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Abstract. We present a new method to extract the beam shape incorporated in the pixelized map of CMB experiments. This
method is based on the interplay of the amplitudes and phases of the signal and instrumental noise. By adding controlled white
noise onto the map, the phases are perturbed in such a way that the beam shape manifests itself through the mean-squared value
of the difference between original and perturbed phases. This method is useful in extracting preliminary antenna beam shape

without time-consuming spherical harmonic computations.
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1. Introduction

The future space mission pLaNCK will be able to measure, with
unprecedented angular resolution and sensitivity, the cosmic
microwave background (CMB) anisotropy and polarization at
9 frequencies in the range 30-857 GHz. The observational data
will provide a unique base for investigation of some of the
most important fundamental issues, such as the history of
the Universe and the large—scale structure formation.

The accuracy of the cosmological parameter extraction
from the pLanck data will be determined by the planned sensi-
tivity and angular resolution of the Mission and the correspond-
ing accuracy from the systematic effects. Systematic errors can
be one of the most important sources of errors for high multi-
pole range of the C; power spectrum (Mandolesi et al. 2000). It
is well known that extraction of the cosmological parameters
such as baryonic density €, cold dark matter density Qcpm,
Hubble constant Hy, and so on, needs additional information
about the statistical characteristics of the measured CMB sig-
nal from the sky. The pure CMB signal is assumed to be a real-
ization of a random Gaussian signal on the sphere with power
spectrum C;. The Gaussianity of the CMB signal means that
all its statistical properties are specified by its angular power
spectrum C;, which depend on / and not on the phases.

In the framework of the CMB observations the signal mea-
sured by different instruments at different frequencies, how-
ever, displays some peculiarities in observational as well as in

foreground manifestations. This is why a variety of the meth-
ods of the correct information extraction from the CMB data
sets are now under discussion. All these methods are some-
what complementary to each other in the future highly sensitive
CMB experiments, due to different sensitivity of the methods
to different characteristics of the signal.

From a theoretical point of view, the power spectrum of
the true CMB signal is independent of Fourier rings, meaning
that it does not depend on the azimuthal number m. For a flat
patch of the sky it corresponds to homogeneity and isotropy
of the signal, without angular dependency of the power spec-
trum C(k) on 6 = tan‘l(ky/kx), where k = (k,, k,). In reality,
the signal obtained will include not only the CMB signal it-
self, but also different kinds of foreground contaminations and
artifacts from the instruments, which can destroy the isotropy
of the power spectrum. We will focus mainly on some of the
important sources causing artificial anisotropy in the Fourier
ring from the map: (i) “non-Gaussianity” of the foregrounds in
the map; (ii) asymmetry of the beam shape, which is now the
standard part of investigation on systematic effects; (iii) cor-
relations of the instrumental (pixel) noise; (iv) low multipole
modes, e.g. I ~ 2—10 for the whole sky (k® =~ 1, where O is
the linear size of the patch of the sky), which are statistically
peculiar due to cosmic variance. Some of the above—mentioned
sources of the C; anisotropies are frequency—dependent, thus
their contributions to the maps at different frequency channels
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of the pLaNck are different. For example, apart from frequen-
cies roughly between 70 and 200 GHz where the CMB signal is
“un-contaminated”, the foregrounds such as dust, synchrotron,
and free—free emission can be described by power law T'(v) «
v~ in terms of antenna temperature (Burigana et al. 1998), and
point sources have different frequency dependencies and inten-
sities range (De Zotti et al. 1999), which definitely can man-
ifest as some sources of errors in the pixel-pixel window
function and in the corresponding correlation function of the
signals. The influence of the low multipole modes (point (iv))
on the possible anisotropies of the maps in the flat sky approx-
imation can be detected directly from the corresponding C(k)
amplitudes of the power spectrum.

This paper is mainly devoted to illustration of the idea
about manifestation and estimation of the asymmetric (el-
liptical or more irregular) beam shapes incorporated in the
pixelized data, using both analysis of the two-dimensional
spectrum and phases of the map (Naselsky et al. 2002). We
concentrate on beam asymmetry estimation using simulated
CMB map, which reflects directly the specific of the pLaNck
scanning strategy, map making and noise level.

