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Abstract. In this paper we argue thatffBrential rotation can possibly sustain hydrodynamic turbulence in the absence of

a magnetic field. We explain why the non-linearities of the hydrodynamic equations (i.e. turbdfestodi) should not be
neglected, either as a simplifying approximation or based on boundary counditions (Hawley et al. 1999). The consequences
of lifting this hypothesis are studied for the flow stability and the enhanced turbulent transport. We develop a simple general
model for the energetics of turbulent fluctuations iffetientially rotating flows. By taking into account the non-linearities of

the equations of motions, we give constraints on the mean flow properties for the possible development of shear instability.
The results from recent laboratory experiments on rotating flows show — in agreement with the model — that the pertinent
parameter for stability appears to be the Rossby nuRbeFhe laboratory experiments seem to be compatible Ritk: —1/2

andRo > 1 in the inviscid or high rotation rates limit. Our results, taken in the inviscid limit, are coherent with the classical
linear stability analysis, in the sense that the critical perturbation equals zero on the marginal linear stability curve. We also
propose a prescription for turbulent viscosity which generalizgtpeescription derived in Richard & Zahn (1999).
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1. Introduction that to our knowledge has not been reached in published nu-
. . . ) ) . merical simulations of Keplerian flows.
Differentially rotating flows are present in a wide variety of Richard & Zahn (1999) have shown, using laboratory ex-

A_strophysical systems, including stellar_ interiors, accret_i%rimems published in the 1930's, thaffdrentially rotating
disks, or gaseous planets. Analytical studies teach us tlietdi s exhibit finite-amplitude instabilities in the case where

entially rotating flows are unstable, accordingitear stability pqh angular velocity and angular momentum are increasing

theory whenever their angular momentum is decreasing OWinyard, a class of flows relevant for stellar interiors models.
ward (Rayleigh 1916). These flows have been extensively stglscent Jaboratory studies (Richard et al. 2002), showed that the
ied but they do not exist in astrophysical context. Neverthelegs,os of flows experiencing shear instabilities is much wider,
linear stability doesiot mean stability. This is because turbuz g qemonstrated by experimental results. We aim in this paper

lence is genuinely aon-linearphenomenon. Even when thg fing some hints about the physical mechanisms involved in
primary instability is linear in nature, the self-sustenance g{ase instabilities.

fully-developed turbulence requires for the non-linearities to
enter the game at least — but not only — for the saturation of
amplitudes. In that sense, linear stability analysis is limited & Background and motivations

predict, for a restricted class of flows, their instability and onl

the very early development of the bifurcated solution. It al t8 th'sf tsegtulan ;’\ﬁa ptrest_ent th\?vb‘?'c equs;uonsl for t?e evolu-
means that linear analysis predicts instabilitiesdmés nopre- lon ot turbulent fiuctuations. Ye discuss the relevant approx-

dict unconditional stability. Numerical models fail to maintaiatons that can be done and their implications regarding the
roperties of the turbulence and the mean flow.

hydrodynamical turbulence in Keplerian flows (Balbus et !
1996). Based on past laboratory experiments from the 1930’s
(Wendt 1933; Taylor 1936), fierentially rotating flows can be- 2. 1. Turbulent transport equations

come unstable for Reynolds numbers of order 10000, a figure ) ) ] ) )
We consider the equation of motion for a viscous incompress-

: - : _ ) ible flow,
* Appendix A is only available in electronic form at
http://www.edpsciences.org 1 2
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and we decompose the flow as its mean velocity and pressiine total turbulent kinetic energy, defined as
fields and their fluctuations, namely 1
- = 02
k=3 Z u’, (10)

whereU andP are the total velocity and pressure fieldandp  hen obeys the following equation

are the time averaged velocity and pressure @rahd p’ are

their time dependent fluctuations. Multiplying the equations 9‘:k = —UUT 3, Q + WU Uy — v(G '), (11)
motion by the fluctuation field and averaging over time, con-

sidering that The first term of the rhs in Egs. (7) and (8) represents the pro-
— _ duction of turbulence. We will also refer to them as “coupling”
u=0 p=0, (3) terms, as they couple the turbulent fluctuations to the mean
flow. The second term of the rhs in the same equations and

