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Abstract. It is shown that the transverse plasmon field is modulationally unstable in the Lyapunov sense, leading to a
self-similar collapse of the magnetic flux. Such a collapsing magnetic instability is analyzed in both cases of magneto-
hydrodynamics and kinetic plasma physics, with their applications to solar intermittent flux and anomalous viscosity in ac-
cretion disks, respectively. In the first case, we find that the equilibrium between the ponderomotive force and the Lorentz force
in a current sheet gives rise to a more spatially intermittent collapsing magnetic flux, very similar to a turbulent pattern; as a
result, the 0.1 kG flux cells with larger scales emerging at the surface from the solar interior become shredded and the flux
is thereby contracted rather quickly to a small scale of the order of 100 km as well as concentrated into a 1-2 kG state. In
the second case, based on Vlasov equations and Maxwell equations, the collapsing feature of the self-generated magnetic field
from transverse plasmons is investigated on rather small scales of the motion or electric current in accretion disks; as the effects
of the intermittent magnetic flux, an anomalous magnetic viscosity and an anomalous resistivity are indicated, with a different
magnetic Prandtl number, which is not very sensitive to the temperature 7.
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1. Introduction

Magnetic field plays an important role in many fields of astro-
physics. Its behavior is mainly set up by its interaction with its
carrier: plasma. It is well known that a plasma is a system with a
large number of degrees of freedom; in such a highly unstable
plasma, the tendency for energy equipartition over the differ-
ent possible degrees of freedom can produce turbulent waves,
that is to say, plasmons are excited at a rather high level. In a
plasma there is a transverse mode, with frequencies wP which
are nearly the frequency wpe:

k22
WP = Wpe + ——

T (wpe > k). 1)

2
here wpe = 4”:1 "0 and ny is the density of background plasma.

Their group velocities, like those of Langmuir waves, are very
small compared to the light speed c. It is extremely difficult
for the oscillations to escape the plasma because the index
of refraction for these waves is very nearly zero. Hence the
Langmuir and the transverse modes are often grouped and
called plasma oscillations. Thus, it is convenient to call the
transverse modes of Eq. (1) transverse plasmons (EM wave).
Due to very small group velocities, the dominant interactions
between the transverse plasmons and Langmuir waves are
strong; the interactions are connected with the scattering by
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electrons and ions 1+e = p+¢’, 1+i = p+1i’ and the decay
process 1+1" = p. Numerical calculations showed that there
is a continuous transfer from Langmuir waves to the trans-
verse plasmons and back and their energy densities are approx-
imately the same, averaged over time, W' ~ WP (Kaplan &
Tsytovich 1973). In view of the physics, it is natural that the in-
teractions lead to a tendency of energy equilibration over both
of the Langmuir and the transverse plasmons with the same
frequencies near wp. and similar dispersion laws. On the other
hand, for a plasma in thermal equilibrium, there is also a finite
level of plasma waves, which represents degrees of freedom
excited in thermal equilibrium. Langmuir plasmons are excited
by the charged particles of the plasma through Cerenkov pro-
cesses e — 1+ ¢’ (spontaneous emission) when they move due
to their thermal energy and are then reabsorbed by the plasma
due to Landau damping. A balance between the spontaneous
emission and the induced absorption leads to a thermal level
of Langmuir plasmons. The energy density of Langmuir plas-
mons in thermal equilibrium is (Kaplan & Tsytovich 1973):
W'T = 2;]%;, where n. the electron density, 7. the electron
temperature, Np the Debye number, and kg the Boltzmann’s
constant. As a result, we may expect for a plasma on excited
levels that

|EP|?
8rnekp T,

Wi 1

WP = = R
nekgTe  6m2Np
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or in the active region of the accretion disks,

7P —g( _Ne 1/2( T, )_3/2
Wi>3x10 (1016) 3x107) )
where %is the energy density of the transverse plasmons.

As we will show, the transverse plasma fields for a plasma
on an exited level are modulationally unstable in the Lyapunov
sense; the instabilities would develop and result eventually in
self-similar collapse, giving rise to a more spatially intermit-
tent magnetic flux. We will study this phenomena in both dy-
namic and kinetic cases, respectively, corresponding to the de-
scriptions of different space scales and different astrophysical
applications.

First we deal with the solar magnetic field, concerning our-
self with magneto-hydrodynamics (MHD)theory which corre-
sponds to the current precision of observations. It is shown that
solar magnetic field is of a spatially intermittent nature. The in-
termittent flux fragments can be found all over the sun, show-
ing that more than 90% of the flux occurs in strong-field form
with strengths of 1-2 kG and sizes of 50-300 km in the pho-
tosphere (Stenflo 1989). The key to an unified understanding
of the physics of solar atmosphere may be found in the MHD
processes of the basic magnetic cells. It is likely that the flux is
in a pre-concentrated state when it emerges from the solar inte-
rior to the surface due to the convective expulsion (Weiss 1966;
Peckover & Weiss 1972); hence a sort of instability would be
responsible for the final concentration, from e.g. 0.1 to 1-2 kG
(Stenflo 1989). It is known that weak, vertical magnetic flux
in the solar surface layers may be spontaneously concentrated
into a kG state by the instability of convective collapse (Parker
1978; Spruit 1979). However, the convective instability or ther-
mal instability is very difficult to explain that the magnetic pres-
sure within the flux cells is much higher than the equipartition
value—the convective turbulent pressure (Tagger et al. 1995).
In their paper, Tagger et al. proposed an interesting instability
mechanism for the filamentation of magnetic flux tubes in a
weakly ionized plasma. Their result is somewhat phenomeno-
logical and qualitative, and it seems still necessary to investi-
gate the process when non-linear effects of the magnetic field
are considered.

