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Abstract. In the last years substantial progress has been made in modelling turbulent clouds and describing their structure by
characteristic parameters. The missing link for a systematic comparison between models and observations is the lack of efficient
radiative transfer algorithms to generate molecular line maps from the models comparable to the observed maps. A fully self-
consistent solution of the radiative transfer problem is computationally very demanding and hardly suited to evaluate a large set
of cloud models with regard to their agreement with observed molecular cloud structures. We introduce a new, computationally
efficient code to calculate the line profiles based on two reasonable approximations. It is able to compute the molecular line
maps in turbulent cloud models with an accuracy of about 20% fast enough to be run on large sets of model clouds.
Applying the code to hydrodynamic, and magnetohydrodynamic cloud models we study how their structure would appear in
molecular line observations. We show that no single molecular line provides a good measure for the density structure in the
models. The X factor, translating the integrated line intensities into column densities, can be approximately constant within a
density range covering up to a factor 100 in few transitions but for each line this behaviour breaks down outside of a limited
range of densities. Optical depth effects and subthermal excitation result in a significant modification of the distribution of line
intensities relative to the column density distribution.
All lower transitions of CO isotopes only trace gas at low and intermediate densities which is distributed over all scales in
molecular clouds. Turbulence models driven on the largest scales reproduce the observed scaling behaviour. Higher CO tran-
sitions are only excited in dense cores resulting from shocks or gravitational collapse. The existence of massive dense cores
resulting from collapse can only be inferred when comparing observations in different transitions taken with an excellent
signal-to-noise ratio or from dedicated high-density tracers.
The line profiles obtained from turbulence models driven on large scales break up into several fragments in contrast to obser-
vations of molecular clouds without heavy star-formation which show typically smooth profiles with close-to-Gaussian shape.
None of the turbulence simulations provides a good match of all observed properties for this type of clouds. The velocity
scaling behaviour of all observations and turbulence models is consistent with the interpretation of a molecular cloud as shock-
dominated medium. More observational data are needed to provide a reliable conclusion on the degree of intermittency.
As molecular lines fail to reflect the density structure of an interstellar cloud line observations should be combined with dust
continuum observations to deduce column densities. On the other hand we need the velocity information contained in line
observations to discriminate between different turbulence models.
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1. Introduction

Images of molecular clouds are surprising with regard to their
complexity, frailty and self-similarity. Until now we have no
consistent theoretical description for molecular cloud struc-
tures. Simple models used to derive cloud parameters from ob-
served molecular lines assume homogeneous structures, simple
geometries or the picture of identical non-penetrating clumps
in a homogeneous interclump medium. Obviously, they do not
provide an adequate description of most aspects of the cloud
structure.

On the other hand there are many efforts to set up realis-
tic simulations of hydrodynamic and magnetohydrodynamic
turbulence intended to resemble the behaviour of molecular
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clouds. But systematic comparisons between molecular cloud
observations and turbulence simulations covering several struc-
tural properties and a reasonably large set of observations and
simulations are still at their very beginning. This is largely due
to the complexity of the radiative transfer problem translat-
ing the density, temperature, and velocity structure obtained
from the turbulence simulations into observable maps of
molecular line profiles.

Juvela (1997) provided a self-consistent three-dimensional
radiative transfer code for molecular lines based on a Monte-
Carlo integration scheme. In the pioneering work by Padoan
et al. (1998) this code was applied to two magnetohydrody-
namic turbulence models. They were able to reproduce sev-
eral characteristics of observed molecular clouds, like filamen-
tary molecular line images, typical line ratios and line profiles.

Article published by EDP Sciences and available at http://www.aanda.org or http://dx.doi.org/10.1051/0004-6361:20020812

http://www.edpsciences.org/
http://www.aanda.org
http://dx.doi.org/10.1051/0004-6361:20020812


296 V. Ossenkopf: Molecular line emission from turbulent clouds

Padoan et al. (2000) analysed the produced line maps to
show that an LTE analysis typically underestimates the column
densities observed.

Starting from their basic result that the combination of ra-
diative transfer calculations with turbulence models can in prin-
ciple provide data resembling molecular cloud observations,
one can now begin to quantify this resemblance to discrimi-
nate between different turbulence models. For this purpose we
have to evaluate a large number of models with a reasonable
accuracy. Due to computer capacity limitations the computa-
tions of Padoan et al. (1998) were still restricted to a spatial
resolution of at most 903 pixels, a relatively rough angular in-
tegration pattern, and the evaluation of two turbulence mod-
els only. Mac Low & Ossenkopf (2000) have shown that for a
proper representation of the inertial scaling properties of inter-
stellar turbulence a resolution of 128 pixels in each dimension
is essential, 256 pixels are preferable. Although the rapid devel-
opment of computational technology will allow to treat these
resolutions within the Monte-Carlo scheme soon, a quick anal-
ysis of a large set of simulations with this resolution is not yet
possible in the near future. Thus we use an alternative approach
including two basic approximations for the radiative transfer.
This approach is not fully self-consistent but allows a fast com-
putation of the observable line data in a reasonable accuracy.
We evaluated several hundred models on a standard PC-type
computer.

The comparison of the observable molecular line maps
from different turbulence simulations with astronomical molec-
ular cloud observations then provides constraints on the mech-
anisms driving interstellar turbulence and the dynamical condi-
tions in molecular clouds. It can be based on a large variety of
statistical measures (see Vázquez-Semadeni 2000; Ossenkopf
et al. 2000). We will focus here on the probability distribu-
tion functions (PDFs) of the line intensities, the ∆-variance
analysis of intensities and velocities, and the shape of the line
profiles. We demonstrate how radiative transfer effects change
these quantities in different molecular lines.

We have selected a variety of cloud models proposed in
the literature to compare their appearance in molecular lines
with observational data. We do not aim to fit the behaviour of
a particular molecular cloud, but rather discuss general prop-
erties. As a kind of reference we will use observations of
the Polaris Flare provided by Heithausen & Thaddeus (1990),
Falgarone et al. (1998), and Bensch et al. (2001) as they
span a large dynamic range, have a good signal-to-noise ra-
tio and were already analysed with several statistical measures
(Falgarone et al. 1998; Heithausen et al. 1998; Ossenkopf &
Mac Low 2002; Bensch et al. 2001). In such a non-star-
forming region the gas cools very efficiently so that a low
uniform temperature is observed. Falgarone et al. (1998) found
a gas temperature of about 10 K throughout the Polaris Flare.
On this background we will restrict ourselves to isothermal
models. They provide already a large variety of turbulent struc-
tures. For active star-forming regions a self-consistent treat-
ment of the energy-balance is essential leading to an additional
complication which we want to omit in this first approach.

In Sect. 2 we summarise the cloud models used here.
The radiative transfer approximations are introduced and their

justification is demonstrated in Sect. 3. In Sect. 4 we discuss
the influence of radiative transfer effects on the measured line
intensities and the correlation between the cloud density struc-
ture and molecular line maps. Section 5 shows how the tur-
bulent velocity structure is represented in the observable line
profiles. In Sect. 6 we compare the different cloud models and
discuss which models provide reasonable approaches for a de-
tailed representation of observed molecular cloud structures.
Section 7 summarises the influence of radiative transfer ef-
fects providing guidelines for the observation and analysis of
turbulent cloud structures in molecular lines.

2. Cloud models

2.1. Turbulence simulations

We use existing simulations of hydrodynamic and magnetohy-
drodynamic turbulence presented by Mac Low (1999), Klessen
et al. (2000), Heitsch et al. (2001) and Ossenkopf et al. (2001b).
The models are selected to cover different physical scenarios
and numerical methods. They are summarised in Table 1.

The simulations use either a smooth-particle hydro-
dynamics (SPH) code introduced by Klessen (1997) or
the grid-based three-dimensional ZEUS code discussed
in detail by Mac Low (1999). These two approaches
bracket the true physical behaviour of interstellar turbu-
lence as compressed structures are somewhat too small
and rigid in the SPH model and too extended and un-
stable in the grid-based simulations (Klessen et al. 2000).
The SPH computations used here contain 2×105 particles. The
ZEUS computations are performed on a uniform grid with ei-
ther 1283 or 2563 cells. Although the treatment of a 2563 grid
would have been technically possible we resample all data onto
a common 1283 grid for the radiative transfer computations so
that resolution effects do not influence the comparison of the
models.

The codes assume periodic boundary conditions. The tur-
bulence in the models is continuously replenished by Gaussian
velocity fluctuations with a certain range of wavenumbers as
described by Mac Low (1999).

Some models ignore the gravitational interaction as they are
designed to represent the behaviour of thin gas on small scales
where the free-fall time is large compared to the time of the
simulation. Here, the models reach stationary turbulence so that
only a single time step is analysed. This stationary turbulence
is also used as initial step in models with self-gravity show-
ing the collapse of dense regions. In these models we study
several time steps to follow the evolution. We concentrate on
models driven on large scales, i.e. with driving wavenumber
kd = 1 . . .2, as Mac Low & Ossenkopf (2000) have shown
that their density structure is consistent with the intensity struc-
ture detected in many observations. We add two models driven
on small scales (S02 and H02 from Ossenkopf et al. 2001b)
to check this conclusion. The models driven on large scales
partially include magnetic fields and different strengths of the
turbulent driving. This set of simulations covers a wide range
of turbulent structures which are physically reasonable for
molecular clouds.
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Table 1. Parameters of the considered turbulence models.

model namea numerical method kd
b Mrms

c description

S01 in OKH, B1h in KHM SPH (2 × 105) 1 . . . 2 10 self-gravitating HD turbulence

S02 in OKH SPH (2 × 105) 7 . . . 8 10 self-gravitating HD turbulence

H01 in OKH,D1h in KHM ZEUS (2563) 1 . . . 2 10 self-gravitating HD turbulence

H02 in OKH,D3h in KHM ZEUS (2563) 7 . . . 8 10 self-gravitating HD turbulence

M01 in OKH, Eh1i in HMK ZEUS (2563) 1 . . . 2 10 MHD turbulence with β = 8πc2
sρ/B

2 = 0.04

HC2 in ML ZEUS (1283) 1 . . . 2 5 HD turbulence

HE2 in ML ZEUS (1283) 1 . . . 2 15 HD turbulence

a Names from the papers – ML: Mac Low (1999), KHM: Klessen et al. (2000), HMK: Heitsch et al. (2001), OKH: Ossenkopf et al. (2001b).
b Wavenumber of the turbulent driving.
c Mach numberMrms = vrms/cs produced by the turbulent driving.

