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Abstract. This paper generalizes to circular apertures the theoretical study of stellar coronagraphy with prolate apodized rect-
angular entrance apertures of Aime et al. (2002). The main difference between the two studies is that circular prolate spheroidal
functions are used for a circular aperture instead of linear prolate spheroidal functions for rectangular apertures. Owing to the
radial property of the problem, the solution to the general equation for coronagraphy is solved using a Hankel transform instead
of a product of Fourier transforms in the rectangular case. This new theoretical study permits a better understanding of coro-
nagraphy, stressing the importance of entrance pupil apodization. A comparison with the classical unapodized Lyot technique
is performed: a typical gain of 104 to 106 can be obtained theoretically with this technique. Circular and rectangular apertures
give overall comparable results: a total extinction of the star light is obtained for Roddier & Roddier’s phase mask technique
whilst optimal starlight rejections are obtained with a Lyot opaque mask. A precise comparison between a circular aperture and
a square aperture of same surface favors the use of a circular aperture for detection of extrasolar planets.
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1. Introduction

The interest in stellar coronagraphy is relatively recent
(Bonneau et al. 1975; Smith & Terrile 1984; Malbet 1996;
Beuzit et al. 1997; Mouillet et al. 1997), and nowadays mainly
stimulated by the exoplanets searches. The direct imaging of an
exoplanet is the most exciting objective for high contrast imag-
ing techniques: it will provide valuable information such as its
mass (removing the ambiguity due to the radial velocities tech-
nique), its albedo and its atmosphere chemical composition if
spectral information can be obtained.

Several other scientific objectives, with different instrumen-
tal requirements, may also benefit from the techniques de-
veloped for high contrast imaging. Among them, the circum-
stellar disks for a better understanding of their dynamic and
the physics of the grains (Mouillet 1997), the environment of
evolved stars which could also include old planets, the Active
Galactic Nucleis for a better imaging of the central jets. Since
the first indirect exoplanet detection (Mayor & Queloz 1995),
several techniques have been proposed to reach high contrast
imaging (Gay & Rabbia 1996; Roddier & Roddier 1997; Rouan
et al. 2000; Abe et al. 2001).

In a previous paper (Aime et al. 2002), we analyzed the
theoretical aspects of the association of coronagraphy (Lyot
et al.) with entrance aperture apodization and derived the
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integral equation for total coronagraphic extinction of the star
light. This integral equation depends on the shape of the
apodized aperture.

For the rectangular aperture case we analyzed (Aime et al.
2001), the apodization solution is given by the linear prolate
spheroidal functions discovered by Slepian & Pollak (1961).
These functions have already found many applications in op-
tics, as well described by Frieden (1971). For coronagraphy,
the relevant particularity is that these functions are invariant to
a finite Fourier transform.

We showed that a theoretical total extinction can be ob-
tained with a perfect Roddier & Roddier coronagraph. For Lyot
coronagraphy, we showed that though a total extinction is not
possible, very interesting solutions can be obtained with the
prolate apodized coronagraph: much smaller masks than for
the classical technique are required, and very high dynamic
may be obtained, depending on the mask size and apodiza-
tion. Although less powerful than the phase mask technique,
the Prolate Apodized Lyot Coronagraph (PALC) was found to
remain interesting because it is easier to implement and much
less sensitive to chromatic effects in a wide band experiment.
The technique for a square aperture was also compared to the
Apodized Square Aperture concept that considers apodization
alone (Nisenson & Papaliolios 2001; Soummer et al. 2002b).

The present paper generalizes the study to the case of
coronagraphy with an apodized circular aperture. In this case,
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the solution for the apodization function is given by the circular
prolate spheroidal functions developed by Slepian (1964) and
Heurtley (1964). The complexity of the formalism was the oc-
casion for us to go much deeper into the theoretical aspects of
the problem, to find new analytical simplifications and bring a
lot of interesting new results.

The present study is restricted to a perfect circular aper-
ture, operating in space, for a monochromatic unresolved on-
axis star. However, the equations considering a polychromatic
source are also given and discussed. This is an aspect in which
the PALC may perform better than the phase mask technique.
The purpose of this study is to settle the theoretical background
for circular apertures and give the ideal performance attainable
for such a coronagraph. A more technical study of a realistic
instrument will be realized in a future work and compared to
the perfect case.

2. Equations for coronagraphy with circular
apodized apertures

The general formalism to describe a coronagraphic experiment
with an apodized aperture has been given by Aime et al. (2002).
They showed that a complete extinction of the starlight could
be obtained with a coronagraph implemented at the focus of an
apodized telescope. Denoting P(x, y) the aperture transmission
function (P(x, y) = 1 inside the aperture, and 0 outside), and
Φ(x, y) an apodization function (0 ≤ Φ(x, y) ≤ 1), the total
extinction is obtained if the following equation is satisfied:

P(x, y)Φ(x, y) ∗ 1
λ2 f 2

M̂

(
x
λ f
,
y

λ f

)
=

1
ε
Φ(x, y), (1)

where λ is the wavelength, f the focal length of the telescope
and M(x, y) a function that describes the mask shape, equal to 1
inside the coronagraphic mask and 0 outside.

With a rectangular aperture, the problem is simplified be-
cause this two dimensional equation separates into the product
of two symmetric one dimensional equations. The apodization
function solution is equal to 1 at the center of the rectangular
aperture and decreases towards the edges as the product of two
linear prolate functions aligned along the length and the width
of the rectangle.

