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Abstract. In this paper we argue that differential rotation can possibly sustain hydrodynamic turbulence in the absence of
a magnetic field. We explain why the non-linearities of the hydrodynamic equations (i.e. turbulent diffusion) should not be
neglected, either as a simplifying approximation or based on boundary counditions (Hawley et al. 1999). The consequences
of lifting this hypothesis are studied for the flow stability and the enhanced turbulent transport. We develop a simple general
model for the energetics of turbulent fluctuations in differentially rotating flows. By taking into account the non-linearities of
the equations of motions, we give constraints on the mean flow properties for the possible development of shear instability.
The results from recent laboratory experiments on rotating flows show – in agreement with the model – that the pertinent
parameter for stability appears to be the Rossby numberRo. The laboratory experiments seem to be compatible withRo< −1/2
andRo > 1 in the inviscid or high rotation rates limit. Our results, taken in the inviscid limit, are coherent with the classical
linear stability analysis, in the sense that the critical perturbation equals zero on the marginal linear stability curve. We also
propose a prescription for turbulent viscosity which generalize theβ-prescription derived in Richard & Zahn (1999).
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1. Introduction

Differentially rotating flows are present in a wide variety of
Astrophysical systems, including stellar interiors, accretion
disks, or gaseous planets. Analytical studies teach us that differ-
entially rotating flows are unstable, according tolinear stability
theory, whenever their angular momentum is decreasing out-
ward (Rayleigh 1916). These flows have been extensively stud-
ied but they do not exist in astrophysical context. Nevertheless,
linear stability doesnot mean stability. This is because turbu-
lence is genuinely anon-linearphenomenon. Even when the
primary instability is linear in nature, the self-sustenance of
fully-developed turbulence requires for the non-linearities to
enter the game at least – but not only – for the saturation of
amplitudes. In that sense, linear stability analysis is limited to
predict, for a restricted class of flows, their instability and only
the very early development of the bifurcated solution. It also
means that linear analysis predicts instabilities butdoes notpre-
dict unconditional stability. Numerical models fail to maintain
hydrodynamical turbulence in Keplerian flows (Balbus et al.
1996). Based on past laboratory experiments from the 1930’s
(Wendt 1933; Taylor 1936), differentially rotating flows can be-
come unstable for Reynolds numbers of order 10 000, a figure
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that to our knowledge has not been reached in published nu-
merical simulations of Keplerian flows.

Richard & Zahn (1999) have shown, using laboratory ex-
periments published in the 1930’s, that differentially rotating
flows exhibit finite-amplitude instabilities in the case where
both angular velocity and angular momentum are increasing
outward, a class of flows relevant for stellar interiors models.
Recent laboratory studies (Richard et al. 2002), showed that the
class of flows experiencing shear instabilities is much wider,
as demonstrated by experimental results. We aim in this paper
to find some hints about the physical mechanisms involved in
these instabilities.

2. Background and motivations

In this section we present the basic equations for the evolu-
tion of turbulent fluctuations. We discuss the relevant approx-
imations that can be done and their implications regarding the
properties of the turbulence and the mean flow.

2.1. Turbulent transport equations

We consider the equation of motion for a viscous incompress-
ible flow,

∂tU + (U.∇)U = −1
ρ
∇P+ ν∇2U (1)

Article published by EDP Sciences and available at http://www.aanda.org or http://dx.doi.org/10.1051/0004-6361:20031010

http://www.edpsciences.org/
http://www.aanda.org
http://dx.doi.org/10.1051/0004-6361:20031010


410 D. Richard: On non-linear hydrodynamic instability and enhanced transport in differentially rotating flows

and we decompose the flow as its mean velocity and pressure
fields and their fluctuations, namely

U = u + u′ P = p+ p′ (2)

whereU andP are the total velocity and pressure fields,u andp
are the time averaged velocity and pressure andu′ and p′ are
their time dependent fluctuations. Multiplying the equations of
motion by the fluctuation field and averaging over time, con-
sidering that

u′ = 0 p′ = 0, (3)

(wherex is the time average ofx) we find the evolution equa-
tions for the turbulent fluctuations kinetic energy (i.e. the di-
agonal components of the Reynolds stress tensor) reported in
Appendix A. Note that viscous diffusion has been neglected,
but viscous dissipation has been kept. We consider circular
motion ur = uz = 0), with axial and azimuthal symmetries

