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Abstract. The equations that determine the response of a charged particle moving in a magnetic field to an incident gravi-
tational wave (GW) are derived in the linearized approximation to general relativity. We briefly discuss several astrophysical
applications of the derived formulae, taking into account the resonance between the wave and the particle’s motion that occurs
at w, = 2Q, whenever the GW is parallel to the constant magnetic field. In the case where the GW is perpendicular to the
constant magnetic field, magnetic resonances appear at w, = Q and w, = 2Q. Such a resonant mechanism may be useful in

building models of GW-driven cyclotron emitters.
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1. Introduction

Papadopoulos & Esposito (1981) discussed the perturbations of
the Larmor orbits in the presence of a gravitational wave (GW)
and estimated the resulting magnetic bremsstrahlung. They
have shown that it is possible to identify the presence of GWs in
macroscopic systems by detecting the shifts in the spectrum of
the electromagnetic radiation (cyclotron) given off by charged
particles as they interact with a GW.

Recently, the motion of a relativistic charged particle in a
constant magnetic field perturbed by a GW incident along the
direction of the magnetic field has been examined (van Holten
et al. 1999 and references therein). In the same work, a gen-
eralized energy conservation law to compute the variations of
the kinetic energy of the particle during the passage of the GW
has been derived and explicit computations of the orbit of the
charged particle due to the GW have been obtained.

In this paper, we discuss the interaction of GW with a
charged gyrating particle in the presence of a constant magnetic
field across the z-axis in the framework of linearized theory of
gravity.

When the GW propagates parallel to the magnetic field
with a frequency wg, the coupling of a gyrating particle with
the GW becomes very strong at the resonance that occurs be-
tween the GW and the Larmor orbits. The resonance is at twice
the Larmor frequency (Q = 4 eg. w, = 2Q (Macedo &
Nelson 1990).

* e-mail: papadop@astro.auth.gr

In the case that the GW propagates perpendicular to the
magnetic field, the interaction again becomes extremely effi-
cient at the resonances, w = Q and w = 2Q.

In both cases we verify that close to gyro resonances, the
obtained spectrum of the produced cyclotron radiation becomes
comparable to the spectrum of the initially gyrating particle,
especially in the vicinity of a source producing the GW.

Our results suggest that a) the linear theory breaks down at
the resonances and the interaction of the GW with gyrating par-
ticles becomes very efficient and, b) the linear theory supports
the discrepancy on the estimations for the cyclotron damping
radiation recently discussed by M. Servin (Servin et al. 2001)
and Kleidis (Kleidis et al. 1996; Kleidis et al. 1995), since in
Kleidis work, the problem is examined in the non-linear theory
where magnetic resonaces occur and some of them overlap.

The paper organized as follows. In Sect. 2, we derive the
equations of motion in the linearized theory. In Sect. 2 we dis-
cuss the interaction of the GW and the magnetic field when
the GW is parallel to the magnetic field. In Sect. 4 we discuss
the same problem assuming that the GW is perpendicular to the
magnetic field. The obtained results are discussed in Sect. 5

2. Derivation of the equations of motion

In the linearized approximation to general relativity the metric
tensor is decomposed in the fashion

gij = Mij + hij (1
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where the elements /;; are small compared to unity. By impos-
ing the condition

J Jpl)  —
(1] = 67m) =0 )
we reduce the vacuum field equations to homogeneous wave
equations for all components of hlj . The gravitational field is
then described by a symmetric, traceless, divergenceless tensor
with two independent space components. Thus, the square of
the line element is

. 2
ds? = () + hij) dx'dxd = (dx°)" = (@) + hapdx“de  (3)
where Greek indices take values 1, 2, 3 and Latin 0, 1, 2, 3.
The components of the covariant four-velocity, consistent

with the linearized theory, are

dx® 1
0 _ ~ .0 .
o dx® dx@dx? oV 1 .
CEO T a0 as oo [1 - Eh"ﬁu(M)”(BM)} (5)

where u°, u® are the components of the four-velocity and the
same quantities with the subscript M distinguish the special-
relativistic Minkowski values.