With a circular aperture, the problem is much more compli-
cated since we cannot separate anymore the solution into two
linear conditions in x and y. Fortunately, the radial properties
of the aperture and mask shape make the solution possible: a
two dimensional radial function Φ(r) can be represented by its
radial cut Φ(r), where r =

√
x2 + y2 is the modulus of the po-

sition vector r = (x, y). For the sake of simplicity, we will use
the same notation for these two functions, the interpretation be-
ing straightforward for the alert reader, depending on the con-
text. In particular, the computations developed using Fourier
transforms in the rectangular separable case, are here solved
by means of Hankel transforms.

We consider a circular aperture of diameter D apodized by
a radial apodization function Φ(r): 0 ≤ Φ(r) ≤ 1. We con-
sider the four successive planes denoted A (telescope pupil),
B (telescope focus, coronagraphic mask), C (relay pupil plane,
Lyot Stop) and D (final focus plane)

The complex amplitude at the entrance apodized pupil
plane is proportional to:

ΨA(r) = Π
( r

D

)
Φ(r) (2)

where Π(r) = 1 for |r| ≤ 1/2 and 0 otherwise.
The wave propagation between each planes (A, B, C, D)

writes as a scaled Fourier Transform (FT) and we assume
that the optical layout is properly designed to eliminate the
quadratic phase terms associated with the propagation of the
waves (Goodman 1996). The FT of a radial function is also a
radial function, which radial cut (for r ≥ 0) can be expressed
using the Hankel Transform (HT):

Ψ̂A(r) =
∫ ∞

0
2 π ρΨA(ρ) J0(2 π ρ r) dρ. (3)

In plane B, the coronagraphic mask is a disk of diameter d pro-
portional to the size of the diffraction pattern of the circular
apodized aperture. At the wavelength λ, the mask size is:

d = a λ f , (4)

where a is a parameter that expresses the diameter of the mask
in units of 1/D and f is the telescope focal length. The wave
amplitude after the mask writes:

ΨB(r) =
1
ıλ f
Ψ̂A

(
r
λ f

)
×

[
1 − ε Π

( r
d

)]
, (5)

where the symbol̂ denotes the HT. We do not consider in this
paper other mask functions for which the mask transmission
itself is also apodized (Watson et al. 1991). The parameter ε
has only two relevant values (Aime et al. 2001, 2002): ε = 1
for an opaque mask (Lyot’s coronagraphy) and ε = 2 for a π
Phase Mask (PM) (Roddier and Roddier’s coronagraphy).

An optical system is then used to obtain an image of the
telescope aperture in plane C. Here also, the complex ampli-
tude of the wave is written using a scaled HT of Eq. (5). For
simplicity, we assume that the focal lengths of the successive
optical systems are identical (if not, an appropriate change of
variables leads to a similar result). In the relay pupil plane C,
we denote by Ψ−C(r) the amplitude before the application of the
diaphragm (Lyot Stop):

Ψ−C(r) = ΨA(r) − ε ΨA(r) ∗ a J1(π a r)
2 r

· (6)

Note that the convolution product ∗ is a two-dimensional con-
volution product over the variables x and y. However, this con-
volution of two radial functions can be simplified using the
properties of the Hankel Transform, as detailed in Appendix A,
to obtain for the radial cut of the wave amplitude:

Ψ−C(r) = Π
( r

D

)
Φ(r) − ε (2 π)2

∫ D
2

0
ξΦ(ξ) K0(ξ, r) dξ. (7)

A diaphragm (called Lyot Stop) exactly equal to the entrance
pupil shape is then set in plane C, to remove the light diffracted
outside the aperture:

Ψ+C(r) =

Φ(r) − ε (2 π)2
∫ D

2

0
ξΦ(ξ) K0(ξ, r) dξ

 × Π ( r
D

)
· (8)
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The kernel K0(ξ, r) expression (given in Eq. (A.8) and
Eq. (A.9)) permits a numerical study of circular coronagra-
phy, for a given aperture transmission, using a unique one-
dimensional integration that can be computed easily. This
method is more interesting and precise than a fully numerical
approach (avoiding the sampling problem of both the pupil and
the mask that imposes the use of large images), with competi-
tive computing time.

Note that the kernel K0(ξ, r) is analog to the sine cardinal
kernel for the rectangular aperture coronagraphy (Aime et al.
2002).

3. Circular prolate spheroidal functions
as apodization functions solution
to the coronagraphic problem

Considering for example Eq. (6), the coronagraphic effect ap-
pears as a subtraction of two wave amplitudes in the relay pupil
plane. Though the coronagraphic effect is expected in the final
focal plane D, it is here more convenient to consider the re-
lay pupil plane. Ideally, we seek for an exact wave subtraction,
within the entire exit pupil, or at least, the best subtraction pos-
sible.

The integral in Eq. (7) or Eq. (8) must be proportional to
Φ(r), to permit an exact subtraction of the two wavefronts in-
side the aperture in the relay pupil plane: the apodization func-
tion Φ(r) must be the eigenfunction of this kernel.

The solutions Φ(r) are given by the circular prolate func-
tions, which are the eigenfunctions of this eigenvalue problem.
We give a brief presentation of them in Appendix B.

For the apodization function Φ(r) (normalized circular pro-
late function):

Φ(r) =
Θ(r)
Θ(0)

, (9)

associated with the eigenvalue Λ (positive number between 0
an 1), the integral in Eq. (8) can be expressed using Eq. (B.3):

(2 π)2
∫ D

2

0
ξΦ(ξ) K0(ξ, r) dξ = ΛΦ(r). (10)

Equations (7) and (8) then find a much simpler expression:

Ψ−C(r) = Φ(r)Π
( r
D

)
− ε ΛΦ(r), (11)

Ψ+C(r) = Π
( r

D

)
Φ(r) (1 − ε Λ) . (12)

Depending on the eigenvalues and on ε, we discuss the solu-
tions to the problem in the following subsections for Roddier
& Roddier and Lyot. A lot of valuable information can be de-
rived analytically (throughput, impulse response, residual star
intensity etc.) from the prolate properties.