(∂z = ∂φ = 0) for the mean fields and defineuφr = Ω. The time
averages of axial and azimuthal derivatives of fluctuating terms
is neglected (i.e. net turbulent transport is only radial).
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∂tur
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∂r(rur

′uz
′) − ν

2
(∂ru′z)2. (6)

This set of equations can be simplified by making the as-
sumption that the turbulence is close to isotropy. This allows
us to neglect the time averaged pressure fluctuations terms
(see for example Kato & Yoshizawa 1997). We further assume
that the characteristic spatial variation scale of the fluctuating
components is smaller than the local radius (i.e terms of or-
der u′iu′ ju′k/r can be neglected compared to the ones of or-
der∂ru′iu′ ju′k). The above equations then become,
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2
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The total turbulent kinetic energy, defined as

k =
1
2

∑
i=r,φ,z

ui
′2, (10)

then obeys the following equation

∂tk = −ur
′uφ′r∂rΩ + ui

′∂rur
′ui
′ − ν(∂iui

′)2. (11)

The first term of the rhs in Eqs. (7) and (8) represents the pro-
duction of turbulence. We will also refer to them as “coupling”
terms, as they couple the turbulent fluctuations to the mean
flow. The second term of the rhs in the same equations and
the first one of Eq. (9) describe the diffusion due to turbulence.
The last term of Eqs. (7)–(9) is the viscous dissipation.

2.2. About linearized equations

In this section we will be considering the effect of neglecting
the non-linear terms (i.e. turbulent diffusion) in Eqs. (7)–(9)
and (11). There are several reasons why one would neglect the
non-linearities of the hydrodynamic equations. The first one
is to simplify the system by neglecting terms that are difficult
to treat in an analytical stability analysis. Other reasons might
include the belief that the physical system is such that the non-
linearities actually have a negligible effect on its local or global
evolution. Neglecting a priori such terms based on their local
effect is rather difficult, considering that little is know on their
actual amplitude which does depend closely on the intrinsic na-
ture of the turbulence. Another option is to consider spatially
averaged equations and make some hypothesis on the bound-
ary conditions of the systems. For accretion disks, it has been
argue that the average over the whole flow or part of the flow of
the turbulent diffusion terms eventually vanishes. Making this
hypothesis is equivalent to saying that there is no energy flux
through the boundaries of the system. This is valid for an iso-
lated system, but it seems unlikely for a disk, as it would not
allow for energy transfer with its surroundings, in particular
the central star. It does not seem realistic just by considering
the mass flux between the two objects. It is likely that such en-
ergy transfer occurs through the boundary layer between the
star and the disk. Imposing that condition also formally im-
plies that the turbulent stress tensor vanishes on all boundaries,
meaning that there is no turbulent viscosity at the edges of
the disk. Furthermore, the radial velocity also has to vanish at
the boundaries. We could also consider the properties of the
boundaries beyond which the system cannot be considered as a
continuous medium, hence cease to be described accurately by
the equations of hydrodynamics. The description of the inter-
actions between the fluid component of the disk and its outer
non-continuous part is not a straightforward task. Our last ar-
gument on this matter is to point that these turbulent diffusion
terms are the ones that are modeled by the anomalous turbulent
viscosity. Neglecting them is equivalent to making the assump-
tion that there is no turbulent viscosity, no enhanced transport.
It is then an inevitable result that starting with such a truncated
set of equations, one reaches the conclusion that there is no
such transport.



D. Richard: On non-linear hydrodynamic instability and enhanced transport in differentially rotating flows 411

Considering only the linear terms of the turbulent transport
equations will give us insights – by definition – only on the
linear stability of the flow. The linearized set of equations is:
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∂tk = −ur
′uφ′r∂rΩ − ν(∂iui

′)2. (15)

From Eq. (15) we conclude that a stationary turbulent state
(∂tk = 0) can exist only if the following condition – depend-
ing on the sign of the angular velocity gradient – is satisfied

∂rΩ > 0 ⇒ ur
′uφ′ < 0,

∂rΩ < 0 ⇒ ur
′uφ′ > 0. (16)

For Rayleigh unstable flows (where∂rΩr2 < 0 and therefore
∂Ω < 0), Eqs. (12), (13) and (16) show that the linear coupling
terms with the mean flow are always a source for turbulent fluc-
tuations, a property that reflects the global linear instability of
this class of flows. The non-linearities are needed there only for
the saturation of amplitudes of the radial and azimuthal veloc-
ities along with the redistribution of energy towards axial mo-
tions of the new bifurcated flow. In the case of stable angular
momentum stratification (∂rΩr2 > 0), the first order coupling
terms have opposite signs in Eqs. (7) and (8). This means that
one of them is an energy sink for one of the component of the
velocity fluctuations (Balbus et al. 1996). It then looks impos-
sible to allow for the growth or to maintain turbulence as long
as the angular momentum is increasing outward. This actually
reflects the linear stability of such flows.