(yvherex Is the time average Ot) we f!nd '.[he evolutpn €9ua e first one of Eq. (9) describe thefdision due to turbulence.
tions for the turbulent fluctuations kinetic energy (i.e. the d The last term of Egs. (7)—(9) is the viscous dissipation
agonal components of the Reynolds stress tensor) reported in ' '

Appendix A. Note that viscous flusion has been neglected,
but viscous dissipation has been kept. We consider circula®. About linearized equations

motionU; = U; = 0), with axial and azimuthal symmetries . . ) . .
8. —0)forth field d defils he ti In this section we will be considering théect of neglecting
(0 = 8, = 0) for the mean fields and de w%é = Q. The time the non-linear terms (i.e. turbulentfiilision) in Egs. (7)—(9)

averages of a?<ial and azimuthal derivati\(es of fluctgating termsy (11). There are several reasons why one would neglect the
is neglected (i.e. net turbulent transport is only radial). non-linearities of the hydrodynamic equations. The first one
1 —_— ——7 is to simplify the system by neglecting terms that ar@dilt
Zau'? = 2Q 07Uy - u—ra,(ru,’z) + Urts ™ to treat in an analytical stability analysis. Other reasons might
r r include the belief that the physical system is such that the non-
linearities actually have a negligibl&ect on its local or global
evolution. Neglecting a priori such terms based on their local
1 1 effect is rather dficult, considering that little is know on their
-y ((c’)r )2+ 5(3ru’¢)2 + E(aru’z)Z) , (4) actual amplitude which does depend closely on the intrinsic na-
ture of the turbulence. Another option is to consider spatially
averaged equations and make some hypothesis on the bound
ary conditions of the systems. For accretion disks, it has been
argue that the average over the whole flow or part of the flow of
1 L the turbulent dfusion terms eventually vanishes. Making this
N2 T2 N2 hypothesis is equivalent to saying that there is no energy flux
- V(ﬁ(aru o+ (We/1)" 4 5(We/1) ) ®) tr?/chJ)ugh the bom?ndaries of the){sygtem. This is valid for agriliso-
lated system, but it seems unlikely for a disk, as it would not
1 — von Y og allow for energy transfer with its surroundings, in particular
20" = —Tor(rue ) = 56 ua)”. © the central sta?.)/lt does not seem realistic jugt by cF())nsidering
This set of equations can be simplified by making the a@_e mass flux between the two objects. It is likely that such en-
: - Loy transfer occurs through the boundary layer between the
r and the disk. Imposing that condition also formally im-
es that the turbulent stress tensor vanishes on all boundaries,
aning that there is no turbulent viscosity at the edges of
e disk. Furthermore, the radial velocity also has to vanish at
e boundaries. We could also consider the properties of the
oundaries beyond which the system cannot be considered as ¢
continuous medium, hence cease to be described accurately by
the equations of hydrodynamics. The description of the inter-
actions between the fluid component of the disk and its outer
1 1 non-continuous part is not a straightforward task. Our last ar-
-y ((éh )2+ E(a,u'¢)2 + E(a,u'z)2), (7) gument on this matter is to point that these turbulefitidion
terms are the ones that are modeled by the anomalous turbulent
y viscosity. Neglecting them is equivalent to making the assump-
Ur"Ug” — Ug’Or(Ur"Up") — E(aru’¢)2, (8) tion that there is no turbulent viscosity, no enhanced transport.
It is then an inevitable result that starting with such a truncated
1 — v set of equations, one reaches the conclusion that there is no
Eatuz/z = —U/0r(U"Uy) - E(ar uz)2. (9) such transport.