Fig. 1. Roddier & Roddier coronagraphy with prolate entrance pupil
apodization. A) Eigenvalue Λ as a function of the mask size a with
the solution for R&R Λ = 1/2. B) Corresponding circular prolate
apodization, in amplitude. C) Illustration of the PSF for a planet, as-
suming the coronagraphic effect negligible, for a point source, suf-
ficiently well off-axis. The grey tint rectangle shows the size of the
mask, at the same scale.

3.1. Circular prolate solution for Roddier & Roddier
coronagraphy (ε = 2 )

For Roddier & Roddier’s coronagraphy, the π phase mask im-
poses ε = 2. The amplitude inside the exit pupil (Eq. (12))
becomes:

Ψ+C(r) = Π
( r

D

)
Φ(r) (1 − 2Λ) . (13)

An exact solution exists (total extinction) for the eigenvalue
Λ = 1/2 and a unique mask size and apodization (eigen-
function) corresponds to this eigenvalue. From the inverse
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function of the eigenvalue curve, we obtain the mask diame-
ter a = 1.06/D, as illustrated in Fig. 1.

The transmission of the corresponding apodization is rep-
resented in amplitude in Fig. 1. This solution is in excellent
agreement with the solution obtained numerically by Guyon &
Roddier (2000). A comparison between the analytical and nu-
merical solution is made in Soummer et al. (2002a). It is also
necessary to know the energy throughput of the entrance pupil.
Using the orthogonality relation for circular prolate functions
(Eq. (B.5)), the throughput (normalized to the throughput of
the raw circular aperture) finds a simple expression:

T =
4
πD2

∫ D
2

0

(
Θ(r)
Θ(0)

)2

2 π r dr =
4
πD2

2 πΛ
Θ2(0)

· (14)

At first sight, this expression seem to depend on the telescope
diameter. However, considering Eq. (C.1) and knowing that
ϕ(0) = 0 (Slepian 1964), we can show that Θ(0) ∝ 1

D and the
relative intensity transmission is independent of the telescope
diameter.

For the solution of Roddier & Roddier, we find
TRR = 72.6%

In the focal plane B (the phase mask plane), the amplitude
of the wave (before the phase mask) can be expressed analyti-
cally, using the invariance of the circular prolate functions to a
finite HT (Eq. (B.1)):

Ψ−B(r) =
1
ıλ f

∫ D
2

0
Φ(ξ) J0

(
2 π

r
λ f
ξ

)
2 π ξ dξ. (15)

We obtain the following wave amplitude before the phase
mask:

Ψ−B(r) =
1
ıλ f

D
a
Λ

1
2 Φ

(
r D

a λ f

)
· (16)

Reminding the notation of Eq. (4), we can stress that the wave
amplitude is simply homothetic from a plane to another (invari-
ance of the circular prolate to a finite HT):

Ψ−B(r) =
D
d
Λ

1
2 Φ

( r D
d

)
· (17)

Moreover, the amplitude inside the phase mask (0 ≤ r ≤ d/2)
in plane B is exactly homothetic to the amplitude inside the
entrance pupil in plane A (this point was discussed in details
for the rectangular aperture, Aime et al. 2002).

This expression can also be used as a good approximation
for the planet response. Indeed, for an off-axis point source,
situated at a distance well outside the coronagraphic mask, the
extinction can be neglected and the planet focal intensity is sim-
ilar to the apodized aperture without coronagraph:

Ip(r) =
(D

d

)2

ΛΦ2
(
(r)

D
d

)
· (18)

This intensity for the planet (apodization alone), normalized to
the impulse response maximum of the unapodized aperture is
represented in logarithmic scale in Fig. 1:

Ĩp(r) =
(

4
πD2

)2

Ip(r). (19)

The grey tint rectangle represent the size of the phase mask.
Note that the loss of resolution due to the apodization of the

entrance pupil is very low (∼5%): the first zero of the impulse
response is at 1.28λ/D, instead of 1.22λ/D for the classical un-
apodized Airy’s pattern (the apodization required for Roddier
& Roddier is very light), and the equivalent widths are almost
the same to 1% precision.

For this total extinction solution (Roddier & Roddier), the
wave amplitude in plane A is the truncated central part of the
prolate solutionΦ(r) (Eq. (2)). Considering Eq. (11), it appears
that in plane C, the wave before the Lyot stop is the comple-
mentary external part of the same prolate Φ(r) (ε Λ = 1 for
R&R). The conservation of energy imposes to the star energy
(collected in plane A), to be totally rejected outside the pupil
aperture in plane C (and eliminated by the Lyot stop).

This physical requirement can be checked mathematically,
using the circular prolates properties, following Frieden (1971).
Using Eqs. (B.7) and (B.8), with Λ = 1/2, we can write:∫ D

2

0
r |Φ(r)|2 dr =

1
2

∫ ∞

0
r |Φ(r)|2 dr, (20)

and straightforwardly:∫ D
2

0
r |Φ(r)|2 dr =

∫ ∞

D
2

r |Φ(r)|2 dr, (21)

which is the expression of energy conservation for circular pro-
late functions: the energy in the central part and complementary
external part of the prolate wave are equal (ifΛ = 1/2, i.e. R&R
coronagraphy).

3.2. Residual amplitude for Lyot coronagraphy (ε = 1 )

For Lyot coronagraphy, the opaque mask imposes ε = 1. The
amplitude in the relay pupil plane (Eq. (12)) becomes:

Ψ+C(r) = Π
( r

D

)
Φ(r) (1 − Λ) , (22)

and there is no relevant exact solution: the trivial solutionΛ = 1
would correspond to an infinite size opaque mask (Fig. B.2).

