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Abstract. A new one-dimensional rotating stellar evolution model was developed which, distinct from its previous counterparts
based on a conservative rotation case or a “shellular rotation” case, made no special assumptions on the distribution of angular
velocity inside a rotating star. The results of the evolutionary calculations are presented and compared with the results of

previous studies.
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1. Introduction

The study of rotating stars has attracted much attention during
the last decades as a consequence of the observational findings
such as the He- enrichments in the fast rotators among O-stars
(Herrero et al. 1992), the N/C and '3 C/'2C enrichments on
the Red Giant Branch (see e.g. Charbonnel 1994, 1995), the
He- and N-enrichments in OBA supergiants and in SN 1987A
(Walborn 1976; Fransson et al. 1989; Venn 1995A,b; Venn
et al. 1996) and the problem of the blue to red supergiants ratio
in galaxies (Langer & Maeder 1995) etc.

In a rotating star, the centrifugal forces reduce the effec-
tive gravity according to the latitude and introduce deviations
from sphericity. Thus, the structure equations of a rotating
star should be two dimensional. The original method devised
by Kippenhahn, Meyer-Hofmeister & Thomas (1970) (subse-
quently referred to as KMT) and applied in most subsequent
works (Meyer-Hofmeister 1972; Endal & Sofia 1976 (here-
after ES), 1978; Pinsonneault et al. 1989, 1990; Chaboyer et al.
1995a,b; Sills et al. 2000; Heger et al. 2000) to keep the prob-
lem one dimensional is based on a so-called conservative rota-
tion case, i.e., the angular velocity is constant on cylinders. In
such a rotation case, the total potential is conservative and the
structural variables P, T, p, ... are constant on a equipotential
surface. Meynet & Maeder (1997) (subsequently referred to as
MM) argue that not a conservative rotation case but a “shel-
lular rotation” case, i.e., the angular velocity is constant on an
isobar (an isobar is a constant pressure surface) is the real ro-
tation case in an evolved star. In a “shellular rotation” case,
they find a
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where @ = j—‘;j’, instead of p, is constant on an isobar and it can

denote the property of p on the whole isobar. Furthermore, the
temperature T and the chemical composition u are supposed to
be constant on an isobar. Thus, if the structural equations are
written on isobars, the problem can be kept one dimensional.
The distribution of angular velocity inside a real star is
still a mystery, therefore, it is important to develop an one di-
mensional method which is not based on any special assump-
tions on the distribution of angular velocity. I propose a method
based on Meynet & Maeder (1997) to deal with this problem.
The new structural model is introduced in Sect. 2, and the
results of evolution calculations are presented in Sect. 3.

2. A new rotating stellar evolution model

In a Roche model, a constant total potential surface is given by
the equation:

1
¥Y=0q+ za)zr2 sin® § = constant 2)

where ® = -V, and V is the gravitational potential, r is the
radius, w the angular velocity and 6 the colatitude.

The constant Wp surfaces, the constant w surfaces, the con-
stant p surfaces, the constant 7' surfaces, and the isobars do
not correspond to each other if no special assumption about the
distribution of angular velocity is made. However, some param-
eters fy, f,, fa and fr can always be found to make fp'¥, f,w,
fap and frT constant on an isobar, furthermore, if pp and Tp de-
note the value of density and temperature of a point P (rp 6p) on
an isobar, (fq) pp and (fr) Tp denote the properties of density
and temperature on the whole isobar, different values of (f3)
and (fr) will be given for different points P. Thus, the prob-
lem can be kept one dimensional, if the structural equations are
written on isobars.

The four parameters fy, f,, fq and fr, indicating the rela-
tionship between the constant Wp, w, p, T surfaces and the iso-
bars, accordingly, are not independent of one another. Once f,,,
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Fig. 1. The isobaric surface.

the distribution of angular velocity, is decided, the other three
parameters are decided, too. Consequently, there is only one
independent parameter need to be determined by advanced the-
ories or by comparing the results of evolution model with the
observational data. The relationships of fy and fy with f,, will
be shown in the Appendix and how these parameters are de-
cided in the “shellular rotation” case will be shown in Sect. 3.

An isobar in a rotating star is assumed to be an ellipsoid of
resolution with the major axis a and the minor axis b, and the
volume inside an isobar is given by

VP = ?azb.

For every isobar, an assumed equivalent sphere with the
radius rp can be defined by:

1
3Vp)\3
rp=1-— -
P 4r
The structural equations are written at the point P (rp 8p) where
an isobar intersects its equivalent sphere (see Fig. 1).