The equations of motion of a test particle moving in the
presence of an electromagnetic field in the space-time defined
by Eq. (1) are given by

i
du ik

FRRRY (6)

€ pik
prE
where the right-hand side is the inhomogeneous driving term
determined by the electromagnetic field in the space-time de-
fined by the Eq. (1).
For the metric (1), the non-zero Christoffel symbols are

1
rgﬁ = _Ehaﬁ,o» roﬁ th’
(04 1 [e @ @
Uy =3 (hé,y + g~ hﬁy) : 0

From Egs. (6), (4), (5) and (7), the equations of motions take
the form:

( <M))2 [hwﬁufm ufM)],o

1 @ € [ o ol

0 0
”(M)”(M),O[l haptty, <M>]

nOl

Ea hdﬁugM)ufM)) (Fuou + Figu?) ®)
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a0 |1 = hoptety o | = é”?MWE'M) [hwﬂ”?MWfM)],o

+ ha (M)ufM) % (th + hiﬁ )”fM)”(M) W
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where

2

-1/2
Uy = (1 - 2) . and ufy, = (10)
Finally, the equations of motion (8) and (9), in the Newtonian
and linearized limit, reduce to the equations:

a i

1
it n*hjp ! + 2’] [hjl,k + higj — hjk,l]

xv'v

ik _ 4
el U (11)

hza) alU

To make further progress with the derived equations of mo-
tion (11), we consider the gravitational wave which is charac-
terized by the wave vector

2

k* = © (sin(0), 0,cos(9), and, — = kk, (12)
c
and one of two possible states of polarization given by
hij = ho (e e — eze')
'(,L) . 3
X exp [z— (x sin(f) + x” cos(0) — const.)] (13)
c

where hq is the amplitude of the gravitational wave and w, =
2nvg is the angular frequency of the GW.

The vectors e' and e? have space components only and sat-
isfy the conditions

e"‘e}l = ez“elzl =1, with, k"e}l = k“elzl =0. (14)
Conditions (14) imply
= (cos(6), 0, =sin(6)), e, = (0,1,0). (15)

Under the above consideration, we proceed to the following
two cases: a) the GW is parallel to the magnetic field and b)
the GW is perpendicular to the magnetic field, which will be
analyzed in the following two sections.

3. The GW is parallel to the magnetic field

We choose the electromagnetic field to be

00 0 O
oo -m0
Fij= 0H; 0 0 (16)
00 0 O
where H> = H = constant.

We choose the gravitational wave to propagate parallel to
the magnetic field e.g., in Eq. (13) we obtain # = 0 and thus
h=h, =
aid of Eq. (16) yields:

o' 2 . v

o Qu” = —hiwgv [1 o 17)
o? I .o v

o +Qu' = hiwgv [1 - (18)
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3
o _ —ihiwg [@'? - @7 (19)
C

ar 2
where Q = % To solve the system of Egs. (17)—(19), we de-
compose the components of the 3-velocity as follows:

Lol ool 020,20 .2 23 3
v 2y tu, vyt v =0+

(20)
where the subscript zero means zero order in the sense that
ho = 0, while the subscript one means first order in the sense
that hy # 0.

The perturbed equations of motion are derived from
Egs. (17)—(20). Thus, after some straightforward calculations
(see Appendix B), we find the solution (Macedo & Nelson
1990):

| Q- w,
v = ygrcos(Qf +a) + hoUOTm
g
X {cos [kgz +(Q- wg)t] — cos (kyz — Qt)} (21)
oy . -
Ut~ —ygr sm(Qt +a)+ hoUo’]‘m
g
x {sin [kyz + (Q = wy)t] - sin (kyz — Q1)) (22)

h V2 w? w.
3 0 0T . g g

~ — | — k —

v 5 ( . Jexp(l gz){492 mpy [(29 )

X exp (i(2Q — wy)t - De exp (i2Q + wg)t]} (23)

(2Q + wy)

where U%T =v+ Uﬁ = constant and a = constant.

It is evident that in Egs. (21)-(23) if hy = 0, we obtain the
components of the space velocity of the initial gyrating charged
particle. If Ay # 0, the Egs. (21)—(23) reveal that the gyrating
charged particle diverts from its initial plane orbit and moves
into a helical trajectory. Now the vector v = (v', %, ) does
not move in a circle, but on the surface of a cone with its axis
along the H. From Egs. (21)-(23) we conclude that the parti-
cle is accelerated at the resonace w, = 2Q. The existence of
the resonace at w; = 2Q in Egs. (21)-(23) is due to the GW.
Because of the resonance, the gyrating particle gains kinetic
energy. Thus, if Ey and E; are the kinetic energy of the particle
before and after the interaction with the GW, respectively, the
energy gained by the particle in a period, let’s say 7, is given
by the average of the ration % e.g.

