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Abstract. Alfv'en-wave transmission through super-Ali¢ parallel relativistic shock waves is studied. We calculate the wave
transmission cd@cients for given shock properties. We show (i) that the atfwwaves downstream the shock wave are propa-
gating predominantly anti-parallel to the flow direction for low-Mach-number shocks, as in the case of non-relativistic shocks;
and (ii) that for high-Mach-number ultra-relativistic shocks the forward and backward downstream waves are in equipartition.
For low Alfvenic Mach numbers, the scattering center compression ratio of the shock, thus, becomes large and the spectral index
of accelerated test particles approaches the bmit 1 at shock waves approaching the critical value of the quasi-Newtonian
Alfv’enic Mach number (i.e., the ratio of upstream fluid and Atfyproper speeds), which depends on the shock properties, and
equals the square root of the compression ratio at the test-wave limit. Although the inclusion of the wave electromagnetic and
velocity fields to the shock jump conditions is likely to decrease the scattering-center compression ratio for shocks with critical
Mach numbers, values significantly above the gas compression ratio can be expected for such shocks. Particle acceleration
in weak relativistic shocks propagating in magnetized astrophysical jets may, therefore, be substantiallfficreretean

predicted by models neglecting turbulent electric fields.
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1. Introduction physical processes that convert the huge kinetic outflow energy
into observable non-thermal radiation.

Explosive astrophysical events, _such as supernova remnantsg, .. <o the signal speeds (speed of sound andeIfv’
g:glipa—ray bl;r.StS (GRBS_) andtjets O]f acr':l_vi galactic micg eed) of the surrounding interstellar and intergalactic plasmas
(h .')’ ?)retho |r_nrtnense |mr3[ﬁr anC(la (()jr. t'lg -enfitrgy as r%frﬁ]typically smaller than the relativistic jet speeds, the forma-
physICs, both as intense non-thermay radiation mitlers as Vrl% of magnetized relativistic shock waves is a direct conse-
as probaple source sites for accelerating cosmic ray partic énce of these violent explosive events. According to current
The leading coII_apsar (Woosley 1993; Paczynski 1998) a derstanding, energetic charged particles firg@ently accel-
;uprlanovzla (t\ﬁett” & Sttftlalla 192.8) m(l)gggs fg}r gzamma-rtayfburs&ated at shocks by the first-order Fermi mechanism with power
involve relativistic outflows (Piran ) that emanate from Bw distribution functions in particle rigidity, and subsequently
c_ompact source, where (_jue to stror!g ;tellar envelqpe magn f\'/% rise to the observed non-thermal radiation. By simple
fields andor epr(_)§|ons na _pre-eX|_st|ng p.“'.sa?r wind bubbl quipartition arguments, it is anticipated that a considerable
(Ke_r_mel & Coro_nm_ 1.9.84) anisotropic relativistic OU”'OW V€raction of the outflow energy is transformed into these power
locities result with initial Lorentz fact_orﬁo ~ 300. AGN jets law distributions of energetic particles. Time-dependent model-
can be regarded as channeled collimated relativistic outfl% of the non-thermal synchrotron, synchrotron-self-Compton

componentsyp ~ 30) propagating in the dynamic jet medllm}:md external Compton cooling of energetic pairs in the evolv-

which might be identical to the ambient interstellar medluritag outflow source region are then performed to explain multi-

(e.g., Dermer & Schlickeiser 1992; Urry & Padovani 1995). | avelength spectra and light curves in the optically thin case.

both source classes it is of interest to unravel the baﬂﬁalogous calculations in an optically thick environment very

often start from energetic hadrons that via cascades involving
inelastic hadron-hadron-interactions gordphotomeson inter-