3)

“)

2.1. The equations for the stellar interior

(1) Conservation of mass
As from Eq. (4), the mass between the two isobaric surfaces
is given by

dMp = (fa) ppdV}, = dnrp (fa) pedrp
which gives the equation of conservation of mass as

drp _ 1
dMe ~ 4zr% (fa) pr

)

(6)

(2) The hydrostatic equilibrium
The hydrostatic equilibrium implies that

VP = —(f2) priat )
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where goft is the effective gravitational acceleration. In the
spherical coordinates, its components are given by

®)
(C))

Jefir = —gr + Gy Sin Gp
geff,o = @n COS Op

where @, is the centrifugal acceleration, g, the gravitational
acceleration. The values of @, and g, are given by

an = W’ rp sin Op (10)
GMp
g = 2 (1)
p
The radial component of the vectorial Eq. (7) is
dp
To =~ {Jadpegen cos 12)
rp
where
2,2 2
cosq = I e ~ (13)
2g:Gefr

From Egs. (11), (12) and (6), the equation of hydrostatic
equilibrium is obtained as

dpP GMp

- _ 14
dMp 47rr§fp 19
where

1gi+g0—an _ 1
fo=sm—3—=50+8 (15)
and

2 _ g2
g=dor (16)

gs

(3) Conservation of the energy
The net energy outflow from a shell between the two iso-
baric surfaces P and P + dP is equal to

de = Sde (17)

where ¢ is the rate of energy production in the shell. Writing
€ in its nuclear, internal and neutrino components, one obtains
the equation for conservation of the energy as

dLp

My (18)

=&n+ & — &,

(4) Energy transport in the region of radiative equilibrium
The temperature gradient in the region of radiative equilib-

rium is defined as

dinT PdT
R = - . (19)
dlnP/), TdP
Using (12) and (19), one obtains
dT T
_ _P1Geft Ve (20)

dn P
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where n is the unit normal of the isobar at point P. The radiative
energy flux at the point P on the isobaric surface is given by

4acT? dT
AF = -~ S Q1)
3kp dn
Hence, one obtains the luminosity as
4acT?dT
Lp = -Sp — (22)
3kp dn

where Sp is the area of the isobaric surface. Comparing (22)
with (20), one obtains

3KLPP 3KLPP

Vi = - 23
R 4acT*S pgerr 16ﬂac((fT)Tp)4GMpr (23)
where
47r?
fo= Tt (24)
geff SP

Using (14) and (19), one obtains the equation of energy trans-
port in the region of radiative equilibrium as

d{(fr)Te) _ GMe({fr) Te)fp
dMp 4rr*p

Vk. (25)

(5) Energy transport in the convective region
The equation of energy transported in the convective region
of stellar interior can be written as

dfTe) _ GMp() Tefo g

dMp dnrtP u (26)
where
oP
Vyg=—r . 27
d Cp({fr) Tp)pp @7

2.2. Calculation of the quantities fp and fg

In the practical calculations, the non-spherical stratification of
rotating stars can be replaced by the spherical stratification
of equivalent sphere. Thus, the calculations of the structure
Egs. (6), (14), (18), (25) and (26) are based on the equivalent
sphere. However, the two factors fp and fr, defined by (15)
and (24), which are related to the characteristic of rotation,
should be calculated on the isobar.

When the radius of the equivalent sphere rp and the angular
velocity w are given,the volume Vp inside the isobaric surface
can be written from (4) as

4r 4

VP = ?I"P. (28)
From Eq. (2), one obtains

GM 1 GM
fwa 7" + 5<fmw>2a2] = f%( > ") (29)

Jwa can be supposed to be 1.
Then, the major and minor axis of the isobar can be
obtained as

(30)

967
b=ry(f =)} (31)
Jwb

= — (32)
f f‘i’a
where

2.3
1 wr,

i . 33
=55 M, (33)
Using the value b and the relation

GM, 1 GM,
fo T" + 5 fuw)*ry sin® ep} = fup (TP) (34)

the value of the colatitude 6, can be obtained.

The factor f,, can be calculated by using (15) when the
values of w, r, and 6, are known.

The factor fr can be calculated by using (24) when the
surface area S'p of the isobar is given by

4
S, = ?”(2612 +b?), (39)

3. Evolutionary calculations

The calculation of the case without rotation is performed by
using a modified version of the stellar structure and evolution
program developed by Kippenhahn et al. (1967). This version
has included the recent opacities (cf. Iglesias & Rogers 1996,
complemented at lower temperature with the low-temperature
rosseland opacities by Alexander & Ferguson 1994) and energy
generating rates (cf. Maeder 1983; Maeder & Meynet 1987,
1989). The case with rotation is calculated using the rotat-
ing evolution code which is modified from the previous non-
rotating program, and have included the equations represented
in Sect. 2.

To compare the new results with previous ones, the “shel-
lular rotation” case (compared with MM) has been calculated.