There are some important issues related to the beam pro-
files of the antenna for the pLanck Low Frequency Instrument
(LFI) (Mandolesi et al. 1998) and High Frequency Instrument
(HFI) frequency channels (Pugetetal. 1998). For instance,
down to the level —10 dB at LFI, the antenna shapes have
approximately elliptical forms and peculiarities will only be
included at higher multipoles if the level decreases down
to —20 dB or less, according to the design of the Focal
Plane Unit (FPU). Thus, roughly speaking, decentralization
of the feed horns in the FPU produces the optical distor-
tions of the beam shapes from the circular Gaussian shapes
(Burigana et al. 1998).

Burigana et al. (2000) have suggested a new method by us-
ing planet transits to re-construct the in-flight main beam shape.
By using planet transits through Jupiter and Saturn, they show
that it is possible to estimate the main beam shape down to the
contour level of =30 dB. As shown below, the method we pro-
pose can be a supplementary one which is able to detect the
asymmetry and possible degradation effects of the main beam
shape during the flight from different patches of observations.

Beam shape influence on the accuracy of the CMB
anisotropy C; extraction from the observational data is related
to the scanning strategy and pixelization of the maps from the
time-ordered data (TOD) (Wu et al. 2001a). During scanning
of the CMB sky the antenna beam moves across the sky, mean-
ing that antenna beam is a function of time. After pixelization
of the TOD the position of each pixel in the CMB map is re-
lated directly with some points in the time stream for which we
need to obtain the information of the orientation of the beam
and location of the beam center relative to each pixel.

In principle, given the scanning strategy (see Burigana et al.
2000 for details) and the beam shapes for each frequency chan-
nel, we would be able to model the geometrical properties of
the pixel beam shapes and their manifestation in the pixel-pixel
window functions incorporated in the CMB power spectrum C;.
However, the computational cost would increase dramatically
due to the complicated character of the pixel-pixel beam
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matrix. Moreover, the scanning strategy and the instrumental
noise (Maino et al. 1999) combined with the systematic effects
could transform the actual beam shape during the time of ob-
servation. We then should find some peculiarities of the com-
plicated beam shape influence on the CMB signal.

If the response of an antenna on the measured signal is
linear and the CMB signal and the instrumental noise are
Gaussian and un-correlated, then the information about the
beam anisotropy obtained by both methods (power spectrum
analysis and phase analysis) is the same. However in the gen-
eral case the sets of encoded information obtained by both
methods are different. Thus using both methods is desirable.

The plan of this paper is as follows. In Sect. 2 we give
some definitions of CMB signals and discuss the basic model
of the pLaNck sky map. In Sect. 3 we introduce a general power
spectrum and phase analysis of CMB signal and the concept
of beam—shape extraction. In Sect. 4 we describe the main idea
and its analytical approach. The numerical results are presented
in Sect. 5 and the conclusion in Sect. 6.

2. Model of the PLANCK sky map

Let us introduce the standard model of CMB experiment where
TOD contain the information about the signal (and noise) from
a large numbers of the circular scans. We suppose for simplic-
ity that all systematic errors are removed after a preliminary
“cleaning” of the scans. In the temporal domain the observed
signal m; is the combination of the CMB + foreground signal d;
and random instrumental noise 7,

my = d[ + ny, (1)
where
o
di=>" 3" BuninYim(x), @)
=0 m=—I

with By, being the multipole expansion of the time—stream
beam By(x,). In Eq. (2) a;, is the corresponding multipole coef-
ficient of the CMB + foreground signal expansion on the sphere
and Y}, is the spherical harmonics.