2.2. Scaling

The turbulence simulations are internally scale free. The scal-
ing of the turbulence simulations to physical quantities was de-
scribed in detail by Klessen et al. (2000). As we are not in-
terested in the physical timescales here, we need to consider
only their relation between the average density 〈n〉, the size of
the cube L, and the sound speed cs (Eq. (9) of Klessen et al.
2000). In an isothermal medium with an effective polytropic
index close to unity the sound speed is related to the kinetic
temperature Tkin by cs =

√
kTkin/µ and we obtain

(
L

0.83 pc

)
=

( Tkin

10 K

)1/2 ( n
104 cm−3

)−1/2
(1)

adopting an average molecular mass µ = 2.36 mH.
The absolute scaling of the turbulence simulations was cho-

sen to reproduce the conditions in the Polaris Flare at a scale
corresponding to the maps taken with the KOSMA 3 m tele-
scope. Thus we assume a temperature of 10 K and a total cube
size of 5 pc, corresponding to 1.9◦ at a distance of 150 pc
(Bensch et al. 2001). Then the projected cube can be observed
in a fully sampled map of 128 × 128 points with a spatial res-
olution of 107′′ – the KOSMA resolution in the CO 2–1 tran-
sition. From Eq. (1) we obtain an average density of 275 cm−3

resulting in 2000 M� within the simulated data cube. This is
about one third of the total observed mass of the Polaris Flare
(Heithausen & Thaddeus 1990) which is extended over a re-
gion of about 7◦ ×10◦. Hence, we have to be aware that the tur-
bulence simulations with the scaling relation by Klessen et al.
(2000) may represent only the densest parts of the Polaris Flare
where even 13CO starts to become optically thick in the lower
transitions (Falgarone et al. 1998).

As reference molecular line we chose the 13CO 2–1 tran-
sition assuming a molecular abundance [13CO]/[H2] = 1.5 ×
10−6. To study the effect of different optical depths we change
the molecular abundance relative to this “standard” value. The
results for [CO]/[H2] around 10−4 and 2×10−7 then correspond
to 12CO and C18O, respectively, when we ignore the slightly
different frequencies and masses of these isotopes. The molecu-
lar constants of the 13CO transitions are taken from the Cologne
Database for Molecular Spectroscopy (Müller et al. 2001). We
use the collision rate coefficients from Flower & Launay (1985)

assuming a distribution of ortho- and para-H2 in thermal equi-
librium (Le Bourlot 1991).

To study how the molecular line behaviour depends on the
hydrogen density we keep the total size of the cube constant
and vary only the density, then violating the scaling relation by
Klessen et al. (2000). A varying molecular excitation by col-
lisions is also traced by considering different transitions. As
the 13CO J → J − 1 transitions have increasing critical densi-
ties with increasing J we expect similar changes in the molec-
ular lines when going to lower hydrogen densities and when
going to higher transition numbers J. Although any telescope
would observe different transitions with different spatial reso-
lutions we keep the telescope resolution constant here to clearly
separate the effect of collisional excitation from other effects.

3. Radiative transfer in a two-scale approximation

3.1. Basic approach

Ground based observations of molecular lines in the mm and
sub-mm wavelength range face calibration errors resulting
from uncertainties in the determination of the beam efficiency,
the receiver side-band ratio, and the atmospheric transmission.
Moreover, drifts in the system and the atmosphere lead to a
temporal variation of the response and calibration parameters
of the telescope. Thus an absolute calibration error of about
20% and relative calibration variations within large maps in the
order of 10% are rather typical. Therefore, it is rarely necessary
to use radiative transfer codes which are accurate down to the
percent level as they are available for one-dimensional prob-
lems (see e.g. Ossenkopf et al. 2001a). Here we introduce an
approximative approach, especially suited for turbulence simu-
lations, which is accurate to about 20% for the considered mod-
els. It is thus adequate for comparisons to typical molecular line
observations.

The accuracy of the approximations was computed for each
model listed in Sect. 2.1 by the estimators discussed below. In
the following we introduce the different parts of the radiative
transfer code using the model B1h from Klessen et al. (2000)
(model S01 from Ossenkopf et al. 2001b) for a demonstration.
This is a hydrodynamic model driven on large scales including
gravitational collapse. We will see below that it represents a
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“worst case” scenario with respect to the approximations in the
radiative transfer because of relatively low Mach numbers and
a dominant large-scale structure. Results for the other models
will be mentioned only if they change some of the conclusions
relative to this model which we will call “reference” model
in the following. If the radiative transfer code is to be applied
to molecular cloud simulations using different approaches than
the models in Sect. 2.1 the tests for the accuracy of the approxi-
mations should be repeated in the same way because there is no
general analytic expression for the errors of the approximations
holding in arbitrary configurations.

For the discussion of the general line radiative transfer
problem we refer to a standard textbook (e.g. Mihalas 1978).
The crucial quantity in the radiative transfer problem is the
radiative energy density in a given point r which can be ab-
sorbed by the local material. This quantity enters the balance
equations needed to compute the molecular level populations.
For each transition i it is given by

ui(r) =
1
c

∫
4π

dΩ
∫ ∞

−∞
dν Ii,ν(r, n)Φi,ν(r, n). (2)

Here, Ii,ν(r, n) is the intensity in the transition i at frequency ν
from the direction n and Φi,ν(r, n) is the local absorption pro-
file. In a self-consistent solution of the problem, the intensity
Ii,ν is computed for each direction by integrating the radiative
transfer equation through the whole cloud up to point r. Here,
we introduce approximations for ui which do not require to
compute the intensities coming from all directions at all points.
We can exploit the fact that the integration over all angles dΩ
and over all frequencies dν cancels out many fluctuations in the
spatial distribution of the radiation field and in the exciting line
profiles.

3.2. The local large-velocity gradient approximation

Turbulent clouds are dominated by supersonic shocks run-
ning through the interstellar medium (Ballesteros-Paredes et al.
1999b). They create large velocity gradients in most parts of a
molecular cloud. Hence, the velocity component along any line
of sight changes by more than the thermal line width on a short
distance. Remote points cannot radiatively excite each other
because their Doppler shifted emission and absorption profiles
do not overlap, except for few distant points where the line-
of-sight velocity coincides with a certain probability. The re-
striction of the local radiative interaction to short length scales
can be exploited in the radiative transfer computations. This
is known as the large-velocity gradient (LVG) approximation
introduced by Sobolev (1957).

To check the assumption of large velocity gradients in the
cloud models we have computed for each pixel in the simulated
data cubes the radiative interaction lengths given by the local
velocity gradients in the different directions. The interaction
length is determined by

Lσ =
∣∣∣∣∣ σ

dvn/dr

∣∣∣∣∣ , (3)

when the local velocity distribution is Φ(v) =

1/
√
πσ2 exp(v2/σ2) and vn is the velocity component

Fig. 1. Radiative interaction lengths (in pixels) computed from the ve-
locity gradients in the six orthogonal grid directions. The dots show
the values for 8000 pixels in the model cube. The solid line is the 90%
probability limit in the distribution of all pixels in the cube falling into
different density bins.

in the considered direction (Ossenkopf 1997). For 13CO at
10 K the thermal width is σ = 75 m s−1. Using the velocity
variation between two neighbouring pixels ∆vi for the gradient
we obtain the interaction length Lσ = |σ/∆vi| in units of the
pixel size.

In Fig. 1 we have plotted the six orthogonal interaction
lengths of 8000 sparsely distributed pixels as a function of their
density in the reference turbulence model before the onset of
gravitational collapse. We have also plotted the 90% probabil-
ity limit of the full distribution as a solid line. The distribution
shows only a weak density dependence. The main influence of
the density is the different number of pixels at each density,
so that no separate discussion of different densities is required.
For some pixels we find interactions lengths outside of the plot-
ted range. Few of them even show a value above 1000 due to a
very small velocity difference in a certain direction. However,
for 90% of the pixels the interaction length is below about 6.
Mac Low & Ossenkopf (2000) have found that numerical dis-
sipation blurs structure below about 10 pixels in the simula-
tions. The radiative interaction length just falls into this range,
i.e. only pixels within the numerical smoothing length are
directly coupled radiatively.

The LVG approximation now assumes that all gas param-
eters are constant within the interaction length so that the ex-
citation can be computed from local gas parameters and the
size of the interaction region only. Although for most pixels
the interaction length falls below the dissipation length of the
simulations one can expect deviations from the assumption of
constant parameters. We have computed the relative density
variation ∆n/n within the interaction length for the differ-
ent models and found that the assumption of a zero gradient
is not justified, but for most pixels the density does not
change by more than a factor 2 within the interaction length.
Ossenkopf (1997) showed that this density variation can be
treated by a linear extension of the LVG approximation where
the radiative interaction is computed not only from the local
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Fig. 2. Distribution of the ratio between the interaction length mea-
sured as the number of pixels needed to change the velocity by σ and
the interaction length computed from the local velocity gradient in
each direction (solid line). The dotted histogram shows the same dis-
tribution when computed for the geometric mean of the six orthogonal
directions for each pixel.

gas properties but also from the local gradients. It was demon-
strated that the line intensities computed in this way agree
within 20% with the results from the ordinary LVG approxi-
mation if the absolute density variation within the interaction
region is below 1. Because the use of the linear extension is
numerically simple and does not require additional computing
power, we use this method to treat density variations within the
interaction region in the radiative transfer code, even if the er-
ror that would be made by the ordinary LVG approximation it
is not very large.