MM assumed that the angular velocity w, the pressure P
and the temperature 7 and a p are constant on isobars.
Therefore, in the new method,

f=lo={n=1 (36)
p(1 -2 sin® bwa) (g~
(fa)y = ( )2< > (37
op({g~1) - <g“r2 sin 6> wa)
where a = ‘;—“w’-

The comparison can only be made on the ZAMS because
in the new method, the mixing of chemical species and angular
momentum by circulation currents and turbulence has not been
included while it has been considered in MM’s method, and
solid body rotation is assumed on the ZAMS, therefore:

d
= _(l.) = 1

dys
(o =1

Some characteristics of the models being calculated (X = 0.7,
Z =0.02.) are given in Table 1 as a function of the initial mass
and angular velocity, and Fig. 2 presents the ZAMS obtained
in the theoretical HR diagram. These results do not differ from
MM’s very much.

a

(38)

(39)
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Fig. 2. Upper ZAMS in the theoretical HR diagram for different rotation rates.
Table 1. Effect of rotation on the ZAMS.
Initial wo Wo/ Werit Veq logL/Ly, logTes 2:7(:’; % Ey
mass [1074s7!'T  [kms™'] [10%7 erg]
9 M, Werit = 0.1581 x 1073 [s7!]
9 M, 0.00 0.00 0.000 3.595 4376  1.0000  1.000 0.7743
9 M, 0.84 53.13% 227.6 3.585 4367 09626 1.029 0.7563
9 M, 1.54 97.41% 529.2 3.561 4330 0.7978  1.189 0.7154
20 M, Werit = 0.1194 x 1073 [s71]
20M,  0.00 0.00 0.000 4.628 4.538  1.0000  1.000 3.763
20M, 0.64 53.60% 270.9 4.618 4529 09628  1.029 3.673
20 M, 1.54 97.57% 629.3 4.594 4490  0.7977  1.196 3.476
40 M, Werit = 0.8920 X 107 [s7']
40 M,  0.00 0.00 0.000 5.354 4.635  1.0000 1.000 10.01
40 M, 0495 55.49% 309.9 5.345 4.625 0.9639  1.032 9.814
40 M, 0.88 98.65% 722.6 5.326 4582  0.7974  1.232 9.382
60 M, Werir = 0.7050 X 107 [s71]
60 M,  0.00 0.00 0.000 5.713 4.671 1.0000  1.000 15.25
60 M, 0.413 58.58% 331.4 5.705 4.661 09647 1.038 14.99
60 M, 0.701 99.43% 765.7 5.691 4611 0.7981  1.285 14.50
* Symbols: wy and w.; denote the initial angular velocity and the breaking equatorial angular velocity at the surface on the ZAMS, respec-
tively; V4 denotes the equatorial velocity at the surface; ';ZEZ; and % denote the oblateness (polar radius over the equatorial radius) and

the ratios between the equatorial radius obtained with rotation and that obtained without rotation, respectively; and E;, denote the energy

production of core H-burning.

4. Conclusion

A new one-dimensional rotating stellar evolution model was
developed. Distinct from its previous counterparts based on a
conservative rotation case or a “shellular rotation” case, it made
no special assumptions on the distribution of angular velocity
inside a rotating star.

One independent parameter f,, has been introduced in the
new method; to determine its value is another complicated task.
This and other improvements, such as including the mixing of
chemical species and angular momentum by circulation cur-
rents and turbulent, will be presented in the future.
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Appendix A:

Following MM,

vP _p7eff

-0 (—V)\Pp — 2 sin? Gwvw)

(Al
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and under the condition of no special assumption about w , one
can get:

VP = _paeﬁ
_ —p[ v\PP V(f\}’\PP) — 1 sin® fw V(fwa))}
—V)(f\v ¥p) (fow)
= <f )V(f\p\},p) - r sin 90)@?(]‘@0))] (AZ)

?( fe'Pp) is parallel to _V>( f,w), thus, the effective gravity can
be expressed as

g= — #? sin? GwaL] w (A3)

1
[% for| ™ dn
d(fuw)
d(fy'¥p)’

where: a = or

(A4)

d(f\yq’P)
d(fow

, hence:

B

gd(f sin? 6w<f>

where § =

(AS5)

and:

1262 1
dn Ty — 17 sin” wa

{fw)
= . A6
d(fy'¥p) g (A0)

The hydrostatic equation then becomes

[ 1 } d(fw'¥p)
=—p

— — 2sin? bwa—
dn

(fe) (Jo)

dpP

dan (A7)

or

dp
sin’ B —— ] (A8)

1
d(fep) ¥ [% )

From this equation one can deduce that

2

—p [(f—> — 12 sin” bwa T >] is constant on an isobar.

Using (A6), one can get

f pdndo
isobar

d(fy'¥p)

dMp

_dn
isobar p d(f‘P\PP)

1
- 2 sin® fwa
p(fw <fu do.

isobar

f dndo
isobar

d(f¢'¥p)

d(fe'¥p) (A9)

and

dVp

dn

——do
isobar d(f‘f’\IJP)

L _2gin? Gwa/—

<fw> (fu) do.
isobar g

d(fy'¥p)

(A10)

969
Thus
d(f¥r) _ ! Al
dMp p[w — r?sin 9wa<f>](g‘1>Sp
and
-1
dVp <g > 1.2 2 a
= - r=sin“ fw) ——| Sp. Al2
e | G0 )| (A2
Hence
2 1 -1
Pl —r sin? fwa —— g
o= [<<f1>> (fu) < > (A13)
[5@1 = (g2 sin’ fuw) @%)]
P 12 sin? Qwa g
- ) "
PP[ Gt~ (g7 sin o) <fu]

Furthermore, once f,, is given, fr can be decided from other
ways and (AS5) and (A14), which decide f, and fg respectively,
can be more applicable.
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