Following Tegmark (1996) we will assume that map-—
making algorithm is linear. The signal in each pixel s, is then

N
di= ) Mipsp, (3)
p=0

where M, is the corresponding pointing matrix and s, rep-
resents the CMB plus foregrounds signals from the sky con-
volved by the pixel beam B, j,,

oo ]
Sp = Z Z Bp,lmalelm(xp) + Np- 4)

=0 m=-1

Nj is the instrumental noise in each pixel:

i
m=—1[

m=

Nlelm(xp)v (5)
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and N, is the coefficient of the pixel noise expansion. x;, is
a two—dimensional vector with the components (xp, y,) to de-
note the location on the surface of the sphere. The pointing
matrix M, depends on the scanning strategy of the observa-
tion. Below, as the current baseline model, we will use the
model of the pLANCK mission scanning strategy discussed by
Burigana et al. (1998) with stable orientation of the spin axis in
the Ecliptic plane and without precession of the spin axis. Any
precession of the spin axis will cause additional (regular) spin—
axis modulation.

Wu et al. (2001) consider all different rotating beam models
in CMB experiments in their paper, in subsequent discussions,
however, we will use for PLANCK mission a stable-orientationed
beam model during sky crossing for the spin and optical axes,
i.e., during the rotation of the optical axis around the spin axis
of the satellite, the orientation of the beam is stable with respect
to the optical axis. In addition we will also assume that instru-
mental noise is un-correlated for a single time—ordered scan,
and between scans as well. Definitely this model of instrumen-
tal noise is primitive and needs modifications and more detailed
investigation, but it nevertheless reflects, as shown in the next
section, the geometrical properties of asymmetry of the beam
and their manifestation in the pixelized maps by a given scan-
ning strategy. Under the assumptions mentioned above we will
use the elliptical beam shape model of Burigana et al. (2000).
For a small part of the flat sky approximation, we will use the
Cartesian coordinate system with the x axis parallel to the scan-
ning direction and y axis perpendicular to it. We denote by x;
and y, the position of the center of the beam at the moment “t”.
Then the beam shape can be written as

B(x — x;) = exp [—%(RU)TD"(RU) , (6)
with

X=X
o33

where R is the rotation matrix which describes the orientation
of the elliptical beam,

(®)

_ cosa sina
"\ —sina cosa

with a the angle between x axis and the principal axis of the
ellipse. The D-matrix denotes the beam dispersion along the el-
lipse principal axis, expressed as

2
b= (OE; ” ) 2
As mentioned by Wu et al. (2001), the signal in the time stream
is not the pixel temperature in s, itself. The observed signal
in each pixel “p” depends on the orientation of the pixel beam
By(x) and the location of its center. For a non-symmetric spa-
tially dependent beam, the convolution of the signal with asym-
metric beam immediately produces asymmetry coupled with
the underlying signal, which affects the estimation of angular
power spectrum. For beam shape above —20 dB level, where
the beam shape is elliptical, we will use the flat sky approxi-
mation in order to demonstrate how we can estimate the beam
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shape in the phases diagram. In such an approximation we can
describe the signal and instrumental noise on some small area
of the sky using FFT method instead of time consuming spheri-
cal harmonic expansion. In addition we will use the stable pix-
elized beam orientation model for a small area of the sky to
reflect the scanning strategy of the observation.

3. Power and phase analysis of the CMB + noise
signal

Under the assumption of complete sky coverage, the spher-
ical harmonics Y;,,(6p, ¢p) can be expressed as a product of
the Legendre polynomials P}" and the signal can be written as
(Burigana et al. 1998)

Im1x
s(6p, ¢p) = Z \/ Pl ?(cos Bp)Re(cro + Nip)
A+T
+2Z Z 4—P1 (cosby)

m=1 [=Max{2,m}
X[Re(cyn + Nyy) cos(mey)

—Im(cjm + Nip) sin(mgy)], (10)
where
Cim = A Bp jms (1D
and
py(cosb,) = El ;' P}'(cos 6,). (12)

We assume for simplicity the coBe-like cubic pixelization,
which satisfies the following symmetry properties: if 6 € 6,,
then —6 € 6, also, and if ¢ € ¢, then ¢ + 7 € ¢p,.