send gprlr?t requests ©OR. _Va"_"o’_ actions provide copious amounts of secondary pairs.
e-mail:rami.vainio@helsinki. fi
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AGN jets (see Dermer & Schlickeiser 2002 and referencestimates of the magnetic fields and densities in relativistic jets
therein) and GRB afterglows (e.g., Dermer et al. 2000). The afiften predict relativistic values of the Ak speed (Appl &
served rapid variability in the TeV light curves from Mrk 501Camenzind 1988). In this paper, we take the first attempt to cal-
and Mrk 421 (Gaidos et al. 1996; Quinn et al. 1999; Aharoniaulate the scattering-center compression ratio of a relativistic
et al. 1999, 2001) is attributed in these models to a variatdeock generalizing our previous results of Adfvivave trans-
injection rate into the acceleration process (e.g., Mastichiadiéssion and test particle acceleration (Vainio & Schlickeiser
& Kirk 1997; Kirk & Mastichiadis 1999), probably resulting 1998) to the relativistic regime. In this first study, we will re-
from the shock wave propagating through a highly structurestrict the discussion to parallel shock waves. We will also adopt
non-uniform medium. a test-wave approach and neglect tiffieats of wave electro-
Acceleration of particles in non-relativistic shock wavemagnetic and velocity fields to the gas compression ratio of
is governed by the first-order Fermi mechanism: particles gbe shock. Self-consistent modeling would have to take these
accelerated by converging magnetic scattering centers at itite account at the lowest Alariic Mach numbers (Vainio &
shock. At non-relativistic shocks, the theory is referred to &hlickeiser 1999). We will also neglect thfeets of pos-
diffusive shock acceleration (Axford et al. 1977; Krymskgible pressure anisotropies in the upstream region (Vainio &
1977; Bell 1978; Blandford & Ostriker 1978). In the simplesBchlickeiser 2001), and the possiblffeets of the particles
version of the theory, the predicted power-law spectral indexiblemselves to the downstream wave fields (Vainio 2001). These
the energy spectrum of the accelerated particles is given sokefligcts will, however, be qualitatively discussed in Sect. 4. A
by the compression ratio of the shockaso = (r + 2)/(r —1). brief outline of the used notation is given as an Appendix.
The same mechanism relying on converging scattering cen-
ters at the shock is also operative _at relativisti_c shock WaVES A |fy én-wave transmission
(Peacock 1981), although no analytical expression between the
compression ratio and the spectral index of the acceleratgdhis section we will calculate the transmission mgents of
particles can be found in this case (Kirk & Schneider 1987\lfv'en waves in relativistic shocks, i.e., the amplitudes of the
The spectral index of the accelerated particles is, howevi@ward and backward propagating Atfin'waves downstream
mainly determined by the compression ratio even for relativigf the shock from assumed amplitudes of the waves in the up-
tic shocks although, unlike for non-relativistic shocks, detaigream region. The approach is based on the assumption tha
of particle scattering have also afiet on the spectral indexwave lengths are much larger than the shock thickness, which
(Kirk & Du ffy1999; Kirk et al. 2000). allows one to consider the relativistic MHD jump conditions in
As noted already by Bell (1978), however, the compretheir usual form despite the fact that the wave fields are actually
sion ratio felt by the accelerated particles is not necessarspwly temporally variable and inhomogeneous on large scales.
equal to the gas compression ratio. This is because the tur-
bulent _magnetic field responsi_blg for the accelerated—partigle:,l. Wave transmission coefficients
scattering is generally not static in the local plasma frame. It
the turbulent fields consist of low-frequency plasma waves We consider Alf€n waves ahead and behind a super-éiitc
is possible to transform their time dependence away by c@hock front. Appl & Camenzind (1988) noted that the magnetic
sidering particle scattering in the frame co-moving with thields upstream and downstream of the shock are co-planar. By
waves. Thus, the spectral index of the particles is determineduging the relativistic jump conditions, they calculated the ra-
the scattering-center compression ratice., the ratio of aver- tio of shock-frame tangential magnetic fields upstream (sub-
age shock-frame speeds of the scattering centers upstreamsahigt 1) and downstream (subscript 2) as (Egs. (24) and (25)
downstream of the shock. Acceleration of relativistic particlef Appl & Camenzind 1988)
populat_lqns at parallel non—rellat|V|st|c shocks taking a}ccount B Li2yaM2 = iy
of the finite wave speeds relative to the plasma was discus§ed g~ = "~ —" —" )
by Vainio & Schlickeiser (1998, 1999, 2001). They noted that —+  #272 Hart
itis possible to determine the average wave speeds by calcutdtere M2 = u3/u3 is the quasi-Newtonian Alferiic Mach
ing the downstream wave amplitudes from the assumed propatmber of the flowy = (o + P)/n, n, p, andP are the spe-
ties of the upstream waves by using the shock jump conditiogific enthalpy, the number density, the total energy density, and
(McKenzie & Westphal 1969). Vainio & Schlickeiser (1998fhe gas pressure (all measured in the local plasma franaey
noted (i) that the ect of finite wave speeds relative to the loy = V1 + u? are the proper speed and the Lorentz factor of the
cal rest frame to particle acceleration is very important in fastew, r = y,n,/(y1n1) is the shock-frame compression ratio of
mode shocks with low Alfehic Mach numbers and (ii) thatthe shock, andia is the proper Alfen speed (in units of)
test-particle acceleration in such shocks is extremgigient given by

because the transmission of waves through the (supeegify” B2
shock yields values of the scattering-center compression reuio = 0. (2)
much above the gas compression ratio. 4rpn