It is well-established both from analytical and numerical
works that magnetic fields in turbulent plasmas have a tendency
toward self-organization in flux sheets or cells (Shramkowski &
Torkelsson 1996). Magnetic reconnection in the upper part of
the emerged sections changes the topology from that of a con-
nected “sea serpent” to that of a number of separated, smaller
closed loops (Stenflo 1989). During the magnetic coalescence
of multiple loops, the plasmas and magnetic flux may be com-
pressed toward current sheets from both sides, driven by the
Lorentz force, leading to a resistive instability. A reconnec-
tive annihilation of the magnetic field occurs and the mag-
netic energy is converted into the kinetic energy of particles,
thermal energy of plasma and radiation by Ohmic dissipation,
followed by forming many magnetic cells and enhanced plas-
mons including Langmuir and transverse ones in the thin cur-
rent sheet. The cells and the strong turbulent plasmons can be
intimately coupled by ponderomotive interaction. The equilib-
rium between the ponderomotive force and the Lorentz force
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will cause a instability for magnetic cells in the current sheet,
which could create collapsing pattern and lead to the occur-
rence of kG state.

Another problem we will tackle in this paper is the mag-
netic viscosity and resistivity in accretion disks. It is gener-
ally accepted that astrophysical disks play a central role in
active phenomena of young stellar objects (YSOs), cataclysmic
variable stars, binary X-ray sources and active galactic nuclei
(AGN). An anomalous viscosity is usually assigned to accre-
tion disks, since normal microscopic viscosity are too small (by
at least eight orders of magnitude) to sustain an astrophysically
significant accretion flow. Furthermore, the magnetic diffusiv-
ity is also most probably anomalous (Lovelace et al. 1987).
Current models usually make an ad hoc assumption, by in-
troducing a parameter @, to parametrize our ignorance of the
anomalous “turbulent viscosity” n, as
n = acsHp, a; = const., 4)
where H is the disk scale height, ¢ the sound speed and p
the mass density. However ignorance makes stability analyses
based on the a;-formalism most problematic: what comprises
the unperturbed state is impossible to define (Balbus & Hawley
1998). The physical mechanisms (turbulence or more spatially
intermittent magnetic fields) must be addressed. In particular
we need to determine the functional dependence of a; on the
physical variables of the disks.

As a candidate for the anomalous viscosity, the magnetic
viscosity was first calculated from Keplerian fluid shear by
Eardley & Lightman (1975). Coroniti (1981) and Torkelsson
(1993) extended the model by including magnetic buoyancy.
These models concentrate on viscosity as a direct result of field
line stretching by the Keplerian mean flow. But these inves-
tigations are still in the kinematical version and the relevant
anomalous magnetic diffusivity was not obtained in these mod-
els. Lacking a pure hydrodynamic instability for turbulence,
the Chandrasekhar-Balbus-Hawley magnetorotational instabil-
ity (Balbus & Hawley 1998) was proposed and might act as
a turbulent transport mechanism in disks, with the advent of
a weak magnetic field. However, it is not sensible to only
dwell on magnetohydrodynamic studies. Investigations of mi-
croscopic and non-linear instabilities, especially of magnetic
driving, resulting in anomalous viscosity, are also necessary.
Thus we leave the discussion of magnetohydrodynamics and
delve deeper into the plasma kinetic regime of accretion disks.
We find that the non-linear collapse of the self-generated mag-
netic fields is responsible for generating the anomalous viscos-
ity, and, as a bonus, an anomalous diffusivity. Furthermore, in
our model, the functional dependence of @, on the physical
variables of the disks is explicitly given if we still use a; to
parametrize the viscosity. It is natural that one finds a physical
mechanism that operates only on rather small scales of mo-
tion or of electric current, given the anomalous viscosity and
resistivity of the matter with very different magnetic Prandtl
numbers (Zahn 1991).

This paper is organized as follows. Section 2 is concerned
with the collapsing instability for the solar magnetic cell in a
current sheet; the basic ponderomotive effects on the evolution
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of the flux cell are illustrated in Sect. 2.1; and Sect. 2.2 dis-
cusses the collapse of the flux cell caused by transverse plas-
mons; we find the collapsed end state with field strengths of kG
in Sect. 2.3. Section 3 deals with the collapsing instability of
magnetic fields in accretion disks. The basic equations for self-
generated fields are given in Sect. 3.1; the modulational in-
stabilities caused by transverse pumping waves are explored
in Sect. 3.2; in Sect. 3.3 we provide a self-similar solution
for the collapse magnetic flux, and we determine the anoma-
lous dc resistivity and viscosity from the self-generated spa-
tially intermittent magnetic flux in Sect. 3.4. Section 4 gives
the conclusions.

2. Collapsing magnetic instability to solar
intermittent flux

2.1. Ponderomotive effects

For a weakly ionized plasma with electromagnetic oscillations,
as in the photosphere, the basic equations are the fluid equa-
tions for a three-component plasma consisting of electrons,
ions and neutral particles, supplemented by the Maxwell equa-
tions. Because of the large difference in electron and ion oscil-
lation frequencies in the astrophysical plasma, the two time-
scale approximation is relevant for the charged particles. In
this case all the field quantities, say, density, velocity, pres-
sure, electric and magnetic fields, can be divided into fast and
slow time-scale components, A = (7, ni; Ue, Vi; Pe, Pi; E, B) =
Af + A, and it can be assumed that the ensemble average of the
fast components over the slow time-scale vanishes: < Ay > = 0.
On the slow time-scale, a quasi-neutrality condition leads to
n® = ni = n. Under these circumstances, estimating the rel-
ative magnitude of the terms in the fast- and slow-component
equations, we can obtain the following transfer equation for the
fast oscillation of electrons

1 o 1 4rme?
VXVXD?"—C_Z@D? = —C—z%nsvﬁ
(]
30% 1
+ 2L 99 - () 5)
2 ng

accompanied by the continuity and the momentum equations
for the electrons and ions (Li & Zhang 1997; Li et al. 1997):