1 TE1 Q—wg
I== | Zxdr ~ 1-2mp——"% cos (ke2).
Tfo Eo °2Q—wg°°S(éZ)

Obviously, as w, approaches 2Q, taking values between Q

(24)

and 2Q, the factor fg_—_‘:i, becomes negative, making the term
multiplied by Ay approeich plus infinity with positive values.
This suggests extra emission of cyclotron radiation which will
change the spectra distribution of the radiation of the initial gy-
rating charged particle and transfer energy from the GW to the
particle.

Integrating the Egs. (21)-(23) we obtain the parametric
equations of motion of the charged gyrating particle interacting

1047

with a GW in the presence of a constant magnetic field across
the z-axis. These are

y 5 Q — w,
= + —
x(1)( Xon + hovor 55— 0
sin [kgz + (Q = wpt|  sin (kyz - Q1) s
o, 5 (25)
0 = hovor
!/(1)( = Yo OUOTZQ _ "-)g
cos [kgz + (Q — w)t|  cos (kez — O
C o otz
Q- w, Q
and
_ ho voT ) 1wy
zy() = zon + ?UOT(T) exp (Zng){mz——wé
P (120 - w)r
2|20 - w2 P d
e (2Q + wy)t @7
— =% _ex
2O+ wp? P O

where x(1), Y1) and z1) are constants of integration.

The intensity of the radiation per solid angle per unit inter-
val of frequency produced from a charge test particle moving
in the presence of a magnetic field which interacts with the GW
maybe obtained from the relation (Landau 1975):

dZI 20, .\2 ) R
- e | dtexp(iw/ (_))
T=C —oo C

dQ,dw’
x[nxnxb)]|?

(28)

where «’ is the frequency of the outgoing radiation, n =
sin (0)i + cos (B)k, R is a vector that joins the charged particle
with the observer, b is the velocity of the charge particle.

We carry out the integral of Eq. (28) neglecting terms of the

2

order f—z Thus, we find:

N ek
- 5019 -
dQdo ~ ¢ ; (-

2
X {{cot2 (O)JH (D) + U—OZT(J,/)Z((D)]
c

Q- w,
— 4hg cot® () cos (k z)—é’Jz(q))} (29
20 -w, !

where @ = IQ [1 + hO% sin (kgz)] = 12[1+0(1/c),

O = “’5 Ucﬂ sin (0), J; is the Bessel function of first kind and Jl/

its first ordinary derivative in terms of its argument. For sim-
plicity we call

2
L= [cotz (O)JH(D) + %(J,’)Z(cp)] (30)
and
T = —ahycot® (6) cos (ko) —— Y% 1) 31)
- 20w,
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. . Q-
It is evident that, as wg approaches 2Q7, the factor 29_‘:)‘%“ -

oo making the term 7 tend to minus infinity. But, if wgb ap-

proaches 2Q taking values between Q and 2Q, the factor %
g

becomes negative, making the term 7 approach plus infinity
with positive values. Also, from Eq. (31), we see that the diver-
gence of the term 7 is faster as we approach the source produc-
ing GW. Nevertheless, in the linearized theory of gravitation,
we have to approach the resonant in such a way that the term T
remains always below the term L, otherwise the linear theory
breaks down.

4. The GW is perpendicular to the magnetic field

We shall now consider the case where the GW propagates per-
pendicular to the unperturbed magnetic field H* = (0,0, H>) =
const. Thus, in a reference frame where H* has the z-direction
(as for the previous case), but the GW propagates along the
x-direction, the two non-vanishing components of the GW are
given by Eqgs. (13) setting 6 = 7r/2 and
iw
h3z = —hy = hy exp ?(X —ct). (32)
Subsequently, from Egs. (11), (20) and (32) we obtain the fol-
lowing equations of motion:

Ul

U(l) + v% = vyorcos (Qf + a) + UOTho{C cos (Q1)

—[A cos (kez — we1) — Bsin (kez — weh)| } (33)
V' = uj+ vt = —vorsin (Q1 + a) — U()T/’lo{c sin (Qf)

+|A sin (kyz — wyt) = Beos (kyz — wyh)| } (34)
and
Vo= US+U?=O’—O’(1—%)]’122 (35)

where, o = constant and may be chosen equal zero,

oo o2 +(@) w§(2Q—wg) G6)
T (Q - w)(2Q - wy) ¢/ QUQ+ we)(3Q — wy)

Q
A = - Qr+2
Q—wg ZQ—wgCOS( + 2a)
vor Wg ws(3Q + wg)
vor - 201 + 2a)| (37
4c [Q “ w0y (Q+ w30 - wy) cos( @)| 37)
and
B = 2% Gt
= 20— 0, sin (Qt + 2a)
2
w
Yot £ sin Q1 + 2a). (38)

20 (Q+ w)(3Q - wy)

Obviously, if in Egs. (33)—(35) iy = 0, then we obtain the space
velocities of the initial gyrating charged particle.
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If hy # 0O, then we have gyrating motion again, but magnetic
resonances appear at w, = *Q,w, = 2Q and w, = 3Q.