So far, studies attempting to calculate the spectral indebere, By is the magnitude of the static background magnetic
of accelerated particles at relativistic shocks have completéigid measured in the plasma frame. We will restrict the dis-
overlooked the possible role of finite wave speeds in thesassion to parallel shock waves and to Afvivaves propa-
shocks despite the fact that both theoretical and observatiogating along the mean magnetic field. This implies that the
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phase speed of the Alén" waves relative to the plasma iAt the non-relativistic limit,y1, ya1 — 1, these transmis-
Ba = Un/ /1 42 sion codficients reduce to the results of Vainio & Schlickeiser
A — UA A

Since we are considering parallel shock waves (i.e wi{rl1998)’
the ordered magnetic field along the shock normal), the tan- VI(VF+1) Mx1
gential fields are composed of the fluctuating wave fields. We — > M= v (12)
denote thavave-framenagnetic field amplitudes ., where -
the subscripts- and - refer to waves propagating parallel oR, _, Vr(Vr-1) M=+1 )
anti-parallel to the flow. The phase speeds of the waves in the 2 M =F
shock frame are

(13)

In our further analysis, it turns out to be useful to define the
_ B £ B 3) transmission cdécients also as the ratios of wave-frame am-
1+5Ba plitudes of the waves. For these, we obtain

wheregs = u/y. In the wave frame, the wave electric field van-

By, T Vi —Vaig

ishes, which allows one to give the wave magnetic fields in the = = (24)
shock frame as Bi. 2. Vo. — Vs

~ d B2¢ rli Vli - V2iq
Bi = Fi Bi, (4) Ri— = —_— = — = . (15)

By T2z Vozr— Vo
wherel', = 1/+/1 - V2. (Note that the magnetic amplitude of
the wave in the plasma frame ja B. with ya = /1+u2.) 2.2. Small-amplitude Alfvén waves

Thus, the tangential fields in the shock frame are obtained;@suming the Alfen waves to have so small amplitudes that
superpositions of the wave amplitudes as they do not &ect the shock dynamics we can considerably sim-
Bi=B,+B =TI,B,+T_B_. (5) plify the analysis. In this case, the jump conditions that deter-

mine the shock dynamics reduce to those of a hydrodynamical
We consider wave transmission at the test-wave limit angshock. Thus, the energy equation is

therefore, calculate how parallel and anti-parallel propagating

waves are transmitted across the shock separately. Thus,y@uins = yaUauzny, (16)
assume thaBy; = 'y, By, in the upstream region. In the down- } ) ]
stream region, however, the magnetic field can not consist/¥fich, Py using the mass conservation law; = un,, gives
a single wave field only, because this would not be consistent

with the continuity of the transverse electric fiefd E, across #17* = #272 (17)
the shock withn || V. denoting a unit vector along the shockrys Eq. (1) reduces to

normal. The tangential electric fields on both sides of the shock

H 2
can be given ai ) q=r kﬂnz_rl' (18)
E=-I.V,xB,-T_V_xB_ (6)
. For the flow to remain super-Alériic everywhere, we have to
gving requireM > M. = +/r, whereM, is a critical value of the
nxE = V,B, +V_B_, (7) Mach number below which a hydrodynamical shock becomes

o _ _ ) non-evolutionary (e.g., Kirk & Dffy 1999).
which, in general, is not consistent with Egs. (1) and (5) assum- |, 4qdition to the wave amplitudes, we need equations for
ing a single wave field on both sides of the shock. Thus, eveRyit \ave numbers, as well. As argued by Vainio & Schlickeiser

the upstream waves are unidirectional, there are always the tM898), waves conserve their shock-frame frequencies when
wave modes present in the downstream region. It is also reéﬂ)‘ssing the shock front. Thus

ily clear from the equations that since the magnetic fields are
co-planar anah x E is conserved, the two wave magnetic fieldg _ Vi K k= I Vi
in the downstream region are parallel to each other (immedf* e T 7