Another error can be made by the extended LVG approx-
imation when the interaction length computed from the local
velocity gradient by Eq. (3) is not identical to the true size of
the interaction region. To check this condition we count the
number of pixels which are actually needed to change the line-
of-sight velocity by the local line width σ in the six grid di-
rections from each point. Figure 2 shows the distribution of the
ratio between this length Lint and the interaction length Lσ from
Eq. (3). The small imbalance of the distribution towards values
below one results from the discrete counting. We see that for
most pixels and directions the velocity gradient is a very good
measure for the true interaction length, but that there are still
many cases with a considerable deviation. However, the radia-
tive energy is determined only by the angular average, which
will cancel out many of the length fluctuations. Positive and
negative differences between Lint and Lσ in different directions
reduce the total uncertainty of the size of the interaction region.
As the interaction length does not enter the radiative energy lin-
early we cannot give a general formula for the reduction of the
error by angular integration. The quantity entering linearly into
the radiative energy density is the escape probability which is
close to zero for very long and close to one for very short in-
teraction lengths. To obtain a reasonable guess for the reduc-
tion of the uncertainty by angular integration we have added
in Fig. 2 the distribution of the geometric angular average of
Lint/Lσ for each pixel. For most pixels the two lengths agree

within 20% but we still find a considerable number of pixels
with deviations up to 40%. Detailed parameter studies for the
LVG approximation by White (1977) and Snell (1981) showed
that a change of the column density, i.e. the interaction length,
by a factor two will change the line intensities by at most a fac-
tor 1.6, but typically by much lower values. For single pixels
we thus obtain maximum deviations up to about 25% typically
resulting in errors below 10% when integrating the radiation
from several pixels along the line of sight.

The six directions considered here for each pixel cannot re-
flect the exact shape of the interaction region. As the typical
interaction length is small and the structure relatively smooth
throughout the interaction region, it is however justified to as-
sume a smooth angular variation of the interaction length, so
that the interaction region is well represented by the values
in the six grid directions. Moreover the angular integration
of the radiation field entering the excitation problem reduces
the influence of uncertainties of the interaction length in any
particular direction.

Altogether, the vast majority of the model pixels and espe-
cially the dense pixels providing the main contribution to the
molecular line emission have a small local radiative interaction
region so that an LVG approach is justified. Although the veloc-
ity gradient and the density are not constant within the interac-
tion region their typical variation can be treated with a reason-
able accuracy in an extended LVG approximation. We find that
the LVG approximation is better in models driven at large Mach
numbers because they produce steeper velocity gradients. It is
somewhat worse in the small-scale driven models because the
velocity changes occur on smaller scales so that the typical dif-
ference between Lint and Lσ is larger by 20–30% compared to
Fig. 2. In general the approximation should be usable as long
as the total velocity dispersion is at least 5–10 times the local
velocity dispersion and the density structure is not dominated
by fluctuations within the radiative interaction length. Future
investigations should test this second condition for other types
of turbulence simulations which show less blurring on small
scales.

3.3. The “average isotropic field” approximation

The extended LVG approximation provides a description
for the radiative interaction within the close neighbourhood of
each point but it does not include the interaction between dis-
tant points with the same line-of-sight velocity. This long range
interaction may be inferred from the general structure of turbu-
lent molecular clouds. They are characterised by a strongly ir-
regular behaviour. Many clumps and filaments contribute to the
radiation field instead of systematic structures. If we assume
that the probability of finding a point emitting with a certain
velocity is about the same in each direction and the integra-
tion over large angular ranges results in a good sampling of
this probability distribution we expect that the line shape aver-
aged over a large spatial angle will be about the same along all
lines of sight. The intensity is then mainly determined by the
distance from the corresponding edge of the cloud. Because the
radiative excitation is governed only by the absorbed radiation
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Fig. 3. Average line profiles in the 13CO 2–1 transition obtained in
three perpendicular directions for the reference turbulence model.

field integrated over all directions it is sufficient to consider this
average line shape for the solution of the excitation problem.

We have tested the large scale isotropy of the molecular
lines carrying out radiative transfer computations in the differ-
ent rectangular directions of the model cubes. In this treatment
we assume that it is equivalent to consider either one point in
the cloud and the angular average over a large range of spa-
tial directions, or a plane in the cloud and the average of all
rays falling from one direction onto that plane. The second
method has the technical advantage that we only need to com-
pute the radiative transfer along the grid axes. Although both
approaches do not produce exactly matching profiles they trace
the total volume of the model data cube in a similar way so
that they are equivalent in terms of the fluctuations of the radi-
ation field. For the turbulence models driven on small scales we
obtain Gaussian line profiles almost identical in all directions.
This is due to the large number of independent shock struc-
tures so that the statistical approach is completely adequate.
The situation is worse in the case of turbulence models domi-
nated by few large scale structures. Figure 3 shows the average
line profiles in three directions for the initial state of the ref-
erence model with the large-scale driving. The profiles have a
similar appearance but clear variations in the exact line shape.

Taking into account that the radiative energy density is
integrated over all frequencies (Eq. (2)) and that the absorp-
tion profile of most pixels scans a large part of the external
radiation profile by its own velocity when looking into differ-
ent directions, the excitation does not depend sensitively on the
exact line profile. The integrated line intensities from Fig. 3
vary by less than 10%.

With a large-scale isotropy of the emission profile, the ex-
citing radiation field depends only on the distance of the point
of interest from the cloud edges. Unfortunately, the appropri-
ate definition of molecular cloud edges is still an open is-
sue (Ballesteros-Paredes et al. 1999a). Different observations
provide strongly different values for the spatial extent of a
molecular cloud when different molecules or transitions are
considered. The simulations on their hand simply ignore all
edge effects assuming periodic boundary conditions. With this
background we stay away from artificially inventing a “proper”

Fig. 4. Average integrated line intensity from positive and negative z
direction in 13CO as a function of the distance from the edge of the
cloud. To demonstrate a situation with strong variations we have in-
creased here the molecular abundance of 13CO by a factor 50 relative
to the standard value.

treatment of cloud edges and follow the concept of the struc-
ture simulations treating each part of the cloud as equivalent.
We thus use one large scale radiation field for the excitation
problem throughout the whole cloud. This average field and fi-
nally the observable line profiles depend, however, on the total
thickness of the cloud. We made several tests using either only
parts of the simulated data cubes or piling up some of them to
a larger system but found no new effects compared to the treat-
ment of single cubes, so that we use their size here as the depth
of the cloud.

Now we have to identify those points where to compute
the representative exciting radiation field. Here, contributions
from different directions have to be combined. When replacing
the angular average by the average within a plane we can use
a one-dimensional picture where the intensity accumulated on
the way from one edge up to the plane of interest and the in-
tensity from the opposite edge are added. Figure 4 shows the
variation of this average integrated line intensity of the four
lowest 13CO transitions in the z direction throughout the data
cube. As the variations are very small for the standard model
abundances we have artificially enhanced the molecular abun-
dance here by a factor 50 to show a remarkable effect. As long
as the lines are optically thin we find a perfect match of the
constant field approximation. The lower transitions at the in-
creased abundance, however, show optical depths up to several
hundreds in the densest parts of the cloud. We see a signifi-
cant drop of the average field towards the edges of the cloud
and small asymmetries in the curves corresponding to the loca-
tion of the most prominent density enhancements in the cube.
A further increase of the optical depth results in minor changes
to the shape of the curve in the lower transitions but extends
the curvature also to the higher transitions. For all models the
intensity is constant within 10% throughout the cloud except
for the two regions at the outer edges covering each about 5%
of the cube size. Thus we can select any point that is not too
close to the edge of the cube to compute the average radiation
field. We use an averaging plane which is 1/4 of the cube size
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away from the edge. The figure shows, however, that for opti-
cally thick lines the radiative excitation is systematically over-
estimated at cloud edges. This can lead to an underestimation
of self-absorption effects in lines which are optically thick but
only weakly excited by collisions. A systematic investigation
of this edge effect should be added when models with a self-
consistent edge description become available.

We must admit that the use of this average exciting line
profile for the long range radiative interaction neglects all ef-
fects which might arise from a large scale anisotropy of the
cloud. It also implies an isotropic radiation field illuminating
the molecular cloud from the outside, which was assumed to
be only the cosmic background radiation here. Moreover, it is
heavily based on the assumption of a statistical equivalence of
different points in the turbulence model. As the average radi-
ation field always also contains a contribution from the con-
sidered pixel – although at some distance – the approxima-
tion works only if this contribution can be neglected within
the whole radiation field. In the turbulence models the contri-
bution from every single interaction region is insignificant but
the same method cannot be used for configurations with only a
few peculiar objects. In the turbulent structures the main uncer-
tainty, however, comes from the treatment of the cloud edges,
so that a more sophisticated model makes no real sense as long
as the turbulence simulations themselves do not include edge
effects.

As we have no absolute measure for the error in the line
intensities that is produced by this approximation we show in
Fig. 5 the relative difference in the 13CO 2–1 map when the
long range radiative interaction is either taken into account by
the average line profile or completely neglected. The error due
to an imperfect treatment of the long-range interaction will be a
small part of this deviation. The large-scale field produces dif-
ferences up to 70% but only in “empty” areas of the map, where
the low density gas is excited by global radiation field. In the
denser regions of the data cube the excitation at each point is
dominated by the local excitation treated within the LVG ap-
proximation. Thus the difference is close to zero for those parts
of the map providing the main emission. The difference in the
total integrated intensity between the to maps is 16%. The ef-
fect is lowered both for higher and lower molecular abundances
because the mutual excitation is decreased if large parts of the
cloud are optically thick or if the dense regions are not suf-
ficiently bright. It is increased in the models with collapsed
cores where the total dynamic range of densities is larger than
in Fig. 5, but in these cases an extremely good signal-to-noise
ratio would be required to detect the emission from the low
density regions so that the increased error is hardly detectable.
Taking the 10% typical uncertainty of the large scale radia-
tion field from Fig. 4 and the maximum influence of the large
scale field of about 70% from Fig. 5 we expect an overall un-
certainty coming from the approximation of an average large-
scale field below 10%. We plan a comparison with the fully
self-consistent code of Juvela (1997) for a few test cases to get
a better estimate of the exact limitations.

Altogether, the local excitation at each point is computed
by the combination of two approximations. The radiative
interaction with the direct environment is given by the linear

Fig. 5. Comparison of the integrated line maps in 13CO 2–1 for the
reference model before the onset of gravitational collapse, computed
with and without the large-scale radiation field. As it is difficult to see
any difference between the two maps by eye we have plotted in the up-
per plot the map with large-scale radiative excitation and in the lower
plot the relative difference between this map and the map obtained
without the large-scale field.

extension of the LVG approximation. The interaction with dis-
tant points is treated by adding an average, large-scale isotropic
field as external field to the local LVG treatment. The aver-
age external line profile is computed by a radiative transfer in-
tegration through the whole data cube from both sides up to
a plane in the interior of the cube. The combination of both
steps requires an iterative scheme which is solved by means
of an accelerated λ-iteration for the radiative energy densities
(Auer 1987).