The existence of the above resonances in Egs. (33)—(35)
is due to the GW. Because of those resonances, the gyrating
particle gains kinetic energy. Thus, as in Sect. 3, we verify that
the energy gained by the particle in a period, let say T, is given
averaging the ratio % e.g.

QZ
Q- w)2Q - w,)
(39)

1 (TE
Izz—f —dt ~ 1+ 2hoC =~ 1+ 2hy
T 0 E()

Obviously, if w, approaches 2Q from the right or Q from the
left, the factor W;Q—wg)
multiplied by hy approach plus infinity with positive values,
suggesting changes to the spectra distribution of the radiation
of the initial gyrating charged particle.

Integrating Eqs. (33)-(35) we derive the parametric equa-
tions of motion which are:

becomes positive, making the term

X(t) = ? sin (Q) + hovor [Si“(gt)c + Xh} (40)
y(t) = ”—ET c0s (@) + hovor[ 20 e 4y, (41)
(0 = ot +iZ1 = Dyhy (42)

We Cc

where o = constant and may be chosen equal to zero; the ex-
pression for X, and Y}, are given explicitly in the Appendix A.

In the Egs. (40) and (41) a drift term, with resonances at
ws = Q,w, = 20, is present. This drift term can generate
electric currents. Those currents are sources of secondary elec-
tromagnetic waves. For further details see Macedo & Nelson
(1990).

Following the same procedure as in Sect. 3, Eq. (28) re-
duce to

N s
= 530 -
dQd0 = ¢ _Zo; (- @)

|

— hg cos (20) cot? (@) (@)
C

2
cot? (0)J3(D) + %(J})z(d))}

202
JHD) 3 43
“Q=wa—ay’ ¢ )} “3)
As in Sect. 3, we call
2
L= [cotz (O)JF (D) + %(Jg)z(cb)] (44)
and
_ 5 vor 20? )
Ty = —hy cos (26) cot (9)( ’ )(Q—wg)(zg—wg)J’@)‘
(45)
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Now the term 7, has two magnetic resonances. It is evident
that, as w, approaches 2Q~ or Q* and 6 € (0, ), the term T
tends to plus infinity. Also, from Eq. (45), we see that the di-
vergence of the term 7, becomes faster as we approach the
source producing the GW as we are dealing with ultra rela-
tivistic particles where the ratio “* takes higher values. Again,
as in in the Sect. 3, in the hnearlzed theory of gravitation we
have to approach to the resonances carefully, in the sense that
the term 7, should not exceed the term L, otherwise the theory
breaks down.

5. Conclusions

In this article we pose the following problem. If hy = 0, we
reproduce a well known formula for the spectrum distribution
of a gyrating charged particle in both cases e.g. when the GW is
parallel and perpendicular to the magnetic field. In this case the
angular distribution of the gyro radiation is highly anisotropic.
The radiation is concentrated mainly in the plane of the orbit.

If hy # 0, we are dealing with the interaction of a GW with
a gyrating charged particle. We have distinguished two cases:

(a) The GW propagates parallel to the constant mag-
netic field:

Because of the GW, the gyrating charged particle is diverted
from its initial plane orbit and starts to move across a helical
trajectory. Also, because of the GW, the spectrum of the pro-
duced cyclotron radiation is isolated by a factor proportional
to hg, namely T, in which a resonance at w, = 2Q appears. If
wg approaches 2Q taking values in the interval I} = (Q,2Q),
the term 7 approaches plus infinity, indicating that the exis-
tence of the resonant interaction between the charged particle
and the GW can lead to a strong emission of cyclotron radia-
tion, even in the linear theory of gravity. The suggested mech-
anism of cyclotron radiation could be useful to astrophysi-
cists, especially they make simultaneous observations of the
cyclotron radiation and the GW so obtained. Therefore, know-
ing that astrophysicists are looking to detect GWs at frequen-
cies between v, = (102-10%) Hz (Cutler Thorne 2002), mag-
netic resonance may occur whenever the magnetic fields are
between H ~ (1. - 2)G (v = 10> Hz), H ~ (10-21)G
(vg = 10° Hz) and in both cases the T term becomes pos-
itive and comparable to the L term. But, if we want to use
electromagnetic radiation for indirect detection of GW, then
other frequencies are also important, e.g. lower frequencies
of v = (1 — 10) Hz coming from binary neutron stars be-
fore coalescence. The corresponding magnetic fields are H =~
(0.01-0.02)G (vy = 1 Hz), H = (0.1-0.2)G (v = 10 Hz) or
high frequencies v, = (10°~10*) Hz, due to supernovae ex-
plosions, normal modes of pulsating neutron stars or star-size
black holes. In the later case the corresponding magnetic fields
are H ~ (107-214)G.

