profiles, circular
and linear polarization. The bar at the lower right of each Stokes parameter plot corresponds to 1% of the continuum level of

Stokes 1.

stellar magnetic fields (e.g. Donati 2001). However, in re-
ality due to the incomplete phase coverage, visibility and
projection effects or/and additional abundance or tem-
perature inhomogeneities there always exist areas on the
stellar surface for which even the best spectropolarimet-
ric dataset cannot provide reliable information about the
surface structures. Therefore, we believe that in all real
applications it is possible to find solutions within the un-
certainty of the final magnetic map that would obey inte-
gral constraints imposed by Maxwell’s equations.

Since the parameter space of the possible MDI experi-
ments is enormous, we decided to explore the space around
the model that was detailed above (we call it the reference
model), not departing very far from it. In this sense testing
of our MDI code was necessarily restricted. Table 2 sum-
marises basic types of conducted numerical experiments.
In the second and third column, after the test number,
we give brief description of the surface abundance and
magnetic geometries. The next column contains the in-
formation about the stellar parameters that were used in
the recovery of the surface maps. The fifth column speci-
fies observational data used in MDI tests, while the sixth
lists a variable recovered in the DI inversion (iron abun-
dance ¢(Fe) or/and vector magnetic field B). The rest of
the table contains numerical assessment of the average re-
construction errors of the abundance de, magnetic field
modulus § B, azimuthal 67 and meridional dp orientation

of the magnetic vectors. These quantities were calculated
using the following expression:

)2/;%2-,

where M is either abundance 10°(F®) or field modulus B
surface distributions, index j runs over all surface zones
and primed variables correspond to the reconstructed
maps, while unprimed denote the true distributions. In
order to prohibit strong influence of the errors in low-
latitude zones on the error estimates 6 M we used a weight
function w:

-

where p is the latitude on the stellar surface and i denotes
inclination angle of the stellar rotational axis. In Paper 1
we found that a simple sine law adopted for w gives rea-
sonable approximation of the average latitude dependence
of the discrepancy between the true and recovered maps.
Average errors of the reconstructed field orientation (mea-
sured in degrees) were estimated as

st = \/2,(‘*’9 8/ S ()2,

i 3)

oM = Zw? <1—
J

sin(p + 1), for p > —i
0, for p < —i’

(4)

(5)
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where A is either meridional Ap or azimuthal An an-
gles between the true and recovered directions of the local
magnetic vectors. The weight function w’ gives a larger
weight to the areas with larger field strength: w’ = Bw.

Besides calculation of the average local errors of the
MDI reconstruction, we also tested how well global mag-
netic structures were resolved by INVERS10. For this
purpose the final magnetic maps were expanded into
real spherical harmonics up to second order using a
weighted least-squares scheme described in Appendix A of
Paper 1. From the set of expansion coefficients dipole and
quadrupole parameters were determined and compared
with their true values. Our parameterization of the global
magnetic field is identical to the one used by Landolfi et al.
(1998), except that we measure the azimuth angles « of
the dipole and quadrupole axes from the same half-plane
as described above.

In addition to the numerical assessment of the MDI
reconstruction quality, Figs. 2-13 show graphical compar-
isons between the true and recovered maps. In the next
Sections we give detailed description of the most impor-
tant numerical simulations.

3. Reconstruction of the reference test
distribution

In the first MDI test INVERS10 reconstructed a dipolar
magnetic distribution using the full Stokes vector obser-
vational dataset. The abundance map consisted of a sin-
gle Fe spot, located on the negative magnetic pole. The
initial guess for this MDI inversion was zero magnetic
field and an homogeneous iron distribution with e(Fe) =
—4.0. All stellar parameters were assumed to be known
exactly. Figure 1 shows the comparison between simu-
lated Stokes I, @, U and V observational data and the
final fit achieved by INVERS10. The comparison between
the true and recovered abundance and magnetic maps is
displayed in Fig. 3. In this and other similar plots the
star is shown at 5 equidistant rotational phases and an
inclination angle, corresponding to the value adopted for
MDI recovery (i = 60° in this and most other tests). The
black and grey arrows show areas of the positive and nega-
tive magnetic field respectively; orientations of the arrows
correspond to the orientations of the local magnetic field
vectors, while the lengths of the arrows are proportional
to the field strength. Magnetic maps are displayed on the
same surface grid that was used for the disk integration
and inversion. Greyscale images underlying vector mag-
netic maps show the distribution of the field modulus,
while Fe concentrations are highlighted on the separate
abundance maps.

Figure 3 confirms that in general the quality of the
simultaneous recovery of the three magnetic vector com-
ponents and iron distribution is very good. The latitudi-
nal and longitudinal position of the abundance spot was
recovered with high accuracy, similar to the results of non-
magnetic DI tests (e.g. Piskunov & Wehlau 1990). High-
contrast edges of the Fe spot were somewhat smeared out
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Fig. 2. The average latitude dependence of the difference be-
tween the true and recovered abundance, field strength and the
azimuthal angle between the true and reconstructed field vec-
tors. For the corresponding meridional angle the average longi-
tude trend is displayed. In all latitude plots the vertical dashed
line shows the lowest visible latitude for the adopted inclina-
tion angle ¢ = 60°. This figure refers to the reconstruction of
the reference magnetic topology and homogeneous abundance
distribution.

in the reconstructed image, but this is to be expected with
the modest sampling of the rotational period and with
the Tikhonov regularization that we used. The magnetic
map was properly recovered over the whole stellar sur-
face with the exception of a few low-latitude belts, which
have negligible impact on the disk-integrated Stokes signal
and therefore retained a weaker magnetic field, closer to
the zero-field initial guess. The average error of the abun-
dance recovery was 8% (which corresponds to only 0.04
in log(Npe/Niotal) units), while the field modulus was re-
constructed on average within 9% of the true map. The
meridional and azimuthal directions of the local magnetic
vectors were restored within 5°, with the azimuthal orien-
tation recovered better than meridional.