U=u+u P=p+p (2)

+% (Poru’ - d,prur)

1
Zou/2 = —
2%t

8,Qr? Ur’Uy’ 2
! U /Uy’ — Uy 8r (Ur"Uy) — — ¢

us to neglect the time averaged pressure fluctuations te
(see for example Kato & Yoshizawa 1997). We further assufl
that the characteristic spatial variation scale of the fluctuati
components is smaller than the local radius (i.e terms of
der u’ju’ju’y/r can be neglected compared to the ones of (i[)
derg,u’ju’ju’y). The above equations then become,

1 R -
Ec’)tur'z = 2Q U/Uy — U/ (ur’?)

8,Qr?

Zous2 = —
2
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Considering only the linear terms of the turbulent transpdFable 1. Correlation cofficients properties (Inviscid case).
equations will give us insights — by definition — only on the

linear stability of the flow. The linearized set of equations is: aQ C, C! Cj Cy C"
1 > >0 <0 >0 <0 0 <O
Eatur/ = 2Q u'uy’ <0 >0 <0 >0 0 <O
1 1
—v[(@rue)? + E(aru'¢)2 + E(arulz)z) ) (12) ud
ok = —18,Q Cryu° + C"—- (20)

16 72 _— 8rQr2 1.7 y o 2 13 4
0™ =~ Ur"Uy” = 5(9rl'g)®, (13) " \we have introduced the correlation ¢beientsCy', CJ, C7, Cj,
1, — Vo—— andC" = C{' + Cj + C. By imposing simple constraints, we
Qat“Z = _5(6f“ 2)% (14) can deduce the signs of these parameters, which depend on the

_ YY) sign of the angular velocity gradient. In the case of a negative

Gtk = U192 = v(Giu)* (15) gradient for example, we know from Eq. (15) that the corre-
From Eg. (15) we conclude that a stationary turbulent std@sion productu;’u,” has to be positive, which translates into
(0ik = 0) can exist only if the following condition — dependC',¢ > 0. It also implies that a stationary state can be reach
ing on the sign of the angular velocity gradient — is satisfied only if C{" is positive andCj is negative. Note thal} must be

- zero in that case because we neglected the viscous dissipation.

Q>0 = u'u <0, These properties for all introduced ¢beients are summarized
#Q<0 = u'uy >0. (16) in Table 1. From Eqg. (20) we derive the amplitude of the fluc-

. tuations vorticity:
For Rayleigh unstable flows (whefgQr? < 0 and therefore |

9Q < 0), Egs. (12), (13) and (16) show that the linear coupling _ &ra ) 1)
terms with the mean flow are always a source for turbulent flug- C" e

tuations, a property that reflects the global linear instability dhis relation express that the vorticity extracted from the back-
this class of flows. The non-linearities are needed there only fmound flow by the fluctuations is proportional to the local
the saturation of amplitudes of the radial and azimuthal veloghear.

ities along with the redistribution of energy towards axial mo- We have seen that there always exists a sink term for one
tions of the new bifurcated flow. In the case of stable angulafthe components of the energy fluctuations. A necessary con-
momentum stratificationg(Qr? > 0), the first order coupling dition for the existence of self-sustained turbulence is then that
terms have opposite signs in Egs. (7) and (8). This means tthet non-linear terms overcome this negative production term
one of them is an energy sink for one of the component of tifer the azimuthal component whépQ < 0, for the radial one
velocity fluctuations (Balbus et al. 1996). It then looks imposvhend;Q > 0). Namely, from Egs. (17) and (18)