However, approximate solutions can be obtained for eigen-
values Λ close to 1 and finite mask size: taking advantage of
the rapid saturation of the eigenvalue curve (Fig. B.2), we can
choose a mask size a corresponding to an eigenvalue close to 1,
so that the residual amplitude (Eq. (22)) remains close to zero.
A corresponding prolate apodization exists but is no longer an
exact solution and a residual amplitude exists.

The surprising result is that the residual amplitude in the
pupil plane (Eq. (22)) is itself proportional to the initial prolate
function, to the factor (1−Λ). The overall effect of Lyot coron-
agraphy with prolate apodization is here simply an attenuation
coefficient for the on-axis point source.

The residual star intensity is then itself apodized. Moreover,
in plane D, the energy is maximally concentrated within a sur-
face equivalent to the coronagraphic mask (prolate fundamen-
tal property Eqs. (B.7) and (B.8) (Slepian 1964; Frieden 1971).
This is an important difference with classical Lyot coronagra-
phy, for which the residual pupil intensity in plane C is known
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Fig. 2. Approximated solutions for Lyot
coronagraphy with prolate apodization. The
solutions are given for three arbitrary eigen-
values close to 1: Λ = 0.9 , Λ = 0.99 , Λ =
0.999. For each solution, we give the ra-
dial apodization in amplitude (left), and the
residual star intensity in the final focal plane
(in log scale). The grey tint rectangles cor-
respond to the mask size at the same scale.
Note that the mask is always smaller than
the central core.

to be maximum at the edge of the pupil (opposite effect to
apodization). This is why prolate apodizations are the optimal
solution for Lyot coronagraphy, in terms of maximum residual
star energy concentration.

Following Eq. (22), the residual intensity for the on-axis
star, is then simply reduced by the factor (1 − Λ)2 compared
to the intensity with the apodizer alone (without the mask)
Eq. (17):

|ΨD(r)|2 = (1 − Λ)2
(D

d

)2

ΛΦ2
(r D

d

)
· (23)

Examples of the apodized pupil and normalized star residual
intensity are given in Fig. 2, for the arbitrary eigenvalues Λ =
0.9, Λ = 0.99, Λ = 0.999: the mask sizes are represented as
grey tint rectangles and the intensity curves are normalized to
the maximum of the intensity for the unapodized pupil:

|Ψ̃D(r)|2 =
(

4
πD2

)2

× |ΨD(r)|2. (24)

An important point to notice is that with entrance pupil prolate
apodization, the Lyot mask size is always smaller than the core
of the diffraction pattern. This can be seen in Fig. 2, and also in
Fig. 3 (bottom). This is a very important difference with classi-
cal Lyot coronagraphy for which the mask extends over several
Airy rings.

The integrated residual energy is simply reduced by the fac-
tor (1−Λ)2 compared to the throughput T of the apodizer alone
(Eq. (14)):

E =
4
πD2

2 πΛ(1 − Λ)2

Θ2(0)
= (1 − Λ)2 × T. (25)

The closest to 1 the eigenvalue lie, the higher the coronagraphic
star energy rejection (Fig. 3 top). However, a tradeoff exists:
the transmission of the entrance pupil (Fig. 3 center) and the
angular resolution (Fig. 3 bottom) decrease with Λ. The three
examples of Fig. 2 are indicated in these figures with the dotted
lines.

The integrated star residual energy is not the most perti-
nent criterion to evaluate the performance, since the high con-
trast imaging problem comes from the central source diffracted
light. A better criterion is to consider the fractional energy in
the residual star diffraction wings, relatively to the instrument
throughput:

e(1)
wings =

∫ ∞
d/2
|ΨD(r)|2 2 π r dr∫ ∞

0
|ΨA(r)|2 2 π r dr

· (26)

Combining with Eq. (25), we obtain:

e(1)
wings = (1 − Λ)2

∫ ∞
d/2
|ΨD(r)|2 2 π r dr∫ ∞

0
|ΨD(r)|2 2 π r dr

· (27)
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Fig. 3. Lyot coronagraphy with increasing mask size (and increasing
eigenvalues and apodization strength). Top: residual energy for the
star, normalized to the entrance pupil transmission. Center: illustra-
tion of the loss of transmission for the approximate solutions due to
the increasing strength of the apodization. Bottom: illustration of the
loss of resolution due to the apodization. The full line represents the
position of the first zero of the PSF and can be compared to the half
width of the mask (Dashed line). The three values at a = 1.96, 2.90
and 3.74 correspond to the examples shown in Fig. 2.

Using the properties of encircled energy for the prolate func-
tions (Eqs. (B.7) and (B.8)), we obtain simply:

e(1)
wings = (1 − Λ)3. (28)

This criterion can be used to compare the difference of the
performance between the classical Lyot coronagraph and the

prolate apodized Lyot coronagraph. For the classical un-
apodized technique, this fractional energy is computed by a
numerical integration:

e(2)
wings =

4
πζ2D2


∫ ζ D

2

0
2 π rΨ(L)

C (r)
2

dr −
∫ d

2

0
2 π rΨ(L)

D (r)
2

dr

 ,
(29)

where ζ is a coefficient for the Lyot Stop diameter reduction.
Ψ

(L)
C (r) and Ψ(L)

D (r) are the wave amplitudes for the unapodized
Lyot coronagraph. We remind that for classical unapodized
Lyot coronagraph, the residual intensity in the exit pupil is con-
centrated at the edges of the pupil and a reduction of the diam-
eter (Lyot Stop) permits a better rejection. A comparison of
e(1)

wings (Eq. (28)) and e(2)
wings (Eq. (29)) is made in Fig. 4 for same

mask sizes. The comparison is made for the Lyot stop diam-
eters of 100%, 90% and 80%. For example, with a mask size
of 3λ/D, the efficiency of the prolate technique is roughly 104

better than for the classical Lyot technique.
The parameters and performances for these different tech-

niques are summarized in Table 1, including typical values for
the residual diffracted light at different positions (3λ/D, 5λ/D
and 7λ/D).