INVERS10 is the first MDI code that attempts simulta-
neous recovery of non-parameterized magnetic and abun-
dance maps. Therefore the method is potentially prone to
systematic errors due to the crosstalk between magnetic
and abundance maps. We investigated this problem by
carrying out the same magnetic DI inversion, but using
a homogeneous Fe distribution. The initial guess for the
Fe abundance was also an homogeneous map, but with
an incorrect €(Fe) value. INVERS10 was again allowed to
vary both the magnetic and abundance distributions. As
a result, the magnetic dipolar field was recovered with
the same quality as in the test with the abundance spot.
No global structures tracing the magnetic dipole pattern
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Fig. 3. Simultaneous recovery of the Fe abundance distribution and dipolar magnetic field using Stokes vector data of Fig. 1. The
true abundance a) and magnetic ¢) maps are compared with the restored Fe abundance b) and magnetic d) images. The black
arrows show field vectors pointing outside the stellar surface, while grey arrows correspond to the vectors pointing inwards. The
arrow length is proportional to the field strength. Greyscales of the images a) and b) correspond to the iron abundance, while
greyscales of the images c¢) and d) visualize the distribution of the magnetic field modulus. The star is shown at 5 equidistant
rotational phases, viewed at the inclination angle ¢ = 60° with the rotational axis oriented in the vertical direction.

were found in the recovered Fe distribution, which devi-
ated from the true abundance map by less than 10% on av-
erage. Thus, our MDI reconstruction is free from crosstalk
between magnetic and abundance images.

For the last experiment the analysis of the aver-
age coordinate dependencies of the errors in recovered
maps gives additional information about INVERS10 perfor-
mance. Basically abundance, field strength and azimuthal
direction errors contain only latitude dependence. Figure 2
shows that the quality of the field modulus recovery is ac-
ceptable from the rotational pole down to 20-25° below
the rotational equator, i.e. within 50-55° from the line-of-
sight. Closer to the invisible rotational pole field strength
is underestimated by as much as 1-2 kG. The quality of
the abundance and azimuthal direction recovery is homo-
geneously good from the rotational pole to subequatorial
regions. These errors increase only for the lowest latitude
belts, which are strongly influenced by the initial guess. In
contrast, the meridional angle between the true and recov-
ered field vectors shows mostly longitudinal dependence.

The error is the largest in areas close to the intersection
between the rotational and magnetic equators, i.e. where
the meridional component of the adopted magnetic distri-
bution is very weak. We found that these average trends of
the quality of the abundance and magnetic field recovery
are typical for all MDI tests with INVERS10.

Another important issue in Doppler Imaging recon-
struction is the dependence of magnetic DI images on the
adopted initial guess. This problem was studied by con-
ducting two more inversions, which were similar to the ref-
erence test with the homogeneous Fe distribution with the
exception, that different non-zero initial guesses were used
for the field distribution. In one experiment MDI inversion
started from an homogeneous radial field with B, = 5 kG,
while in the other test the true dipolar distribution was
rotated by 90° in the longitudinal direction (v4 was 90°
instead of 0°) and adopted as the initial guess. Although
the initial distributions were altered considerably, the av-
erage INVERS10 reconstruction errors were found to be ap-
proximately the same as with the zero-field initial guess.
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The recovered vector distributions were not different ei-
ther: only the lowest visible latitude belts retained some
imprint of the initial guess.

The quality of the recovery of global magnetic struc-
tures was tested by expanding recovered maps into spher-
ical harmonics up to the second order. This is equivalent
to finding the best-fit parameters of a combination of a
magnetic dipole and a non-axisymmetric quadrupole. We
found that for all magnetic maps reconstructed in test
No. 1, polar strength of the dipole was underestimated by
0.3-0.5 kG (5-6% of Bq), while the contribution of the
quadrupolar component (absent in the true magnetic ge-
ometry) was below 0.7 kG. The orientation of the dipole
was recovered within 1° in latitude and 0.5° in longitude.

In general, numerical results of the simultaneous recov-
ery of the abundance distribution and dipolar magnetic
geometry build up firm evidence that the MDI technique
provides an accurate, self-consistent reconstruction of the
abundance and magnetic maps without any a priori as-
sumptions about global stellar magnetic topology.

4. Reconstruction of complex global magnetic
geometries

Although the global magnetic fields of chemically pecu-
liar stars are traditionally considered to be predominantly
dipolar, recent investigations (e.g. Bagnulo et al. 1999;
Landstreet & Mathys 2000) found evidence for the strong
contribution of higher-order multipoles in magnetic geom-
etry. Similar deviations from the simplest dipolar mag-
netic topology were also found for the magnetic white
dwarfs (Wickramasinghe & Ferrario 2000). Due to the av-
eraging over the stellar disk, quadrupole and higher mul-
tipoles produce relatively weak contributions to the most
common magnetic observable, longitudinal field, and thus
elude detection. Only a simultaneous fit to many magnetic
observables or direct analysis of the information contained
in the line profiles of the Stokes parameters helps to re-
veal true magnetic geometry. Since a pure dipolar field
is found for only a minor fraction of stars, studied with
modern methods, it is reasonable to speculate that the
majority of magnetic CP stars and white dwarfs possess
non-dipolar fields. Therefore it is important to study the
performance of the MDI code in the recovery of such com-
plex global magnetic distributions.

In test No. 2 INVERS10 recovered two combinations
of a dipolar and axisymmetric quadrupolar fields with
By = By = 8 kG. For the first experiment we adopted
a configuration in which the dipole and quadrupole were
aligned (B4 = fq = 90°, 74 = vq = 0°; Fig. 4a), effectively
doubling the field strength on the positive pole and reduc-
ing the negative polar strength to zero. In the other exper-
iment the quadrupole axis was assumed to lie in the same
(equatorial) plane as the dipole axis (84 = q = 90°), but
rotated in the longitudinal direction by 90° with respect
to the dipole axis (yq = 0°, 74 = 90°; Fig. 4c). Such a mag-
netic combination produces a complex, non-axisymmetric
magnetic map, which is characterized by a sector of the
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strong negative field covering only a quarter of the stellar
surface, while the rest is occupied by a weaker positive
field. In addition to the tests with two different combi-
nations of the dipolar and quadrupolar fields we also at-
tempted reconstruction of a purely quadrupolar magnetic
topology (Bq = 8 kG, q = 90°,74 = 0°; Fig. 4e). Two
series of tests have been carried out with all three mag-
netic configurations. First we reconstructed the magnetic
field and an homogeneous abundance distribution in or-
der to check for the crosstalk between the abundance and
complex magnetic images. Then inversions were repeated
for the same magnetic geometries, but now with the more
complex abundance distribution, consisting of three spots
of iron overabundance located at different latitudes. This
second series of tests is probably the most representative
of the actual surface structures on a substantial fraction
of magnetic CP stars.