sible to allow for the growth or to maintain turbulence as long 3

u
as the angular momentum is increasing outward. This actualh2 > O: CP; > -20.C, W, (22)
reflects the linear stability of such flows. B 8.0r2
HQ <0: cg7 > rT Cry U2, (23)
3. Considerations on the non-linear stability which reduces to,
In the following sections, will focus on the case of linearly sta- o ',¢
ble flows (i.e. wher@,Qr? > 0) and consider the energy equa‘-3rQ >0: 2 2 e 2Q, (24)
tions including the turbulent @usion. |
arQ <0: 1 F PR (25)
3.1. Inviscid flow ) ) / ) ) )
Finally, using Eq. (21), we obtain the following relations,
We first consider the case where dissipation due to molecular c |
viscosity can be neglected. We defimé¢he characteristic tur- 5 o~ 0:  “rg.0> ——2 20, (26)
bulent velocity (e.g. the root-mean-square velocity) arttie cn Cr
length scale characteristic of the spatial variations of the veloc- ', 4 Crs 8,Qr?
ity fluctuations, and we pose Q<0 ST > = — (27)
¢
1,— ud Introducing the dimensionless Rossby numBer= ro, Q/2Q
= 2 _ | 2 n-_ 7 r ,
26tur =20C, G A’ (17) and using the properi@" = C!" + Cg we obtain the necessary
conditions for instability:
16ﬁ _ _6rQr2 C| u2 " Cnu_3 (18) cn
20t = m ro (N »#Q>0: Ro> - = Ra  (Ra > 0), (28)
r
1 u . cn
Eatuzf2 = CQT’ (19) 9Q2<0: Ro< ol Ra (Ra; < 0). (29)
r
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Fig. 1. Stability diagram of Couette-Taylor flow in th&§, Q;) plane whereQ, and Q; are the angular velocities (in Hz) of the outer and
inner cylinder respectively; solid line: solid body rotation; dotted lines: viscous stability criteria; dashed lines: inviscid stability (s&eri

text for detail). On the right (resp. left) of the solid body rotation curve, the angular velocity gradient is positive (resp. negative). The flo
within the dark surface are Rayleigh unstable. The dots are the experimental instability boundaries within which the flows exhibit self-sustal
turbulence; The lined surfaces stand for the predicted non-linearly instability. Experimental results are from Richard et al. (2002).

Here we have introduced the parame®ex. A similar result 3.2. Viscous flow
can be derived by simply posing < u’? >= 0 and reduc-
ing Egs. (17) and (19), which leads Ro = —-C"/C[. The
quantityRa. can be seen as constant by assuming that the
tio Cf'/C" is independent from the mean flow. This ratio quang w2 w2

tify the redistribution of the energy extracted for the mean flow%(atur’2 =20C, U’ + ij - VCFF, (30)
between the velocity components, by the non-linearities. Note

that the cofficientsCf', C,C7 andC" themself most likely de- 1 S e |, 8 w2

pend on the mean flow (see Younis et al. 1999). Within thisdtUs'® = ——— G, U" + Cy— —vCy . (31)
picture,Rq; is a constant critical stability parameter, and we

expect the flow to become turbulent for eitfRw > Ra, (when 1 5 Gue , u2

8:Q > 0) orRo < Ra, (Whend,Q < 0). Townsend (1976) al- 3%U7* = Cz— —vC; . (32)
ready noted that the Rossby number should approach a constant
value when a linearly stable rotating shear flow becomes turbul;
lent, by arguing thatit is conceivable and even likely that aﬁat -
asymptotic state can be reached with a constant ratio of trans-
fer from the transverse motion to total energy transfer froMhereC” = Cy + C; + C;. The properties of the correlation
the mean flow The two actors in the balance are the gradf&CtOfS are reported in Table 2. The extraction of VOI'tiCity from
ent of angular velocity, shearing the velocity fluctuations, credfe mean flow now becomes:

ing small scale vorticity, feeding the turbulent cascade, and the o

Following the same path as in the inviscid case, we now add
Wﬁ viscous constraints to Egs. (17)—(20):

u2

3
—r9,Q Cl, 1P + C”“T - (33)

gradient of angular momentum, stabilizing the flow by dam;ﬂ- = 5,0+ ==, (34)