Fig. 4. Comparison of the fractional wings energy (in log scale) for
classical unapodized Lyot and prolate apodized Lyot, as a function of
the mask size. Full line (top curve): unapodized Lyot without Lyot
stop reduction. The two similar curves underneath correspond to a
Lyot Stop reduction of 90% and 80% respectively. The dashed line
(bottom curve) corresponds to the prolate apodized coronagraph.

4. Comparison between square and cicular prolate
apodized aperture with Lyot coronagraph

In this section, we compare the technique of coronagraphy with
prolate apodization for square or circular apertures of same col-
lecting surface S , i.e. a square aperture of length L = D

√
π/2.

With Roddier & Roddier coronagraphy, both shapes can
perform a total extinction: in the case of a square aperture,
the apodization solution consists of a product of linear pro-
late functions whilst for the circular aperture, the apodization
is a circular prolate function. An illustration of the solutions for
Roddier & Roddier is given in Fig. 5: the apodization (in ampli-
tude) and the impulse response without coronagraph (or the re-
sponse for a planet well outside the mask). The corresponding
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Table 1. Comparison of the performances for the technique with prolate apodization and the classical unapodized Lyot technique with Lyot
Stop (LS) reduction, expressed in percents. In this table, we give the values of the parameters introduced in the text.

Technique eigenvalue Throughput Mask Residual Wings level @ level @ level @
Λ T a starlight ewings 3λ/D 5λ/D 7λ/D

R&R Prolate 1/2 72.6% 1.06/D 0 0 0 0 0
Lyot Prolate 0.9 41.6% 1.96/D 10−2 10−3 3 × 10−6 10−6 10−7

Lyot Prolate 0.99 25.7% 2.90/D 10−4 10−6 3 × 10−9 3 × 10−10 10−10

Lyot Prolate 0.999 19.0% 3.74/D 10−6 10−9 3 × 10−12 5 × 10−13 10−13

Lyot 100% LS – 100% 4/D 4.8 × 10−2 3.8 × 10−2 1.6 × 10−4 3.2 × 10−4 5 × 10−5

Lyot 90% LS – 81% 4/D 1.7 × 10−2 1.6 × 10−2 1.6 × 10−5 6.3 × 10−5 4.0 × 10−6

Lyot 80% LS – 64% 4/D 9.0 × 10−3 6.9 × 10−3 1.6 × 10−5 5.0 × 10−5 2.5 × 10−6

Fig. 5. Amplitude aperture transmission
(left) and PSF (right), represented in
Plane B, for Roddier & Roddier coronag-
raphy, and a circular (top) or square (bot-
tom) aperture. The π phase mask is shown
as a black square and disk. Both aperture
can perform a total nulling of the star light.
Mask sizes are: 1.06/D for the disk diam-
eter and 0.85/L = 0.96/D for the length
of the square. The circular aperture presents
a slightly better telescope throughput (73%
instead of 70%). The intensity scale for the
PSF is not linear, but identical for the 2 fig-
ures.

phase masks are also shown in the figures as a black disk and
square. The surface of the circular mask (0.69/S ) is slightly
smaller than that of the square mask (0.72/S ). The through-
puts are similar, with again a slight advantage for the circular
solutions (73% vs. 70%).

The comparison is also interesting for Lyot coronagraphy.
Let us first remind the expression of the residual star intensity
for a square aperture and a Lyot coronagraph, already given by
Aime et al. (2002). We assume a symmetrical configuration for
the square aperture of length L (square coronagraphic mask of
size m with the same eigenvaluesΛx = Λy = Λs):

|ΨD(x, y)|2 =
(
1 − Λ2

s

)2
(
Λs

m

)2

L2Φ2
( L
m

x
)
Φ2

( L
m
y
)
. (30)

The residual star intensity is then itself a product of linear
prolate functions and the spatial intensity is not radially uni-
form in the final focal plane. Compared to the circular aper-
ture, the square aperture produces a lower residual diffracted
level along a diagonal cut but a higher level along an axial cut.

A comparison of residual intensities of the two configurations
is made in Figs. 6 and 7, for an arbitrary identical throughput
of 30%. In that case, the mask sizes are the following: the di-
ameter of the disk is 2.6/D and the length of the square is 2/L
(or 2.26/D for the square aperture of same surface. The surface
of the disk is slightly larger than that of the square (about 4%).
The shapes of the residual intensities are quite different.

This can be explained easily as follows: comparing
Eqs. (23) and (30), we see that the coronagraphic effect, for
an on-axis point source, is simply the multiplication of the

focal PSF without coronagraph by the factors
(
1 − Λ2

s

)2
and

(1 − Λc)2, respectively for a square and circular aperture. These
values are different for a same throughput. This is clearly vis-
ible in Fig. 6 where the residual level intensity at the center
of the pattern are 1.4 × 10−3 for the square aperture and only
5.9 × 10−4 for the circular one. Then the behavior of the resid-
ual light is given by the telescope PSF: the square aperture
presents a lower residual intensity in four quadrants, but two
strong diffraction patterns along its main axes.
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Fig. 6. Comparison of the residual star intensities (in log scale) for
Lyot coronagraphy with prolate apodizations for square apertures
(dashed lines) and circular apertures (full lines identical in the two
figures). Curves are drawn for apertures of same surface and an iden-
tical throughput of 30%. Top: circular aperture and square aperture
(axial cut). Bottom: circular aperture and square aperture (diagonal
cut).