B I Vo, -V
ately behind the shock wave). Thus, the equations governing,
the downstream wave fields can be given simply as giving the downstream wave-frame wave number of the for-

ward (.) and backwardi¢_) waves as a function of upstream
gBi1: = By, + By (8) wave-frame wave numbek(.) and wave phase speeds. (Note
Vi:Bis = V2. Bo, + Vo By (9) that the plasma-frame wave number is givemiak.) Again,

o _ as in the non-relativistic case, the wave number of the back-
and solved for the shock-frame wave transmissiofiments ward downstream waves becomes very large¥as— 0 with

Rli’ (19)

as M — M. Because the compression of the wave number is

T % _ Vi: — Vo (10) scale independent, the functional form of the wave spectrum is
* 7 B Vou — Vor preserved during the transmission process: a power-law spec-

R = Bor _ Vi:—Vo.q trum of the upstream waves, for example, generates power-law

B Vo — Vo (11) spectra also for the downstream waves.
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Let us, next, calculate the transmission fiieents at con- ~ +0F .70
stant wave numbek for power-law spectra of upstream and
downstream waves, i.e., - 338
N I e S r 1.60 <~
Mt = uk-ie) Ig6;/k° (20) % .
c 3.6 S
with j = 1[2] for upstream [downstream] waves af(k) de- -2 i 11 50 2
noting the step function. These are related to the intensitiesiof | ] =
the wave magnetic field as g 34 g
: 3
B, = [ dki*® =k /(s— 1 21) a0 "
== | i (K) = lgjkg;/(s—1). (21) & 32
% ,
The transmission cdécients for the wave-frame magnetic zo- ™ 1,3
field-intensities at constant wave number, thus, become 0.01 0.10 1.00 10.00 100.00
~ o~ 1 proper shock speed, uy [c]
~9 Izi( ) rlivli s =2 . . . . -
T~|& = == = DRV T: (22) Fig. 1. The gas compression ratigsolid curve) and the polytropic in-
II(k) 2+ V2 dexy (dashed curve) of the downstream gas in a parallel shock prop-
FN\)E _ IE(R) _ (F1+V1+ )S_l = 23) agating into a cold medium.
- If( ) 2 V2s Alfven speed, Qa1
10-2 103 104 10-°
2.3. The gas compression ratio in the hydrodynamic 100,077 7 T T T T T
limit o
We consider shock waves propagating parallel to the mei&n i
magnetic field, and neglect the dynamicéieets of the wave % 1008 E
magnetic field. We restrict the discussion to strong shocks, i.g., r j
those with negligible upstream pressure. In this case, the gas | =TT
compression ratio is a solution of (Appl & Camenzind 1988) ¢ Tob e, R
Y6 - 1P - %67 - D+ N
2 -1 -Dr-(2-1)=0. (24) -
0.1 H I I
Here, the polytropic index of the downstream gas,is” a 1 10 100 1000
function of the dimensionless downstream temperat®re; M

kg To/mc. Assuming a thermal equilibrium €an be given us- Fig.2. Alfven-wave transmission cfigients in a parallel non-
ing the modified Bessel functions of the second kiKg(2), as relativistic shock 8, = 0.01,7 = 2, andr = 4) propagating into

(Synge 1957) a cold medium. Note that the results as a function of Mach number
L apply to parallel shocks with any non-relativistic valugef
. 1 (K@) -
=1+|—= -1]+3| - 25
7 [@ (K2(®-1) 29

] 2.4. Wave transmission at non-relativistic shocks
The downstream temperature is related to the compression

ratio as Let us first study the wave transmission ffagents as a func-
r-1 tion of Mach number by fixing the value of the shock speed
0 = Ylyzﬂir—z (26) to a non-relativistic value and varying the Adfu’speed. We

have computed the wave transmissionfiioents as a function

in case of a hydrodynamic shock (Appl & Camenzind 1988).Alfv'enic Mach number for a non-relativistigy(= 0.01) paral-