3. Considerations on the non-linear stability

In the following sections, will focus on the case of linearly sta-
ble flows (i.e. where∂rΩr2 > 0) and consider the energy equa-
tions including the turbulent diffusion.

3.1. Inviscid flow

We first consider the case where dissipation due to molecular
viscosity can be neglected. We defineu the characteristic tur-
bulent velocity (e.g. the root-mean-square velocity) andλ the
length scale characteristic of the spatial variations of the veloc-
ity fluctuations, and we pose
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Table 1.Correlation coefficients properties (Inviscid case).

∂rΩ Cl
rφ Cn

r Cn
φ Cn

z Cn

>0 <0 >0 <0 0 <0

<0 >0 <0 >0 0 <0

∂tk = −r∂rΩ Cl
rφu

2 +Cn u3

λ
· (20)

We have introduced the correlation coefficientsCnl
r , Cn

φ, Cn
z , Cl

rφ
andCn = Cn

r + Cn
φ + Cn

z. By imposing simple constraints, we
can deduce the signs of these parameters, which depend on the
sign of the angular velocity gradient. In the case of a negative
gradient for example, we know from Eq. (15) that the corre-
lation productur

′uφ′ has to be positive, which translates into
Cl

rφ > 0. It also implies that a stationary state can be reach
only if Cn

r is positive andCn
φ is negative. Note thatCn

z must be
zero in that case because we neglected the viscous dissipation.
These properties for all introduced coefficients are summarized
in Table 1. From Eq. (20) we derive the amplitude of the fluc-
tuations vorticity:

u
λ
=

Cl
rφ

Cn
r∂rΩ. (21)

This relation express that the vorticity extracted from the back-
ground flow by the fluctuations is proportional to the local
shear.

We have seen that there always exists a sink term for one
of the components of the energy fluctuations. A necessary con-
dition for the existence of self-sustained turbulence is then that
the non-linear terms overcome this negative production term
(for the azimuthal component when∂rΩ < 0, for the radial one
when∂rΩ > 0). Namely, from Eqs. (17) and (18)
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which reduces to,
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Finally, using Eq. (21), we obtain the following relations,
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Introducing the dimensionless Rossby number,Ro= r∂rΩ/2Ω,
and using the propertyCn = Cn

r + Cn
φ we obtain the necessary

conditions for instability:

∂rΩ > 0: Ro> −Cn

Cn
r
= Roc (Roc > 0), (28)

∂rΩ < 0: Ro6 −Cn

Cn
r
= Roc (Roc < 0). (29)
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Fig. 1. Stability diagram of Couette-Taylor flow in the (Ωo, Ωi ) plane whereΩo andΩi are the angular velocities (in Hz) of the outer and
inner cylinder respectively; solid line: solid body rotation; dotted lines: viscous stability criteria; dashed lines: inviscid stability criteria (see
text for detail). On the right (resp. left) of the solid body rotation curve, the angular velocity gradient is positive (resp. negative). The flows
within the dark surface are Rayleigh unstable. The dots are the experimental instability boundaries within which the flows exhibit self-sustained
turbulence; The lined surfaces stand for the predicted non-linearly instability. Experimental results are from Richard et al. (2002).

Here we have introduced the parameterRoc. A similar result
can be derived by simply posing∂t < ui

′2 >= 0 and reduc-
ing Eqs. (17) and (19), which leads toRo = −Cn/Cn

r . The
quantityRoc can be seen as constant by assuming that the ra-
tio Cn

r /C
n is independent from the mean flow. This ratio quan-

tify the redistribution of the energy extracted for the mean flow
between the velocity components, by the non-linearities. Note
that the coefficientsCn