3.4. Collection of similar pixels

With the two-scale approximation described above one can
solve the excitation problem on a 1283 grid within about
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Fig. 6. Relative differences between the line intensities computed by
means of a collection of similar pixels into a table and the intensities
where the excitation is computed separately for each pixel (shown in
Fig. 5).

4 hours on personal computer with 700-MHz-CPU. A further
acceleration is possible when the excitation problem is not
solved individually for each pixel but pixels with similar prop-
erties are collected in a table and the excitation is computed
for all table entries. As we assume that the large scale radiation
field is constant throughout the cube, the table is spanned by
local quantities only. We use a two-dimensional scheme where
the pixels are collected corresponding to their density and to
their average velocity gradient1. As long as the size of the table
is lower than about a hundredth of the cube size, the total run-
time of the code is dominated by the computation of the aver-
age line profiles, so that we get a speedup by about a factor 100,
reducing the total time needed for a cube to a few minutes.

The choice of the table guarantees that the average gradient
and the density of each pixel are accurately reflected because
they are the dominant quantities in the computation of the ex-
citation. For the other parameters like the dispersion of the ve-
locity gradient in different directions and the density gradient
as function of the velocity gradient we take the average from all
pixels represented by a table entry. Thus the table entries do not
necessarily match the properties of each pixel. Hence, we ex-
pect small local variations of the resulting line data compared
to the model where each pixel is treated individually. In Fig. 6
we show the relative differences in the integrated map for the
reference model. It should be compared to the integrated map
in Fig. 5. We find deviations up to about 15%, but both strong
positive and negative deviations only in regions of almost zero
intensity. In regions of noticeable emission the collection of
pixels into the table produces only very small errors. The dif-
ference in the integrated map falls below 0.2%. For the small
scale driven models all deviations are still somewhat lower.

1 With a physical model for the cloud edges, the distance of a point
from the cloud edge would enter as third dimension of the table so that
the speed-up of the code by the collection of similar pixels would be
drastically reduced.

We have varied the size of the table between 60 and
400 entries for the density and between 7 and 40 entries for
the average velocity gradient to see whether an increase of the
table size improves the accuracy of the approach. Whereas an
increase up to about 120 × 15 leads to a noticeable reduction
of the errors, larger tables do not result in a further improve-
ment as long many pixels are represented by one table entry.
The two dimensional scheme does not reproduce deviations
from a regular interaction region or from the average density
gradient in some of the pixels. For a better representation we
would need a table size which is no longer small compared to
the cube size, so that we accept the error demonstrated above
when we need the accelaration. We use both versions of the
numerical code for different parts of this study. All tests on the
radiative transfer itself are carried out with the slow program
version. The systematic computations to dismantle the astro-
physically observable relations discussed in Sects. 4–6 were
done, however, with the fast version allowing to test several
hundred parameter-model variations.

Although we have restricted ourselves here to isothermal
models the radiative transfer problem can be solved in the
same way for clouds with an internal temperature structure.
Then, the local large-velocity gradient approximation also has
to take the local temperature gradient into account in the same
way as local density gradients are treated here. Unfortunately,
the accuracy of the average isotropic field approximation will
be further reduced because every additional dimension of
the parameter space can lead in principle to stronger local
anisotropies. Moreover, the relative reduction of the comput-
ing time by a collection of similar pixels in a table will be
smaller than in the isothermal case as the table has to be at
least three-dimensional. Before applying the radiative transfer
code to non-isothermal clouds these aspects should be tested in
the same way as performed here, to estimate the reliability of
the results. These tests, however, go clearly beyond the scope
of this paper so that we have to refer to future work.

3.5. Line profiles, beam smearing and noise

When the excitation problem is solved using the two-scale-
approximation discussed above we compute the observable line
map in a separate step. The radiative transfer equation is in-
tegrated for the selected transition along rays in z-direction
through the centres of all pixels. All quantities are linearly in-
terpolated between neighbouring grid points in this step. At
each point the local absorption and emission profile is taken
to follow a thermal Gaussian. Velocities differing by more than
1.5 FWHM from the line centre velocity are neglected. The fre-
quency resolution is assumed to be 63 m s−1, which is half the
FWHM of the thermal velocity distribution.

The resulting intensities on the grid of rays are convolved
by a Gaussian beam of the selected FWHM to compute the fi-
nal map of observable line profiles. To produce realistic images
we may add white noise to the data to obtain data cubes which
are directly comparable to observations with a certain signal-
to-noise ratio. In most figures shown here we omitted the beam
convolution and the addition of noise to demonstrate the pure
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Fig. 7. Column density maps (first row) and resulting 13CO integrated line maps for the 2–1, 4–3, and 6–5 transition (from left to right) for the
reference model at the beginning of the gravitational collapse (second row) and after the gravitational collapse of 30% of the gas mass into
dense cores (third row).

radiative transfer effects. The beam convolution was applied
for the line profiles discussed in Sect. 5.1 and both effects are
added in the discussion of the scaling behaviour at the end of
Sect. 4.4. They are also taken into account when directly com-
paring the properties of the simulated line maps with observa-
tional data.

4. The resulting intensity structure

4.1. Retrieval of characteristic density features
from molecular line maps

In a first glance at the results from the radiative transfer simula-
tions we compare different maps obtained from the large scale-
driven model at the beginning of the gravitational collapse and
after one free-fall time. In Fig. 7 we show the maps observable
in three different 13CO transitions and the underlying column
density structure. The corresponding 13CO 1–0 and 3–2 maps
fit well into the visible trend that with growing transition num-
ber J the total intensity decreases and the emission becomes

less and less space filling, breaking up smooth structures into
different clumps.

The density structure strongly differs between the two time
steps of the model. Whereas the densest shocks in the first step
fall at gas densities of about 4 × 104 cm−3 the collapsed cores
in the second step show densities which are about one hun-
dred times higher. Thus the column density map is completely
dominated by these cores in the second step. In the 2–1 maps
we find, however, in both cases extended emission which is
only somewhat brighter and spatially stronger confined in the
collapsed model. The low-J transition hardly notices the for-
mation of dense cores. The loss of 30% of the total mass into
cores is barely visible.

In the initial step the 3–2 transition, which is not shown
in the figure, is the best tracer for the general density struc-
ture. In contrast only the 6–5 transition reflects the true den-
sity structure of the collapsed model. This knowledge is, how-
ever, not very useful as observational guide to search for dense
cores in cold molecular clouds as the 13CO 6–5 line is weak
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with peak temperatures of about 0.2 K and peaks away from
the peak emission in the 4–3 transition. Thus, one would have
to map a large area of a molecular cloud down to low noise-
levels to detect the cold cores. Here, dust observations are the
better approach to find dense clumps although their interpreta-
tion is also not straight forward (Lada et al. 1994).

In corresponding maps computed for 12CO abundances
the subthermal excitation by collisions in thin regions is par-
tially compensated by excitation from optically thick radiation.
Thus the 12CO 4–3 maps are very similar to the 13CO 2–1 maps
and the 12CO 6–5 maps resemble the 13CO 4–3 maps although
their intensity is somewhat lower. The maps in C18O follow the
same behaviour having the same appearance as corresponding
13CO maps taken in the next higher transition.

4.2. Non-LTE excitation, optical depth and the mass
conversion factor

After this phenomenological comparison we enter a detailed
discussion to quantify the radiative transfer effects. We will
start discussing the widely used X factor translating integrated
CO line intensities into column densities: X = NH2/I with
I =

∫
TBdv. For several nearby clouds Digel et al. (1996)

and Meyerdierks & Heithausen (1996) derived X factors for
the 12CO 1–0 intensity between 0.35× 1020 cm−2 (K km s−1)−1

for the Polaris Flare and 2.5 × 1020 cm−2 (K km s−1)−1 for the
Perseus arm assuming the ratio to be constant within the clouds.
Meyerdierks & Heithausen (1996) admitted however that X
might vary by about a factor two within one cloud when consid-
ering either the translucent or the diffuse parts. The conversion
factors for the other transitions are then often rescaled by the
typical or average line ratio (e.g. Heithausen et al. 1998).

The true conversion factor is constrained by molecular
properties. For LTE excitation the specific emission of each
molecule is a constant. In the optically thin case it may be
summed up over the molecular column density along the line
of sight to the maximum total intensity. Subthermal excitation
and optical depths effects can only reduce the emission per col-
umn density relative to this LTE value2. For CO at 10 K the
corresponding theoretical minimum conversion factors, given
in cm−2 (K km s−1)−1, are 9.3 × 1014 in 1–0, 6.5 × 1014 in 2–1,
1.5×1015 in 3–2, 7.5×1015 in 4–3, and 1.5×1018 in the 6–5 tran-
sition. At a molecular abundance [12CO]/[H2] = 10−4 the theo-
retical 1–0 conversion factor is only one fourth of the lowest X
value derived for the Polaris Flare. Thus the observed numbers
may indicate that in this cloud about 75% of the molecular
mass are hidden to the observations by subthermal excitation
and optical depth effects. The effect is even stronger in the 2–1
transition where the LTE molecular brightness is higher but the
typically observed intensities are lower than in 12CO 1–0.

2 In a few models assuming very low abundances we found some
points in the maps which show suprathermal emission in the 1–0 tran-
sition. The low-J transitions can be slightly suprathermally excited in
case of high densities and low optical depths. This might occur e.g.
in C18O observations but is hard to detect due to the weakness of the
lines.

13CO 1–0

12CO 1–0

13CO 3–2

Fig. 8. Line intensities relative to the line-of-sight integrated LTE
emissivity as a function of the column density for each point
in the maps obtained from the collapsed model. The upper plot shows
the 13CO 1–0 transition, the central plot is the same transition but for
12CO molecular abundances, the lower plot represents the 13CO 3–2
transition.

