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Abstract. We consider the consequences of radiative heating for the storage of magnetic flux in the overshoot region at the
bottom of the solar convection zone. In the first part of the paper, we study the evolution of axisymmetric flux tubes (flux
rings), which are initially in neutrally buoyant mechanical equilibrium. Radiative heating leads to a slow upward drift of the
flux ring with a velocity depending on the degree of subadiabaticity of the stratification. Maintaining the flux tubes within the
overshoot region for time intervals comparable with the solar cycle period requires a strongly subadiabatic stratification with
8 = V=V,4 < —107*, which is not predicted by most current overshoot models (e.g., Skaley & Stix 1991; van Ballegooijen 1982;
Schmitt et al. 1984). The drag force exerted by equatorward flow due to meridional circulation permits states of mechanical and
thermal equilibrium in the overshoot region, but these apply only to very thin magnetic flux tubes containing less than 1% of the
flux of a large sunspot. In the second part, we consider the influence of radiative heating (and cooling) on magnetic flux stored
in the form of a magnetic layer. In contrast to the case of isolated flux tubes, the suppression of the convective energy transport
within the magnetic layer affects the overall stratification of the overshoot region. In the case of a quenching of the convective
heat conductivity by a factor of the order 100, the overshoot layer receives a net cooling leading to a stronger subadiabaticity,
so that values of § < —10~* are reached. The stabilization of the stratification relaxes the conditions for flux storage. Stronger
quenching of the heat conductivity leads to larger temperature perturbations (of both signs) and to the destabilization of the

upper part of the overshoot layer, with the likely consequence of rapid magnetic flux loss.
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1. Introduction

Solar hydromagnetic dynamo models require that large
amounts of magnetic flux are retained in the convection zone
for times of the order of the cycle period (Parker 1975;
Galloway & Weiss 1981; Moreno-Insertis et al. 1992). Whereas
magnetic fields that do not considerably exceed the equiparti-
tion field strength with respect to the kinetic energy density
of the convective motions ($1T) may be transported down-
ward by convective pumping (Tobias et al. 2001), storage of
stronger magnetic field requires a mechanical equilibrium char-
acterized by neutral buoyancy and a force balance between
Coriolis force and magnetic curvature force (Moreno-Insertis
et al. 1992; Rempel et al. 2000; Schiissler & Rempel 2002).
Such strong magnetic field of the order of 10T at the base
of solar convection zone has been inferred by various studies
of the stability and rise of magnetic flux tubes (e.g., Moreno-
Insertis 1986; Choudhuri & Gilman 1987; Moreno-Insertis
et al. 1992; Moreno-Insertis 1992; D’Silva & Choudhuri 1993;
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Fanetal. 1993, 1994; Schiissler et al. 1994; Caligari et al. 1995,
1998; Fisher et al. 2000).

It should be mentioned that Dorch & Nordlund (2001)
come to a different conclusion than Tobias et al. (2001) con-
cerning the pumping of strong field. They found rescaling their
results to solar values that convective pumping still works for a
field strength of several Tesla.

The problem of flux storage has drawn new attention
through the work of Fan & Fisher (1996), who suggested that
the equilibrium of flux tubes is disturbed by radiative heating
arising from the non-vanishing divergence of the radiative heat
flux in the overshoot region and deep solar convection zone.
This process has been studied in detail by (Moreno-Insertis
et al. 2002) in the framework of a diffusion model. Here we
consider the consequences of radiative heating for the storage
of magnetic flux in the overshoot region.

The paper is organized in two main parts: in Sect. 2 we dis-
cuss the influence of the radiative heating on isolated flux tubes
in the overshoot region. We present numerical results and give
an analytical discussion of possible equilibria. In Sect. 3 we
consider the influence of radiative heating on the equilibrium
of a magnetic layer as an alternative to field storage in the form
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of flux tubes. We discuss numerical and analytical solutions of
the diffusion problem. Our conclusions are given in Sect. 4.

2. Radiative heating of toroidal magnetic flux rings
2.1. Equations

We consider the dynamics of strong magnetic field in the form
of isolated flux tubes in the solar overshoot region, including
the effects of radiative energy exchange and of transport by
a meridional flow. The equations of motion are based on the
approximation of thin flux tubes. Since the radiative heating
is uniform along the magnetic flux tube, it favors an axisym-
metric thermal instability. In order to simplify the analysis we
therefore focus on m = 0 modes in the following. For the
case of axial symmetry (flux rings) considered here, the mo-
mentum equation can be written as a set of three coupled or-
dinary differential equations describing the (Lagrangian) mo-
tion of a mass element of the flux ring. Expressed in spherical
polar coordinates, [r(¢), 0(¢), ¢(¢)], and using a frame of refer-
ence that rotates with angular velocity Q, these equations read
(Moreno-Insertis et al. 1992):
i = r(92 + Sin29(i§2) + fr
%
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The forces ( frs Jos f¢) are the sum of the magnetic curvature

force, the buoyancy force, the inertial forces resulting from the

rotation in the reference frame, and the drag force due to the
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Ao = o — o denotes the density difference between the in-
ternal and external density. Q. is the angular velocity of the
external plasma, g the gravitational acceleration, c, the aero-
dynamic drag coeflicient, and R the radius of the flux tube. The
perpendicular component of the velocity of the tube relative to
the external plasma, v, is given by the velocity difference be-
tween the motion of the tube and the external plasma motion
(meridional circulation), v™:

vt =7
v, = v'g"—ré . 7
0

M. Rempel: Thermal properties of magnetic flux tubes. 1.

The density difference, Ap, is expressed in terms of B =
Dgas/ Pmag and of the entropy difference, AS = § - S, between
the internal and the external plasma:

A 1\ A
—Qzl—(1+—) exp(—S)'
o B Cp

®)

The external entropy S.(r) is given by the fixed (average) ex-
ternal stratification, whereas the internal entropy S changes in
the presence of radiative heating:

T.—-T
R2

oT S =4« —div F.. 9)
T and T. denote the temperatures within and outside of the
flux ring, respectively. The first term on the right-hand side de-
scribes the radiative energy exchange caused by the tempera-
ture difference AT = T, — T, whereas the second term repre-
sents the effect of the divergence of the radiative flux, Fe, in the
exterior. This term becomes relevant in regions where the dom-
inant mode of energy transport changes between radiative and
convective (Fan & Fisher 1996; Moreno-Insertis et al. 2002).

2.2. The effect of radiative heating

For the stratification of the convection zone proper we use the
model of (Spruit 1977b). The detailed structure of the over-
shoot region is still controversial. Many models (e.g., Skaley &
Stix 1991; van Ballegooijen 1982; Schmitt et al. 1984) predict
an overshoot region with a sharp transition to the underlying
radiation zone, which is questioned by helioseismology (Basu
et al. 1994; Christensen-Dalsgaard et al. 1995). This is not the
case in the model of Xiong & Deng (2001), which has a rather
smooth transition. The thickness of the overshoot region in this
model is quite large (=~0.6 pressure scale heights) and the sub-
adiabaticity is considerably stronger than in non-local mixing-
length models. In view of the uncertainty of overshoot models,
we have decided to use a parameterized approach and consider
a polytropically stratified overshoot region with a constant su-
peradiabaticity,d = V — V4 < 0.

On the basis of Egs. (1)-(9), we have simulated the dy-
namical and thermal evolution of magnetic flux rings in the
overshoot region, building upon the numerical code of Moreno-
Insertis (1983), see also Moreno-Insertis et al. (1992). We start
from a state of mechanical equilibrium, which requires neu-
tral buoyancy and an azimuthal flow along the flux ring so that
the magnetic curvature force is balanced by the Coriolis force.
Choosing Q such that the interior of the equilibrium flux ring
is at rest in the rotating frame of reference, the conditions for
mechanical equilibrium are (Moreno-Insertis et al. 1992):

Apo=0

B2
Q=01+ ————
o or? sin® 6 Q2

As Moreno-Insertis et al. (1992) discussed in detail, the
toroidal flow inside the flux tube can be reached by a pole-
ward movement owing to the angular momentum conservation.

(10)
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Neutral buoyancy results from an upward movement in a sub-
adiabatic stratification. Radiative heating disturbs the equilib-
rium: the resulting buoyancy causes the flux ring to drift out-
ward. A rough estimate of the rise velocity can be obtained by
assuming a quasi-stationary equilibrium between the heating
and the stratification effects in the subadiabatic (6 < 0) over-
shoot region (Fan & Fisher 1996), viz.

VaH 2 11!
Uy = X pHrad|:_6+(_2__)_:| ’
e vy v)B

where H, indicates the pressure scale height and Hpg =
—div F.. For § < —0.12/8 (e.g., § < —107° for a field strength
of 10 T) and using typical values for the solar overshoot region
(H, =6x10"m, p. = 6 x 10'>Pa, and Hy,g = 3Wm™ we find

10-6] .,
— |msS .
|61

12)
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We consider the rise time, 7, required for an upward drift
of 10*km, corresponding to the thickness of the overshoot
layer, as a measure for the relevant storage time of a mag-
netic flux ring. Once it leaves the subadiabatically stratified
overshoot region, it rapidly rises through the superadiabatically
stratified convection zone proper. From the previous equation
we estimate

16|

=11 [—

106 days.

(14)

With 6 = =3 x 10™° we have T ~ 1 month, which is in good
agreement with the numerical results, which we now discuss.

Our restriction to the case of a constant superadiabaticity
and an assumed thickness of 10*km does not affect signifi-
cantly the applicability of our results to different structures of
the overshoot, as long as the relation v, ~ 1/|6| holds, since

d
T=f—r~f|5|dr=<|5|>Ar.
vy

By rescaling the rise time with the thickness and using the av-
erage superadiabaticity our results can be applied accordingly.

Figure 1 shows the dependence of the rise time on the initial
tube radius and initial field strength. The tube radius enters the
equations in two places: 1) via the drag force (per unit length),
which scales with R™!, and 2) in the first term of Eq. (9) de-
scribing the radiative inflow due to the temperature difference
between flux tube and external plasma, which scales with R2.
For decreasing tube radius, the drag force tends to increase the
rise time, whereas the faster thermal exchange acts in the oppo-
site direction. In the limit of very small radius, the latter effect
is dominant, while for intermediate radii the net effect depends
on the field strength as follows. In the initial neutrally buoy-
ant equilibrium state, the temperature within the flux tube is
lower than in the external plasma. Thus the heat exchange de-
scribed by the first term on the right-hand side of Eq. (9) dis-
turbs the state of neutral buoyancy. Since the initial tempera-
ture difference scales with B2, this effect is more important for
tubes with a large field strength (Moreno-Insertis 1983). On the
other hand, for a tube radius larger than 1000 km the rise time