Three input magnetic distributions as well as the mag-
netic images recovered by INVERS10 in the experiments
with the complex abundance maps are presented in Fig. 4,
while Fig. 5 compares the true and reconstructed sur-
face distributions of iron. The MDI code achieved fairly
good results in the magnetic reconstruction. The true
and recovered maps are hardly distinguishable in Fig. 4.
The only difference is the field strength in low-latitude
belts, which is systematically underestimated in the re-
constructed maps. The average recovery errors and their
major trends are comparable to the results of test No. 1.
Similarly, an homogeneous abundance distribution, recov-
ered simultaneously with the non-dipolar magnetic field,
does not reveal any crosstalk between magnetic and abun-
dance maps. Reconstruction of the complex magnetic
topologies in the presence of abundance spots resulted in
magnetic images with stronger deviation from the original
distributions than in the tests with an homogeneous iron
abundance. However, the average errors of the recovery
of the magnetic field strength and direction remain below
~15% and inversions can be considered a success.

Multipolar expansion of the recovered magnetic images
showed that for the three magnetic configurations of test
No. 2 the dipole and quadrupole polar strengths were un-
derestimated by 0.3-0.5 kG in the tests with an homoge-
neous abundance map and by 0.4-0.9 kG in the inversions
with a spotty iron distribution. Meridional orientation of
the magnetic axes was recovered typically within 7° of the
true values and azimuthal orientation — within 4°.

Results of the second test series allow us to conclude,
that MDI with INVERS10 is not restricted to the simplest
dipolar magnetic geometries. Furthermore, our Doppler
Imaging code is successful in the simultaneous recovery
of fairly complex magnetic and abundance distributions.

5. Recovery of a non-global magnetic distribution

Numerical simulations in our paper are concentrated
mostly on global magnetic geometries, typical for mag-
netic CP stars. Nevertheless, in this subsection we carried
out two exploratory tests of the recovery of a non-global
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Fig. 4. Reconstruction of the complex global fields formed by the three different superpositions of a magnetic dipole and
quadrupole. a), ¢) and e) are the true maps used to simulate observations in four Stokes parameters, while b), d) and f) are

magnetic images recovered by the MDI code.

magnetic topology. The main goal of these experiments
was to test INVERS10’s ability to resolve sharp magnetic
structures, covering limited areas on the stellar surface, as
well as to make a qualitative comparison with the results
of the previous MDI simulations, conducted for the late-
type magnetic stars by Brown et al. (1991) and Donati &
Brown (1997). We did not aim at thorough modelling of

the magnetic and temperature spots on active stars. Such
a project certainly requires incorporation of an inhomo-
geneous temperature distribution, weaker magnetic fields
and employment of the model atmospheres and spectral
line list, relevant for the late-type stars. Instead, the only
modification with respect to the standard setup of our nu-
merical experiments was a magnetic field model which was
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Fig. 5. Abundance distributions recovered simultaneously with the complex non-dipolar magnetic topologies. The true abun-
dance map a) is compared with the abundance distributions b—d) reconstructed with the magnetic field maps shown in,

respectively, panels b), d) and f) of Fig. 4.

assumed to consist of two circular spots filled with homo-
geneous radial field Br(l) =8 kG and BﬁQ) = —8 kG, hav-
ing identical radii of Rérl)z)t = Réilt = 0.3R,. Both spots
lie on the rotational equator and cross the plane contain-
ing the line-of-sight and stellar rotational axis at phases
0.0 (positive spot) and 0.5 (negative spot). Figure 6 shows
this magnetic configuration and compares it with the re-
sults of the MDI recovery. In this inverse problem the iron
abundance was fixed, but the magnetic distribution was
imaged without any assumptions about field orientation
(i.e. the full vector magnetic map was extracted from the
rotational modulation of Stokes parameters).

We found that good reconstruction of the non-global
magnetic topology was achieved in the experiment in
which the full Stokes vector dataset was used. Positions
and sizes of the magnetic spots were recovered correctly by
INVERS10. The formal field strength error listed in Table 2
(21%) reflects smearing on the sharp edges of the mag-
netic spots, but apart from this problem the field modulus
was recovered with an acceptable accuracy, while merid-
ional and azimuthal orientations of the local magnetic vec-
tors were reconstructed typically within 3° of the correct
directions.

Recovered magnetic images changed substantially
when observational data used for MDI were restricted to
Stokes I and V parameters. Since the late-type stars pos-
sess weak fields, Stokes ( and U profiles cannot be re-
liably measured with existing spectropolarimeters, hence
using only circular polarization profiles in the MDI of late-
type active stars reflects a real deficiency of the current
observational data. Figure 6 shows that reduction of the
sensitivity to the transverse magnetic component leads
to an underestimate of the area covered by the magnetic
spots at low latitudes and, more prominently, to the strong
crosstalk from the radial to meridional field map. While
the average recovery error of the field modulus doubled in
comparison with the MDI recovery from all four Stokes
parameters, the average meridional error dp increased by
a factor of 10 and reached 20°. The azimuthal direction
is still recovered properly, in particular no crosstalk from
the radial to azimuthal maps is evident in Fig. 6.

Results of IV MDI recovery with INVERS10 are fully
consistent with similar Zeeman-Doppler imaging tests of
Donati & Brown (1997), who also noticed a clear crosstalk
between the radial and meridional magnetic features at
low latitudes. This ambiguity of MDI images is explained
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Fig. 6. Recovery of the image consisting of two magnetic spots with 8 kG radial field of the opposite polarity. The true
distribution a) is compared with the MDI results obtained using the full Stokes vector dataset b) and only Stokes I and V' line

profiles c).

by the fact that low-latitude meridional field remains
transverse during most of the stellar rotational period,
and therefore its influence on Stokes I and V spectra is
negligible.

The two-spot experiment confirmed the ability of
INVERS10 to resolve sharp non-global magnetic structures
using variability of Stokes I, Q, U and V' parameters. At
the same time, sensitivity of the MDI code to the low-
latitude radial magnetic fields is severely reduced for imag-
ing with Stokes I and V' only. This leads to the ambigu-
ity between the radial and meridional fields in the low-
latitude regions.

6. MDI of slowly rotating stars

A significant fraction of chemically peculiar stars with
surface fields above 1 kG have projected rotational ve-
locities as low as 5-10 kms~!. Due to the sharpness of
their spectral features, such stars are the best candidates
for spectropolarimetric measurements in four Stokes pa-
rameters (Wade et al. 2000a). On the other hand, slowly
rotating CP stars were not considered to be optimal tar-
gets for abundance DI, simply because rotational Doppler
broadening does not dominate their line profiles. It is of
great interest to verify the extent to which magnetic DI
can use additional spectropolarimetric data and rotational
modulation of the Zeeman shifts to extract useful infor-
mation from the time series of four Stokes parameters,
recorded for sharp line magnetic stars. In order to study
this problem and to establish a lower limit of v sin ¢ useful
for MDI, we reconstructed dipolar magnetic field and Fe

abundance maps for stars rotating with v sini = 30, 10 and
5 kms~!. The abundance distribution, adopted for these
experiments, was more complex than the single-spot map
of the reference test and consisted of the three areas of an
enhanced iron abundance located at latitudes 0° and 60°
and equidistantly spaced in longitudes.