ing the fluctuations through a “spring” mechanism. The ener 3 azcn

extracted from the background flow into small scale vorticiynd the relations (24) and (25) translate into

must reach a critical value in order to overcome the constraint |

introduced by the stable gradient of angular momentum. The u r vCY

Rossby number, as a measure of the ratio between the sHer> O- 1 Z - C; 2+ W,{z ’ (35)

and the angular momemtum gradient, appears a posteriori as a c! 2 C

natural control parameter of the flow stability. Q< 0: U, o or 2 (36)
' a7 C Cna2
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Table 2. Correlation cofficients properties (Viscous case). We can derive a formal expression for the turbuleifugion
of momentum, using the classical definition,

Q C, Cf C Cf C C C

—_— I 2
>0 <0 >0 <0 >0 <0 >0 >0 u’uy  Cu

<0 >0 <0 >0 >0 <0 >0 >0 = ro,Q - rorQ’ (43)

For steady turbulence, in the limit where molecular viscosity in
negligible compared to turbulent transport, from Eq. (41),

and after some rearrangement we finally obtain, %ol (C'r¢ - (3/2)(32)2 A\? 139, Q (4)
R
5Q>0: Ro>Ra(1-1/Re), @n o Y
8,Q<0: Ro<Ra(l+1/Re), (38) Richard & Zahn (1999) derived an expression for the turbulent
viscosity from Taylor (1936) and Wendt (1933) experimental
where we have introduced the following quantities, data,
2002 v r30,Q
Re = (C//C, -CCr/C'C,) <0, (39) ;t =B | Vr | = pRe (45)
14
) whereg was found to be independent from the geometry and
Re = 202 (C;/C',(,, —CVCQ/C”C',¢)‘1 > 0. (40) the background flow (see also .Longaretti 2902 and .Dl.JSCh|
v et al. 2000 for other arguments in favor of this prescription).

Identifying this expression with Eq. (44), one finds,

Cl, - (3/2)C2)° 12
LfZre AT (2 .
Cr"’[ cr, ] (r)

The correction due to viscous dissipation lies in th&é&
and YRe terms. The necessary condition for instability re-

duces to the results found for the inviscid case; i setto S =
zero. For high rotation rates, the critical values of the Rossby

number\{wll eyentually tend to the inviscid values. _Richard & Zahn (1999) also identified thRe parameter

. .ConS|der|ng all of the above, we expect that there exist famed “gradient Reynolds number”) as the control parameter
critical Rossby number for each class of flows — namely floyg, siahijity. This derivation was acheived by identifying the
with 5:Q > 0 and flows withg,Q < 0. This result can be \ )05 of the Reynolds number for which the measured torque

verified by using experimental results orffdrentially rotat- from laboratory experiments starts tdfdr from its theoreti-
ing flows. This can be done by examining the value of t’%

) value for the laminar Couette flow. For small gap Couette-
Rossby number at the onset of shear turbulence observed in lor apparatus, the classical Reynolds number defined as
oratory Couette-Taylor experiment. The Couette-Taylor expeyz _ AQARR/v (v;/hereAR is the gap between the cylinders,
iment consist of two coaxial cylinder between which the qung their differential angular velocity, an& the mean radius)
is sheared, resulting in aftérentially rotating azimuthal flow. | - ontified as the relevant control parameter. For gaps big-
Experimental r.esults on stability (Richard et al. 2002) can aCtéIér thanAR/R > 1/20 the critical Reynolds number behave
ally be fitted with the valueRg; = 1 for 9. > 0, ROC - _1/2,’ like (AR/R)?, which means thaRe' takes a constant value. To
for 6“9 < 0, Ré = -Q/3 andRe N 2Q. This is consis- _be more proper, this is a measure of tificcéency of the turbu-
tent with the picture ofa constant crlt_|cal Rossby number WI‘%nt transport. The bifurcation identified from the torque data
a viscous correction vanishing for high rotation rates or IoW yhen not directly linked to the stability of the flow, but is
viscosity. the threshold for which turbulent transport becomes apprecia-
bly more dficient than molecular viscosity. It should be read as
the following condition