(15)
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Fig. 1. Rise time of a flux ring over a radial distance of 10* km within
the overshoot region (6 = =3 X 107%) as a function of the initial tube
radius, R. The initial magnetic field strength is B = 1T (solid line),
B = 5T (dotted), and B = 10T (dashed). The simulation includes
a drag force with ¢, = 1. The initial colatitude of the flux ring is
6o = 70°.
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Fig. 2. Rise time of a flux ring over a radial distance of 10* km within
the overshoot region (§ = —3 x 107%) as function of the initial colati-
tude. The tube radius is 1000 km. The initial magnetic field strength is
B = 1T (solid line) and B = 10T (dashed).

is nearly independent of the field strength since the heat ex-
change term scales with R=2 (first term on the right-hand side
of Eq. (9)) whereas the radiative heating term (second term on
the right-hand side of Eq. (9)) shows no dependence on R.
Figure 2 shows the dependence of the rise time on the initial
colatitude 6, for a fixed initial tube radius of 1000 km. The rise
time roughly doubles for flux tubes starting near to the equa-
torial plane. This dependence can be understood in terms of
angular momentum conservation, which tends to keep the dis-
tance of the flux ring to the axis of rotation constant. Whereas
the buoyantly driven radial rise in high latitudes has nearly no
effect on this distance, a rise near to the equator increases this
distance, leading to a Coriolis force counteracting the radial
rise. As a result the rise time increases towards low latitudes.
Figure 3 shows the rise time as function of the superadia-
baticity, 6. Since we have chosen a flux tube radius of 1000 km,
the influence of the field strength is small (Moreno-Insertis
1983). The linear dependence on ¢ predicted by Eq. (14) is
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Fig. 3. Dependence of the rise time of a flux ring over a radial distance
of 10* km within the overshoot region on the superadiabaticity. The
initial flux tube radius is 1000 km, the initial colatitude 8, = 70°. The
magnetic field strength is B = 1T (solid) and B = 10 T (dashed).

confirmed, except for very small values of |d|, for which the
B-dependence in Eq. (12) has to be taken into account.

2.3. Influence of an external flow

A meridional circulation with a poleward flow in the upper part
of the solar convection zone has been found by helioseismol-
ogy (e.g., Duvall & Gizon 2000). If the return flow penetrates
as deep as the overshoot layer, it may affect the evolution of
magnetic flux tubes by dragging them equatorward. Angular
momentum conservation then leads to an inward Coriolis force
decelerating the radial rise. In order to simulate this effect we
have included a r-independent equatorward flow of the form
vy (0) = vp sin(26), (16)
which has a maximum speed at mid-latitudes. We will later
discuss the influence of a flow profile with also radial depen-
dence (see Eq. (31)). Figure 4 gives the resulting rise time for
the same parameters as in Fig. 1 with a meridional flow with
vo = 20ms~! (Rekowski & Riidiger 1998). For flux tubes with
radius larger than ~1000 km, the rise time increases by about
30% compared to the case without meridional flow, largely
independent of the field strength. For smaller radii, the rise
time depends on the field strength: whereas flux tubes with 5 T
and 10T show rise times similar to those in Fig. 1, the rise
time sharply increases for B = 1 T. This result due to the fact
that flux tubes with weak field and small radius find an equi-
librium state that is characterized by a balance between the
buoyancy force and the sum of the Coriolis and drag forces
(van Ballegooijen 1982). We discuss the properties of such
equilibria in the following section.

2.4. Equilibria with meridional flow

For an equilibrium with meridional flow and radiative heating
the conditions for mechanical (¥ = # = 6 = § = 0) and thermal
equilibrium (§ = 0) have to be fulfilled simultaneously.
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Fig. 4. Same as in Fig. 1, but including an external equatorward merid-
ional flow with a velocity of 20 ms~!. For flux tubes with small radius
and weak field, the meridional flow leads to a significantly larger rise
time.

Thermal equilibrium:

The thermal equilibrium requires a vanishing net heating rate
of the flux tube. Setting the right-hand side of Eq. (9) equal
to zero, we obtain for the temperature difference:

AT _T.-T —divF, =
T ~ T — 4«xT )

A7)

With div F, ~ =3 Wm™3, thermal equilibrium requires a larger
temperature inside the flux tube:

2

AT ~ 80( (18)

1000 km)

Radial force balance:

Assuming S > 1 we can express the growth of the field

strength due to stretching of the expanding flux ring in the form
B BO rsind BO
" =y,

© 0o rosinfy o

19)

while the change of the internal azimuthal flow due to angular
momentum conservation is given by

. 1
=Q|—=-1)

o=o(5

Inserting Eqgs. (19) and (20) together with the initial condition

Eq. (11) into Egs. (1) and (4) yields for the equilibrium position
G=r=¥=0):

(20)

A 1 B?
—= s [Q2rsin2e(——1)— (1—@)]
0 x HoQr 0

1

g—Q2rsin’9’

21

where we assumed a purely latitudinal external flow (v, = 0).