We solve the compression ratio iteratively using the followel shock propagating in a cold plasma with a polytropic index
ing scheme: (i) fix the value of the polytropic indexyco:”‘é‘, if ofy= g and a compression ratio of= 4 (Fig. 2). Note that
v1 > 2,and toy'= % if y1 < 2; (i) solve the compression ratioas long as the shock speed is non-relativistic, the same trans-
r numerically from Eq. (24) noting that the physical root is imission coéficients as a function of Mach number apply, but
the range 1(y — 1) < r < (¥ + 1)/(¥ — 1); (iii) calculate a new the axis for the Alf€n speed, of course, applies only for the
value fory by usingB, = B1/r and Egs. (25) and (26); (iv) re- chosen value gf;.
peat the steps (ii)—(iii) untiy differs from the value obtainedin At low Mach numbersM? ~ r, the waves propagate pre-
the previous round by less than a predefined convergence criteminantly backward relative to the flow direction, no mat-
rion. The gas compression ratio and the downstream polytrofec what the state of the upstream wave field is. The physical
index as a function of the proper speed of the shock are giverason for this is that a finite value of an electric field com-
in Fig. 1. ponent for the backward waves, required to satisfy the jump
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Fig. 3. Alfvien-wave transmission cfiigients, as measured in theFig.4. Alfven-wave transmission cfigients, as measured in the
shock frame, in a parallel shock propagating into a medium withock frame, in a parallel shock propagating into a medium with
proper Alfvén speedi, = 0.001c. proper Alfvén speedi, = 0.01c.

proper shock speed, uj [c]

conditions, requires very large values of the magnetic fieldam- 0.1 1.0 10.0 100.0
plitude, if Voo — O+, i.e., M2 — r+. The infinite values of ~ '99°F ‘ ‘
the transmission cdigcients occur because of the assumption

of the negligible wave pressure and Poynting flux. When these
are taken into account, the compression ratio of the shock ke- 100
comes smaller staying below< M? (Vainio & Schlickeiser F
1999) and, thus, the infinite values ®f andR, are avoided.
At high Mach numbers, the transmission ffagents approach
the valuesT. — 3 andR, — 1.

e

transmission coe

2.5. Wave transmission for fixed up and variable y1

0.1 ; . .
Let us, next, study the wave transmission fio&nts as a 1 10 100 1000
function of Mach number by fixing the value of the Atfm’ M
speed and varying the shock speed. We study the casegigfs. Alfven-wave transmission cfieients, as measured in the
upstream proper Alfén speed ranging fromma; = 0.001c shock frame, in a parallel shock propagating into a medium with
to 10c (Figs. 3—7). The cases with non-relativistic Adiv’ proper Alfven speedi, = 0.1c.
speeds a1 < 0.1c) differ very little from the above results
for non-relativistic shocks up to proper shock speeds of abgg.lt
u; ~ 0.4c, but at larger shock speeds relativistiteets low-
ering the compression ratio of the shock become importaRarticle acceleration at relativistic shocks is basically due
On the other hand, all transmission ffagents are very sim- to the same first (and second) order Fermi mechanism as
ilar in the casesla; = 1.0c and 100c indicating that, once in non-relativistic shocks. The analysis of particle accelera-
the Alfvén speed becomes relativistic, the only relevant pten in relativistic shocks is, however, more complicated than
rameter in the wave transmission problem is the Mach nuin- non-relativistic shocks because the particle distribution is
ber, like in the non-relativistic case. Note, however, that (sinemisotropic. Thus, numerical methods are needed to solve for
r —» 3 andBax — 0) at the limits ofM, u; — oo the asymp- the spectral index of the accelerated particles in these condi-
totic values of all the transmission dtieients areT., R. — g tions. Two main classes of numerical methods have been em-
and, thus, dferent from the values at non-relativistic shocksgloyed so far: (i) Monte Carlo simulations (Ellison et al. 1990;
Therefore, in relativistic high-Mach-number shocks the wagednarz & Ostrowski 1996, 1998) and (ii) solutions based
fields in the downstream region are close to equipartition, oo eigenfunction expansions (Kirk & Schneider 1987; Kirk
matter what the propagation direction of the upstream wavetsal. 2000). The numerical methods reveal that the spectral
might be. At low Mach numbers, the results are qualitativelpdex of the accelerated particles is no longer independent of
similar to non-relativistic shocks (Vainio & Schlickeiser 1998)the underlying scattering process: large-angle scattering and
the downstream wave field is predominantly backward, regaptch-angle difusion lead to dferent results concerning this
less of the upstream wave propagation direction. The regionpaframeter. If pitch-angle flusion is employed, large upstream
backward-wave dominance, however, extends to slightly lardesrentz factors (producing — 3) seem to yield spectral in-
Mach numbers than in non-relativistic shocks. dices close to the value of = 2.2 (in far downstream energy

Particle acceleration
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proper shock speed, u; [c] proper shock speed, u; [c]
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Fig. 6. Alfven-wave transmission cfiigients, as measured in theFig. 7. Alfven-wave transmission cfiients, as measured in the
shock frame, in a parallel shock propagating into a medium wigifiock frame, in a parallel shock propagating into a medium with
proper Alfvén speed, = 1.0c. proper Alfvén speedi, = 10.0c.