Figures 8 and 9 show results of the simultaneous re-
covery of the magnetic field and Fe abundance maps for
different values of vsini. Figure 7 compares synthetic ob-
servational data for the test with vsini = 10 kms~! and
the final fit achieved by INVERS10. Apparently, the quality
of the magnetic and abundance imaging does not notice-
ably worsen with decreasing vsini. For all three test cases
the average abundance and field strength errors are at
the level of 10-15%, while the field direction is recovered
within 3-6° of the true orientation. The global proper-
ties of the dipolar magnetic distribution were recovered
even better for slowly rotating stars: a dipolar strength
of By = 7.1 kG was found for vsini = 30 kms™! test,
with a spurious By = 0.8 kG quadrupolar component also
present, while for the reconstructions with v sini =10 and
5 kms~! multipolar expansion of the final magnetic maps
gave By = 7.7 kG and By = 0.7 kG. In all tests INVERS10
reconstructed the orientation of the dipolar axis, which
differed by just 1-3° from its true direction.

Additional experiments showed that magnetic Doppler
Imaging provides reliable information about stellar mag-
netic topology down to vsini = 0 kms~!. However, for the
extremely slow rotators the combination of instrumental
and thermal Doppler broadening does not allow to resolve
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Fig. 7. Synthetic Stokes I, Q, U and V profiles of the Fe11 6147.74 and 6149.26 A spectral lines calculated for vsiné = 10 kms™*
and for the magnetic and abundance distributions shown in Figs. 8 and 9 respectively. Simulated observational data is shown
by dots, while the solid lines represent the final fit by the MDI code. The bar at the lower right of each Stokes parameter plot

corresponds to 1% of the continuum level of Stokes I.

fine structures in the line profiles of a star with surface
abundance inhomogeneities. We found that the quality of
abundance reconstruction, in particular determination of
the latitudinal position of abundance spots, rapidly deteri-
orates in the situation when other non-magnetic broaden-
ing effects dominate over rotational broadening. This sets
a limit of about 3 kms™' for the lowest projected rota-
tional velocity still allowing meaningful abundance imag-
ing with the best possible spectropolarimetric data.

Nevertheless, success of the magnetic imaging of slow
rotators is remarkable and very different from the results
of conventional abundance or temperature Doppler map-
ping, which is practically useless for vsini < 10 kms™!.
Indeed, Fig. 9¢ demonstrates the results of an attempt
to recover the abundance distribution for a non-magnetic
star rotating with vsini = 5 kms~!. Now the code is able
to recover only rough longitudinal positions of the abun-
dance spots, but the map is smeared, all latitudinal infor-
mation is lost and there is a significant general pole-to-
equator gradient, which was absent in the true abundance
distribution. Comparison of the abundance maps shown
in Figs. 9d and e clearly demonstrates that the presence
of a strong magnetic field improves abundance recovery
for slow rotators (if the abundance image is reconstructed
simultaneously with the magnetic map).

Two main effects explain the excellent performance of
the MDI technique for slowly rotating stars. First, we
use the additional informational content of V, @ and
U Stokes profiles, which are strongly modulated due to

changing aspect in the course of even the slowest stellar
rotation. Second, for the magnetic DI the code uses rota-
tional modulation of the spectra by Doppler and Zeeman
shifts. Although the latter magnetic effect depends on the
(a priori unknown) field distribution, it is as successful
in separating wavelength contributions of the individual
surface elements to the disk-integrated spectra, as the
Doppler effect in rapid rotators. In this sense, if the stel-
lar magnetic field is strong enough, surface structures are
resolved by the variable Zeeman shifts, albeit in a much
more complicated way than with the rotational Doppler
effect. Thus, simultaneously accounting for both the rota-
tional and magnetic contributions to the line profile vari-
ability allows application of the MDI technique to all types
of stars with strong global magnetic fields regardless of
their vsini. The only practical limits are set by the field
strength on slow rotators and by the achievable S/N of
the spectropolarimetric data collected for rapidly rotating
targets.

7. MDI reconstruction for non-optimal
orientations of the rotational and magnetic
axes

For the dipolar magnetic geometry of the reference test
model and non-dipolar magnetic fields of test No. 2
(Sect. 4) we used ¢ = 60° and the magnetic axis per-
pendicular to the stellar rotational axis (8 = 90°). Such a
configuration is ideal for MDI, because both positive and
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Fig. 8. Magnetic Doppler imaging reconstruction of a dipolar field for different stellar rotational velocities. a) is the true map,

while b—d) show images recovered for stars rotating with vsini of 30, 10 and 5 kms™

negative magnetic regions are well sampled during the ro-
tation period and magnetically induced variability of the
line profiles is maximal. In reality a significant fraction
of early-type magnetic stars do not show polarity reversal
of the longitudinal field or viewed close to the rotational
pole. In addition, Landstreet & Mathys (2000) found that
slowly rotating magnetic stars tend to have generally small
0 angles. All these effects somewhat reduce variability of
the unpolarized line profiles and potentially make field
reconstruction from four Stokes parameters more compli-
cated and non-unique.

In order to assess the extent to which the MDI tech-
nique is applicable to such non-ideal orientations of the
stellar and magnetic axes, we carried out four reconstruc-
tions with different combinations of i and 3 angles, cor-
responding to the situation when the star is viewed close
to the rotational pole (i = 30°, 8 = 90°), when 3 is small
or intermediate (i = 60°,8 = 30° and S = 60°), and
when the star is viewed equator-on (i = 90°,5 = 45°).
The last experiment was designed to check if the quality
of the MDI reconstruction is hampered by the mirroring
effect, which makes surface features above and below the

L respectively.