For solar rotation we have Q2r sin’¢ < g¢. Excluding
the vicinity of the poles, the first term in angular brackets
dominates over the second term. For 8 = 70°, B = 5T,
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and o/0p = 0.9 (which corresponds to a radial displacement
of Ar = 10*km) we have
Q% rsin?0~3x1073 (22)
BZ
(1— @)~2>< 105, (23)
Hoor %

As long as the flux tube remains in the overshoot region, we
have x < 1.02, which corresponds to a radial displacement of
Ar = 10*km at r = 5 x 103 m. This means that the first term
in angular brackets in Eq. (21) is a factor of 10 larger than the
second term. From the linearized ideal gas law together with
the lateral balance of total pressure we obtain

Ao 1 AT
c BT

Inserting this into Eq. (21), we find the equilibrium field
strength, Bey:

Q2 r sin 6 1 AT
Beo = 1|2 =  |1-=]-=],
“ 'J ﬂop[ g ( 14) T}

where p denotes the gas pressure within the flux tube.

(24)

(25)

Latitudinal force balance:

The external meridional flow enters the equations through the
drag term in the #-component of the momentum equation,
Eq. (2). Setting 8 = 0 and using Eqs. (19) and (20) we obtain
as equilibrium condition:

B A
0= (1—@)cot0——QQ§r sinfcos 6 (26)
HooTr © ©
1 w 2
+Q?r sinecose(F - 1) + ;—R % (v;,") .

The first term on the right-hand side can be neglected as shown
above in the case of the radial component. We see from Eq. (21)
that the second term is by a factor Q2 r/g ~ 107> smaller than
the third term and thus is negligible as well. With Eq. (16) the
condition for the latitudinal force equilibrium then reads

oL _2aq

=220 in20).
x* ﬂQZrRsm( )

(27)
We see from Eq. (11) that Q depends on the initial position of
the flux tube and on its initial field strength, By. In general it is
not possible to obtain an analytical solution for x.

Since the difference between Q and €. is small in the rele-
vant range of field strengths (<10% fora 5 T field and 8 > 30°),
an approximate solution of Eq. (27) can be found by setting
Q = Q.. For equatorward flow in the overshoot region we al-
ways have x > 1, so that there exists a minimal equilibrium
tube radius, Rp,. In the limiting case x — co (so that By — 0
and thus Q — Q.) we have

2
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Fig. 5. Field strength (solid line, left scale) and magnetic flux (dashed
line, right scale) for an equilibrium flux ring located at § = 70° co-
latitude. The meridional flow has an amplitude of vy = 20ms~!. The
values of R, and Ry« are 50 km and 178 km, respectively.

For flux tubes with R < Ry,,, the Coriolis force cannot bal-
ance the drag force and stop the equatorward drift due to the
latitudinal flow. Combining Egs. (17), (25), and (27) yields

2 ¢,y V2 sin* @sin(26)  |div F.|
Beq=42u0p[; ° -——R| (29

gR 4kT

Since this equation does not contain €, there is no implicit de-
pendence on the initial state. Equation (29) implies a maximum
tube radius compatible with the equilibrium:

(30)

8 T k¢, v2 sin® @sin(26) 13
b/ g |div F|

R<Rmax:[

For flux tubes with larger radius, the buoyancy force caused
by the temperature difference given by Eq. (17) cannot be bal-
anced by the Coriolis and drag forces. Thus equilibria only ex-
ist in the range Ry, < 7 < Rmax. In this interval, the equilib-
rium field strength is a function of tube radius and latitudinal
flow speed. Figure 5 shows B4 and the corresponding magnetic
flux as a function of tube radius for vy = 20 ms~".

Figure 6 shows the dependence of Ry, and Rp.x on the
meridional flow speed, vy. Equilibria only exist for Ry, <
Rmax, which implies vy < 50 ms™'. Returning to the results
shown in Fig. 4, we see that the strong increase of the rise time
for the tube with B = 1 T can be understood as the result of the
approach towards the interval of possible equilibrium configu-
rations (R < 178 km for vy = 20 ms™).

After discussing the equilibria we now consider whether
such a state can actually be reached dynamically. Equation (29)
shows that, for a given flow speed vy and colatitude 6, the equi-
librium requires a specific relation between B and R. Since it
is not obvious that a given flux tube will reach an equilibrium
state, we have carried out numerical simulations focusing on
the evolution towards a state of equilibrium. For a meridional
flow driven by the interaction of convection and rotation in
the convection zone, we expect that flow speed decreases with
depth in the overshoot region (e.g., Rekowski & Riidiger 1998).
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In the attempt to mimic this effect, we have used the velocity
profile

€19

— )2
v (r,0) = vy sin(2 6) [1 —exp (_%)] ’

with d = 4 x 10°m. The flow speed vanishes at the bottom
of the overshoot region, r = ry. The results of the simulation
with this velocity profile depend on whether the initial field
strength and initial radius of the tube permit an equilibrium
configuration according to Eqgs. (28)—(30):

1) If no equilibrium can exist for a meridional flow speed with
v < vy, the flux tube leaves the overshoot region.

2) If an equilibrium with v < vy is possible, the flux tube drifts
equatorward and in radial direction until it encounters the
value of v} required for equilibrium.