The fractional wings energy, introduced above (Eq. (26))
can also be used as a criterion for a comparison between
the residual diffracted levels for the circular and square aper-
tures. The expressions for the fractional wings energy are
respectively:

e(1)
wings = (1 − Λc)3;

e(3)
wings =

(
1 − Λ2

s

)3
. (31)

Note that the eigenvalues for the square (Λs) and circular (Λc)
aperture are different for a same intensity throughput T. For
example, for T = 50%, Λs = 0.89 and Λc = 0.82. For a given
transmission T, we compare the two fractional wings energy of
Eq. (31) in Fig. 8.

5. Discussion

In this paper we have developed a theoretical study for coron-
agraphy of circular apertures with entrance pupil apodization,
following the previous study for rectangular apertures (Aime
et al. 2002). All the results for the rectangular configuration

Fig. 7. Comparison of the residual star intensities for Lyot coronagra-
phy with prolate apodizations for square apertures and circular aper-
tures. The two apertures have the same surface, and the same intensity
throughput T = 30% of the apodizer. The square aperture has a lower
residual intensity along a diagonal cut, but a higher residual intensity
along an axial cut, than the circular aperture which is radially uniform.

Fig. 8. Comparison for Lyot coronagraphy with prolate apodizations
between square apertures and circular apertures (same surface) as a
function of the throughput of the entrance apodization. The curve rep-
resents the ratio between the fractional wings energy for the square
and the circular apertures. The circular aperture gives a lower residual
energy in the diffraction wings, especially with increasing eigenvalues
(respectively decreasing throughput).
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find their analog with circular apertures. The formalism is more
complex, but the physical contents are similar. We have shown
that the natural apodization functions for Lyot’s coronagraphy
and Roddier & Roddier’s coronagraphy are the circular prolate
spheroidal functions. We have proven that a total extinction of
a monochromatic unresolved on-axis star can be obtained the-
oretically using a circular aperture apodized by circular prolate
functions and Roddier & Roddier’s phase mask coronagraphy.

The study we have made is for a monochromatic wave
front. R&R’s coronagraphy suffers from a double chromatism
problem, the size chromatism and the phase shift chroma-
tism compared to other phase shifting techniques, such as the
wavelength-independent CIA (Gay & Rabbia 1996; Baudoz
et al. 2000a; Baudoz et al. 2000b) or the less sensitive 4QC
technique (Rouan et al. 2000), or the achromatic PKC (Abe
et al. 2001, 2003). However, these techniques have other draw-
backs: the CIA does not produces images, and the 4QC/PKC
has a lower efficiency along the axis.

For Lyot coronagraphy, only a size chromatism exits: the
mask size is adapted to the wavelength λ0. At the wavelength λ,
the diffraction pattern is not of the same size and the mask size
is not correct. Equation (6) can be re-written, with the mask
size:

a = a0
λ0

λ
, (32)

where a0 is the mask size at the wavelength λ0. The kernel
equation Eq. (8) may then be used for the computation. If the
bandpass is not to large, the chromatic effect for Lyot is light.
Numerical simulations of these chromatic effects can be found
in Soummer et al. (2002a). However, to overcome this prob-
lem for large bandpass, one can use an achromatization system
that produces a magnification of the focal image proportional
to 1/λ over the bandpass (Wynne 1979). Then the aperture im-
age must undergo the same procedure (in the reverse sense)
for the Lyot stop, using a second Wynne corrector with oppo-
site effect. Wynne correctors have been used experimentally to
extend the bandwidth of speckle interferometry (Wynne 1979;
Roddier et al. 1980), or for the Dark Speckles coronagraphy ex-
periment (Boccaletti et al. 1998). A known limitation of Wynne
correctors is their very small field of view. This may be accept-
able for high contrast imaging applications. A detailed study of
the optical design including the two Wynne correctors remains
necessary to assess the performances of the whole experiment,
over a given bandwidth.

For the achromatized Lyot technique, only a partial extinc-
tion of the star can be obtained, but there also, prolate apodiza-
tions give optimal results. Both the star and the planet appear
in the final image with the same Point Spread Function (PSF)
that is optimal in terms of concentration of light. The overall ef-
fect of Lyot’s coronagraphy with prolate apodization is simply
to reduce the magnitude difference between the planet and its
parent star. Note that the multiple stage Lyot coronagraph pro-
posed for rectangular aperture, is then also possible for circular
aperture.

The reduction factor obtained with the prolate apodization
is good enough to consider Lyot’s technique for high con-
trast imaging, mainly because of its simplicity and its lower

dependence on the deviation from the perfect case: chroma-
tism, star diameter, telescope jitter.

The comparisons we made between circular and square
aperture with the prolate coronagraphy technique are in fa-
vor of the circular aperture. For a perfect prolate apodized
coronagraph using the Roddier & Roddier phase mask tech-
nique, the circular aperture provides a slightly better instru-
mental throughput for a smaller mask size. For Lyot coronag-
raphy (PALC) the results appear even more favorable to the
circular aperture that gives a lower integrated residual energy
in the diffraction wings, especially when a strong apodization is
used. For a given throughput, the square aperture may however
permit a better planet detection in four quadrants outside its
main axial diffraction patterns. Because of its cross-like dead
zone, delicate and time consuming 45 degrees telescope rota-
tion will be needed to investigate the whole field. A circular
aperture with a slightly lower throughput will probably be able
to detect directly the presence of a planet in a shorter time.
Moreover, the comparison we have done assume telescopes of
same surface. For practical reason, it is probable that a square
telescope would be obtained by diaphragming a circular one,
which diameter equals to the diagonal of the square. In this
case the circular aperture would be much more efficient. This
comparison between a square and circular aperture does not
apply directly to rectangular apertures, detailed in a previous
study (Aime et al. 2002), since rectangular apertures present
some specific interesting advantages (high angular resolution
in one direction, possible X, λ implementation for example)