2nS + V- (nw) =0,

6
- (6)
0 4V (n') = 0 N
—ng - (ng )=V,
ot
Dt 9 1
U = —vf + @S- V)l = a E; + —v] x B
Dt ot Me c
VP 1
~ s P+ ——(Ra+ R, ®)
MeNg Mehg
Dv. 9, . i L
S = ol + @ -Vl = & E; + —v, X B
Dt ot i c
VP
— + (_Rei + Rin), (9)
ming ming
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where R.; and R,,,, (o = e, i) are the friction forces for electron-
ions and charged-neutral particles, respectively; vt is the elec-
tron thermal velocity and Fy is the ponderomotive force de-
scribing the effect of the high frequency oscillations on the slow
motion of the electron-fluid:

1 2
F; = —EV((vﬁ) ) (10)
Eliminating E from Egs. (8) and (9), one has
Dvt Dv.  joxBs 1 )
S +my s — - Vv
Me Dt m Di - 4me (lorol”)
VPE+ VP 1
Sy Ry (11)
no ng

here j, is the current density, VP{ = y,T,Vnd (@ = e,i),
vq the specific heat ratio and R, = (R.p, + Rjy), with R,, =
—MaNsVan (U — Up), in Which v, is the collision frequency be-
tween charged particles and neutral ones. Expressing the fast
oscillation velocity of the electron by
e _ 1 iwot

v; = 3 [vfo(r, e’ + c.c.], (12)
where wyp is the fast oscillation frequency of the plasmons,
wo = wpe and c.c. denotes complex conjunction of the first
term, recalling that the equation of the lowest order on the fast

a

time-scale, 50} ~ mieEf, and the Van der Pol types of complex

electric vector in the waves, E? = %[E(r, Hel’ +c.cl, yield

—ie

1
((U?)2)=§|Ut0|2, v = E. (13)

mewo

In this case Eq. (5) becomes

.0 2
ZZwPeEvm + ¢*V XV X g

~307, V(V - vg) + i—zwpevm =0, (14)
with %% In vl < 1, where 6n = ng — ng, which is the slow
disturbance of density in the waves.

For the purpose of this study, we have assumed that the
turbulence parameter W, which expresses the excitation of the
plasmons as a fraction of the total thermal energy of the plasma,
satisfies

n T
103 e 2, Te 3
(10‘4 cm‘3) (6520 K)
Wy o IEP ool
= << W = =~ 1, ]5
nekgTe < 4nngT, v2 = (15)

Te

and the electron plasma frequency wyp. is much greater than
the cyclotron frequency wge, wpe > wge. Since the collision
terms associated with the neutral particles are related to their
motions, the continuity and the momentum equations for the
neutral particles are:

on

a—t“ + V- (nyoy) = 0, (16)
]

Mphy Ev“ + (v, - V)vn] =-VP,—R,. (17)
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To complete the Eq. (14) we need a further expression of the
nonlinear term o i_:vf(). In the case of a thin current sheet with
flow and plasmons, linearizing with respect to v, D/Dt =~ 9/0t,
multiplying by dz and integrating from z = —zg to z = zg, from
Eq. (11) we obtain

“0 9 1 on
Im&§m$mh7ﬁmbﬁza
with cf = (veksTe + yiksT;)/m;, where we have neglected the
following terms due to zo — 0: f_zoo vydz = 279 < vy >, — 0,
Lg@x&m=2m<ﬁx&aa042mwmhw
vy — Uy >; — 0. Then we find

on(x,y,z2) _ me/mi

o ac (1%)

loro (x, y, 2)|*.

In fact, this result was also found by Sotnikov &
Krasnoselskikh for the static limit (see Shapiro & Shevchenko
1984). By using Eq. (18) we can write Eq. (14) in the form

. a ’ ’ ! ’
’g"fo + at. V' X V' Xy,

—V'(V' - v}y) — lof vy = 0 (19)
with
, 2 2 c?
r'=3 Vitkar, T = gya)pet, are = K%e
3
= me , \/—UfO (20)

— V=
mi’ 0 4\//70Te’

where k4 is the Debye wave number.

For this three-element mixed fluid composed of electrons,
ions and neutral particles, we can introduce a velocity related
to the center of mass:

U= Pele + Pili + Pnly ’
Jo

where p is the total mass density p = p. + pi + Pn = HeMe +
nim; + nymy,. By a standard procedure (Li & Wu 1989) we may
obtain a set of equations for a global coupling MHD with pon-

deromotive force by combining Egs. (6-9), (16) and (17). The
relevant equations are (Li et al. 1997):

2P+V'(IJU)=0,

21
e 1)
v+ w-vwwi=Lwxs
p ot - 47
1m,
xB - VP — Z—°pigV(|vfo|2>, (22)
my

where p;; (=p;) is the mass density of the electro-conductive
fluid composed of electrons and ions; B = Bs, and P is the
total pressure related to the mass-center system.
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2.2. Magnetic flux cell collapse

The field structure within a magnetic element is circular, as as-
sumed by Coroniti (1981), which is described by the simple
vector potential
BO(I) 2 2

A= —=(x" +

e == Ty,
where By(?) is the characteristic magnetic field strength, which,
in general, is dependent on time #; £ (> ) is the length scale of
the flux cell in the (x, y) plane and ¢ is the vertical extent. The
corresponding magnetic field components are

** +yr <%, (23)

X
B. = ~Bon)%. B, = Bo) . (24)
which is not a force-free one. Usually one can assume that the
initial magnetic pressure is much less than the total plasma
thermal pressure P in the photosphere

P

—BZ(I)/SH > 1 (25)

B =
Thus, the flux cell may interact with the plasmons, and this
causes an equilibrium. Under the condition (25), we have from
Eq. (22)
1 1 2
17V X B) X B = 2 pupiV(jon[). (26)
74
We will later demonstrate that this equilibrium is indeed satis-
fied.