To explain the size of the discrepancy between theoreti-
cal and observed X values we consider the intensity variation
within our simulated maps as a function of the column density.
Figure 8 shows the ratio between the observed line integrated
intensities and the optically thin LTE emissivity reflecting the
column density for all points of a map in different transitions.
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In the 13CO 1–0 transition we find a broad range of column
densities where the ratio is approximately constant at about 0.4
corresponding to an X factor of 1.5 × 1021 cm−2 (K km s−1)−1

at the 13CO molecular abundance of 1.5 × 10−6. At column
densities above 3 × 1022 cm−2 the lines are saturated due
to optical depth effects. The intensity remains approximately
constant corresponding to an almost linear decay in Fig. 8
and a linear increase of the X factor. At abundances typical
for 12CO optical depth effects dominate already at small col-
umn densities providing a monotonous decrease of the inten-
sity ratio with column density. However, complete saturation
of the emission, characterised by a linear behaviour, also oc-
curs only at column densities above 1022 cm−2. Translating
the plot into X factors with a 12CO abundance of 10−4 we
obtain 0.47 × 1020 cm−2 (K km s−1)−1 at the lowest densities,
4.7×1020 cm−2 (K km s−1)−1 at a column density of 1022 cm−2,
and much higher values in the saturated dense regions. The
situation differs for higher transitions. In the 13CO 3–2 map
we find an almost linear increase of the line intensity relative
to the LTE value for low column densities because the line
is subthermally excited throughout most parts of the cloud.
For large column densities saturation sets in so that there is
only a small column density range with a constant X factor.
Thus it is not possible to provide a unique X factor to derive
column densities from line intensities valid over different parts
of a molecular clouds.

This is in contrast to several observationally based inves-
tigations showing that for certain regions the molecular line
brightness reflects quite well the density structure measured by
dust continuum, extinction maps, X-ray or gamma-ray emis-
sion. The contradiction may be partially due to insufficient res-
olution. In Fig. 9 we show the line intensity integrated over
the whole map relative to the LTE brightness when scaling the
density cube with different factors to obtain different average
densities. The initial and the collapsed phase of the reference
model behave completely different. If dense cores have formed
after one free-fall time the integrated intensity is a very good
tracer for the total mass in the cube. The specific line intensity
varies by less than a factor three for all lines. In contrast, the
high-J lines in the model without dense cores are hardly excited
at small density scaling factors leading to a steep increase of the
specific intensity with increasing density. In the two lower tran-
sitions we can well distinguish the density range of subthermal
excitation with increasing relative intensities from the regime
of decreasing intensities, where optical depth effects dominate.
Nevertheless there is no clear separation between both effects.
Saturation by large optical depths takes over before the line
excitation is in thermal equilibrium with the gas, so that the ob-
servable line intensity is always below the theoretical value for
optically thin LTE emission.

We find the same behaviour for all other models. In case
of a log-normal distribution of densities, which occurs in the
turbulence simulations before gravitational collapse, the inte-
gral intensity in the lines relative to the LTE emissivity in-
creases at low column densities and decreases for high col-
umn densities. The peak density depends on the transition and
the width of this function depends on the width of the inter-
nal density distribution. A broad density distribution can lead

Fig. 9. Integrated line intensity of the total map relative to the inten-
sity that the optically thin cloud with LTE excitation would provide
as a function of the average density used to scale the cloud model.
The upper plot is computed for the initial cloud model, the lower plot
represents the cloud model with gravitationally collapsed cores.

to a broad peak providing an almost constant ratio over a large
range of densities. In all hydrodynamic or magnetohydrody-
namic simulations considered here the peak is relatively nar-
row, so that the ratio between the integrated line intensity and
the LTE emissivity is quite sensitive to the actual density scal-
ing. In case of a high density tail in the distributions which is
produced by gravitational collapse the few dense clumps con-
trol the radiation field although they may contain only 10 % of
the total gas mass. The influence of non-LTE excitation at low
densities and optical depth effects at high densities cancel each
out so that the line intensity is proportional to the total mass in
the clouds within a broad density range.

Thus two ways may have mislead observers to the conclu-
sion that the X factor is constant within molecular clouds. Each
line has a density range where its intensity per column density
is relatively constant. This range may be relatively broad like
in the above example for the 13CO 1–0 intensities at low den-
sities or quite narrow as in the corresponding 13CO 3–2 case.
On the other hand observations with a finite telescope beam av-
eraging over an area containing a wide distribution of column
densities can also mimic a constant X factor. In neither case we
can use the X factor derived for a certain region of a cloud to
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a) c)

b) d)

Fig. 10. Probability distribution functions of the density cubes a), of the corresponding column density maps b), and of the integrated line
intensities in 13CO 1–0 c) and 3–2 d). The solid line represents the turbulence model before the onset of gravitational collapse, the dotted line
is after about one free-fall time.

derive masses or column densities outside of this region. With
this conclusion the justification of the X factors applied for cer-
tain molecular clouds should be reconsidered for every single
observational set.

4.3. Intensity distributions

In a next step we consider the intensity distributions in the maps
to study their relation to the density distributions in the data
cubes. Padoan et al. (1997) compared distributions of the den-
sity in turbulence simulations with distributions of the column
density obtained by extinction measurements and Falgarone
et al. (1998) discussed the corresponding distributions of CO
line intensities. A comparison of the distributions in different
models is given by Klessen et al. (in prep.).

In Fig. 10 we show the histograms for distributions in
the reference model at the beginning of gravitational col-
lapse and after one free-fall time, when 30% of the mass has
turned into collapsed cores. On the left hand side, we indi-
cate how the simple projection of the density structure into col-
umn densities changes the distributions. The dynamical range
covered by the column density distributions is reduced by
one order of magnitude relative to the density distributions.

The close-to-Gaussian shape of the initial density distribution
is turned by the projection into a highly asymmetric distribution
with a steep decay at small and a shallow tail at high column
densities. The gravitational collapse produces few regions with
very high density which are hardly visible in the density dis-
tribution but pronounced as a high-density tail in the column
density distribution. As the collapse lowers the average density
for most of the model volume we find a shift and broadening
clearly visible in all distributions. On the right hand side of
Fig. 10 we plot the corresponding distributions of the line inte-
grated intensity measured either in 13CO 1–0 or in 13CO 3–2.
In both distributions the high density tails are truncated due
to optical depth effects, resulting in steep wings on both sides
of the distributions. The subthermal excitation in 3–2 how-
ever stretches the intensity distribution to cover a much broader
range than the column density distribution.

For a quantitative comparison we have summarised the
standard deviations of the logarithmic distribution functions of
each map in Table 2. In general, optical depth effects compress
the intensity distribution by suppressing the high-density wing,
reducing the contrast in dense parts of the cloud. At 12CO abun-
dances this effect dominates the whole intensity distribution.
The low density wing of the intensity distribution is stretched
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Table 2. Logarithmic standard deviations of the density and intensity distributions in the different maps of the reference turbulence model.

time step density cube column density 13CO 1–0 13CO 3–2 12CO 1–0 12CO 3–2

t = 0 0.77 0.29 0.28 0.57 0.15 0.21

t ≈ τff 0.88 0.53 0.57 1.01 0.24 0.42

relative to the column density distribution by subthermal ex-
citation, enhancing the contrast in the map. Altogether, it is
hardly possible to deduce the original density distribution from
intensity histograms. Moreover, the intensity histograms of ob-
served data are limited by noise. It is impossible to derive the
shape of the distribution below the noise level. Thus one needs
high signal-to-noise observations in order to measure the actual
width of the intensity distribution so that on can distinguish be-
tween a translucent turbulent medium and a collapsed medium.

4.4. Intensity scaling relations

The ∆-variance introduced by Stutzki et al. (1998) is a general
method to measure the relative structural variation on differ-
ent spatial scales within any data set. Bensch et al. (2001) have
shown that it can be used to characterise the scaling relations
in observed molecular cloud maps and Mac Low & Ossenkopf
(2000) applied it in an equivalent way to hydrodynamic
and magneto-hydrodynamic turbulence simulations allowing
a direct comparison with observations.

For observed or simulated molecular cloud maps the
∆-variance is computed by convolving the map with a nor-
malised, radially symmetric “French hat” wavelet of vary-
ing size and measuring the variance of the convolved map.
For a comprehensive overview on the mathematical details
we refer to Stutzki et al. (1998) and Zielinsky & Stutzki
(1999). The resulting ∆-variance as a function of the filter
size ∆s measures the amount of structural variation on that
scale. It provides a clear spatial separation of various ef-
fects influencing observed structures such as noise or a fi-
nite observational resolution. If the map is characterised by
a power-law power spectrum P(|k|) ∝ |k|−β, the ∆-variance also
follows a power spectrum σ2

∆
∝ ∆sα with α = β − 2.

Bensch et al. (2001) computed ∆-variances for several
molecular cloud maps observed in low-J transitions of CO iso-
topes. They are close to power laws were the exponent α de-
pends only on the size range considered and not on the star-
forming activity in some of the clouds. On scales above 1 pc
Bensch et al. obtained α ≈ 0.6, on scales below 1 pc α ≈ 1.0,
and below 0.1 pc α ≈ 1.3.

Mac Low & Ossenkopf (2000) used the ∆-variance to com-
pare the density scaling in molecular cloud simulations with the
intensity scaling of molecular line observations assuming that
the integrated intensity is a good tracer for the column density.
This has to be repeated now taking radiative transfer effects into
account.

In Fig. 11 we show the ∆-variance plots of the molecular
line maps computed for the reference model at the onset of
gravitational collapse and after one free-fall time. We analyse
the maps of different 13CO transitions partly plotted in Fig. 7.

Fig. 11. ∆-variances of the integrated maps obtained from the tur-
bulence model cubes in the different transitions of 13CO. The upper
plot represents the model before gravitational collapse, the lower plot
is computed after about one free-fall time. For comparison the cor-
responding graphs for the column density maps are added in arbi-
trary units. The graphs for the highest transitions are shifted by the
indicated values for a better visibility of the relative scaling behaviour.

On top of each plot the∆-variance of the corresponding column
density map is added for a better comparison.

In the initial state, the ∆-variance of the density structure
can be approximated by a power law with exponent α = 0.5
in the size range between the numerical dissipation scale at
about 3′ and about one third of the total cube size, i.e. 40′.
The ∆-variance is no perfect power law, but the deviations
from a power law would be hardly detectable in observational
data (Bensch et al. 2001). This ∆-variance behaviour indicates
a data set that is dominated by a large scale structure (limited
here by the periodic boundary conditions of the simulations)
and has a self-similar scaling down to the dissipation limit. The
maps in the lower three 13CO transitions reflect the scaling of
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Fig. 12. ∆-variances of the integrated maps in 13CO 2–1 obtained
from the turbulence models applying different factors for the density
scaling. The models are the same as in Fig. 11.

the density structure quite well, but with a slope that is steeper
by 0.1 in the 1–0 transition and shallower by 0.1 in the 3–2
transition. The higher transitions, however, do no longer reflect
the underlying densities. The 4–3 map shows about the same
amount of structure on each scale and the 6–5 map is com-
pletely dominated by small scale structure given by the few
dense regions in the model. In the collapsed state the structure
in the low-J maps is very similar although the column density
map has completely changed. These transitions trace the low-
density gas which is hardly influenced by the formation of the
dense cores. The general trend of a slightly decreasing slope
when going from the 1–0 to the 3–2 transition is also preserved
but the change is somewhat larger. The exponent varies be-
tween 0.8 and 0.4 here. Only the 6–5 transition reflects the true
density structure which is dominated by the few dense cores in
this case.