r , Cn
φ,C

n
z andCn themself most likely de-

pend on the mean flow (see Younis et al. 1999). Within this
picture,Roc is a constant critical stability parameter, and we
expect the flow to become turbulent for eitherRo> Roc (when
∂rΩ > 0) or Ro < Roc (when∂rΩ < 0). Townsend (1976) al-
ready noted that the Rossby number should approach a constant
value when a linearly stable rotating shear flow becomes turbu-
lent, by arguing that “it is conceivable and even likely that an
asymptotic state can be reached with a constant ratio of trans-
fer from the transverse motion to total energy transfer from
the mean flow”. The two actors in the balance are the gradi-
ent of angular velocity, shearing the velocity fluctuations, creat-
ing small scale vorticity, feeding the turbulent cascade, and the
gradient of angular momentum, stabilizing the flow by damp-
ing the fluctuations through a “spring” mechanism. The energy
extracted from the background flow into small scale vorticity
must reach a critical value in order to overcome the constraint
introduced by the stable gradient of angular momentum. The
Rossby number, as a measure of the ratio between the shear
and the angular momemtum gradient, appears a posteriori as a
natural control parameter of the flow stability.

3.2. Viscous flow

Following the same path as in the inviscid case, we now add
the viscous constraints to Eqs. (17)–(20):
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. − νCν u
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whereCν = Cνr + Cνφ + Cνz. The properties of the correlation
factors are reported in Table 2. The extraction of vorticity from
the mean flow now becomes:

u
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and the relations (24) and (25) translate into

∂rΩ > 0:
u
λ

> −Cl
rφ

Cn
r

2Ω +
νCνr
Cn

r λ2
, (35)

∂rΩ < 0:
u
λ

>
Cl

rφ

Cn
φ

∂rΩr2

r
+
νCνφ
Cn
φλ

2
· (36)



D. Richard: On non-linear hydrodynamic instability and enhanced transport in differentially rotating flows 413

Table 2.Correlation coefficients properties (Viscous case).

∂rΩ Cl
rφ Cn

r Cn
φ Cn

z Cn Cνi Cν

>0 <0 >0 <0 >0 <0 >0 >0
<0 >0 <0 >0 >0 <0 >0 >0

and after some rearrangement we finally obtain,

∂rΩ > 0: Ro> Roc
(
1− 1/Re+

)
, (37)

∂rΩ < 0: Ro6 Roc
(
1+ 1/Re−

)
, (38)

where we have introduced the following quantities,

Re+ =
2Ωλ2

ν
(Cνr /C

l
rφ −CνCn

r /C
nCl

rφ)
−1 < 0, (39)

Re− =
2Ωλ2

ν
(Cνφ/C

l
rφ −CνCn

φ/C
nCl

rφ)
−1 > 0. (40)

The correction due to viscous dissipation lies in the 1/Re+

and 1/Re− terms. The necessary condition for instability re-
duces to the results found for the inviscid case, ifν is set to
zero. For high rotation rates, the critical values of the Rossby
number will eventually tend to the inviscid values.

Considering all of the above, we expect that there exists a
critical Rossby number for each class of flows – namely flows
with ∂rΩ > 0 and flows with∂rΩ < 0. This result can be
verified by using experimental results on differentially rotat-
ing flows. This can be done by examining the value of the
Rossby number at the onset of shear turbulence observed in lab-
oratory Couette-Taylor experiment. The Couette-Taylor exper-
iment consist of two coaxial cylinder between which the fluid
is sheared, resulting in a differentially rotating azimuthal flow.
Experimental results on stability (Richard et al. 2002) can actu-
ally be fitted with the valuesRoc = 1 for ∂rΩ > 0, Roc = −1/2,
for ∂rΩ < 0, Re+ = −Ω/3 andRe− = 2Ω. This is consis-
tent with the picture of a constant critical Rossby number with
a viscous correction vanishing for high rotation rates or low
viscosity.

4. Turbulent transport and viscosity

Radial turbulent transport of angular momentum is quantified
by the second-order correlation productur

′uφ′. The time evo-
lution for this quantity after some rearrangement and spatial
averaging over the azimuthal directionφ, and the introduction
of correlation coefficients, is given by:

∂tur
′uφ′ = −Cl

rφu
2r∂rΩ +Cn

rφ
u3

λ
− νCνrφ

u2

λ2
+ Πrφ, (41)

whereΠi j is the pressure-strain correlation tensor. Following
Kato & Yoshizawa (1997), in the case of isotropic turbulence,
and with their notations, we have

Πrφ =
3
2

C2u′2r∂rΩ. (42)

We can derive a formal expression for the turbulent diffusion
of momentum, using the classical definition,

νt =
ur
′uφ′

r∂rΩ
=

Cl
rφu

2

r∂rΩ
, (43)

For steady turbulence, in the limit where molecular viscosity in
negligible compared to turbulent transport, from Eq. (41),