As we have mentioned, many different types of wave may
grow in a reconnecting magnetic field and produce a turbulent
environment within the thin current sheet. We may assume that
there are plasmons oscillating along the z-direction in the sheet:
vy, = vz and v, o sech(zog) with o9 > 1 (see (30) and
(31) below). Thus, the divergence of the fast oscillation veloc-
ity, V - vf; oc —sec h(zo) tanh(zo), vanishes near the surfaces

of the sheet. Under the circumstance of transverse plasmons,
Eq. (19) becomes

0 l_, 5
i—uvp, + =V(vg) + |vg|ve, = 0,
5.0t 5 (vr2) + [vge|“vr
where we have taken the complex conjunction and omitted
the conjunction asterisk “ * ” and the symbols “ ’ 7, with
V2= 2y % + a% and £ = 7/ V2ar. In the framework
y z

27)

08,
of Eq. (19) the transverse plasmon field is unstable in the

Lyapunov sense to a finite-amplitude, monochromatic pumping
wave v?D (or EP, see (13)). It can be seen (Li 1989) that the mod-
ulational instability occurs when and only when K< 2|v?0|2,0r,
in dimensional units,

e 2
V5| >6(k) ,

adl 28
2\ =

and the maximum growth rate and corresponding wave number
of the instability for the longitudinal perturbation (k || v?o ) are

02 0
Ymax _ l'vf0| kmax _ 1 |vf0|2‘
Wpe 8 U%"e ’ ka 2\/?_’ U%e

(29)
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One can see from condition (28) that this instability is the zero-
threshold instability for the finite-amplitude, monochromatic
wave. The modulation of the perturbed pumping field, occur-
ring as a result of instability, leads to the formation of field lo-
calization. And the nonlinear development of the modulational
instability, for the two or three dimensional case, leads to col-
lapse (Li et al. 1995). This causes an implosion of the waves
and gives rise to spatially intermittent field structures with var-
ious intensities, very similar to chaotic or turbulent patterns.
The numerical simulations illustrate this complex turbulence
pattern .

A self-similar solution of the non-linear Schrodinger
Eq. (27) was obtained first by Gorev et al. (1976). Now we
will give an extension of their solution for our purpose. The
solution is written in the following form:

ve, = VO (R, z, T) expliS (R, 7)1, (30)
o= O'(Z)(R, 7) sec h2(zo), R =&+ 55, z=§&, (31)

where the amplitude oy(R, 7) is a slowly varying function with
respect to the phase function S (R, 7), i.e.,

(32)

Making an ansatz for self-similar collapse (Gorev et al. 1976):

oo = (10— )PV,

S = (ro - Py(), (33)

with

R

R Gy

and substituting it into Eq. (27), after integrating the vertical
scale, we obtain

Lo LA 3

v d¢ 2\d¢ 2

2 1d 1d 2

_+£__V+__l//+d_l,b =

3°3Vde  ¢de o de?

Putting ¢ = a + b{? and M = —&?, and dropping the
term $38L ~ £ if 20 < 1, yields a = 55, b = ~1/6.

As a result we find

\/5 2/3 2 R2 1z

oo = 3 (10—1) ‘[1—87(0 )2/3:| B (35)
1 13 92 RZ

S = _Z(TO —T)_ [1 — _W . (36)

The case with € = 1 was obtained by Gorev et al. (1976) which
is valid only for { < 1. Now the extended solution above is also
available for £ > 1, provided £2¢? < 1. Thus, at the plane of
the sheet

P =

2 _
|lJfZ 0'0——
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or, in dimensional units,
16 3 -3 _
log|* /v, = ?(E)l/w_‘é (-7
2 1/3 3k2 X2 + 2
x[1-[= ,ﬁ”szM (37)
81 (to —T)*/3

with T = wpet and kg = wpe/c. One sees from (24), (26)
and (37) that there indeed is an equilibrium between pondero-
motive force and the Lorentz force within the sheet. In this case
one has

B /8r = 2B /8n) = [ fZBd 12
T A= e )
1 1 (kot\* P
= —B=—|—] —L 38
167 o™ 18(70) (1 = t/ty)? (38)
with P; = 2nokgT. Taking
_ kot
T0= ——, (39)
3V2
yields from (38) for the initial state ( = 0)
B (0)/87 = P, (40)

which corresponds to the magnetic field strength of 70G in the
photosphere.

2.3. KG flux fragments with small scales

The collapse results from the development of the modulational
instabilities. Hence we may identify the 7.,y = (7o — T) as the
scale (To —T)min to stop collapse, which corresponds to WP ~ 1.
On the one hand, the derivation of our basic Egs. (19) and (22)
breaks down as soon as WP is no longer small as compared
to unity. On the other hand, the parameter WP would be limited
by unity: the strong field with WP in excess thereof would make
the nonlinear interactions very strong and the time-scale of in-
teractions very short; physically an energy flow arises, which
would lead to an increment of thermal energy n.7. in a very
short period, and then WP quickly drops to below unity again
(Tsytovich 1977). Therefore the minimum time-scale of col-
lapse motion could be got from the self-similar solution (37) as

16\7* (3\'/2 &3
1=t/t)2. ~|—=] (3 SR
e (3

(41)

At the same time, the magnetic field gets stronger during the
collapsing process and the parameterﬁ decreases. Then, one
sees from (25) that the equilibrium (26) is no longer valid when
E ~ 1. Hence we can get another limit for the minimum time-
scale from (38)

(1 = t/to)%,, = Pi/P (42)
with
B, /81=P. (43)

Therefore, the collapsed end state (43) in the photosphere has a
field strength of 1-2 kG. Now we have seen that when the flux
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cell of 70G in the preconcentrated state emerges from the solar
interior to the surface it undergoes collapse, until the end state
for which total gas pressure in the photosphere is equal to the
magnetic pressure of the field of strength of 1-2 kG.