Outside the interval /; the particle seems to lose energy due
to destructive interference of the two oscillators e.g. the sinu-
soidal gravitational wave and the gyrating particle. In this case,
the actual loss described by the negative term T is of the order
of /’lo.
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Fig. 1. The strengths of cyclotron radiation in the cases where H is
parallel to the &(7'/L1) and H is perpendicular to the k

(b) The GW propagates in the x-direction e.g. perpendicu-
lar to the constant magnetic field.

In this case, we verify that 1) the gyrating particle remains
on the initial plane of orbit described by Egs. (33)—(35) and for
a certain 6 = 6, let’s say 6y € (0, %), at w; = Q and w, = 2Q
the corresponding term T, diverges. 2) If w, approaches Q
from the left or 2Q from the right, whereas 6, € (%, %), the
term T, becomes positive, and approaches plus infinity, unless
6y € (0, 2). For the frequencies mentioned above, two magnetic
resonaces may occur for the same values of w, at the same
range of the magnetic field. But if w, approaches one or other
resonance, taking values in interval I, where ) € (%, ’—zr), the
term 7, becomes negative (unless 6y € (0, %)), indicating that
the particle loses energy due to the same reason mentioned in
paragraph (a). Another interesting feature is that the term 7T,
is proportional to the ratio =, which means that high rela-
tivist particles support the term 7, to become more significant.
Nevertheless, in both cases, the strength of the cyclotron radia-
tion described by the ratios ;- and 2 remain constant for large
values of 1(high frequenmes) "This may seen in Fig. 1 where we
plot the mentioned above ratios for gy = 80°, obtaining the am-
plitude of the GW to be iy = 107! and its frequency v, = 10°.
However, we have to point out that, in both cases, the terms
multiplied by /g should not exceed the term L, otherwise the
linearized theory of gravity breaks down.

In the nonlinear theory, the problem could be more interest-
ing. The problem somehow has been examined from a dynam-
ical point of view, considering the equations of motion from a
Hamiltonian, (Varvoglis & Papadopoulos 1992; Kleidis et al.
1993; Kleidis et al. 1995 and Kleidis et al. 1996), and integrat-
ing them numerically. In this case, the interaction of the GW
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with a gyrating charged particle exhibits resonances and in sev-  and

eral cases chaotic behavior. We intend to discuss the problem C 0
. 1 . . Y - _ _—— —_— k _ H— —————
in non-linear theory in a forthcoming paper. h { 0" B Q- wy) cos (kgx — wgt) 200 - wy)

><[cos (kgx = (Q — wy)?) N cos (kgx — (Q + wy)t)

Acknowledgements. The author would like to thank Loukas Vlahos, Q- w, Q+ w,
Kostas Kokkotas L. Witten and Nik Stergioulas for their comments, Q-wy; [cos(kex — (Q = wy)t)
criticism and beneficial discussions. +

22Q - wy)