An example for the dynamic evolution of a flux tube towards an
equilibrium is shown in Fig. 7. Initially, the thermal buoyancy
due to radiative heating leads to a radial upward drift of about
2.5 Mm while the latitudinal flow displaces the flux tube to-
wards the equator by about 12°. The toroidal flow speed inside
the flux tube decreases due to angular momentum conservation.
The resulting Coriolis force and the drag force more than com-
pensate the thermal buoyancy, so that the flux tube drifts down-
ward again until it reaches the depth in which the meridional
flow speed permits force equilibrium. In its equilibrium posi-
tion, the flux tube reaches a field strength of B = 4T and a ra-
dius of R = 150 km. The latitudinal flow speed of vy = 20 ms~!
at this position corresponds to the case shown in Fig. 5.

3. Radiative heating of a magnetic layer

So far we have discussed the consequences of a non-vanishing
div F. in the case of isolated flux tubes. For a homogeneous
magnetic field layer, the resulting heat exchange affects the
stratification of the whole overshoot region. Depending on its
width and radial location, the magnetic layer may straddle
regions with different sign of div F.. For instance, we have
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Fig.7. Evolution of a flux ring towards an equilibrium state with
B = 4T and R = 150km. The meridional flow has a maximum
value of vy = 25 ms™! and decreases with depth according to Eq. (31).
Shown is the development of radial distance from bottom of overshoot
region (upper left panel), colatitude (upper right), and the three veloc-
ity components (middle left, middle right, lower left panel). The lower
right panel shows the path of the flux ring in the -6 plane.

div F. > 0 (and thus a cooling effect) in the narrow boundary
layer at the bottom of the overshoot region where the down-
ward directed convective energy flux decreases to zero.

We consider a simple one-dimensional model for the ther-
mal effects arising from the suppression of convection within
the magnetic layer. We assume a linear diffusion model for
the convective smoothing of temperature perturbations (Spruit
1977a; Moreno-Insertis et al. 2002) in order to describe the re-
action of the temperature profile on a magnetic quenching of
the convective flux. This allows us to calculate the change of
superadiabaticity and thus to determine how the conditions for
flux storage are changed by thermal effects. The model does not
describe the backreaktion of the superadiabaticity on the con-
vection itself. However, the results do not depend sensitively on
the details of the quenching since the solution is mainly deter-
mined by the assumed magnitude of the reduction of the con-
vective heat flux.

3.1. Model equations

The undisturbed solar energy flux in the solar overshoot region
consists of a convective and radiative part,

—_—— ———

F, F.
with @ > 1 because the (non-locally driven) convective energy

flux is directed downward in the overshoot region. We account
for the suppression of the convective energy flux by a strong
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magnetic field by introducing a flux quenching factor, g, de-
fined by

F. = qF° (33)

with the unperturbed convective energy flux F, 8. The reduced
convective energy flux leads to a temperature perturbation, 7.
Following Moreno-Insertis et al. (2002), we assume that the ef-
fect of the convective motions on T'; can be described as a local
diffusion process, analogous to the effect of radiative transport.
Owing to the presence of the magnetic field, the correspond-
ing convective heat conductivity is also subject to a quenching
factor, g, defined by

Ke = Gk (34)
The magnetically modified energy flux is thus written as:
F = F, - (Kr + qe Kg) grad T, (35)

Kl
tFola S —(1-a) (1 —qf)]
KI‘

where «¥ and k¥ denote the unperturbed radiative and convec-
tive heat conductivities. ! is the perturbation of the radiative
conductivity and k; = ? +«!. In general, g; and g, are expected
to be different because of the non-locality of the background
convective energy flux. The relation between both would result
from a detailed convection theory including the influence of the
magnetic field, which is not available. However, in the limit of
strong quenching of the convective energy flux (0 < ¢r < 1),
Eq. (35) becomes largely independent of g¢, so that only g, af-
fects the solution. We restrict ourselves to this case. A further
simplification can be achieved by observing that the relative
disturbance of the radiative conductivity, Kr1 / K?, is of the order
of the relative temperature disturbance, T, /Ty < 1. For gf < 1
and « # 1, the first term in the angular brackets in Eq. (35) is
thus much smaller than the second term and may be neglected.
With these simplifications, the equation for the time evolution
of the temperature disturbance reads:

= div|(k + gc?) grad 71 | (36)

+Fq grad[(1 —a) (1 - ¢)].

The last expression on the right-hand side is analogous to the
term —div F. in Eq. (9) for an isolated flux tube. In the case of
totally suppressed convection (gr = 0), this term is given by

da

dr’
where Fy = |Fg|. The gradient of « is nearly constant over
most of the overshoot region, so that we have a nearly constant
heating rate in regions with suppressed convection. Near to the

boundaries of the magnetic layer, g¢ varies strongly, so that we
have an additional contribution:

Hpa = —Fo (37)

d
H. =-Fo(l—a)=L Qf (38)
This term leads to localized heating (or cooling) near the edges

of the magnetic layer; it describes the formation of thermal
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shadows above and below the layer. The sign of this term de-
pends on 1 — a, being opposite in the overshoot region (a > 1)
and the convection zone proper (@ < 1).

We assume a thin magnetic layer with a much larger hori-
zontal than radial extension, so that the horizontal deflection of
the convective energy flux can be neglected. In this case, a one-
dimensional description only considering the radial component
of the heat flux is sufficient, which simplifies Eq. (36):

AT R

ST r2d dr (39)

d
+Fo [1-a) (1-gp].