The form of solution in (33) is called “self-similar” because
the initial spatial shape V(TOR—;/}) is preserved at later times, al-
though contracted, since 7!/ is replaced by the smaller scale
(to — 7)!/3. The solution ¢ is therefore similar to itself at later
times, except it becomes narrower, and also larger, because
of the factor (tg — 7)™%/3 in front of V. The scaling condition,
&l < 1, of self-similar collapse for enhanced transverse plas-
mons in dimensional units becomes

kor 1
-

At the initial state with length scale ry, in view of (41) and (42)
one has

ro < 5[4\5(;—1{)”3}_1 ;

no

&l = 8[(%#)1/6 (44)

(45)

in addition, in the case of similar collapsing of the plasmons
for which £(0) = {(¥), the contracted spatial length scale is

2n 1/6
Mﬁmﬂﬁmﬁztﬂ : (46)

where P ~ nykgT and ny is the neutral hydrogen density. For
the photosphere, taking ng = 10'* cm™, ny = 107 cm™ and
the horizontal scale-length £ ~ 10* km yields that ry ~ 200 km
and rpin ~ 80 km. Under this circumstance, the 0.1 kG flux
cells, with larger scale r > ry, emerging at the surface from
the solar interior become shredded due to the equilibrium with
collapsing plasmons, and the flux is thereby contracted rather
quickly to small scale, of the order of 100 km, with magnitude
in the kG range.

3. Collapsing magnetic instability
to the anomalous viscosity in accretion disks

3.1. Equations of self-generated magnetic flux

Now we are to show the action of the self-similar collapse of
the self-generated magnetic field by transverse plasmons on
the problem of anomalous viscosity in accretion disks. Binary
and AGN disks are highly ionized (Stepinski 1992). In such a
plasma, the electron-ion mean free path Ay and the electron
collision frequency v, in AGN disks are

T. , InA__, ]
ix10) (200 (em)

Ne
1016

372
Ve _7( e )'/2( T. ) InA
Yo o 54x1077( 2 24,
wpe 0 T08) 3x107 20

where In A is the Coulomb logarithm, wp. is electron plasma
frequency, n.(cm™3) and T.(K) are the local electric density
and temperature, 10'® (cm™) and 3 x 107 (K) are their typi-
cal values in the a lower density warm layer (“active region”)
of the disks (Zhang et al. 2000). At present we are to study

)7(

Amfp = 103(

(47)
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the generation of localized magnetic flux, with the characteris-
tic scale size I, (see Eq. (78) below), which is small compared
to Amfp; in this case, indeed, we must generally attack the prob-
lem as one of kinetic theory. On the other hand, the electric
current system on such small scales is free to respond to the lo-
cal shear stresses of Keplerian differential rotation. So the clas-
sical plasma kinetics are an appropriate description. And the
growth rate of modulation instabilities yy; (see Eq. (81) below)
is much larger than the electron collision frequency v., hence it
is reasonable to omit the collision term in the kinetic equations.
In addition, it is shown that the fluctuating magnetic field can
be orders of magnitude stronger than the global magnetic field
in disks (Schramkowski & Torkelsson 1996). Therefore, it is
relevant to use the Vlasov equations and Maxwell equations,
with Maxwellan plasma and a vanishingly small background
magnetic field, to depict the wave-wave and wave-particle in-
teractions. In a plasma with a Maxwellian distribution, which
is considered as the equilibrium unperturbed state, coupling
of the transverse plasmons may produce low-frequency fields
and nonlinear currents, leading to the creation of magnetic
fields. Hence we need to consider both the interactions of wave-
particle and wave-wave couplings. The fluctuations by such ki-
netic processes are notoriously non-thermal. A similar scenario
for kinetic descriptions appeared in the works of Hakimov &
Tsytovich (1976), to derive the standard Zakharov equations,
and of Bel’kov & Tsytovich (1979). Here we focus on the trans-
verse modes. The starting point are Vlasov’s equations

Ofa  Ofa  .0fa .
- F =0 = 48
a T T . (@=e.), (48)
F=e E+°>xB, (49)
c
where f, is the particle distribution function
dp

a = na» 50

[ 3% (50)

and n,, is the number density of plasma particles and F is elec-
tromagnetic force . It is customary to decompose f;, and F into
two parts:

fa=f5+f3,

R (F R) is unperturbed component and f (F T) is perturbed
one. As f, and F are closely coupled through Maxwell equa-
tions and the current density equation

. _dr_
J= Za:feavfa (27T)3

and the perturbed fields for the transverse mode ET = E’is as-
sumed weak, so that the energy density excited is much smaller
than thermal one of the plasma, i.e.,

F=Fr+F",

(1)

e B (52)
- 87l'l/lekB Te ’
we may expand f.| in powers of the perturbed field ET
(53)

T T
=1,
(04
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where the index a indicates that fT@ is proportional to the ath
power of ET. Expanding A = (F, f) in a Fourier series

A(r,0) = f Age @ik q (Ax = Aro  dk = dkdw), (54)
and taking Eqgs. (51), (53) and the Maxwell equations into con-
sideration, we can find the following field equation for the
transverse mode from Eq. (48)

2.2 T 2 3
(R - w'e}) E} = driw|ef - GO + )] (55)
where J(z)and jf) are the nonlinear currents (to second and
third order), e is the polarization vector for the transverse
mode and & denotes the transverse part of the dielectric ten-
sor. For the low-frequency (vr, > w/k > vr),

2 2,2
W kv
t o1 _ pe s
s~ 1-53 (1 +— ) (56)
Te
and for high frequency (w® = wp, > kuvr,) , & =~ 1 — 5. After
the separation of high-frequency transverse field ET(+) with the

positive or negative frequency and low-frequency ﬁelds Eg =
E® (onerecalls 6B} = <kxE}®), solving the Vlasov equations
by the perturbation method, from the field Eq. (55) we obtain
the following equations (Li & Ma 1993, 1994):