(46)

4. Turbulent transport and viscosity

Radial turbulent transport of angular momentum is quantified >> 1 = Re >> 1 (47)

by the second-order correlation produetu,’. The time evo- ¥

lution for this quantity after some rearrangement and spatighis is consistent with the numerical values from Richard &
averaging over the azimuthal directignand the introduction zahn (1999)Re; = 1.5x 105 andg* = 1.5 x 10°5).

of correlation coficients, is given by:

3 2 5. Geometrical constraints

[ u u
atur’u¢/ = —C|r¢u2r6r§2 + CP¢7 - VC}’(]}ﬁ + Hr¢, (41) 51 General case

whereTljj is the pressure-strain correlation tensor. Following, ihe case of a bounded flow keeping up the assumption of
Kato & Yoshizawa (1997), in the case of isotropic turbUIe”C%otropic turbulence, we have to assume thaiill be of order

and with their notations, we have of a macro-scalel. The stability criteria for a viscous flow is
3 ) modified asd is constrained to smaller values than for a free
My = ECZU/ ror Q. (42) shear flow (therefore being closer to the inviscid valueRaf
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according to Egs. (37) and (38)) while for the inviscid case it Complementary work is needed, in the laboratory or nu-
remains unchanged. The radial transport will also be modifiederically, in order to seek whether the two particular values or
as we have, according to Eq. (44) the critical Rossby number matching the experimental results
on the Couette-Taylor experiment are genuine to that system or

% rorQ i "
t dZM. (48) are of more “universal” value.

—
4 4

. AcknowledgementsThe author would like to thank J.-P. Zahn, O.
5.2. Narrow gap Couette-Taylor experiment Dauchot, B. Dubrulle, F. Daviaud, S. Davis, J. Cuzzi, R. Young,
&V_Steinacker, F. Hersant and J.-M. eufér stimulating discus-

This expression can be approximated in the case of narr .
sions and support. This work was supported by the Programme

gap Couette-Taylor experiment by taking ththe distance be- National de Physique Stellaire (PNPS), the CommissaridEnergie

tween the two cylinderaR Atomique and by a Research Associateship from the National

v AQ-AR-R Research Coungiational Academy of Sciences.
—x« ——  =Re (49)

4 4

The bifurcation threshold identified on torque measuremdreferences
aforementioned will then scale as the classical Reynolds nugyps; 5., & Hawley, J. 2002, to appear in Turbulence and Magnetic
ber, in agreement with the results from Richard & Zahn (1999). Fields in Astrophysics, ed. E. Falgarone, & T. Passot, Lecture Notes
in Physics
Balbus, S., Hawley, J., & Stone, J. 1996, ApJ, 467, 76
Bardou, A., Heyvaerts, J., & Duschl, W. 1998, A&A, 337, 966
We have shown that a simple model of turbulent fluctuatioR§torulle, B. 1992, A&A, 266, 592
energetics can explain laboratory experiment results farei Pubrulle, B., & Knobloch, E. 1992, A&A, 256, 673
entially rotating flow. The equations of motion show that sheRMSchl, W. J., Strittmatter, P. A., & Biermann, P. L. 2000, A&A, 357,
inearties are taken (o AccouNt MaKing reasonable acsurhgLiey: - Babus. S, & Wiers, W. 1999, Ap), 518, 304
. " . Huré, J.-M., Richard, D., & Zahn, J.-P. 2001, A&A, 367, 1087
tions about the necessary properties of the velocity correlat@&(), S. & Yoshizawa, A. 1997, PASP, 49, 213
products, we derived formal expressions for the control paramsngaretti, P. 2002, ApJ, acceptedsfro-ph/0205430]
eters for stability. Comparison with laboratory results confirnggayleigh, L. 1916, Proc. Roy. Soc. London A, 93, 148
that the relevant parameter is the Rossby number. In the casrRiohard, D. 2001, Tése de doctorat: Instabiis” hydrody-
a viscous flow, the critical Rossby numbers exhibit @ cor- namiques dans lesecoulements en rotation ftérentielle
rection, therefore converging toward the same constant criticalUniversig Paris VII Denis Diderot, also available electroni-
Rossby numbers as in the inviscid case, for large rotation ratesgally http: //wendt . obspm. fr)
The turbulent viscosity inferred is consistent with the prescriftichard, D., Dauchot, O., Zahn, J.-P., Daviaud, F., & Dubrulle, B.
tion previously proposed by Richard & Zahn (1999). The crit- 2002, In preparation
ical amplitude of perturbations are also consistent with lineB chard, D. & Zahn, J.-P. 1999, AZA, 347, 734
- . o . one, J., Gammie, C., Balbus, S., & Hawley, J. 2000, Protostars and
stability theory results in the inviscid limit. We would like to