rotational equator completely indistinguishable and pre-
cludes application of the conventional DI to stars with
1~ 90°. For all tests we used an 8 kG dipolar field and an
homogeneous Fe distribution. As in the majority of other
numerical experiments in our paper, the inverse problem
was solved for both the magnetic and abundance maps.
Numerical comparison of the true and recovered sur-
face distributions (Table 2) did not show evidence of the
degradation of the MDI reconstruction quality for any of
the considered combinations of 3 and i angles. The average
abundance and field modulus errors are still below 10%,
meridional and azimuthal orientations of the local field
vectors are determined with an accuracy of 2-6°, while
the strength of the global dipolar component is underesti-
mated by 0.3-0.8 kG. Positions of the magnetic poles on
the stellar surface are recovered within 2° in longitude and
latitude, and the contribution of a spurious quadrupolar
component is below 0.6 kG for all four recovered magnetic
maps. Note, that we use the weight function, defined by
Eq. (4), for computing the error estimates and multipolar
parameters of the magnetic distribution. Thus, the quality
parameters listed in Table 2 refer to the field reconstructed
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Fig. 9. Abundance distributions recovered simultaneously with the field maps of Fig. 8. In addition to the true abundance map
a) and Doppler images for vsini = 30, 10 and 5 km st b—d), respectively, results of the reference non-magnetic reconstruction

are shown in map e).

only on the visible part of the stellar surface, which is cer-
tainly reduced in low inclination tests in comparison with
our standard inclination angle ¢ = 60°.

We suggest that the good performance of INVERS10
for all considered orientations of the stellar and magnetic
axes is explained by the sensitivity of Stokes @ and U pro-
files to the transverse component of the stellar magnetic
field. Even for very low inclination angles the linear po-
larization profiles show significant rotational modulation
and can be used for modelling. Sensitivity to the trans-
verse field also breaks symmetry for the equator-on test,
and, indeed, we did not find any mirroring of the magnetic
features for 4 = 90° and [ = 45°. Numerical experiments
confirmed, that MDI with four Stokes parameters is pos-
sible for practically any orientation of the stellar rotation

axis and for a wide range of B angles. At the same time,
large (s are certainly more preferable for magnetic imag-
ing, and i & 30° is required for the accurate recovery of
the abundance part of the stellar surface structure.

8. Sensitivity of MDI to the errors in stellar
parameters

Before any DI inversion starts one has to determine a set
of the basic stellar parameters Teg, log g, vsini and 4.
For MDI with four Stokes parameters it is also neces-
sary to know the azimuth angle © of the rotation axis.
Moderate errors in the model atmosphere parameters (Teg
and log ¢) usually change only the absolute scale of the
reconstructed images, but do not influence the shape of
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Fig. 10. The influence of the uncertainty in vsin, ¢ and © on the MDI reconstruction. The true magnetic map a) is compared
with the images obtained assuming vsini = 27 kms™' b) and 33 kms™" c); d), e) are reconstructions for i = 40° and 80°,
respectively, while map f) illustrates the recovery for © = 120°. Simulated observational data was generated with vsini =
30 kms™!, i = 60° and © = 90°.

recovered surface patterns. In a number of abundance and In particular, underestimating vsini causes the DI code
temperature DI simulations (Vogt et al. 1987; Rice et al. to produce a band of the enhanced abundance/reduced
1989) the effects of adopting incorrect values of vsini and temperature encircling the star at about the subobserver
1 were studied. It was found that an incorrectly assumed latitude, while adopting a too large value of the rotational
vsini leaves characteristic signatures in a Doppler image. velocity leads to the appearance of an opposite spurious
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abundance or temperature pattern. At the same time, con-
ventional DI with Stokes I spectra proved to be relatively
insensitive to the errors in the inclination angle i.

Here we examined the influence of incorrect assump-
tions about vsin¢ and orientation of the stellar rotational
axis on recovered vector magnetic maps. This is the first
such investigation for MDI. Since the response of an abun-
dance distribution to the errors in vsin¢ and ¢ is well
known, in most of the experiments we recovered only the
magnetic distribution and used a fixed homogeneous Fe
map. Figure 10 and Table 2 summarize results of the mag-
netic inversions with wrong stellar parameters.

Similar to conventional DI, adopting an incorrect value
of vsini significantly affects the quality of the magnetic
field recovery. When vsini = 27 kms~! was used for the
analysis of the synthetic Stokes vectors, generated with
vsini = 30 kms~!, INVERS10 produced a large area of
weak field around the intersection of the magnetic equator
and rotational pole. In addition, the magnetic distribution
lost its symmetry with respect to the magnetic axis and
areas of strong field around magnetic poles were stretched
in the longitudinal and compressed in the latitudinal direc-
tion. On the other hand, using vsini = 33 kms~! mostly
hampers the quality of the field recovery in intermedi-
ate and low latitude regions. Figure 10c shows that in
this case a band of weak field appears at and below the
rotational equator and field polarity is recovered incor-
rectly for p < —30°. In general underestimating v sini
by 3 kms~! produces lower average errors in recovered
field strength and orientation than adopting a too high
value of the rotational velocity. The expansion of the fi-
nal magnetic maps into spherical harmonics confirms this
conclusion: a global dipolar field with the polar strength
Bg = 7.0 kG and a negligible quadrupolar contribution fits
the magnetic image recovered with vsini = 27 kms™!,
while overestimating rotational velocity gives rise to a
quadrupolar component which is stronger than the dipole
contribution (Bgq = 4.5 kG, Bq = 5.0 kG).

An incorrect estimate of vsini for slow rotators pro-
duces very similar effects. However, as the importance of
rotational broadening decreases, larger relative errors
of the vsini determination become acceptable for spec-
tra of a given resolution. For example, for a star rotating
with vsini = 5 kms™! it is necessary to derive rotational
velocity with an accuracy of ~20% or better, compared
with a ~10% error margin for a star with a projected ro-
tational velocity of 30 kms~!.

Magnetic distributions reconstructed with incorrect
values of vsini do not fit observational data to the same
level that was achieved in MDI with the correct vsin:. The
most pronounced effect was found for Stokes I, for which
the final deviations increased by a factor of 2. Given an
incorrect estimate of the rotational velocity, INVERS10 is
unable to produce a misleading solution which gives low
x2. Therefore, the optimal rotational velocity can be de-
termined in the MDI by comparing the final x? for the
inversions with various values of vsini.

O. Kochukhov and N. Piskunov: Doppler Imaging of stellar magnetic fields

In the next two numerical experiments we analysed
the inclination effect in MDI. Figures 10d and e illustrate
these tests and show that the magnetic imaging is not sen-
sitive to inclination errors as large as 20°. Neither the x?
of the final fit to observational data, nor the average errors
showed a tendency to increase when ¢ = 40° or ¢ = 80° was
adopted instead of the true inclination angle ¢ = 60°. The
strength of the global dipolar field was underestimated by
0.6 kG, while the contribution of a spurious quadrupolar
magnetic component and errors in the orientation of the
magnetic axis were found to be below 0.8 kG and 0.5°,
respectively. These figures do not differ significantly from
the reconstruction results obtained for the reference test
model. Thus, using a precise value of ¢ is not crucial for
MDI. On the other hand, this means that magnetic imag-
ing by itself cannot provide an accurate estimate of this
stellar parameter.