2
(;—2 - Vz)ﬂ(& =V EED P 57)
iEE(f, 7) — aV x V x E(&, 1)
= n(&, DEE 1) + iE(.7) % BE, ), (58)
62
(_ﬁ + VX VX)B(, 1)
= i%V xV x i[E({-‘, T) X E*(f, 7)] 59)
3 or
with
2 1 2
&= 3 \/ﬁd—er T= g,uwpet, (60)
¢ me 3
BT AR s ©D
_ \BEP(r,))
F&D = e
B, 1) = OB’ (r,1), (62)
dumecwpe

where n’(r,f) is the perturbed density caused by this
low-frequency field produced by the transverse fields
(V- EP(r,t) = 0) with positive and negative high-frequencies,
O0B°® (r, 1) is self-generated magnetic field with low-frequencies,
ne the unperturbed (local) plasma density, e the electric charge
and EP (r,1t) is the envelope of the high-frequency transverse
field E; ),

Ep (r’ t) e—iwpef — fEZ(HC_inik'rdk. (63)
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The turbulence parameter is given by
_ |E"? 5
WP=——— = —ylE 64
8rnekp T, 3 HIET. 64

In the case of the static limit (to neglect the term a"—:z) for the
low-frequency magnetic field, Eq. (59) is reduced to

20

B=ii. (EXE). (65)

3.2. Modulational instabilities for non-static limit

The self-generated magnetic fields are unstable in the
Lyapunov sense to the pumping wave,

E] = Eo CXp(ikof—ion), (I’l] 0 B[ 0) (66)

with wy = aké (the transverse mode (1) in dimensional units)
and ko - Eg = 0. In fact, we study the following forms of plan
waves of perturbations:

1 . . . .
ny = En[elkf—larr + e—tk-§+lurr]’ (67)
1 ik-é—iwt —ik-é+iwt
By = EB[C : +e e 1, (68)
E = [Eeik-f—in + E+e—ik-§+iw1’]eik0-§—iw0T’ (69)
where E, E* are transverse perturbations:
E=FEe;, E'=FE'e;, e Llk,, e5Llk_,
with k., = k + ko, while e; and e; are real unit vectors.

Linearizing Egs. (57-59) with respect to the perturbations we
can obtain the following dispersion relation,
[ = kP = 2L [2(w + ak® - 20k - ko)(eo-e})

(w—2ak-ky)?—a?
2 _ 4 3a/k wG(6) 1 .
[- l3(1+w2/k’ WIEGO)] = ilEol" (omarmyr—ari] trarey With

G(O) = [(e; - e;)(e0 - €o) — (eo - €3)]+ g—g[(eo -e1)(e; - €p) —
E E;
(ep-e)l, eo=7%, e;=7-

0
The dispersion equation is quite complicated in general. Let’s

for the moment restrict ourselves to an important special case
of k L kg, |k| > |ko| and ey = g—;’ is real as well as eg||k; in this
case the dispersion relation is reduced to

w* = (@2 + K)w* = 2ak*|Eol* + o?k° = 0. (70)
Thus, an instability occurs if and only if

\Eof2 > %kz. 1)
We find growth rate y (= Imw) to be

292 = [(@PK2 = 1)%k* + 8alEol*k*])? — (*K* + D2, (72)

The condition under which the growth rate y? is a maximum is
X =22 +x(108+1)-BEBB+1)=0 (73)

with x = o?k?, B = a|Ey|*>. When 8 > 1, which corresponds
to a strong turbulence level, we can neglect the x>-term and the
x-term in Eq. (73) and find

kmax ~ V207 S (IEo)3; (74)
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then it yields from (72)

Ymax ~ V2072 (1Eo)?. (75)
This instability is modulational for ky < k; and one has
Ymax/kmax = 8% > 1, (76)

corresponding to the non-static limit. We attain to that the mod-
ulational instabilities occur if and only if (see (71))

Va
V2IEP

and & is a critical scale size the fields building up to, at which
the instabilities are suppressed; or in dimensional units,

&> &erie = 27 (77)

1> 1. = V3nde a(Wh)™'?
i WP
- 5.4-(1(;6) [Wfs) . (cm). (78)

And then in the case of non-static limit the maximum growth
rate ymax, and the scale size &y, at which the maximum growth
rate occurs, are (see (75))

_ _ V2|Eo)?
YM = Ymax \/(_Z s
2 2w
ém = =, (79)
U ke VR(EoR) Ao
under the condition
B =alElf> > 1. (80)
Or, in dimensional units (by use of (60))
M 120 /Wg
Wpe c
T V2 (WP 1/2
— 1.83x 10—5(—6) O 81
3x 107 10-3 1)
with
_ |EDP? v T
P 0 e —6 e
L N e PR SV TH ( ) 82
0= QankgTe 2 3% 107 (82)

For most astrophysical disks, say AGN disks, the condi-
tion (82), i.e. (80), could be satisfied indeed, as seen from (3).