) ) . Planets 1V, 589
stress the importance of the pressure fluctuations in the grow&@or G. 1936, Proc. Roy. Soc. London A, 157, 546

and self-sustaining of this kind of turbulence. Even though thgynsend, A. 1976, The Structure of Turbulent Shear Flow
time average of the related terms vanish from the velocity fluc-(cambridge University Press)

tuation equations, they can be seen as the main enginei@hdt, F. 1933, Ing. Arch., 4, 577

isotropizing the turbulence, hence disappearing in time avera@enis, B., Gatski, T., & Speziale, C. 1999, NASA Report NASN-
when isotropy is acheived. 1999-209134

6. Discussion



D. Richard: On non-linear hydrodynamic instability and enhanced transporfanatitially rotating flowsOnline Material p 1

Online Material



D. Richard: On non-linear hydrodynamic instability and enhanced transpoiténetitially rotating flowsOnline Material p 2

Appendix A: Turbulent fluctuations equations

The turbulent transport equations are given here in cylmdnc

coordinatesr( ¢, 2). Viscous difusion is omitted

— o T —  Ug—
U2 +Troru 2 + —¢6 sUr’? + U0 2 — 2T¢ur'u¢' =

dsUr U
P _ T"’) + U/ uz'azur)

—2(ur 20,Ur + Uy Uy’ (

72

1 1 u
-2u,’ (Far(rur’z) + F6¢(ur’u¢’) - + 6Z(ur'uz'))

1 1
+2=pPoru’ = 2=0:(P'ur’)
P P

—v[Z(@rur')2 + (8,u¢’)2 + (0ruy)?

-
(16¢Ur - UT) + (A,u) ] (A.1)

Oy + Trou, 2 + —6¢u¢ + T Uy 2 + 2—u Uy =

—2u'u'6u_+u'2M+—+u "/ 0,y
r'Ugp’OrUs + Uy ; ; p" Uz 02Uy

(1 12 o U’ Uy’ .
—2U, Fatb(ugb ) + 0r(Ur Uy )+2 p + 0-Ug" Uy

1 (1 1/1
+2; p, (F8¢U¢/) - 25(F6¢(p,U¢,))

_V[(a,U/¢)2 « L (o) + (o)

1 we )’ (1 A%
+2(F6¢U/¢ + Tr) + (F6¢U'r + T¢) ] (A2)

2 2 1.2 Uy 1.2 2 _
tuZ/ + UraruZ/ + —(9 UZ' + uZazuz/

c’)¢u —
=2|U/U 0y Uz + U/ Uy’ —— + U/ 0,0,

1 1
-2uy (Far(rur'uz') + F8¢(u¢’uz') + 8Zuz’2)

1 1
+2=p' o — 2=0-(p'uy)
P P

_V[z(azu,z)z + r_2(6¢ulz) + (aru/z)z

+Or)? + (8ZU’¢)2] (A.3)