0.0

spectrum,p?f(p) « p~) (Bednarz & Ostrowski 1998; Kirk
et al. 2000). All of the studies so far are, however, based on
the assumption of frozen-in scattering centers, i.e., they assuasne ‘
that particles scatter elastically in the local rest frame of thHe
plasma. With non-negligible Alfen speeds, this can no Ionger” -0.4
be assumed, but one instead has to consider scatterings thatare
elastic in the frame of the scattering wave (where the wavg-
magnetic field is static).

We consider an upstream plasma with wave spd{:(ia =
i (k) Uk - kor) Toa(kor/K)3, i.e., a situation where the tur-S 0.8
bulently evolving forward and backward waves have attained
equal power-law intensities in the ambient plasma. Thus, up-_; o £

e S S R | n R |

-0.6

ownstre

1000

stream of the shock wave tim@rmalized cross helicity 1 10 100
. . M/ Mc
HeR) = =1 () (27) Fig.8. Cross helicity of the Alfef t constant b
c = |~+(R) + r_(R), 1g.o. Cross ne ICIty O e n waves at constant wave numbper

downstream a parallel shock wave far = 0.1c (solid curve,r ~
3.995),u; = 1.0c (dashed curve;, ~ 3.700), andu; = 10.0c (dot-
dashed curver, ~ 3.038). The upstream cross helicity is taken to be
zero, the spectral index of the wavessis 1.5, andM, = .

at all wave numberk > Koy is He1 = 0. The downstream cross
helicity at wave numbens > (I'1, V14 /T2-V2_) Koz is given by

R Ry, )

AR TR . SR
scattering-center compression ratio wittihe curves are prac-
The downstream cross helicities as functions of Mach numhgally on top of each other.
(scaled withMc) for shocks withu; = 0.1, 1, 10cands = 1.5 Two important results can be immediately deduced from
are shown in Fig. 8. the behavior of downstream cross helicity and scattering-center
Because the downstream Adfa’speed is at most mildly compression ratio at low Mach numbers, i.e., just above the
relativistic, we take the average plasma-frame speed of wtical one: firstly, accelerated particles feel a very large
downstream scattering centers to HeBa2. This gives the scattering-center compression ratio at the shock. At the limit
shock-frame scattering center speed in the downstream regiof, increasing toward infinity, particle escape from the shock
asVie = (B2 + HeaBaz)/(1 + HeaBa2B2). We can now use this to far downstream becomes increasingly mofgalilt, and the
value to compute the scattering-center compression ratio of #j:ctral index approaches the valuerofs 1, as long as the
shock (forHc1 = 0) as momentum gain of the particle per each crossing cycle of the
B (L+ HeoBaoBo) shock is a fixed (i.e., momentum independent) fraction of par-

Hc2 =

(28)

29

B2 + Heabaz (29)
This is presented as a function of Mach numberdot 1.5
and the three values of considered above fdf., in Fig. 9.
Note that by scaling the Mach number with, = +/r and the

ticle momentum. This is the case for ultra-relativistic particles
regardless of the shock speed. Secondly, for such low-Mach-
number relativistic shocks we can also neglect stochastic ac-
celeration, since the downstream waves are propagating in one
direction, only.
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Fig. 9. Scattering center compression ratig,of a parallel shock wave Fig.10.Spectral index of particles accelerated in a relativistic parallel
for u, = 0.1¢ (solid curve,r ~ 3.995),u; = 1.0c (dashed curve, ~  shock as a function of the scattering-center compression mafir

3.700), andu; = 10.0¢ (dot-dashed curve, ~ 3.038). The upstream U; = 0.1c¢ (triangles,r ~ 3.995),u; = 1.0c (squaresy ~ 3.700), and

cross helicity is taken to be zero, the spectral index of the wavesiis= 10.0¢ (diamondsy ~ 3.038). The solid, dashed, and dot-dashed

s=15, andM, = +r. curves give the results of = (r¢ + 2)/(rx — 1) for the three proper
speeds, respectively.