3.3. Self-similar collapse

Now let us find a self-similar solution of Egs. (57)—(59). It
is analytically proved that the self-generated magnetic fields
show self-collapse behavior (Li & Ma 1994). Numerical simu-
lations (Li & Ma 1993, 1994) illustrate clearly the collapse be-
havior and the evolution of the solution of Egs. (57), (58) and
(65) for a given initial condition, showing that the nonlinear
collapse gives rise to more spatially intermittent field structures
with various flux, very similar to chaotic or turbulent patterns.
Assuming that there is a perturbation E at an initial time, then
from the condition, V - E(r,t) = 0, we have k- SE = 0. That is,
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longitudinal perturbation is not permitted. Hence the collapse is
anisotropic. In addition, it was also found that the modulational
instabilities with different growth rates in different directions
occur and have the maximum growth rate in the k-direction,
perpendicular to wavevector k¢ of the pump field. Therefore
a pancake-like structure of the fields can be formed. Now let
us assume that the nonlinear entity has a pancake form with a
scale ¢ and radius R > ¢ and E has characteristic time-space
scales (t, ). For sub-sonic motion (£/7 < 1), it is possible to
neglect the term (0%/07?) in Eqs. (57) and (59). Then one has
n ~ —|E and B = i3 £ (E x E*) . Then we write the order of
magnitudes of terms in Eq. (58):

2
% N cl‘% + ClEP + 6'3@,
where we have used E x B ~ 1E x (E x E*) ~ 1 (EPE);
le1l, eal, and |c3| are constants of order unity; T = o — £, and 1,
corresponds to WP > 1, at which the perturbed fields become
too strong for Eqgs. (57), (58) and (65) to be valid. Thus we
obtain from Eq. (83) for the sub-sonic collapse

(83)

1
|E|* ~ - (84)
.

provided that the first and the last terms on the right side of
Eq. (83) are balanced, which implies

I
CV? ~ |E|2,
or in view of Eq. (84),

E~T.

In addition, multiplying (58) by E* and subtracting from it the
complex conjugate equation multiplied by E, we get

O|EP
i

(85)

+V - [a(VXE)XE - (VX E)x E*] = 0;
=

then integrating over all space yields the conservation of the
plasmon number: f |E|*dé = const., which gives
|E|2§7TR2 = const., 1.e.,

|E| \/ER = const.

Therefore, a self-similar collapse solution can be asymptoti-
cally shown as

g1~ £ (&)

T\t
with R ~ const.,where F'is a function determined by the initial
conditions. For supersonic motion ( £/t = const. > 1), it is
possible to neglect the term (V?) in Egs. (57) and (59); and by
similar considerations, it is proved that the solution (87) still is
valid.

For the same reason discussed before (see Sect. 2.3), we
may identify the & as the scale & to stop collapse, which
corresponds to WP ~ 1. The maximum growth rate Yeoll,max DY
collapse motion could be obtained from the self-similar solu-
tion (87) as

1 _ _ é:cril
Yeoll,max — Teoll = T™M g s
M

(86)

(87)

(88)
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where yy = (1)~ is maximum growth rate for modulational
instabilities. In view of (77) and (79), Eq. (88) yields that

1
—(Eol)Fa'’.
V2

Now we can obtain from Eq. (59)

(89)

Teoll =

5 7\ 1 2| B
max é: Teoll 3 coll

with 5 = const. > 1. The collapse fields satisfy the condition of

Wfoll 5 ,ulElgo11 ~ 1, i.e., up to an uncertainty of order unity,
(EoH*?
Binax = 25— (90)
In dimensional unit for (6B)? (see Eq. (62)),
6Bﬁ1ax 8 3 2 16 2 (|E‘0|2)4/3
Sr = of ¢ PB =GP o ob

where p ~ mjn, for a fully ionized hydrogen plasma. By virtue
of condition (52) and the condition 8 >> 1, the initial am-
plitude |Eo?> of the pumping waves in dimensionless units is
restricted by the relation

o' < |Egf? < pu! (92)

It should be pointed that numerical simulations of the self-
generated fields illustrate the tendency to self-similar collapse.
The maximum value of the resulting magnetic fields, (B!, )c =~
56.2 (with @ = 3.3 x 10° and |E|*> = 6.2), is observed (Li &
Ma 1994) in the numerical solution of Eqgs. (57), (58) and (65).
For sub-sonic motion, we have (BI )c =~ 1.4 x 10? (with
@ = 3.3x 10° and |Eo|* = 3.98) (Li & Ma 1993), (B )c
3.8 x 10° (with @ = 610 and |E|* = 6) (Liu & Li 2000). In
addition we get the magnetic field values of the self-similar so-
lution from Eq. (90): (Bmax)s ~ 130, (Bmax)s ~ 0.95 x 10% and
(BM )s =~ 1 x 10°. This means that numerical solutions reach

asymptotically the similar form (90) within a factor y < 3.

3.4. Anomalous resistivity and magnetic viscosity

The charged particles in the plasmas are scattered by the low-
frequency magnetic flux; the anomalous resistivity arises from
such process. Anomalous resistivity from the low-frequency
magnetic flux is a dc electric resistivity. For the self-generated
flux with low-frequency, vs < w/k < vr,, it follows the low-
frequency, i.e., dc conductivity from (56) (iw =~ ym)

W2
pe ™M
o4 93)
T An R,
or in view of (74) and (75) in dimensional units,
w 5/3
o = 2‘”3ﬁu”ﬁ(i) W), (94)
&r uT,
Hence one has
o= o2 _ ~4/3,p7P\1/6,,-1/6 %2/3 X
Ndif = € /(47r0-dC) =2 (Wo) M c dec
Wp 1/6 T 5/6 n -1/2
= 15x10° T ) (=] 95
(10 S) 0 I’lo T() no ( )
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here ny (cm™3) and T (K) are the fiducial density and temper-
ature of interest in the problem.

The magnetic viscous force by the self-generated spatially
intermittent flux is

=Vt (96)
where the viscous stress tensor is

1
17 = (OBioB; = 261 /(0B)*)/4n. 97)

The work done on the volume dr, per unit time, by the stress is

8t‘“

ij
Xj

—v;dr,

which contributes to the heat energy due to viscous dissipation,
resulting in the change of the entropy within the volume:

. 1 i
S= f ( )dr = ft{? T dr, 98)
where
_ dv;  Ovj
Kh (axj * (’9_x,)

Equation (98) corresponds to that linear relation of the
“flow” (tg?) and the “force” (_T‘/i’) (Lifshitz & Pitaevskii 1981):

= Yijk— = MijikVik (99)

Ik
T
here n;ju is kinetic coefficients. This equation above can be
recast as

60, 5vj 2 . Oy
m = e 100
& dx; | 8xl 3 Y ox; (100)
with
2
Nijk = Mm(0id jx + 6ikd ji — géijfslk)’ (101)

where 1, is magnetic viscosity defined through the kinetic co-
efficient as n, = g (I # k, no summation over repeated /k).