Using Eq. (10) we can introduce the phases ¥}, of the sig-
nal on the map, by

IIn(Clm + Nlm)

tan¥,, =
" Re(clm + Nlm)
|clm| sin \IJ + |Nlm| sin \anbe (]3)
|cim| cos ‘I’;f + |Nju| cos ‘I’Zs“e
where ‘I’Zi"g = tan~'[Im(c;,,)/Re(c;,)] is the phase of the sig-

nal from the sky and ‘I’Zsis"‘ = tan~' [Im(N},)/Re(N,)] is the
phase of the noise. Provided that CMB anisotropy is a ran-
dom Gaussian field, the a;, of Eq. (2) coefficient is a random
variable with zero mean ({a;,,) = 0) and variance {a;,ar) =
011 Ommy C1 Where 6y, is the standard Kronecker symbol and C;
the power spectrum. Actually, the realization of the random
CMB signal on the sphere is unique, which means that in
a AT (6, ¢) distribution on the sky we have a single realization
of the phases only.
We denote the combined signal by S,

Sim = Cim + Nip, (14)

and the power spectrum of this unique realization by [S ;,,|*. Our
task is to extract the information about the beam shape either
using ¥, |S |? or their combination.
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The manifestation of the beam shape asymmetry in the
IS ;m|* can be demonstrated in the following way. Let us con-
sider the following function

(INl?)
|Slm|2

Qualitatively the properties of the function A2(Im) are the fol-
lowing. For small / the CMB signals surpass the noise and
the value of |S,|* is determined by the CMB signal, so for
this region (A2(Im)) < 1. For larger L, |S,,|* becomes smaller.
Because of the cosmic variance (fluctuations of |S ;,,|* as a spec-
trum of the realization of a random process), some |S ;,|> can
become close to zero, |S;,/*> < € where € is a constant and
€ < 1. This means that Ag(lm) at these points on the (I, m)-
plane has maxima

A2(Im) =

15)

A2(Im) > é (16)
The number density of these maxima increases at larger /. For [
of the order lpeam ~ @gelam > 1, where Opeamn ~ FWHM of
the antenna beam, the antenna affects the spectrum. If the an-
tenna is asymmetric, this influence is also asymmetric. Thus we
have the asymmetric distribution of maxima in this region of
the spectral plane. For very large I’s, where the noise N;,, dom-
inates the number density of maxima, Eq. (16) is determined
by the noise, and does not depend on the beam and is there-
fore isotropic. The effects are demonstrated in Fig. 1, which is
a result of a numerical experiment. In order to show the beam
effect from A(ky, k,), we add on the symmetric part. There are
25 contour levels between Ag(ky,k,) = 0 and 5 X 1073. The
coordinates represent the flat sky approximation of the general
case at the limit [, m > 1 (described in Sect. 5).

Interval of modes that are sensitive to the beam asymmetry
starts from / ~ lpeam and goes to infinity in ideal conditions (no
pixel noise, (N?) = 0). For the real situation the limit of this
interval is finite and determined by the pixel noise, |y Byl ~
|N lm|2'

To extract the information about the beam shape from Fig. 1
one needs, for example, to draw the averaged iso-density of
the distribution of maxima of Ag satisfied to Eq. (16). One
of the possible methods of drawing this is described in the next
section.

4. Phase analysis and controlled noise as a probe
of the antenna beam shape

In this section we will show how to estimate the antenna beam
shape using the information contained in the phase distribu-
tion of the signal in the map, using a single realization of the
phases of all (/m) modes. After the description of this phase
method it will be clear that, in the simple case of linear re-
sponse of the antenna, Gaussian CMB signal and noise, the
phase method is equivalent to the power spectrum method
described above. However, as we mentioned in the introduc-
tion, in the general case these methods give different sets of
information.