4. Discussion and conclusions

To illustrate the &ect of the Alfvén-wave transmission to We have considered Alari-wave transmission and test-particle
particle acceleration more quantitatively, we have used Morgteceleration in parallel relativistic shock waves propagating to
Carlo simulations to compute the spectrum of accelerated parcold plasma. Test-wave approximation has been used, i.e.,
ticles. Our code is a direct generalization to the relativistibe electromagnetic and velocity fields of the waves have not
regime of the code we have used for studyinjudiive shock been taken into account when determining the gas compression
acceleration at non-relativistic shocks (Vainio et al. 2000)tio of the shock. Under these admittedly restricting assump-
A detailed description of the code will be given elsewhetéons, it has been shown that the Adivivaves downstream of a
(Virtanen & Vainio, in preparation). For simplicity, we employbarely super-Alfenic shock wave are predominantly propagat-
small-angle scatterings in pitch angle relative to the mean fiélg) backward relative to the direction of the flow. This has been
(i.e., shock normal), arccas with an isotropic pitch-angle dif- shown to strongly fiect the scattering-center compression ra-
fusion codficientD,, o« 1 — u?. The validity of this simplifi- tio, r, of low-Mach-number shocks, increasing this parameter
cation may be questionable in the downstream region, whavell above the gas compression ratip,of the shock. Thus,

a form like D, o (1 — u?)/(u? + €)Y with e < 1 might the computed power-law energy spectrum of particles acceler-
better describe the scattering conditions in magnetized shoaked in such shock wave is significantly harder than predicted
(Kirk et al. 2000), but the féect of the functional form ob,,, by theories relying on particle scatteringj rozen-in magnetic

to the accelerated particle spectrum is typically smaller thélnctuations. At the test-wave limit, the scattering-center com-
that of the compression ratio. We employ a single, positigriession ratio becomes infinite and the spectral index of the ac-
dependent scattering center speed that has a valge wp- celerated particles approaches— 1 as the quasi-Newtonian
stream ang; /rx downstream of the shock wave. Thus, the eflfvenic Mach number of the shock] = uy \/4muin:/Bo, ap-

fect of stochastic acceleration (which we estimated to be smalfpaches the critical Mach numbigk, = +/r from above.

is not considered in this study. The value of the scattering- Let us discuss the limitations of our assumptions to the
center compression ratio was varied frogn= r to 8 r (see validity of our results. Since we are interested in relativistic
Fig. 9 for the corresponding Mach numbers) and three valugsock waves, the most severe limitation comes from our as-
of the proper shock speed; = 0.1c, 1.0c, and 100c, were sumption of parallel shock geometry. This is because as the
considered. Statistical errors of the fitted spectral indices areupistream Lorentz factor increases to valyes> 1, the trans-

the order of 65 or less in all cases. As shown in Fig. 10, theerse magnetic fields in the shock frame become amplified, and
simulated points are close to each other in all cases, by chatriitis,increasingly less probable that the orientation of the shock
when the scattering-center compression ratios are scaled byishsich that the ordered transverse fields can be neglected. This
gas compression ratio. As expected, the non-relativisfio-di should be taken into account in any attempt to apply our re-
sive shock acceleration theory does not describe the specdrdts to shocks withy; > 1. Significant obliqueness of the
index correctly, if the shock is relativistic. The values, howshock would lower the value of Alari-wave speed relative to
ever, seem to converge toward— 1 asry — oo, as expected, the shock normal, but at the same time it would lower the
regardless of the value of. gas compression ratio of a low-Mach-number shock wave
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(Appl & Camenzind 1988). The twoffects work in opposite pistons) shock waves in highly magnetized plasmas are more
directions in the ratiay/r. Thus, it is not easy to deduce thdikely rather weak with Mach numbers of the order of a few
net efect of the obliqueness to the scattering-center compres-less. Thus, when applying the theory of relativistic shock
sion ratio; we expect it to get smaller with increasing obliquit@cceleration to the astrophysical observations, simplifying as-
but a quantitative estimate of itffect would require a calcula- sumptions such as the magneto-static limit should be used only
tion beyond the scope of the present study. after due justification.