In many practical cases including the accretion disk and
the Galaxy, the shear stress tensor Vj has the dominant
r¢o—component and then Eq. (99) becomes

v, v 1 0Q(r)
m LR 4
nljrnp2 ( or - ) Th/npz 8}” (102)
Furthermore, it yields from Eqgs. (97), (101) and (102)
1 1 10Q(r)
ym [(6B:6By)| = m 7 . (103)

For turbulent transverse plasmons, that is, turbulence domi-
nated by the behavior of the transverse modes wP ~ wpe + %C:e,
the pumping waves are in various phases. In this circumstance,
we may assume that self-generated magnetic fields by the trans-
verse modes are statistically isotropic on the scales of interest:

%((53)% ~ (6B;0B,)- (104)
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Up to an order of unity, one has ((6B)?) ~ (6B2,,); and then
we obtain the magnetic kinematic viscosity vy, from Egs. (103),

(104) and (91):

64 S(EM)Y? 1

Vi = lm/p = M T ¥ BS;(r)|’
r

(105)

or, via the turbulence parameter of pumping waves, Wg ,it can
be read as

Ym = 7x 10712

? 723 ( T. )2/3

9Q o |7
157! To

WP 4/3
x( ) (cm?/s). (106)

0

10-5
In summary, we obtain the anomalous magnetic Prandtl
number

30 \7/6 5

— Ym 20 Wo ) c
Pa= 2 - 47x100| 20| S
t ar (10_5 &0

-1/6 12
T
() ()
no

0 TO
which is very different from the microscopic magnetic Prandtl
number (see below). Note that P, is not very sensitive to the
temperature 7., and this is probably important in stability anal-
yses of disks.

(107)

For a Keplerian rotation thin disk, Q(r) = Qg =
VGMr3/?, Eq. (103) becomes
6B:. 9
T = S Qk; 108
3 g Tm€ K (108)

and putting 7, = 7 (see Eq. (4)) and QxH ~ c5, we get for-
mally
0Bh _ 9

8t ga/tpc

Or, by use of Eq. (91)

9
—a'tP.

2 = 10
S=3 (109)

_ 128 2 (|E0|2)4/3
W= GTHE T g

-173( WP 3
0.17( Te ) o .
3x 107 105

Furthermore we can obtain the lower limit of the parameter o
from the condition (80):
128 3v7.

of T
e o (3>< 107)‘
When the pressure of the enhanced magnetic flux becomes
comparable to the total pressure P the classical ¢, parameter
will be no longer small as compared to unity. Then the disk
is unstable against clumping of matter and bulging of the flux;
and the flux would be expelled from the disk, leading to de-
crease of the parameter «;. This is the so-called buoyancy lim-
itation. However, the buoyant evolution has to appeal to the
properties of magnetohydrodynamics with the large scale flow
and stratification in disks. This is an exceedingly difficult task.

(110)

ay >, =

(111)
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Hence the role of magnetic buoyancy is still not completely
determined (Heyvaerts 1991).

For comparison with the microscopic resistivity and viscos-
ity, we may consult Spitzer (1962) for values of the dissipation
parameters in a fully ionized hydrogen plasma, they are

&2 ,(UTe )‘3
Mmec? A\
T
= 3.8x 1027 =
X 0 T

-1
v, =22%10710 —'TS/Z(ﬁ) (
(i Po L 20

N
-3/2

,(em®/s)
T.
Ty

52
) . (cm?/s)

with the microscopic magnetic Prandtl number,

4 -1
P,= 2 -58x 10—29Tg(£) 05! (ﬁ) . (112)
um Ty Po
For accretion disks around a black hole (T, ~ 3 x 10" K,p ~
108 g/em®, M ~ 8 My, Q ~4x10°s atr ~9x 10" cm)
the 17, has a value very much smaller than 7g;: ”ql: ~ 10°; and
the magnetic kinematic viscosity vy, would result in a factor of
more than 10® amplification to microscopic viscosity v,. In ad-
dition, if the buoyancy limitation is adopted, we find a universal
range for as, 0.01 < ¢ < 1, which often has been assumed in
previous models. But if the buoyancy limitation is not valid, it
is possible, in principle, that a; > 1; in this case one has from
Eq. (110):

1/4

WP > 3.8 % 10-5( (113)

T. )
3 %107

4. Conclusion

The subject of this paper is the collapsing magnetic instabil-
ity from transverse plasmons and its applications. We have
dealt with the issue in two regimes: magnetohydrodynamics
and plasma kinetics, operated in the problems of solar magnetic
fields and astrophysical accretion disks, respectively, consider-
ing their related scales underlying their physical processes.

In the first case, starting from three-component fluid equa-
tions, it is shown that nonlinear development of the modula-
tional instability results eventually in a self-similar collapse of
the transverse field and the equilibrium between the pondero-
motive and the Lorentz forces within the sheet gives rise to
a spatially intermittent, collapsing magnetic flux. So the flux
cells emerging at the surface become shredded and the flux
thereby is contracted rather quickly to a small-scale of the order
of 100 km, with a field strength of about 1-2 kG.

In the second case, based on the Vlasov equations, the mod-
ulational instability of the self-generated magnetic fields is ex-
plored, showing the possible collapse of the magnetic flux. The
resultant anomalous dc resistivity and anomalous magnetic vis-
cosity in accretion disks are calculated. We find that the mag-
netic Prandtl number is very different from the microscopic one
and a universal range for the a;: 0.01 < @, < 1, if the buoyancy
limitation is adopted.
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