To test whether this behaviour is specific to the conditions
considered we have changed the scaling factor for the gas den-
sity. In Fig. 12 we show the ∆-variance plots for the 13CO 2–
1 maps in the two time steps from Fig. 11, when scaling the
gas density with different factors. The standard scaling pro-
vides an average gas density of 275 cm−3. All intensity maps
are normalised to this density before the ∆-variance analysis.

To represent the column density maps we add the graphs for
the 13CO map assuming optically thin LTE projection.

The change of the slopes of the ∆-variances with decreas-
ing average density is similar to the change in the maps taken
with increasing transition number J. As the critical density of
the different transitions grows with J increasing the density or
decreasing J have the same effect. When the density of the
data cube is enhanced by a factor 30 the ∆-variance slope of
the 13CO maps is 0.7 before gravitational collapse and 1.1 af-
ter the onset of collapse, i.e. somewhat steeper than in the 1–
0 transitions when computed for the normal density. Down to
an average density of 300 cm−3 we get only small changes in
the slope of the ∆-variance similar to the changes between the
three low-J transitions. Below 100 cm−3 the 13CO 2–1 transi-
tion is, however, hardly excited in the main part of the cloud,
so that only the densest parts produce a noticeable emission
leading to a constant or decaying ∆-variance. The true density
structure has only little effect on this behaviour.

Equivalent plots for a variation of the molecular abun-
dances (not shown) are quite similar to the plots for vary-
ing density. This is reasonable because an increasing abun-
dance leads to radiative trapping and hence to the excitation
of a larger volume of the cloud model. At 12CO abundances
the ∆-variance slopes are always somewhat steeper than com-
puted for 13CO. 12CO maps corresponding to Fig. 11 show
large scale structure in the four lower transitions with slopes
between 0.9 and 0.5. Only the 6–5 transition is dominated by
small-scale structure there. When the abundance is reduced by
a factor 30–100 relative to the standard 13CO value the ∆-
variance of the maps in the low-J transitions turns flat inde-
pendent of the time step in the model.

Hence, the ∆-variance of the maps taken in low-J transi-
tions always measures the structure of the thin extended gas,
not allowing a direct conclusion on the actual density structure.
We cannot expect to retrieve the true density structure from any
molecular line map. The change of the ∆-variance slope be-
tween maps taken in different low-J transitions, however, gives
a hint on the distribution of densities. In all models without
dense cores the variation in the slopes between the 1–0 and the
3–2 transitions of 13CO falls below 0.3 whereas the change ex-
ceeds 0.4 if a considerable fraction of dense cores contributes
to the excitation pattern. These numbers hold as well for 12CO
if we compare maps in the 1–0 and the 4–3 transitions.

It is however, difficult to measure the slope of the
∆-variance in observational data with an uncertainty below 0.1.
In Fig. 13 we compare the ∆-variance plot of the 13CO 2–1 map
already shown in Fig. 11 with the ∆-variance after convolving
the map with a Gaussian beam of twice the cell size and af-
ter adding white noise with a signal-to-noise ratio of 20, which
is quite typical for molecular line observations. Although both
observational effects act only at small lags, one is easily forced
to see a somewhat steeper ∆-variance spectrum in the noisy
data corresponding to real observations. Bensch et al. (2001)
have shown that it is in principle possible to correct the ∆-
variance both for the beam smearing and noise if one assumes
that the spectrum follows a power law. Regarding the error
bars of this correction we come to the same conclusion as for
the intensity distributions. We need very high signal-to-noise
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Fig. 13. ∆-variance measured in the 13CO 2–1 map of the reference
model at t = 0 when we consider the intensities on the original grid,
convolve the map with a beam of twice the cell size, and when we
apply additional noise with a S/N of 20.

observations to get sufficiently reliable exponents to deduce
the existence of dense cores from low-J observations in CO
isotopes.

5. The velocity structure

5.1. Line profiles

The radiative transfer will also affect the signatures of the ve-
locity structure observable in molecular lines. A first impres-
sion comes from the inspection of the shape of the line profiles
and their spatial variation across the maps. Figure 14 shows the
line profiles in the reference model on three points along a cen-
tral cut together with the profiles at the positions of the max-
imum absolute and integrated line temperature and the aver-
age line profile. Here, beam convolution is taken into account,
leading to a small blurring of the profiles, but no noise is added.
Real observations with a finite signal-to-noise ratio are not able
to recover all the details in the profiles shown here so that we
will not discuss small ripples in the profiles but concentrate on
the general structure.

At most points of the map we find irregular line shapes
consisting of two or three components which can be distin-
guished by eye. The roughness of the line profiles can be re-
duced relative to Fig. 14 by assuming observations with larger
telescope beams but a larger convolving beam does not change
the general broken structure of the line profiles. CO observa-
tions show comparable line profiles in regions with heavy and
crowded star-formation, whereas they typically reveal smooth
profiles without substructure for more quiescent regions (e.g.
Kutner et al. 1997; Goodman et al. 1998). This holds as well
for the Polaris Flare observations mentioned above where the
line profiles are close to Gaussian on most points of the maps
with some additional wing contribution and weak signs of self-
absorption. We find such smooth profiles only in turbulence
models driven on small scales, consisting of many weak shock
structures along each line of sight. However, the small-scale
driven turbulence models are inconsistent with the observed

Fig. 14. Line profiles observed in 13CO 2–1 at three positions of a
horizontal cut through the map shown in Fig. 5 and at the positions of
the peaks in the line temperature and the integrated line temperature
together with the average line profile.

intensity scaling behaviour which is only reproduced by tur-
bulence models driven on large scales. All large-scale driven
models show broken, irregular line profiles on a majority of
positions within the maps. The formation of few large intensity
structures corresponding to the major parts of observed molec-
ular clouds is always accompanied by the formation of few ma-
jor velocity modes which are well separated in the line profiles
leading to their broken, irregular shape.

A possible solution to this puzzle is turbulent substructure
on scales below the resolution of a single pixel considered in
the simulations. With additional sub-pixel turbulence the effec-
tive velocity dispersion within each pixel is much larger than
thermal. Although this violates the self-consistency of the tur-
bulence models, we have tested this case by adding a turbulent
velocity dispersion within each pixel which was either constant
at up to seven times the thermal dispersion or depending on
the local density ∆vlocal ∝ n−1/2. The resulting line profiles are
much smoother than in Fig. 14 but the general appearance of
the broken line profiles consisting of several components is
not changed. Gaussian line profiles occur only if we add lo-
cal velocity dispersions close to the total velocity dispersion
in the turbulence model. Padoan et al. (1998) proposed to add
local velocity dispersions according to the velocity gradients
between neighbouring pixels. Figure 1 demonstrates, however,
that for most points the gradients between neighbouring pixels
are not large compared to the thermal line width, so that this
does not help. We are left to conclude that we do not yet have
a self-consistent turbulence model explaining the observed line
profiles in quiescent regions.

Nevertheless, we will continue to discuss the influence of
radiative transfer effects on the measurable velocity structure as
the variety of models allows to draw some general conclusions.
In Fig. 15 we show the 13CO 2–1 line profiles for the large-scale
driven model after one free-fall time of gravitational collapse.
The comparison with Fig. 14 allows to identify the effect of
dense cores on the line profiles. In Sect. 4 we demonstrated
that dense cores are mainly visible in intensity maps of higher
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Fig. 15. 13CO 2–1 line profiles for the turbulence model after the
formation of cores by gravitational collapse.

transitions. Here, we see that they also leave signatures in the
line profiles of the 2–1 transition. As the cores are coherent in
velocity space they show up as narrow spikes in the profiles.
Although it is impossible to conclude the existence of dense
cores from any single line profile, the general structure of the
line profiles across the map provides a clear indication of dense
cores if they break up into many narrow spikes. This should
be measured by parameters for the smoothness of line profiles
as introduced by Tauber (1996). Then the existence of cores
may be inferred even from low-J observations if the molecular
lines have moderate optical depths outside of the cores. In our
models the cores are undetectable in low-J profiles of 12CO but
clearly visible in the 13CO lines as demonstrated above.

5.2. The average line profile

In contrast to the line profiles at single positions in the maps
Figs. 14 and 15 show that the average profiles are smooth with
wings which are close to Gaussian. The central parts may be
described as somewhat distorted Gaussians.

There is a long lasting discussion whether the average pro-
file of molecular lines may be used as an estimate for the prob-
ability distribution function (PDF) of velocities in molecular
clouds (see e.g. Falgarone et al. 1998; Miesch & Bally 1994;
Ossenkopf & Mac Low 2002). Here, we test for which lines
this may hold and how radiative transfer effects change the
average line profile.

In Fig. 16 we show the map averaged profiles of 13CO 4–3
for the small scale driven turbulence model S02 before grav-
itational collapse. We select this model here in contrast to
the reference model because the small scale-driving produces
many small turbulent eddies providing a good statistical sam-
ple so that the global velocity PDF is close to Gaussian. In
the large scale driven models, the PDFs are distorted by the
statistical variation of the few largest modes (Ossenkopf &
Mac Low 2002) which is also visible in the average line pro-
files in Figs. 14 and 15 In the irregular PDFs the changes
discussed here may be somewhat hidden in the statistical

Fig. 16. Average line profiles in 13CO 4–3 for the small scale-driven
model S02 when varying the assumed molecular abundance. The line
temperatures are normalised to the standard abundance of 1.5 × 10−6.
The profile for the LTE projection is rescaled by a factor 1/600.

variation. Thus, we chose the Gaussian PDF case for educa-
tional purposes but want to stress that the conclusions hold also
for the other models. We show the 4–3 line, because it under-
goes a transition from a regime of negligible collisional exci-
tation to a regime dominated by optical depth effects when we
change the assumed molecular abundance of 13CO around the
standard value. The solid line in the figure represents the LTE
projection, i.e. the actual density weighted PDF of the line-of-
sight velocities.