For the phase analysis we will “perturb” the phases by
adding controlled white noise into the map. We consider an
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Fig. 1. Shade-filled contour map of Ay(k,, k,) = {INx[>)/?/IS | (in log-
arithmic scale). The x and y axis are k, and k, axis, respectively. The
detail of the simulation is described in Sect. 5. For presentation reason
(to show the relevant part of the Fourier ring of Ay(k,, k,)), we take
25 contour levels between 0 and 5 x 1073,

ensemble M (M > 1), where each element of the ensemble
consists of the same realization of the CMB signal and pixel
noise plus a random realization of a controlled white noise W,
with the variance O'%V = const. and random phases for each (Im)

mode,

s;V =s5p + W, a7

We calculate the ensemble average of the squared difference
between phases ‘P;‘r”n of the noise-added realization and the ini-
tial one, ¥},,:

A2(Im) = ((¥L — 1) - (18)

The function A%*(Im) from Eq. (18) is considered separately
for different values of the variance of the controlled noise 0'%4,
in the range from O'%V < 0'12\,, up to the level of pixel noise
o3, =~ o3. We will show that the function A?(Im) reflects all
asymmetric peculiarities of the initial signal s,. The results of
such kind of phase analysis are tested numerically and are pre-
sented in the next section. Here we describe the analytical ap-
proach to the analysis of the phase mixing effect to demonstrate
how to re-construct the antenna beam shape from the phase dis-
tributions on (/, m)-plane.

For the 5}V signal the definition of the combined phases ')/
for each (Im) mode is similar to Eq. (13):

1S il $i0 Wiy + |Wi| sin @)

tan‘}’% = W
IS im| cos Wi + [Wi| cos @

19)

where S, is the multipole expansion of the combined sig-
nal(CMB ® BEAM + PIXEL NOISE) at the mode (Im),
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0
—180 0 180

Fig.2. The shade-filled map of the integral, Eq. (20), as a func-
tion of two variables: phase ¥, along the horizontal axis and p =
IS 1!/ V{|W;|?) along the vertical axis. The intensity of the gray color
corresponds to 20 gray layers from O to 7.

Y:m the corresponding phase, W, the controlled noise expan-
sion, and CDIVI:/1 its phase. The analytical expression for the func-
tion A?(Im) can be written in the following way

5 1 271'—‘}‘,,,, 5
A“(lm) = 7 @-de
mJ

Wi

xde?'? & ﬁ cosp|1 +CI)('OCOS¢)]}, (20)
{ 2 P V2
where
S m

p= #’ Q1)

VWil
and

2 (.
O(x) = A dr. (22)
0

The integral in Eq. (20) has been tabulated as a function of
two variables ¥}, and p and the result is presented in Fig. 2.
We will use this tabulation for the numerical experiment in the
next section. In this section we will obtain simple analytical
asymptotics of Eq. (18).

From Eq. (20) one can find the difference

Winl o W _
A sm((Dlm Y

| Wyl cos @V
(1 ! n ) cos ¥,

IS 1] €08 ¥

tan ‘P% —tan¥y, =

(23)

Let us determine the mean—squared value A2 (Im) of the dif-

ference between tan ‘I—’% and tan ¥}, using Eq. (23)

1 27
A2l = 5 f do) (tan ¥} — tan¥,,)’ . (24)
0

One finds that Atzan(lm) ~ A*(Im)/ cos* ¥, if A%(Im) < 1 and

after integration we obtain
2 2
20, (1 +ay,) .
(1 —a? )3cos2 ¥,

Im

2

2
_ alm(3 B alm

AL (Im) =
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where a;, = (1 - 4/1 —,312,”) /Bim, and
V<|Wlm|2> 1
m = \Pm S ~° 26
Bl |Slm| s 2 ( )

In the asymptotic |B;,| < 1 we have @, = 38» < 1 and from
Egs. (24) and (25) we get

(Wil
218 pml?