In order to determine the change of the superadiabaticity aris-
ing from the temperature perturbation, we have to determine
the pressure perturbation, p;. Since the time scale for hy-
drostatic equilibrium in the overshoot region (of a few min-
utes) is much shorter than the time scale for the tempera-
ture change described by Eq. (36) (of the order of months)
we can assume quasi-static changes. The total pressure dis-
turbance m; = p; + B%/2up then results from the equation of
(magneto-)hydrostatic equilibrium,

d7l'1
A (40)
-
together with the linearized ideal gas law,
T
o1 = go(ﬂ - —‘) @0
ro  To
This leads to
d 2
ﬂ=—L+Q g( + ), 42)
dr Hpo Ty 2uopo

where Hjy = po/(0o g) is the undisturbed pressure scale height.
As boundary condition we take p; = O at a radial position deep
enough within the radiation zone, so that the stratification re-
mains unaffected by the thermal changes caused by the mag-
netic layer. For solving Eq. (42) we assume that the magnetic
field remains unchanged and only the gas pressure adjusts to
the change of the temperature profile. Once 7 (r) is determined,

the perturbation of the superadiabaticity, ¢, is given by
1 1 d d d
5, = Hpo[_@ __Ldp_ordeo P_lzﬂJ. 43)
P, dr

3.2. Numerical results

We solve Eq. (39) by using a semi-implicit finite difference
scheme for the diffusion operator and a typical number of
1000 equidistant grid points for a radial extension of 5x 10’ m
For a quantitative evaluation of the model, we consider a case in
which a and «? are prescribed by analytical functions approx-
imating the results from the non-local mixing-length model of
Skaley & Stix (1991):

1 for r<ry
r—ro)/d
a =41+ l-(i—(r—or)g/)/illl (44)
[(1 Z)— 1] for r>r
0o _ for r <ry 45)
Ke = \/(r/ro)2 1 for r > ry.
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Fig. 8. Radial dependence of quantities used in the numerical calculations for magnetic layers in the overshoot region. Top left: magnetic field
strength. Bottom left: ratio of radiative to total energy flux (@ = F,/Fy). Top right: convective heat conductivity, «., from Eq. (47) for € = 2
(solid curve) and € = 4 (dashed curve). The dotted curve shows the undisturbed heat conductivity, 2. Bottom right: radiative heating rate. The
cooling near the base of the overshoot region caused by the strong increase of @ reaches a peak value of about —250 W m~3, whereas the heating

within the overshoot region has a nearly constant value of 3W m™>.

The parameter & characterizes the vigor of the overshoot, d; is
the width of the transition towards the radiation zone at the
base of the overshoot region, and d; represents the length scale
of the decrease of @ in the overshoot region and convection
zone. The parameter ¢ determines the magnitude of the con-
vective thermal conductivity. Figure 8 shows the profiles of
« and Kg for @ = 045, d; = 100km, d» = 4 x 10*km,
c=5x10°WK'm™" and ry = 5 x 108 m, together with
the field strength in the magnetic layer as given by the function

r—rpi
1+ tanh | —— | -
( dp )]

r—1rp2
1 — tanh .
[ ( dp )]

The parameter values used in Fig. 8 are By = 10T for the
maximum field strength, rg; = 5 X 108m, dg; = 5 x 10°m,
rgo =5.1%x108m, and dgy = 5 x 10°m. In analogy to quench-
ing approaches in turbulent dynamo theory (e.g., Tobias 1996),
we assume for the magnetic quenching of the convective heat
conductivity the relationship

B e1-1
1+|— ,
(7l | =

where B, denotes the equipartition field strength with respect
to the kinetic energy density of the convective motions and the

1
B(r) = -B
(r) 7580

(46)

Ke = qiKeo = 47)

parameter € parameterizes the strength of the quenching. We
use values of By = 10T and Beq = 1T corresponding to the
expected conditions in the solar overshoot layer. Calculations
have been carried out for € = 2 (suppression of . by a fac-
tor of 10%) and € = 4 (suppression by a factor of 10%). With
K~ 10°WK ' m™" and k, ~ 10" WK™ m™! (Spruit 1977a)
this means that the convective heat conductivity in the magnetic
layer has values of k. =~ 103k, and k. ~ 10«;, respectively. The
corresponding thermal diffusion time scale

dzgcp

Tdiff = (48)

Kc
has values of 2 and 200 years, respectively, assuming a thick-
ness of the magnetic layer of d = 10* km.

The radiative heating rate given by the second term on the
right-hand side of Eq. (39) yields a nearly depth-independent
heating of approximately 3 Wm™ within the overshoot region
and very strong cooling in the narrow boundary region to-
wards the radiation zone (see Fig. 8). The amplitude of the
cooling peak depends sensitively on the width of the bound-
ary region, but has no significant influence on the overall re-
sult since the volume-integrated cooling rate is fixed by the
jump of a@. The result is determined mainly by the strength
of the magnetic quenching of the convective heat conductiv-
ity, which enters Eq. (39) mainly through the first (diffusive)
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Fig. 9. Time evolution of the perturbations of temperature and superadiabaticity for a quenching of the convective heat conductivity by a
factor of 10% (¢ = 2, left) and 10* (¢ = 4, right), respectively. The curves correspond to ¢ = 1 month (dotted), # = 6 months (solid), and

t = 5 years (dashed) elapsed time. Note that the disturbances in the

latter case are by an order of magnitude larger. In the case € = 2, the

temperature disturbance in the region r > 5 x 10%® m approaches the asymptotic profile already after a few months. The significant decrease
of the superadiabaticity above r = 5 x 10® m shows that the change of the temperature profile stabilizes the stratification. In the case € = 4,
the quenched convective heat conductivity is insufficient to couple the regions with radiative heating and cooling, respectively, so that strong
perturbations arise. In this case, the upper part of the magnetic layer is heated and destabilized. Note that we only show the perturbation of the
superadiabaticity, ;. The background stratification has values of ; in the range —107°...—1073 in the overshoot region and about —0.2 in the

radiation zone.

term on the right-hand side, whereas the radiative heating term
is nearly independent of the magnetic field as long as (¢r < 1).