We find two scenarios. At the two lower abundances,
where the transition is subthermally excited and optically thin,
only the central part of the profile is prominent as a narrow peak
with broad, almost exponential, wings. At abundances close to
the typical values for the main CO isotope the centre of the pro-
file is suppressed by optical depth effects so that only the wings
trace the true velocity PDF and the average profile is sub-
Gaussian. This behaviour hardly depends on the molecular
cloud models used. Subthermal excitation tends to mimic PDFs
with strong wings which might be misinterpreted as indica-
tor for intermittency (Falgarone & Phillips 1990) or vorticity
(Ballesteros-Paredes et al. 1999a). Optical depth effects always
broaden the profiles so that the line wings appear steeper than
in the original PDF when considered relative to the centre of the
distribution. This has to be taken into account for all low-J tran-
sitions in 12CO and also for many observations in 13CO. Thus
the detection of sub-Gaussian average line profiles in the 12CO
observations of the Polaris Flare discussed by Ossenkopf &
Mac Low (2002) may well be attributed to line saturation in
12CO instead of a sub-Gaussian velocity PDF of the molecular
cloud.

Beside the wing behaviour different transitions also show
a different sensitivity to the formation of dense cores. In the
models with collapsed cores the average line profile in the 6–5
transitions consists of sharp peaks produced by the cores and
a broad weak wing contribution. The true density weighted
velocity PDF, however, is rather similar to the turbulent mod-
els without collapse because the cores are formed as parts of
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larger shock structures with a broad internal velocity gradient.
In the LTE projection the cores are only visible as small peaks
on top of a broad continuous profile. In the average profile of
low-J transitions they are almost completely hidden as shown
in Fig. 15.

The best tracer for the velocity PDF is a rare isotope with
low critical density. The C18O 2–1 average line is a good mea-
sure for the PDF in all our simulations. As the lines from rare
isotopes are often quite weak, preventing an efficient observa-
tion, one can also combine results from different isotopes or
different transitions to scan different parts of the profile as pro-
posed already by Falgarone et al. (1998). In a consistent obser-
vational set it should be feasible to combine the data of the three
main CO isotopes to trace the different parts of the line profile
using 12CO only for the outer wings, C18O for the line centre,
and 13CO for the transitional velocities.

5.3. Velocity scaling

The ∆-variance used to measure the intensity scaling in
Sect. 4.4 may be used as well to measure the spatial scaling
behaviour of the velocity structure if we consider maps of line
centroid velocities. Ossenkopf & Mac Low (2002) showed that
the ∆-variance is more sensitive to local changes in the velocity
scaling behaviour than the size-linewidth relation or the struc-
ture function in centroid maps but has drawbacks when applied
to noisy data. As we may omit noise in the model data we can
use the square root of the ∆-variance here to analyse the aver-
age velocity dispersion as function of spatial lag but the other
methods might be preferable for a corresponding analysis of
observed data.

The determination of the velocity scaling behaviour in
the Polaris Flare observations and in turbulence models by
Ossenkopf & Mac Low (2002) showed that both types of data
sets are consistent with a shock dominated medium where the
exponent of the power spectrum is close to four and the ve-
locity variation as function of lag follows ∆v ∝ ∆sγ with
γ ≈ 0.5. This power law is broken above the driving length
scale in the models and at scales of the overall molecular cloud
size in the observations. Moreover the models showed a clear
steepening of the ∆-variance spectrum at the smallest scales
due to the numerical dissipation.

To demonstrate how this result may be influenced by ra-
diative transfer effects we show in Fig. 17 the ∆-variance of
the 13CO 2–1 line centroid maps for a large-scale driven hy-
drodynamic model before gravitational collapse. In contrast to
the figures above, we have used here the grid-based model
H01 because the velocity structure of the SPH models shows
some artifacts resulting from a poor representation of the
velocity dispersion in thin regions where few SPH particles
are found (Ossenkopf et al. 2001b). The LTE projected ve-
locity structure shows a power-law ∆v ∝ ∆sγ with exponent
γ = 0.47 between the dissipation scale at about 3′ and an upper
limit at about 30′ corresponding approximately to the shock-
dominated behaviour mentioned above. It is not clear why the
upper limit appears at somewhat lower lags than in the intensity
structure given e.g. in Fig. 12.

Fig. 17. Square root of the ∆-variance of the line centroid velocities in
13CO 2–1 maps computed for the grid-based large-scale driven hydro-
dynamic model H01 when changing the applied density scaling factor.

Comparing the results from the 13CO line maps with the
projected LTE situation we find that at the average density of
30 cm−3, where the lines are subthermally excited, the slope
of the curve is lowered to about 0.38 and the small curva-
ture around 12′ is enhanced. At average densities above about
1000 cm−3, where optical depth effects are important, the slope
is increased to about 0.55 and we obtain an almost perfect
power law up to lags of about 40′. In models with even higher
densities falling above 30 000 cm−3 or when combining the
highest density scaling in this plot with the abundance of 12CO
we get saturated flat-top line profiles in large parts of the map.
Then all centroid velocity fluctuations on small scales are effi-
ciently suppressed and the velocity ∆-variance shows a sharp
drop-off below about 10′. However, observations of tracers
which are completely saturated throughout the map are not
likely to be conducted so that the result is not shown here.

The figure corresponding to Fig. 17 after the onset of grav-
itational collapse shows a strong change of the velocity struc-
ture on large scales. Velocity fluctuations on distances above
about 15′ are no longer traced by the line centroids as most of
the mass is concentrated in shock regions and part already col-
lapsed into cores. The ∆-variance decays at larger lags. The
structure on scales below about 8′ is hardly affected by the
gravitational collapse. The radiative transfer effects are quan-
titatively equivalent to the situation in the initial turbulence
model in Fig. 17.

When considering different transitions or different abun-
dances the variation of the velocity centroid ∆-variance follows
the same scheme, but is in general less pronounced than
for the density scaling variation. Insufficient collisional and
radiative excitation at low densities, low abundances, or in
high-J transitions tends to flatten the spectrum. Saturation at
high abundances or high densities results in a steepening of the
∆-variance spectrum. At the normal density scaling the slope of
the relation between size and velocity variation is only slightly
modified. The Polaris Flare observations in different CO iso-
topes by Falgarone et al. (1998) do not show a clear change in
the slope between the different isotopes. Regarding the typical
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error bars in the observational data (Ossenkopf & Mac Low
2002) the small changes are hardly detectable in the total un-
certainty of the slope as long as the molecular line maps are not
dominated by saturated lines. Thus future observations should
try to combine transitions which are partially saturated with
transitions which are only excited in the dense regions. One has
to keep in mind, however, that already moderate optical depth
effects in low-J transitions can effectively hide the dissipation
limit in the velocity scaling spectrum as seen in Fig. 17.

6. Differences between the models

6.1. The influence of turbulent driving

All basic properties of the turbulence models used here are
already discussed in the original papers introducing them
(Mac Low et al. 1998; Mac Low 1999; Klessen et al. 2000;
Heitsch et al. 2001). There is a large number of papers com-
paring the properties of different hydrodynamic and magne-
tohydrodynamic models (cf. e.g. Ostriker 1999). We will not
perform the same comparison here, but we consider only
differences between turbulence models which are especially
prominent in the molecular lines maps.

Section 4 showed that the most prominent change of the
molecular line maps results from the existence or absence
of collapsed cores. Thus, different time steps of a collapsing
model may produce a stronger change in the molecular line
emission than the use of different models. Although the col-
lapse heavily changes the overall excitation it is hardly traced
in the lowest CO transitions. Here, the global turbulent driving
is the dominant parameter. Different scales of the driving pro-
cesses produce the same scaling behaviour in the low-J molec-
ular line maps that was discussed by Mac Low & Ossenkopf
(2000) for the density structure. The turbulence does not cre-
ate any structure at scales above the driving wavelength. As the
observations show approximately power-law ∆-variance spec-
tra for the molecular line maps increasing up to the size of the
molecular clouds a good representation of these observations
is only possible in models where most of the kinetic energy is
injected on the scale of the overall cloud size.

The influence of a different strength of the turbulent driving
was discussed by Mac Low (1999) and studied systematically
by Padoan et al. (1997). They find that the standard deviation of
the density distribution grows linearly with the rms Mach num-
ber of the turbulent flow. Comparing the models with variable
driving Mach number H01, HC2, and HE2 we obtain about the
same behaviour but a different prefactor depending on the de-
tails of the simulation. The simulations driven to give an rms
Mach numberM of 15 have substantially denser shock regions
than the model shown in Sects. 4 and 5 which hasM = 10.

In Fig. 18 we plot the ∆-variance of 13CO line intensity
maps for the models HC2 and HE2 driven to obtain either
an rms Mach number of 5 or of 15. Their density distribu-
tions have logarithmic standard deviations of 0.47 and 1.13,
respectively, i.e. below and above the value for the reference
model given in Table 2. The figure includes the results for
the 2–1 and the 4–3 transitions to demonstrate the behaviour
of one line which starts to become optically thick and one

Fig. 18. ∆-variance of the column density and the integrated 13CO
2–1 and 4-3 maps for the large-scale driven hydrodynamic models
HC2 and HE2 driven at different rms Mach numbers. The ∆-variance
for the column densities is scaled by an arbitrary factor.

line which is hardly excited in most parts of the cloud mod-
els. One top of the plots we have added the ∆-variance spec-
tra for the column density maps. The line-of-sight integra-
tion of the density structure in the column density maps hides
the different widths of the density distributions. The absolute
variation within the column density maps is about the same in
both models. The stronger driving does not change the mag-
nitude but the slope of the ∆-variance. In the significant range
of lags between 3′ and 40′ the average slope is reduced from
about 0.5 in theM = 5 model to 0.35 atM = 15. The visual in-
spection of the column density maps shows a larger number of
shock fronts in the model with the strong driving. The stronger
driving does not produce denser shocks on all scales, but the
interaction of the fast shocks disperses some large scale struc-
tures. Future investigations should clarify whether this effect is
based on the limited dynamical range between the driving and
the dissipation scale in the numerical simulation or whether a
change of the driving Mach number results in a true change of
the turbulent energy cascade.

The ∆-variance plots for the molecular line maps provide
a good reflection of the scaling behaviour of the column den-
sity structure but they show a slight decrease of the ∆-variance
slope with increasing transition number. The emission in higher
transitions becomes less space filling but the long-range cor-
relation of the structure is preserved as all dense spots are
part of larger shocks also visible in the low-J transitions.
They behave different than the density enhancements due to
gravitational collapse. Comparing Fig. 18 with Fig. 11 shows
that gravitational collapse is always confined to small scales
whereas stronger driving influences all scales.