This paper intended to present a theoretical and analyt-
ical approach for coronagraphy without atmosphere, using
apodized apertures. Several issues have not been tackled in this
paper and remain to be studied numerically. In particular, nu-
merical simulations will be needed to evaluate the sensitivity of
these formal solutions to the physical parameters: wavelength
dependence, wavefront errors, mask positioning errors, angular
diameter of the star, etc. It will be also interesting to check if
the technique can give valuable results from the ground using
an apodized aperture with adaptive optics. All these points will
be studied in a more technical future work, and some of them
are already presented in Soummer et al. (2002a). A compari-
son with the other coronagraphic techniques is also necessary;
a major point will be to include signal to noise ratio as the main
comparison criterion.

Acknowledgements. The authors would like to thank André Ferrari
for helpful discussions.

Appendix A: Formalism for the coronagraphy
of circular apertures

In Eq. (6), the two dimensional convolution product between
the 2 radial functions f (r) = ΨA(r) and g(r) = a J1(π a r)

2 r can
be simplified, using the properties of FT and HT. The Fourier
Transform (FT) of the convolution product is a simple product
between the FTs of each functions:

F ( f (r) ∗ g(r)) = f̂ (ρ) × ĝ(ρ), (A.1)
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where ρ denotes the radial vector in the Fourier space and ρ
its modulus. Since these functions are radial functions, a ra-
dial cut (denoted f̂ (ρ)) and f̂ (ρ) can be computed by a Hankel
Transform (HT). Using Eq. (2), we have, for ρ ≥ 0:

f̂ (ρ) =
∫ ∞

0
Π

( r
D

)
Φ(r) J0(2 π ρ r) 2 π r dr (A.2)

ĝ(ρ) = Π
(
ρ

a

)
· (A.3)

The radial cut of the FT of the convolution product is then:

[F ( f (r) ∗ g(r))
]
r.c. = Π

(
ρ

a

) ∫ D
2

0
Φ(r) J0(2 π ρ r) 2 π r dr. (A.4)

Taking again the HT of this radial expression (reminding that
(HT [HT ] = Id)), we come back to the expression of the radial
cut of the convolution product:

[
f (r) ∗ g(r)

]
r.c. =

∫ a
2

ρ=0

∫ D
2

ξ=0
Φ(ξ) J0(2 π ρ ξ) 2 π ξ dξ

×J0(2 π ρ r) 2 π r dr, (A.5)

that can be written, with the kernel notation:

[
f (r) ∗ g(r)

]
r.c. = (2 π)2

∫ D
2

0
ξΦ(ξ) K0(ξ, r) dξ (A.6)

where the Kernel:

K0(ξ, r) =
∫ a

2

0
ρ J0(2 π ρ ξ) J0(2 π ρ r) dρ, (A.7)

was already given by Frieden (1971) in his presentation of cir-
cular prolate functions properties (see Appendix B)

An analytical expression of the Kernel can be obtained with
the help of Mathematica software (Wolfram 1999):

K0(ξ, r) =
a r J0(a π ξ) J1(a π r) − a ξ J0(a π r) J1(a π ξ)

4 π
(
r2 − ξ2) , (A.8)

which limit for r = ξ equals:

K0(ξ, ξ) =
1
8

a2
(
J0(a π ξ)2 + J1(a π ξ)2

)
, (A.9)

for ξ = r.
Theses analytical expressions of the Kernel make it possible to
use the integral of Eq. (A.6) for the direct computation of the
convolution product, with better ratio precision / computation
time.

Appendix B: Circular prolate functions

Circular prolate functions where invented independently by
Slepian (1964) and Heurtley (1964) and have found very inter-
esting applications in Optics, for example for the study of con-
focal laser modes or wave aberrations. Theses applications of
prolate functions in Optics are detailed in the excellent review
paper by Frieden (1971). The short presentation of the mathe-
matical properties of circular functions is drawn from Frieden’s
paper. However, notations have been adapted to fit the present
application.

Fig. B.1. Illustration of the properties of prolate function. Top: invari-
ance to the finite Hankel Transform (Eq. (B.1)); the HT of the trun-
cated prolate gives the prolate itself. Bottom: the HT of the entire
prolate gives the truncated prolate (Eq. (B.2)).

Circular prolate functions are the circular analogy to the
linear prolate function, known since Niven (1880) and re-
discovered by Slepian in 1959 (Slepian & Pollak 1961). Their
properties are strictly analogous to those of the linear functions.
In the circular case, Hankel Transforms (HT) replace the lin-
ear Fourier Transforms (FT). Circular prolate function are de-
fined for any order N of HT, but in the present application we
will only need to consider the HT of zero order, involving the
Bessel J0 function that appears in Fourier Optics for Hankel
Transforms. We will omit the subscripts N and n in the nota-
tions for clarity (the prolate function for n = 0 is the only one
with maximum at origin).

Circular prolate functions are defined by their invariance to
a finite Hankel Transform (the finite HT of a function is the HT
of the truncated function):∫ D

2

0
Θ(ξ) J0(2 π r ξ) 2 π ξ dξ =

D
a
Λ

1
2 Θ

(r D
a

)
· (B.1)

The eigenvalue Λ and the prolate function Θ(r) depend on the
so-called prolateness parameter c = πD a

2 , that we omit in the
notations, for clarity.