3 3(Wil)
48 jul* cos ¥y,

A*(Im) ~ cos 2% | - 27)
For our approximation we can neglect the second term in the

brackets of Eq. (27) and

(Wil

A2(Im) ~ .
U~ S P

(28)

Properties of (|W,,,|>) are the same for any values of / (and
m). Properties of 1/2|S,,|> were discussed in the previous sec-
tion when we discussed A2(Im). It is obvious that qualitatively
the behaviors of the function A?(Im) are the same as Ag(lm). But
there is one principal difference between the qualitative and the
full correct description of the asymptotic |5 ,/> — 0. Namely,
if |S;,> = 0 then (W;,[>)/ISi|*> > 1, and the asymptotic
Eq. (27) is not valid. Under the condition |W,[> > |S,.*> we
have ¥}/ ~ ®" and from Egs. (18) and (19) we reach

4 2
AX(Im) ~ % W+ P2 (29)
In fact the controlled white noise is some kind of averaging
factor in our phase analysis. An analogous method may be used
for the power spectrum analysis of the beam asymmetry.

5. The flat sky approximation and numerical
results

The general properties of |S,|> allow us to introduce more con-
venient and faster flat sky analysis, which is specifically useful
for the antenna beam shape estimation. This model reflects the
scanning strategy at present specified for the PLANCK mission,
when, for a small part of the sky far from the North and South
poles, the model of the stable and fixed beam orientation is
adequate, without rotation and multi-crossing scans. The im-
plementation of FFT significantly decreases the computational
cost, which is a major issue for the time consuming spherical
harmonic analysis.

Using definitions of the signals and noises from the previ-
ous section, we define S, (k) to be the Fourier component of
the signal from the sky measured by antenna and N(k) that
of the noise, which does not depend on the beam properties.
The Fourier modulus and phases of the combined signal are
defined as follows,

S (k) = Ssy(k) + N(k) = +/C(k) exp[i®(k)].

The function C(k) is the power spectrum of the combined
signal (observational data and noise) and ®(k) describes the
phases. Sy (k) represents the CMB signal convolved with the
beam. If the signal from the sky does not contain non-Gaussian
foreground components (or its manifestation is suppressed at

(30)
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the “cosmologically clean” channels from 70 to 217 GHz,
Mandolesi et al. 2000) and if the noise N(k) is un-correlated
white noise, the distribution of the phases ®(k) for differ-
ent k must be random and uniform. If there are some contam-
inations from the foregrounds and(or) pixel noise is of non-
Gaussian nature, the phase distribution over the k range can be
weakly correlated, and can be tested by phase diagram method
(Coles & Chiang 2000). Such kind of uncertainties of the sta-
tistical properties of the signal C(k) are important for separa-
tion of the pure CMB signal and noise for complicated charac-
ters of the beam shape.

We start out with a squared Gaussian random map with
the power spectrum from the angular power spectrum of the
ACDM model from Lee et al. (2001). It is confirmed that
CMB signal from MAXIMA-1 data of angular scales be-
tween 10 arcmin and 5 degrees is consistent with Gaussianity
(Wu et al. 2001b). The map simulates a 25.6°xX25.6° square re-
alization of Gaussian CMB temperature fluctuations with pixel
size 3 arcmin and periodic boundary conditions (PBC) (see
Bond & Efstathiou 1987 and remarks in Sect. 6). We then add
pixel noise, g poise ~ 6 X 107 (in AT/T), after convolving
the map with an elliptical beam with long-axis and short-axis
FWHM 12 and 9 arcmin, respectively. The pixel noise level we
adopt for simulation is based on the whole HFI feed array sen-
sitivity. Note that we assume the orientation of the scanning
beam is parallel. Rotation of the beam due to possible preces-
sion should be negligible as we simulate a small patch of the
CMB sky. We will consider a more complicated situation such
as the rotation effect and pointing in another paper. After gen-
eration of the map, which models the HFI 100 GHz frequency
channel, we sum M = 10 realizations of the controlled noise
with variance W? close to the pixel noise variance (Eq. (17) and
W? ~ (N?*(k))) and calculate the mean squared difference be-
tween phase of the signal and that of the signal plus controlled
noise in the flat sky approximation:

830k) = ([0 = WG Y 31

Analogously we can calculate As(k) for the flat approximation.
In Fig. 1 we display the function As(k). It is rather difficult,
however, to draw the averaged contour lines for A(k) directly
from this map. It is easier to do this for the map of the A(k)
function. Figure 3 displays the A(k) function in gray scale. The
values of A(k) ranging from 0° to 120° are mapped into gray
scale from 0 (black) to unity (white). For presentation effect, we
add the symmetric part (Fourier ring) in the Fourier domain. It
is clear from the phase map of Fig. 3 that in the center for large-
scale modes (small k), the values of A(k) are approaching zero,
shown by black color. This is due to the fact that the phases
of large—scale modes (the inner rings) are not “perturbed” by
added noise. On small-scale modes (the outer rings), where the
phases are dominated by pixel noise, the added controlled noise
randomizes the resulting phases when the controlled noise level
is chosen the same as that of pixel noise.

In the intermediate regime, the beam shape manifests it-
self through the A(k) function. The fuzzy regions in the
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Fig. 3. The phase map for the A(k) function in gray scale. The x and
y axis are k, and k, axis, respectively. The phases are mapped from
black (A(k) = 0°) to white (A(k) = 120°). For presentation reason, we
show the symmetric part (Fourier ring) in the Fourier domain. The size
of the phase map is taken from —k to k (|k| = 128), where 2n]k|™' ~
12 arcmin.

-50 0 50

Fig.4. The contour map of Agnoon(k) for k&, = 7 for the simulation
of the HFI 100 GHz channel. The contour level is in unit of degree.
The size of the phase map is ranged from —k to k(|k|] = 128), where
2nlk|™" ~ 12 arcmin.

intermediate regime reflect the anisotropy of the beam shape.
By taking average as

1 ’
Asmooth (k) = k17 kz:S ACK'),
'e

(32)

where S = {k": {lky — K} < ks, lky — k| < ks}}, we can find
the mean shape of the beam. Figure 4 shows the contour map
of the Agmoom (k) function by ks = 7. From the contour map, the
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Fig.5. The contour map of Agnoon(k) for k&, = 7 for simulation of
the HFI 545 GHz channel. The contour level is in unit of degree. The
size of the phase map is ranged from —k to k (|k| = 128), where
27xlk|™! ~ 6 arcmin.

elliptic shape is estimated roughly to have the same ratio of the
simulated beam shape, i.e., 4/3.

We also carry out simulations of a 12.8° x 12.8° square of
Gaussian CMB temperature fluctuations with pixel size 1.5 ar-
cmin for HFI 545 GHz channel, which is added with dust
emission and a few compact sources. The power spectrum of
the dust emission is assumed proportional to {3 with ogus =
1.22 x 1072 (in AT/T). The amplitude of the point sources are
assumed 3 ~ S0y, Where oy is the rms of the signal from
CMB plus dust emission. This realization is convolved with el-
liptical beam size of FWHM 5 and 6.5 arcmin, respectively, be-
fore adding pixel noise with o5 = 4.89%x 107 (also in AT /T)
(Vielva et al. 2001). The contour map is shown in Fig. 5.

An important issue is related to the asymmetric beam ex-
traction from a real map, covering a small patch of the sky.
Previously we used periodic boundary condition (PBC) for
modeling the CMB signal (Bond & Efstathiou 1987). In real-
ity, for some square ® X ® patch of the whole sky map, the PBC
is artificial and one can ask: how sensitive this controlled noise
method is to the deviation of the artificial phases of the signal
from the true distribution? To answer this question we show in
Fig. 6 the result of a numerical experiment for a map which was
constructed in the following way: we generate, as described
earlier, the PBC map with the size ©, X ®,, ®, = 25.6°, and
extracted from this map the inner part @,, x @, with the size
O, = 12.8°. We then apply the controlled noise method for
the non-PBC map and compare our results of the beam extrac-
tion with the PBC case. Figure 6 shows the colored map of this
A function. In order to compare with the PBC case, only half
of k-range of interest is extracted from non-PBC case, as the
beam size relative to the map is now twice of the PBC case.
The peculiarity of the red crossing is induced by the non-PBC.
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Fig. 6. The phase map of A function in gray scale for non-PBC map,
which is extracted from the central part of the previous 25.6° x 25.6°
PBC simulated map. The x and y axis are k, and k, axis, respectively.
To compare with Fig. 3, we only show half of the k-range of Fig. 3,
i.e., from —k to k (|k| = 64), where 2n|k|™' ~ 12 arcmin.