As the influence of the driving Mach number on the den-
sity scaling is relatively small definite conclusions on the Mach
number should come from the line profiles. In optically thin
lines we recover the difference in the Mach number as the dif-
ference in the average width of the line profiles. In optically
thick lines the difference is smaller, but the increase of the line
width in the strong driven model is e.g. responsible for the
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Fig. 19. Column density map (left panel) and 13CO 2–1 and 4–3 integrated line maps for the MHD turbulence model M01 perpendicular to the
direction of the initial magnetic field (upper row) and parallel to this direction (lower row).

stronger variations of the integrated 13CO 2–1 line intensities
visible in Fig. 18.

6.2. Magnetic fields

Another effect that is especially pronounced in molecular
line maps is anisotropy introduced by the magnetic fields.
Ossenkopf & Mac Low (2002) found a clear anisotropy in the
velocity structure of sub-Alfvénic turbulence. On contrary, in
model M01, which has an rms turbulent velocity exceeding
the Alfvén velocity, Heitsch et al. (2001) and Ossenkopf et al.
(2001b) found that the magnetic field acts mainly as an addi-
tional pressure not introducing clear anisotropies in the velocity
structure.

In Fig. 19 we demonstrate maps for model M01 when
observing perpendicular and parallel to the direction of the
original magnetic field. Already eye inspection shows clear
differences between the two directions. When the line of
sight is perpendicular to the field direction, the appearance
of the maps is similar to the other large scale driven turbu-
lence models. The somewhat more filamentary structure com-
pared to the more clumpy structure in Fig. 7 is a general
feature of the grid-based simulations (Klessen et al. 2000).
The maps observed parallel to the initial magnetic field
show a more extended structure which is composed of
many warped filaments. The magnetic field tends to pro-
duce density structures with the shape of spirals. They
penetrate each other less than the normal shocks filling
almost the whole map area. This is also visible in the scaling
behaviour. Figure 20 shows the ∆-variance of the 13CO line
intensity maps and the column density maps in the two direc-
tions. We find a lack of large-scale structure in the line-of-sight

Fig. 20. ∆-variance of the column density and the integrated 13CO 2–1
and 4–3 maps for model M01 with the line of sight perpendicular or
parallel to the direction of the initial magnetic field.

direction parallel to the magnetic field that is also traced by all
molecular lines. The average ∆-variance slope in the significant
range is reduced by 0.2. At small lags both directions agree in
their scaling behaviour. Thus the removal of large-scale struc-
ture by the magnetic field found in the three-dimensional den-
sity distribution by Mac Low & Ossenkopf (2000) is confined
to two directions because the magnetic field suppresses only
perpendicular motions.

The anisotropy is hardly reflected in the line profiles. We
find no significant differences in their shape between the two
directions. The average line profiles show the same veloc-
ity dispersion. This explains why the anisotropy was not de-
tected in the investigation of the velocity scaling behaviour
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by Ossenkopf et al. (2001b). Now, we have to state that even
in case of low magnetic fields their direction introduces an
anisotropy into the global structure which is partially retained
during the turbulent evolution. From the observational con-
straint that molecular clouds show structures correlated on
large scales with ∆-variance slopes between 0.6 and 1.3 we can
only exclude strong magnetic fields parallel to the line of sight,
but cannot give any statement on the field in other directions.
Assuming that we are not located in a preferred direction with
respect to all clouds this means that either the fields are weak
or substantially entangled within the clouds.

7. Summary

7.1. The radiative transfer

The computation of molecular line maps that would be ob-
served from molecular cloud models needs a sophisticated ra-
diative transfer model which takes the radiative interaction in
the clouds into account. As the fully self-consistent integration
scheme by Juvela (1997) is computationally very demanding
and hardly suited to evaluate several hundred different cloud
models we present and apply another code based on a two-
scale approximation for the radiative interaction. The excita-
tion by radiation from the vicinity of each point is treated by an
adapted LVG approximation. Here, the strong density gradients
in turbulent shocks are taken into account, but even the “or-
dinary” LVG approximation is still quite accurate although its
underlying assumptions are no longer fulfilled. As the turbulent
medium is isotropic on large scales and the radiative excitation
integrates over all spatial directions and frequencies it is pos-
sible to treat the long-range radiative interaction by an average
line profile introduced as external field into the local LVG ap-
proximation. Combining both approximations allows to com-
pute the molecular line emission from cloud models contain-
ing 1283−2563 pixels on a small computer within a few up to
some ten minutes with an accuracy which is comparable to the
calibration uncertainties of most molecular line observations.

7.2. Properties of the molecular line emission

With this radiative transfer model we evaluate a set of turbu-
lence models to see how their properties are reflected in molec-
ular line maps. The results provide rough guidelines for the in-
terpretation of molecular line observations to deduce the true
structure of the corresponding molecular clouds taking into
account the general effect of radiative transfer.

Section 4 demonstrates that integrated molecular line inten-
sities, independent of the particular transition chosen, are never
a good measure for the column density. Both subthermal exci-
tation and optical depth effects lower the integrated line emis-
sion relative to the value obtained by LTE projection as indi-
cated by Padoan et al. (2000). Thus the deduction of column
densities applying any X factor will necessarily fail outside of
a limited density range. In lines with low critical densities and
low optical depths, like the lower 13CO or C18O transitions, a
constant X factor, which is about ten times the LTE value, is
found in a density range covering two orders of magnitude.

But this range is still limited, so that the derivation of col-
umn densities may easily fail even in this case. Insufficient
spatial resolution may also mimic a constant X factor by in-
tegrating over a range of factors given by the full distribution
of column densities in a telescope beam. Optical depth effects
compress the distribution of line intensities at large values and
subthermal excitation stretches it at small values relative to
the underlying column density distribution.

The lower transitions of CO isotopes always trace the large-
scale distribution of low-density gas. The spatial scaling be-
haviour of this translucent material is well recovered also from
optically thick 12CO lines. They fail, however, to detect any
dense cores that may have formed from gravitational collapse.
Nevertheless, it is possible to infer their existence from the
measurement of different low-J transitions due to their imprint
on the global excitation structure in the clouds. Comparing in-
tensity histograms, intensity scaling laws, and ripples in the line
profiles of two different low-J transitions observed with an ex-
cellent signal-to-noise ratio gives strong hints on the existence
of dense structures on small scales. The differences are small
for a large optical depth of the lines so that 12CO observations
are rarely useful. 13CO or even C18O observations should be
preferred. All significant deviations between the two lines in-
dicate an inhomogeneous excitation pattern in the cloud which
can be produced by gravitationally collapsed cores. We have
to mention, however, that temperature variations, not consid-
ered in our cloud models, may lead to the same inhomogeneous
excitation.

Only in high-J transition the dense cores are directly vis-
ible. Their direct detection is, however, difficult as the emis-
sion is relatively weak, spatially strongly confined, and the lo-
cation of the peak emission is not necessarily related to the
peaks observed in any lower transition. The best way to trace
the density structure is provided by dust observations, either in
continuum emission or in dust extinction (Lada et al. 1994).
Even the combination of several molecular transitions does in
general provide less information on the column density struc-
ture. The molecular line observations are essential, however,
to test any physical cloud model. Whereas numerous mod-
els fit the observed density scaling laws in molecular clouds
(e.g. Mac Low & Ossenkopf 2000; Ossenkopf et al. 2001b)
it is the information from the velocity structure that helps to
discriminate between them.

The probability distribution function of the velocity struc-
ture cannot be traced by the average line profile in any single
transition. The wings of the distribution are enhanced in lines
which are subthermally excited and suppressed in optically
thick lines. Combining observations of both types may, how-
ever, reveal the true velocity PDF. In contrast the spatial scal-
ing behaviour of the velocity structure is well traced by most
molecular lines. Radiative transfer effects may only hide the
physical dissipation limit in the measured velocity scaling.

7.3. Cloud models

The observed density scaling laws are only reproduced by hy-
drodynamic or magnetohydrodynamicmodels which are driven
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mainly on large scales, do not suffer from a long period of de-
cay of the turbulent cascade, and have no strong magnetic fields
parallel to the line of sight. The turbulence models considered
here, however, fail to provide a good match to the line pro-
files which are typically observed in cold, quiescent molecu-
lar clouds. The internal structure of the line profiles at certain
positions is too sparse in the models when compared with ob-
servations of cold clouds. But the line profiles help to constrain
the turbulent velocity dispersion and the velocity scaling. The
observed spectral index of the velocity scaling βvel of about
four is consistent with the interpretation of a molecular cloud
as shock dominated medium (Ossenkopf & Mac Low 2002).

To overcome the problems of the turbulence models con-
sidered here, new models should include some treatment for
the effective turbulence on a sub-resolution scale. Moreover,
boundary effects have to be addressed. The density in the sim-
ulations should be adjusted to give a somewhat lower total mass
compared to the values used here, as they represent at the mo-
ment only relatively dense parts of molecular clouds, not typi-
cal for the translucent medium on the scale of several parsecs.
Future models should also include a self-consistent treatment
of the energy balance in the turbulent structure. Here, a mod-
ified version of the radiative transfer code may help to take
the cooling by molecular lines into account, but this requires
a further speed up as the computation of the radiative trans-
fer still needs considerably more time than a single step in the
hydrodynamic or magnetohydrodynamic simulations. We have
just finished one step in the systematic comparison of turbu-
lence models with molecular cloud observations taking the ra-
diative transfer into account. From the comparison we are al-
ready able to constrain essential parameters of molecular cloud
turbulence. Using these results a new series of turbulence mod-
els should be set up to create finally a self-consistent physical
picture of the turbulent structure in molecular clouds.

Altogether, the systematic application of the radiative trans-
fer model for a wide range of molecular cloud simulations pro-
vides important insights into the relations between observed
molecular line data and the underlying molecular cloud struc-
tures. It shows that great care is necessary in the analysis of
molecular line observations and that it is essential to combine
observations in different tracers to draw conclusions about the
cloud structure. The comparison of different cloud models with
observational data helps to discover basic parameters of the
molecular cloud turbulence, but it shows also that we do not
yet own a self-consistent picture of the structure formation in
interstellar clouds explaining all observational facts.
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