In order to simulate the time evolution we solve Eq. (39)
using a finite-difference scheme with semi-implicit treatment
of the diffusion term. We calculate the perturbation of the su-
peradiabaticity in each time step by solving Eqs. (42) and (43).
The resulting evolution of the temperature and superadiabatic-
ity perturbations are shown in Fig. 9 for the cases € = 2 and
€ = 4, respectively. In the first case, the convective heat con-
ductivity is still large enough for efficient heat exchange within
a few months between the regions with radiative heating and
cooling. The resulting temperature perturbation is negative in
the overshoot region, reaching a peak value of about —50K.
This stabilizes the stratification by lowering the superadiabatic-
ity to values of a few times —107*. The part of the solution
within the radiation zone corresponds to a traveling cooling
front, which does not reach a stationary state within the evo-
lution time considered here. We show in the section below that
the influence of this cooling front on the temperature profile in
the overshoot region is negligible.

The situation is different in the case € = 4, correspond-
ing to a suppression of the convective heat conductivity by a

factor of 10*. Such a strongly quenched heat conductivity can-
not prevent the development of strong temperature perturba-
tions, which initially follow the profile of the radiative heating:
the upper part of the magnetic layer is heated whereas the low-
ermost part is strongly cooled. As a consequence, the upper half
of the overshoot region is destabilized (6 > 0), so that probably
the magnetic layer cannot be maintained there. The asymptotic
solution shows a profile similar to the case € = 2, but it re-
quires roughly a (diffusion) time of about 200 years to reach
this state. Thus this solution is irrelevant for magnetic fields
varying in the course of the 11-year solar cycle.

3.3. Analytical model

In the special case of a piecewise constant radial profile of
the total heat conductivity and a constant radiative heating rate
within the overshoot region, we obtain an analytical expres-
sion for the asymptotic solution of the diffusion problem in the
overshoot region and also for the traveling cooling front in the
radiation zone. Since the thickness of the overshoot region is
small compared to the solar radius, geometrical factors follow-
ing from the spherical geometry are neglected. Furthermore,
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we assume that the transition between overshoot region and ra-
diation zone is sharp. The total heat conductivity k = k; + g, k°
is a piecewise constant function of radius:

r <ro: K = Ky
K= rhp<r<ri: K=K (49)
r>r k=«

with «, < kK < KB. The interval [r, r|] represents the magnetic
layer. In the radiation zone, r < ry, the solution is a traveling
cooling front. Ignoring the geometrical factors (+2) in Eq. (39)
admits a similarity solution given by

Ti(r,H) =T{[1 -20)], (50)
where
£=n-ny5" (5

and @(¢) denotes the error function. In the case ¥ > k;, the
solution between ry and r; quickly approaches an asymptotic
state with a parabolic temperature profile determined by the
constant heating rate, Hi,q, in this region:

Hraa (r = ro)>. (52)

0 1

T\=T,+a(r—ry) - =

2

The constants a and T(; are determined by requiring the conti-

nuity of temperature and heat flux at ry and ;. The continuity
of the heat flux at r = r leads to (see Eq. (35))

dr dr
k[ 1] —K,[ 1] = Fo ap, (53)
Fo+ Fo-

dr dr
where @ denotes the magnitude of the jump of « at the base
of the overshoot region. Using Eq. (50), the radiative heat flux
perturbation at the top of the radiation zone (r < rp) is given by

dT, o [OCpKe
- =T - .
Kr[ dr L "N nr

Comparing this with the quantity F o in Eq. (53) we see that
it can be neglected for times ¢ > t;,; with

" _ OCp kK
ini — > 2
Fgag

(54)

2 2
(13) ~20(T, K1) s. (55)
Although the cooling front in the radiation zone is time-
dependent, its influence on the temperature profile in the region
r > ro can be neglected for f > #;, so that Egs. (52) and (53)
yield:

gz Fo (56)

K

Since the undisturbed convection rapidly smoothes out the
temperature perturbations for » > r;, we can assume that
T1(r1,1) = 0 so that we obtain T} from Eq. (52):

F@a'()

1 H,
Ty = (i = ro) + 5 =25 (n = o). (57)

We see from Eq. (52) that the temperature perturbation grows
outward in the interval

Foag

ro<r<ry+ (58)

rad
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Solutions with larger values for r are irrelevant since the tem-
perature perturbation would then lead to 6 > 0 in the upper part
of the overshoot region, so that the magnetic field suppressing
the convection could no longer be maintained in that layer. To
avoid this situation, 7| has to be in the range given by Eq. (58).
For r| = rg + Fo ay/Hag, the perturbations reach their peak
values at r = ry:

1F%a%

5 K Hrad
Hp dT] _ Hp F@ Qo
To dr Ty &
Using typical values for the solar overshoot region, F, = 1.2 X
10Wm™, ap = 0.4, and Hpg = 3Wm™ together with k =
108 WK™'m™" (comparable to the case € = 2 on the left-hand
side of Fig. 9), we obtain:
ry—rp= 16 Mm
T](ro) = —40 K
51(rp) = =1.4x 1074,

Ty(ro) = -

(59)

5] =~ (60)

(61)

These values are in good agreement with the numerical re-
sults. From Eq. (55) we see that the influence of the radiative
heat flux perturbation at the top of the radiation zone can be
neglected for 7 > 3 x 10*s.