The impact of an incorrect assumption of the azimuth
angle © is somewhat similar to the effect of adopting an
incorrect vsini. Figure 10f demonstrates that an error
of 30° in © leads to the strong “twisting” distortions of
the recovered magnetic distribution and increases typical
errors of the local field strength and orientation by 50—
100%. The strength of the global field is below the true
value by 2.2 kG, and a false quadrupole contribution with
B, = 3.0 kG appears in the recovered magnetic image.
However, INVERS10 did not achieve an acceptable fit to
the Stokes profiles with this magnetic model. The final 2
for all four Stokes parameters was 1.5-2 times the devi-
ation for the imaging with the correct orientation of the
stellar rotational axis. Sensitivity of the MDI to the az-
imuth angle suggests that © should be determined with
an accuracy better than 10° for the successful magnetic
reconstruction. The required accuracy can be obtained by
minimizing x2, similar to the procedure outlined above for
the rotational velocity. For some magnetic CP stars good
initial estimates of © are available from the modelling of
the broadband linear polarization (Leroy et al. 1996).

The conclusions of this section will not change signif-
icantly if the MDI recovery is carried out simultaneously
for abundance and magnetic distributions. In general the
quality of the recovered magnetic maps and the fit to ob-
servational data remains the same if the iron distribution
is allowed to vary in the tests with an incorrect assump-
tion of the inclination. In the similar experiments with
an incorrect vsini and azimuth angle, x? and recovery
errors slightly decrease but INVERS10 achieves this im-
provement by producing spurious pole-to-equator gradi-
ents in the abundance maps. Interestingly enough, with
the adopted magnetic geometry an overestimate of vsini
leads to the same distortion in the abundance map that
is caused by using the wrong ©: INVERS10 reconstructs a
large polar spot with the enhanced iron abundance, while
Fe concentration on the rotational equator is underesti-
mated.

Numerical experiments demonstrate that INVERS10 is
remarkably robust with respect to the errors in vsini and
orientation of the rotational axis. MDI is either very
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weakly sensitive to the adopted parameter (i), or fails to
find an appropriate fit to the observational data if wrong
values are used for the parameters to which sensitivity is
high (vsini and ©). This makes it possible to use in the
magnetic imaging (rather crude) estimate of the inclina-
tion from the rotational period, vsini and stellar radius
and adjust the rotational velocity and the azimuth angle
by minimizing residuals of the fit to the observed Stokes
profiles.

9. MDiI sensitivity to the quality of observational
data

It is of great interest to investigate the sensitivity of the
magnetic images derived by INVERS10 to various parame-
ters of the spectropolarimetric observational data. In the
real world one often has to deal with noisy spectra having
a sparse or incomplete phase coverage. Current observa-
tional restrictions are even more severe for Stokes () and
U profiles, which have been systematically measured with
only a poor S/N and relatively low spectral resolution of
R ~ 35000 (Wade et al. 2000a).

To get an estimate of the magnetic image degradation
with decreasing quality of Stokes I, @, U and V profiles
we recovered the standard dipolar magnetic distribution
using low-resolution (R = 20000) Stokes vectors, obser-
vational data consisting of 5 equidistant phases, spectra
with a phase gap of 0.4 around phase 0.0 and observa-
tional material with a poor S/N (60 for Stokes I, 90 for
Stokes V' and 240 for linear polarization profiles). A com-
plex iron abundance distribution, similar to the one used
in test No. 4 (Sect. 6), was recovered simultaneously with
the magnetic images.

The results of the tests are shown in Fig. 11. Decrea-
sing the spectral resolution does not produce strong dis-
tortions of the magnetic map. The main features of the
dipolar field are well-defined, but some contrast is lost in
the abundance image and the high-latitude spot of iron
overabundance is stretched in the latitudinal direction. In
addition, instrumental smearing of Stokes parameters al-
lows the MDI code to fit observations with a weaker field
distribution. This leads to the underestimate of the dipole
strength by 1.1 kG — almost twice the value typical for
R =100000.

The effects of a poor phase coverage and reduced S/N
are all rather similar. Since less information is available for
the magnetic imaging, the MDI code looses detailed reso-
lution of the stellar surface, producing images with more
irregularities. Major magnetic structures are properly re-
covered only at the subobserver latitude of the star, while
the field strength is generally underestimated around the
rotational pole and below the stellar equator. INVERS10
is also not very successful in identifying the global dipo-
lar structure in the magnetic topology: Bq is underesti-
mated by 1.4-2.2 kG and a spurious quadrupole contri-
bution with By =1.6-2.6 kG is evident in the recovered
magnetic maps. However, our MDI code still does a good
job in reconstructing polarity of the magnetic distribution
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and recovers the orientation of the magnetic axis within
4° of the true B4 and v4. Abundance maps are reproduced
fairly well in the experiments with a poor phase coverage
and reduced S/N. The only exception was the test with
incomplete phase coverage, when the code lost most of
the information about the spot, which passes close to the
line-of-sight in the middle of the phase gap.

From the numerical tests of this section it is possi-
ble to formulate some practical quality requirements for
the observational data used in MDI. Since magnetic re-
construction is more sensitive to phase coverage and S/N
ratio than abundance maps, it is necessary to obtain a
fair coverage of the rotational period (>10 phases with
the largest phase gap not exceeding 0.15-0.20). Signal-to-
noise ratio should preferrably be above 250-300 for Stokes
I and allow detection of the polarization signal at >3c
level for most of the rotational phases in Stokes @Q, U
and V' parameters. These quality parameters translate to
S/N ratios of 700-1000 for MDI with four Stokes param-
eters and moderately strong or medium strength mag-
netically sensitive spectral lines. Such noise levels can be
achieved for stars brighter than 8-9 magnitude in reason-
able exposure times (<1 hour) with 3-4-meter-class tele-
scopes equipped with existing instruments, such as a po-
larimeter combined with the UCL Echelle Spectrograph
at the Anglo-Australian Telescope (Donati et al. 1997)
or next generation spectropolarimeters, similar to the on-
going ESPaDOnS project for the Canada-France-Hawaii
Telescope (Donati et al. 1998). As for the spectral resolu-
tion, a full four Stokes parameter inversion requires data
with R > 50000 for moderate rotators and R close to 10°
for slowly rotating CP stars.