Q - w,

cos (kgx — (Q + we)t)
. - QO+ — cos (kgx)
Appendix A X[ 0 ) Q
In the Eqs. (33)—(35) theX), and Y, are: W(Q-wy)  (2Q — we)(Q? - W)
+ it
Q Q _
X/’l = —{ - ¢in (kgx — wgt) - - (ZQ wg)(Q + (Ug)
wWe(Q — wy) 2(2Q - wy) Vot 1 & y 2w,
+— - +
. dc | @—wp N T T QT 0B - we)
x| — » sin [ kgx — (Q + wg)t ©,(3Q + w,)
g x sin (kgx — wg?) sin (2Q1) — £ £
2(Q + wg)(3Q — wy)
too g sin | kg + (Q — wg)tH [ cos thex — 2Q - w)n)  cos (kex = 2Q + we)i)
O-w ) 2Q — wy 2Q + wy
- Wy ‘
+ sin [kox — (Q + wy)t 1 2Qw,(3Q + w
2(ZQ—wg) Q+wg [ g ( g) ] —COS(kg)C)[ _ g( g) :|} .
Q-wy  (Q+we)(3Q - we)(4Q? — w3
+ sin |kgx + (Q — wg)IH 47
— W
1 =
2O Sin (kyx — wgt) Appendix B
4c (Q - wy) .
We start with Egs. (17)—-(19)
w(3Q + wg) 1
— — aul ) ) | U3
2Q+ w)(BQ - wy)| 29+ wg 5~ = —hiog!|1-— (48)
c
1
X sin |kex — 2Q + wo )t | + ————
£ ¢ 2Q - w, o? 1 .9 3
—— +Qu = hiwv" |1 - — (49)
ot c
x sin [kgx + (2Q — wg)tﬂ
o’ 1
2 o o1 12 (282
. wy 1 - ih chg[(v ) — @)L (50)
2(Q + wg)(3Q + W) | 2Q + W, We write Egs. (48), (49) as follows:
. 1 1, 02 3
X sin kgx - (ZQ + wg)t + —ZQ g w + Q[Ul + iUz] — I’li(/.)g(l/l _ iUZ) |:1 _ U_:| X (51)
c
X sin [ kgx + (2Q — wg);ﬂ In order to solve the Eq. (51), we decompose the components
of the 3-velocity as follows:
—sin kgx{ @ L C k) vy, VP Eug o, =0+ (52)
we(Q—wg)  (2Q - we)(Q? — W)
) where the subscript zero means zero order in the sense that
.\ 2ng ho = 0, while the subscript one means first order in the sense
(Q + wg)(3Q — wg)(4Q? — W) that iy # 0.
) We substitute Egs. (52) into Eq. (51) and the perturbed
Luor 1 " wy(B3Q + we) equation now reads:
4e |Q-wy  2Q+ wo)(BQ — w,)(4Q2 — W? . .
e ( e)( e)( 2 8[(1/(') +ul) + l(U(Z) +iv)] ] s
2Qu; }} > 5 +iQ [(U0 +uy) +i(ug + vl)]
+
(Q + we)(3Q — we)(4Q2 — W) “0) 3

= hiwg [(v(l) +uy) — iUy + v%] {1 - %} (53)
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l. Zero order equations

6(1/(1) + iv(z))
ot
This yields

= —iQ(vg + iv). (54)

vy = vor cos(Qf + a) and v = —vor sin(Qf + a) (55)

where a = constant and v, = v} + v, = constant.

Il. First order equations

From Eq. (§3), we have
6(1/1 + iuf)

£y +iQu) +iv}) = hiwg(v) — iv}).

(56)
Notice that on the right hand side, the factor i(v} — iv}) gives

h(uy — ivd) = hovore™ == [cos (Q + a) — i sin (Q + a)]

— hOUOTei(ng_wgt)ei(QHu). (57)
Now from Eqgs. (56) and (57) we have
ow! +iv? ) )
o, + i) 5 L +iQ! +i?) = hoygre it el @-w), (58)

We treat Eq. (58) as an ordinary first order differential equation
with the initial conditions: if ¢t = 0 then (U: + iuf) = 0. Thus,
we have

W} +iv}) = e {C+ih0U0ngei(kg““) f el @l | Qd’dt}

= i {C + ihgugrw,e ® f eil(ZQ—wg)dt}

. Wy o
— e—th {C + ihOUOT g el(kg@+u)elt(2(2 wg)} (59)

2Q — w,
Upon consideration of the initial conditions we have

C = —hyvor gllketta) (60)

2Q — w,
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Eventually, from the Egs. (59) and (60) we obtain
w ) ) ‘
(v} +iv}) = hovor TR =itz [gi@w) _ o712 (1)
or
Ul = hovor st [cos [kz + (€2 — w)t] — cos (kgz — Q1)
1 20 — wg g g g
(62)
U2 = hovor 5ot {sin [kyz + (@ = wp)1] — sin (kyz - )
1 20 - w, g 5 g

(63)

Furthermore, following the same method, from Eq. (19)
we find

b= 0 T e ] [
1 5 vor{—_ p (ikg 402 — wg (2Q - wy)
. Wg .
X exp (1(29 - (,L)g)f - m exp (1(2Q + (,L)g)t:|}- (64)
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