4. Conclusions

Radiative heating in regions of convergent radiative heat flux
(Fan & Fisher 1996; Moreno-Insertis et al. 2002) can have a
significant effect on the storage of isolated magnetic flux tubes
in the overshoot region of the Sun:

e The buoyancy resulting from radiative heating leads to a
finite storage time. For a superadiabaticity of § = —3x 107°
(a typical value resulting from overshoot models based on
the non-local mixing-length approach), the storage time is
reduced to about a month.

e Storage of flux tubes for time scales comparable to the solar
cycle requires rather strong subadiabaticity (6 < —107%).

e An equatorward flow within the overshoot region permits
flux tube equilibria including the effects of radiative heat-
ing. However, for reasonable flow velocity of the order of
10ms~!, such equilibria exist only for flux tubes with ra-
dius ~100 km and thus very little magnetic flux. The maxi-
mally storable flux in a single flux tube falls short of the flux
of a typical sunspot (® ~ 10'* Wb) by about two orders of
magnitude.

A magnetic field in the form of a magnetic layer, which reduces
the convective flux and the convective heat conductivity in the
whole overshoot region, leads to a stabilization of the stratifi-
cation (more negative value of ¢), depending on the degree of
the suppression:

e A reduction of the convective heat conductivity by a factor
of 10? leads to the rapid establishment of a new thermal
equilibrium within a few months. The temperature in the
overshoot region is reduced, leading to a stabilization of the
stratification, so that values of § < —107* can be reached.
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e A strong suppression by a factor 10* leads to large tem-
perature differences within the magnetized overshoot re-
gion. The upper part of the overshoot region is destabilized
(6 > 0), whereas the lowermost part becomes strongly sub-
adiabatic. In this case, a magnetic field can be stably stored
only in thin layer above the transition region towards the
radiation zone.

We have thus shown that the magnetic field may improve
the conditions for its own storage by reducing the convective
transport in the overshoot region and thereby stabilizing the
stratification. However, this works only as long as the mag-
netic field does not completely suppress the convective heat
exchange. The remaining convective heat conductivity must be
sufficiently large to prevent the formation of strong temperature
perturbations (100 K) in the overshoot region. If convection is
suppressed completely, radiative heating destabilizes the strat-
ification and leads to rapid flux loss except for a thin layer near
the bottom of the overshoot region.

The change of the storage capability of the overshoot region
with magnetic field strength may become important in view
of the variation of B in the course of the solar cycle. For low
magnetic field strength, storage is facilitated owing to the in-
crease of the subadiabaticity. Once the magnetic field is strong
enough to suppress the convection nearly completely, the mag-
netic field becomes destabilized by the radiative heating, lead-
ing to an eruption of the stored flux.

This study shows that radiative heating in the overshoot
region has a significant influence on the storage of magnetic
flux. Superadiabaticities in the range —107°... =107, typical
for non-local mixing-length models, are not sufficient for flux
storage over time scales required for solar dynamo action. In
this paper we discussed two possible solutions for this storage
problem: 1. The overshoot is more subadiabatic (6 < — 10™) in
the first place; 2. A reduction of the vigor of the convection in
the overshoot region by the magnetic field enlarges the subadi-
abaticity and thus enables flux storage.

A recent overshoot model (Xiong & Deng 2001) and also
numerical convection simulations favor larger subadiabaticities
(see e.g. Brummell et al. 2002), which would completely solve
the radiative heating problem. In the case of numerical over-
shoot simulations it is of course difficult to extrapolate results
quantitatively to solar values, since the numerical parameters
are orders of magnitudes away from the solar ones.

Our studies are based on a one dimensional approach de-
scribing the influence of the averaged convective quantities. A
detailed description of the interaction between the convective
motions and the stored field is not possible in this approach.
Nevertheless the overall result that a suppression of convec-
tive motions in the overshoot stabilizes the stratification is not
qualitatively affected by the details of the interaction between
magnetic field and convection. Since the overshoot process re-
sults in an increase of the temperature gradient in the overshoot
region (from the strongly subadiabatic radiative gradient close
to the adiabatic gradient), any suppression of this process has
to drive the system back to a higher subadiabaticity and thus
stabilizes the stratification.
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There is no doubt that future studies of the overshoot
need to address the full nonlinear interaction between convec-
tion and magnetic field. But we have also to keep in mind
that the contributions of numerical MHD-simulations to date
need to be interpreted carefully, since they overestimate the
influence of thermal conductivity (due to the restrictions on
the achievable numerical resolution) and thus cannot describe
the magnetic buoyancy correctly, which plays the crucial role
in the storage problem. Also the coupling between the flow
and the magnetic field may be overestimated due to the rela-
tive low magnetic Reynolds numbers achievable in numerical
simulations.
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