The difference between these two models is less then 5%. This
implies that we can apply our method for small real patch of
the sky directly.

6. Conclusion

In this paper we propose the method of power and phase
analysis to demonstrate the manifestation of the anisotropy of
the antenna beam shape incorporated in the pixelized CMB
anisotropy data, and how to estimate the shape of the beam.
Although the example we present here is only on HFI 100 GHz
and 545 channel, this method can be applied to all PLANCK chan-
nels with the predicted Gaussian noise levels. In fact it is not
necessary to cover the whole sky for the beam estimation if it
is the asymmetry and degradation of the beam shape we want
to estimate during the flight for different time-ordered set of
observations.

This method makes use of the interaction between the pixel
noise and the convolved signal, the latter of which can include
any Gaussian foregrounds. If, however, the foreground signal
is strong such as the dust emission in most of the HFI chan-
nels, but non-Gaussian, and influences in the harmonic domain
the thin range around |a;, B> = N7, (which means the non-
Gaussianity of the foregrounds penetrates to very high multiple
modes), then the accuracy of the estimation by our method will
be limited. For point source contamination, the effect on the
Fourier domain is the manifestation of the beam shape itself
which enhances our method on the estimations, as shown in
Fig. 5.

It is worth noting that the numerical realization of the phase
diagram method described above is based on the flat sky ap-
proximation and illustrates the general properties of the CMB
signal extraction from the pixelized sky map at the high mul-
tipole limit / > 1. In such a case, the Fourier analysis reflects
directly the general properties of the phases of the signals on
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the sphere, for which the general (whole sky) limit must be de-
fined using spherical harmonic analysis. But there are a few
balloon experiments (BOOMERANG, MAXIMA, TOPHAT) Which cover
relatively small areas of the sky in comparison with pLaNck and
the recently launched mMap missions. Moreover, for the beam
shape extraction from map and PLANCK missions it will be con-
venient to extract preliminary information about the antenna
beam shape without time consuming spherical harmonic com-
putations. In connection with the pLANCK mission this approach
looks promising due to otherwise high computational cost in
the framework of the C; extraction program.

As it is shown, the functions Af(k) and A%(k) reflect the
general properties of the power spectrum C(k) measured from
the small patch of the sky.

At the end of this discussion we would like to give the
following remark. For estimation of the asymmetry of the an-
tenna beam shape using the controlled noise method, we need
to know the limit of the beam contour-level (in dB), for
which we can extract the peculiarities of the beam. According
to general prediction of the beam shape properties for the
PLANCK mission it is realistic to assume that the ellipticity of
the beam preserves down to the contour-level v =~ —10 dB
(Burigana et al. 2000). To estimate the boundary of our method
on ellipticity we can use B(k)’C(k) = o-é and B(k) ~
exp [—ki /Qa?) - k; / (20'%)]. C(k) is the theoretical angular
power spectrum and is taken from the best fit ACDM cosmo-
logical model from the MAXIMA-1 data (Lee et al. 2001) and
o-i is the pixel noise. Because of logarithmic dependence of
the beam shape parameters on the C(k) and O'ZN,

K2k k
—Z+—Z:ln[i2)}, (33)
oy o< oN

we can find the ratio 0 /o2 with 3-5% accuracy at the contour
level v =~ —6 dB. This lowest contour level is calculated based
on the whole HFI feed array sensitivity. For separate feed horn
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where the noise level is larger by a factor of 2, the lowest con-
tour level is different by 0.7 dB due to the logarithmic depen-
dence. This method is most applicable to the patch of sky at
low declination where the assumption of stable orientation of
the antenna beam is satisfied. Beam rotation due to possible
precession of the spin axis is negligible, which is therefore not
taken into account in our simulation. As we emphasize more
general cases will be investigated in a separate paper.
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