10. MDI with Stokes I and V parameters

In the preceding sections we demonstrated that reliable
MDI recovery of an arbitrary magnetic field without any
assumptions about the field geometry is possible with
high-quality spectropolarimetric data in four Stokes pa-
rameters. Such complete Stokes vector datasets exist for
only a limited number of magnetic CP stars (Wade et al.
2000a), and resolution and noise characteristics of these
spectra preclude their direct use in magnetic DI. At the
same time there exist several high-resolution échelle spec-
trographs, capable of measuring circular polarization pro-
files with a high accuracy over wide spectral regions. In
fact, parameter optimization of the multipolar magnetic
models, carried out in previous MDI studies of CP stars
(Piskunov 1985; Khokhlova et al. 2000), never extended
beyond fitting Stokes I and V profiles. Thus, it is impor-
tant to investigate the performance of INVERS10 in the
problem of magnetic and abundance recovery without lin-
ear polarization observations.

As we explained in Paper I, an inverse problem reg-
ularized with the conventional Tikhonov functional be-
comes less well-defined in this case. As a result recon-
struction of the magnetic structures is more difficult,
especially when one tries to recover the magnetic image
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Fig. 11. The influence of the quality of observational data on the MDI reconstruction. The true magnetic map a) is compared
with the magnetic images obtained from a Stokes IQUV dataset with the reduced spectral resolution R = 20000 b), phase
coverage consisting of only 5 equidistant rotational phases c), spectral data with a gap of 0.4 in phase coverage d) and from
the Stokes parameters with reduced S/N e).

using different non-zero initial guesses. Similar to the sta-
bility test, described in Sect. 3, we attempted to recover an
8 kG dipolar field using simulated observations in Stokes
I and V parameters and adopting a zero field, an homoge-
neous radial field and the true dipolar field, rotated by 90°
in longitude, as initial guesses for the magnetic distribu-
tion. Table 3 summarizes results of these experiments and
confirms the suspicion that incomplete polarization data
leads to the degradation of the magnetic image. Typical
errors of the field strength and azimuthal direction re-
covery increase substantially as compared to the imaging
with four Stokes parameters. The strongest effect is ob-
served for the meridional direction of the local field vec-

tors, which systematically deviates from the true orienta-
tion by 10-30°. In addition, most of the field structure is
recovered only near the subobserver latitude and around
the visible rotational pole, while at the stellar equator and
below field strength is significantly underestimated and no
information about the field orientation could be obtained.

Unsuccessful magnetic recovery in the considered I'V
imaging tests is caused by the intrinsic limitations of the
informational content of an incomplete Stokes parameter
dataset, but not by an incorrect fitting of the observa-
tions. As pointed out by Brown et al. (1991), the effective
limb darkening is stronger for Stokes V' parameter than
for Stokes I. Therefore, at each rotational phase circular
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Table 3. Numerical tests of the MDI reconstruction using Stokes I and V' parameters. Magnetic distributions adopted for the
tests consisted of the dipolar field D with parameters (8, 90°, 0°) or combination of the dipole and axisymmetric quadrupole
D + @ with parameters (8, 90°, 0°)+(8, 90°, 0°). Parameterization of the magnetic multipoles is explained in the caption of
Table 2, while calculation of the error estimates de, § B, dp and 7 is detailed in Sect. 2. The last two columns show the strengths

rec

of the magnetic dipole Bj
reconstructed magnetic maps.

and non-axisymmetric quadrupole Bg*™ derived by the second-order multipolar expansion of the

Test Surface distributions Regularization Initial guess oe 0B ép on By B
No. e(Fe) magnetic field functional for magnetic field (%) (%) (°) (°) (kG) (kG)
1 Reconstruction from the different initial magnetic distributions
no spots D Tikhonov zero field 9.6 154 192 23 6.32 0.24
no spots D multipolar zero field 5.2 4.8 1.6 1.1 7.68  0.48
no spots D Tikhonov radial field 10.7 9.3 336 10.0 6.00 2.32
no spots D multipolar radial field 7.7 8.0 7.2 2.1 7.52  1.52
no spots D Tikhonov rotated dipole 11.4 155 249 3.0 6.16  0.56
no spots D multipolar rotated dipole 5.3 3.2 2.6 1.2 7.92  0.48
2 Reconstruction of the complex abundance distribution and dipolar magnetic map
3 spots D Tikhonov zero field 31.8 262 232 5.1 5.28 1.76
3 spots D multipolar zero field 26.3 122 8.0 2.3 712 1.44
3 Complex global magnetic distribution
no spots D+Q Tikhonov zero field 15.0 14.3 358 4.8 7.09  5.60
no spots D+Q multipolar zero field 8.6 103 6.5 3.1 7.20  8.32

polarization is dominated by the contribution from mag-
netic regions close to the disk center, and during the whole
rotational period it remains relatively insensitive to the
field structures far from the subobserver latitude.

The only way to correct the loss of information about
the transverse field component is to use an additional,
external restriction for the stellar magnetic topology.
Superposition of low-order multipoles was shown to be a
good approximation for the field distributions on the mag-
netic CP stars and magnetic white dwarfs. Thus, we sug-
gest to restrict the family of possible solutions of the IV
imaging problem by demanding its proximity to a combi-
nation of magnetic multipoles. This restriction was imple-
mented in the form of a novel multipolar regularization
method, which was discussed in Sect. 2.7 of Paper I. It
was demonstrated that this regularization scheme is con-
sistent with the global multipolar structure of the fields
on early-type stars, unlike the conventional Tikhonov or
Maximum Entropy regularizations which fail when a prob-
lem becomes more dependent on the regularization algo-
rithm, as in the case of the MDI with Stokes I and V
profiles.

Application of the second-order multipolar regulariza-
tion to the I'V recovery from different initial guesses con-
firmed the efficiency of the code. For all three test cases
INVERS10 converged to the magnetic distributions, which
deviated from the true maps by typically 5-8% in the
field strength and 2-7° in the meridional orientation of
the local field vectors. The comparison of the multipolar
expansion parameters indicated that the multipolar regu-
larization also improved the recovery of a global dipolar
magnetic pattern. Analysis of the final INVERS10 magnetic
maps showed that the dominant component of the mag-
netic topology is a dipole with Bq = 7.5-7.9 kG, while in

the IV imaging with the Tikhonov regularization By was
typically underestimated by 1.7-2.0 kG.