Reciprocally, the circular have the following property for
the infinite HT:∫ ∞

0
Θ(ξ) J0(2 π r ξ) 2 π ξ dξ =

D
a
Λ−

1
2 Θ

(r D
a

)
(0 ≤ r ≤ a/2),

= 0 (r > a/2). (B.2)

These two properties are the most interesting properties for
coronagraphy: the HT of a truncated central part of the pro-
late function gives the prolate function itself (to normalisation
factors). The HT of the entire prolate function gives the same
central truncated part. A heuristic illustration of these two prop-
erties (Eqs. (B.1) and (B.2)) is given in Fig. B.1.

Performing a finite HT on both side of Eq. (B.1), we have:

(2 π)2
∫ D

2

0
ξΘ(ξ) K0(ξ, r) dξ = ΛΘ(r) (B.3)
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K0(ξ, r) =
∫ a

2

0
ρ J0(2 π ρ ξ) J0(2 π ρ r) dρ. (B.4)

The circular prolate function appear to be the eigenfunctions
of this integral equation, with eigenvalueΛ (we give the kernel
expression in Eqs. (A.8) and (A.9)).

A given eigenvalue correspond to a unique mask size a and
a unique prolate function, as illustrated in Fig. B.2 (usually this
curve is drawn as a function of the prolateness parameter c =
πD a

2 , but for clarity we consider it as a function of the mask
size (the telescope diameter D is a constant).

Fig. B.2. Eigenvalue Λ as a function of the mask size a, and corre-
sponding prolate functions of zero order Θ(r)/Θ(0) (normalized). The
closest to 1 the eigenvalue, the stronger the apodization. Three exam-
ples are given for three eigenvalues. The corresponding apodization
functions are given in amplitude.

The double orthogonality property of the linear prolates
also exists for the circular prolates of orders m and n:∫ D

2

0
rΘn(r)Θm(r) dr = Λn δmn (B.5)

∫ ∞

0
rΘn(r)Θm(r) dr = δmn (B.6)

where δmn is the Kronecker delta.
This property is useful for the computation of the transmis-

sions of the prolate apodizations (with m = n = 0).
An other fundamental property is the fractional energy

within 0 ≤ r ≤ r0 which finds a simple expression:

e =

∫ a
2

0
r |ΘN,n(r)|2 dr∫ ∞

0
r |ΘN,n(r)|2 dr

= ΛN,n. (B.7)

Moreover, the maximum fractional energy correspond to N = 0
and n = 0 (the case considered in the present study), and we
have (Frieden 1971):

emax = Λ. (B.8)

This is why we consider only for apodization the functions cor-
responding to N = 0 and n = 0. (Θ0(r) is also the only one with
its maximum at the origin).

Appendix C: Computation of the circular prolate
functions

The circular prolate functions used in this paper can be defined
in terms of Slepian’s “generalized prolate spheroidal functions”
ϕN,n(c, x) (Slepian 1964):

ΘN,n(c, r) =

√
2ΛN,n(c)

D

ϕN,n

(
c, 2r

D

)
√

r
· (C.1)

Here N is the order of the Hankel transform, n the order of the
prolate function, and c = πDa/2 the prolateness parameter. In
this paper we are primarily interested in the case N = n = 0,
and for convenience have generally omitted these labels.

The functions ϕN,n(c, x) are solutions of a generalized
spheroidal differential equation,

(1 − x2)ϕ′′(x) − 2xϕ′(x) +

χ − c2x2 +

1
4 − N2

x2

ϕ(x) = 0, (C.2)

with eigenvalues χ = χN,n(c). They are conventionally normal-
ized so that∫ 1

0
ϕN,n(c, t)2dt = 1. (C.3)

When c = 0, Eq. (C.2) is satisfied by the functions TN,n(x),
defined by

TN,n(x) = xN+ 1
2 2F1

(
−n, n + N + 1; N + 1; x2

)
, (C.4)

where 2F1(a, b; c; z) is Gauss’ hypergeometric function
(Abramowitz & Stegun 1965), and the eigenvalue is χN,n(0) =
(N+2n+1/2)(N+2n+3/2). The TN,n(x) satisfy the three-term
recurrence relation

x2TN,n = γ
1
N,nTN,n+1 + γ

0
N,nTN,n + γ

−1
N,nTN,n−1, (C.5)

where

γ1
N,n = −

(n + N + 1)2

(2n + N + 1)(2n + N + 2)
, (C.6a)

γ0
N,n =

1
2

(1 +
N2

(2n + N)(2n + N + 2)
), (C.6b)

γ−1
N,n = −

n2

(2n + N)(2n + N + 1)
· (C.6c)

For general c, the functions ϕN,n(c, x) are expanded in a series
of the TN,k(x):

ϕN,n(c, x) =
∞∑

k=0

dN,n
k (c)TN,k(x). (C.7)

Substituting this expansion into Eq. (C.2) and using Eq. (C.5),
we obtain a three-term recurrence for the series coefficients
dN,n

k (c):

c2γ1
N,k−1dN,n

k−1 + (c2γ0
N,k + χN,k(0) − χN,n(c))dN,n

k

+c2γ−1
N,k+1dN,n

k+1 = 0. (C.8)
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The eigenvaluesχN,n(c) and the coefficients dN,n
k (c) can be com-

puted from this equation using the standard tridiagonal ma-
trix or continued fraction methods (Falloon 2001). For x > 1,
ϕN,n(c, x) can be computed using the series

ϕN,n(c, x) =
1

γN,n(c)

∞∑
k=0

dN,n
k (c)

J2k+N+1(cx)(
k + N

k

) √
cx

, (C.9)

where

γN,n(c) =
cN+ 1

2 dN,n
0

2N+1Γ(N + 2)

 ∞∑
k=0

dN,n
k (c)


−1

. (C.10)

The eigenvalues of the integral equation (Eq. (B.3)), ΛN,n(c),
can be found using

ΛN,n(c) = cγN,n(c)2. (C.11)
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