νt
ν
= Cl

rφ

Cl
rφ − (3/2)C2

Cn
rφ


2 (
λ

r

)2 r3∂rΩ

ν
· (44)

Richard & Zahn (1999) derived an expression for the turbulent
viscosity from Taylor (1936) and Wendt (1933) experimental
data,

νt
ν
= β

∣∣∣r3∂rΩ
∣∣∣

ν
= βRe∗ (45)

whereβ was found to be independent from the geometry and
the background flow (see also Longaretti 2002 and Duschl
et al. 2000 for other arguments in favor of this prescription).
Identifying this expression with Eq. (44), one finds,

β =

∣∣∣∣∣∣∣∣C
l
rφ

Cl
rφ − (3/2)C2

Cn
rφ
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2 (
λ

r

)2
∣∣∣∣∣∣∣∣ · (46)

Richard & Zahn (1999) also identified theRe∗ parameter
(named “gradient Reynolds number”) as the control parameter
for stability. This derivation was acheived by identifying the
values of the Reynolds number for which the measured torque
from laboratory experiments starts to differ from its theoreti-
cal value for the laminar Couette flow. For small gap Couette-
Taylor apparatus, the classical Reynolds number defined as
Re= ∆Ω∆RR/ν (where∆R is the gap between the cylinders,
∆Ω their differential angular velocity, andR the mean radius)
was identified as the relevant control parameter. For gaps big-
ger than∆R/R & 1/20 the critical Reynolds number behave
like (∆R/R)2, which means thatRe∗ takes a constant value. To
be more proper, this is a measure of the efficiency of the turbu-
lent transport. The bifurcation identified from the torque data
is then not directly linked to the stability of the flow, but is
the threshold for which turbulent transport becomes apprecia-
bly more efficient than molecular viscosity. It should be read as
the following condition

νt
ν
>> 1⇒ Re∗ >>

1
β
· (47)

This is consistent with the numerical values from Richard &
Zahn (1999) (Re∗c = 1.5× 10−5 andβ−1 = 1.5× 10−6).

5. Geometrical constraints

5.1. General case

In the case of a bounded flow, keeping up the assumption of
isotropic turbulence, we have to assume thatλ will be of order
of a macro-scaled. The stability criteria for a viscous flow is
modified asλ is constrained to smaller values than for a free
shear flow (therefore being closer to the inviscid values ofRoc,
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according to Eqs. (37) and (38)) while for the inviscid case it
remains unchanged. The radial transport will also be modified,
as we have, according to Eq. (44)

νt
ν
∝ d2 |r∂rΩ|

ν
· (48)

5.2. Narrow gap Couette-Taylor experiment

This expression can be approximated in the case of narrow-
gap Couette-Taylor experiment by taking ford the distance be-
tween the two cylinders∆R.

νt
ν
∝ ∆Ω · ∆R · R

ν
= Re, (49)

The bifurcation threshold identified on torque measurement
aforementioned will then scale as the classical Reynolds num-
ber, in agreement with the results from Richard & Zahn (1999).

6. Discussion

We have shown that a simple model of turbulent fluctuations
energetics can explain laboratory experiment results on differ-
entially rotating flow. The equations of motion show that shear
instabilities can develop in rotating flows, as long as the non-
linearities are taken into account. Making reasonable assump-
tions about the necessary properties of the velocity correlation
products, we derived formal expressions for the control param-
eters for stability. Comparison with laboratory results confirms
that the relevant parameter is the Rossby number. In the case of
a viscous flow, the critical Rossby numbers exhibit aΩ−1 cor-
rection, therefore converging toward the same constant critical
Rossby numbers as in the inviscid case, for large rotation rates.
The turbulent viscosity inferred is consistent with the prescrip-
tion previously proposed by Richard & Zahn (1999). The crit-
ical amplitude of perturbations are also consistent with linear
stability theory results in the inviscid limit. We would like to
stress the importance of the pressure fluctuations in the growth
and self-sustaining of this kind of turbulence. Even though the
time average of the related terms vanish from the velocity fluc-
tuation equations, they can be seen as the main engine for
isotropizing the turbulence, hence disappearing in time average
when isotropy is acheived.

Complementary work is needed, in the laboratory or nu-
merically, in order to seek whether the two particular values or
the critical Rossby number matching the experimental results
on the Couette-Taylor experiment are genuine to that system or
are of more “universal” value.
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Appendix A: Turbulent fluctuations equations

The turbulent transport equations are given here in cylindrical
coordinates (r, φ, z). Viscous diffusion is omitted
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