A new regularization method was further tested in a
more complicated IV imaging simulation, which included
simultaneous recovery of an 8 kG dipolar field and a com-
plex Fe distribution. Figure 12 compares the magnetic im-
ages and the abundance maps obtained with the Tikhonov
and the multipolar functionals. The corresponding true
distributions of Fe and magnetic field are displayed in
Figs. 9a and 8a. Reconstruction with the conventional reg-
ularization scheme showed all degradation signs described
above, but application of the multipolar regularization of
the solution allowed accurate recovery of the main mag-
netic features to be achieved. In particular, much better
results were obtained for the stellar surface regions at and
below the rotational equator. Furthermore, the abundance
map recovered in the experiment with the multipolar func-
tional has slightly better contrast than the distribution
derived with the Tikhonov magnetic regularization. This
improvement reflects some crosstalk between the abun-
dance and magnetic maps, since Fe images were regular-
ized with the Tikhonov functional in both reconstructions.
But even grossly inadequate Stokes IV /Tikhonov regular-
ization field recovery (Fig. 12¢) leads to only a mild homo-
geneous smearing of the abundance map (Fig. 12a), and
not to the appearence of spurious surface features.

In the last set of simulations multipolar regulariza-
tion was tested in the I'V imaging of a complex global
magnetic field. The magnetic model that we adopted was
identical to one of the magnetic topologies reconstructed
in test No. 2 and consisted of an aligned dipole and ax-
isymmetric quadrupole (Bq = Bq = 8 kG, B4 = (q = 90°,
vd = Yq = 0°). No Fe spots were introduced in the abun-
dance map, but the iron distribution was treated as a free
parameter during reconstruction. Figure 13 illustrates the
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Fig. 12. Simultaneous recovery of the abundance and magnetic dipole distributions of Figs. 9 and 8 from Stokes I and V data.
a) and c) are the images reconstructed with the Tikhonov regularization, while b) and d) are images regularized with the
multipolar functional.

recovered magnetic images and compares the true map
with the images regularized by the Tikhonov and multi-
polar methods. Once again, the magnetic map based on
the Tikhonov regularization shows characteristic crosstalk
from the radial to meridional field component and failure
to recover field in the low-latitude regions. Much better
results in terms of the average errors 6 B, dp and dn were
achieved with the multipolar regularization. The global
field structure was also better resolved in the latter ex-
periment. It converged to By = 7.2 kG, B3 = 91° and
B, = 84 kG, B, = 85° while the corresponding pa-
rameters of the imaging with the Tikhonov method were
B4 = 7.1kG, B4 = 116° and B4 = 5.6 kG, (4 = 100°.
Simulations carried out in this section show that much
of the information about the abundance distribution and
magnetic field structure can be successfully extracted from
the time series of Stokes I and V' parameters using MDI
based on the multipolar regularization. However, IV imag-
ing with the multipolar regularization could hardly match
all capabilities of the MDI with four Stokes parameters.
It remains somewhat biased due to its intrinsic preference
to low-order multipolar fields. In addition, we expect that

the performance of this method could not compete with
four Stokes parameter imaging for combinations of stellar
parameters, significantly departing from the optimal MDI
configuration (large ¢, 5 and moderate v sin) used in our
1V tests.

11. Conclusions

We have presented an extensive set of numerical sim-
ulations of magnetic Doppler Imaging reconstruction of
stellar magnetic fields using high-resolution spectropolari-
metric data. These experiments allowed us to conduct a
thorough testing of our new MDI code INVERS10 and ex-
amine the performance of the MDI method under realistic
conditions. Results of our tests can be briefly summarized
as follows.

— We showed that high-resolution four Stokes parameter
time series contain enough information for the accu-
rate and self-consistent magnetic DI reconstruction of
the magnetic field geometry and abundance distribu-
tion. Simultaneous magnetic and abundance inversion
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Fig. 13. Recovery of the complex global magnetic distribution using Stokes I and V spectra. The true magnetic map a)
(combination of the aligned dipole and axisymmetric quadrupole) is compared with the field recovered using the Tikhonov b)
and multipolar ¢) functionals.

is stable, insensitive to the initial guess and does not
require any a priori assumptions about the global stel-
lar magnetic topology.

Our MDI code is not restricted to the reconstruction of
the simpliest dipolar magnetic geometries. We believe
that the code can be successfully applied to the imag-
ing of global stellar magnetic fields and abundance dis-
tributions of an arbitrary complexity.

Unlike conventional abundance and temperature
Doppler mapping, an MDI code extracts the informa-
tion about the stellar surface structures not only from
the rotational Doppler shifts, but also from the rota-
tional modulation of the orientation and strength of
the magnetic field. This makes it possible to image the
magnetic and abundance structures on the surfaces of
very slowly rotating stars.

DI based on observations in four Stokes parameters is
possible for a wide range of orientations of the stellar
and magnetic axes. Furthermore, sensitivity of the lin-
ear polarization measurements to the transverse field
component allows useful information about magnetic
topology to be extracted even in the nearly pole-on and
equator-on orientations, where conventional scalar DI
is useless.

Tests of the sensitivity of our code to errors in the
input stellar parameters showed that successful mag-
netic inversion requires accurate input values of the
rotational velocity vsini and the azimuth angle of the
rotational axis ©. On the other hand, INVERS10 is
weakly sensitive to moderate errors in the inclination

of the rotational axis i. Furthermore, given incorrect
assumptions of stellar parameters, the MDI code is not
capable of finding a spurious solution that provides a
good fit to the observational data.

— We carried out several numerical experiments designed
to evaluate the sensitivity of the MDI code to the qual-
ity of observational data. The results of these tests
suggest that in order to be useful for magnetic DI,
spectra in four Stokes parameters must have resolution
R > 50000, an even coverage of the stellar rotational
period with at least 10 phases, have a S/N above 250
for Stokes I and allow reliable detection of the polariza-
tion signal in other Stokes parameters. Numerical ex-
periments confirmed that observational data required
for the full application of INVERS10 can be obtained
with existing spectropolarimeters or instruments that
will become available in the near future.

— We concluded numerical experiments with several tests
of the magnetic reconstruction using incomplete Stokes
parameter datasets containing only Stokes I and V'
profiles. We found that IV imaging of global stellar
magnetic fields is possible with the multipolar regular-
ization method, which restricts the family of possible
solutions of the MDI problem by demanding its prox-
imity to a multipolar field geometry.

The results of the tests presented in this paper confirm the
capabilities of INVERS10 and allow us to proceed with
the applications to real stars which we plan to present
in the next paper of this series.
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