Another crucial assumption we made was the validity of |n view of our results and the above discussion, we
test-wave approximation. This was the origin of the (unphysenclude (i) that Alf€n-wave transmission in parallel non-
ical) singularities of the transmission dheientsT_ andR, relativistic shocks leads to downstream wave fields that are
atM — +fr+ that lead to the extremely high values @f propagating backward relative to the flow direction if the quasi-
The singularity is removed by taking proper account of thigewtonian Alfvénic Mach number of the shock is close to
transverse wave fields when computing the shock’s gas com—= +/; (ii) that the finite wave speeds relative to the plasma
pression ratio. This keeps the valuerah the physical range rest frame need to be taken into account when modeling parti-
for fast-mode shocks, < M?, as was demonstrated for noncle acceleration in low-Mach-number relativistic shock waves;
relativistic shocks by Vainio & Schlickeiser (1999). These ayii) that when thesefects are taken into account, (accelerated-
thors also showed that although the singularities are avoidgdrticle) spectral indices as flat@s— 1 can be accounted for.
the gas compression ratio at shocks withcIM < 2 is only = Self-consistent treatment of Akwi-wave transmission, as well
slightly belowM? and, thereforeR,, T_ andry are still very as modeling of wave transmission in oblique shocks would be
large and the accelerated particle spectrum significantly hargiaportant and natural paths for future work on this subject.
than the one obtained by using the much smaillkes the value
of ry. Since the values of the transmission fi@éents calcu-
lated for the relativistic shocks do notfidir too much from Appendix A: Notation used in this work
the values in non-relativistic shocks at low Mach numbers (see
Figs. 2—7), we expect this result to carry over to relativistiEnis Appendix, provided for the convenience of the reader, ex-
shocks as well. plains the most important symbols used in this work. All sym-

We have also neglected the back-reaction of the accel@@ls are also defined in the text, where they are first used.
ated particles to the scattering Aéfa‘waves in our study. For ~ We use the symbojs, y, andu = yg for bulk speeds, bulk
a relativistic shock this is a valid assumption in the upstreanerentz factors, and bulk proper speeds of the plasma flow rela-
region, because no extended foreshock region with backwéiv to the shock, and, P, andp as rest-frame density, pressure
streaming accelerated particles is expected;ifis close to and energy density of the plasma. Both the specific enthalpy of
the speed of light (Kirk et al. 2000). However, as was demothe gas and the pitch-angle cosine of an accelerated particle are
strated by Vainio (2001) using numerical simulations, the waggnoted by:; the local meaning of the symbol should be fully
fields downstream the shock wave may become modified @gar from the context. The Aldr speed, its Lorentz factor,
the forward-streaming accelerated particles there. This softésl the corresponding proper speed, as measured in the loca
the spectrum somewhat from the hardest test-particle spedtést frame, are denoted |8, ya, andua. As usual, quantities
because the particle streaming away from the shock is likelyrfeasured upstream [downstream] the shock wave are denotec
damp the backward mode more heavily than the forward ongth subscripts 1 [2]M = u1/ua1, I = B1/B2, ¥ and® denote
According to Vainio (2001), the downstream forward wave e quasi-Newtonian Alfnic Mach-number of the shock, the
actually amplified in non-relativistic shocks, but this might nagas compression ratio, and the polytropic index and the dimen-
be the case in relativistic shocks, if the Adiv'speed in the sionless temperature of the downstream gas, respectively. All
downstream region is a sizable fraction of the particle speed sgeeds are measured in unitxof
in the low-Mach-number shocks considered in this paper. The symbolsV andT" denote speeds and corresponding

As demonstrated by Vainio & Schlickeiser (2001), pred-orentz factors related to Aleri waves as measured in the
sure anisotropies upstream the shock wave can be importsmick frameV. andrl'; are the shock-frame phase speeds and
for Alfv’'en wave transmission in non-relativistic shock wavekorentz factors of the Alfeh waves propagating parallet)(

In relativistic shocks, however, suclffects require relativis- and anti-parallel<) to the flow, andvy denotes the scattering-

tic thermal speeds in the upstream region, and thus they mightter speed, i.e., an averaged wave speed relative to the shocl
not be so important because of the presumably rapid coolingasf felt by the accelerated particles. Wave magnetic fields are
such plasmas. denoted byB., wave number bk, wave spectra by*(k), and

As demonstrated above, magneto-static (i.e., frozen-in) ttine normalized cross helicity of the waves bi(k). Wave-
bulence description is still a valid approximation for particleelansmission and reflection diieients are given by . andR.,
scattering if the Mach number of the shock wave is largeespectively, when measured for the (wave-number integrated)
Thus, it is not surprising that ultra-relativistic shocks yieldvave amplitudes (see Egs. (10) and (11)); when measured at
ing o = 2.2 at the magneto-static limit seem to be in goodonstant (wave-frame) wave-number (see Egs. (22) and (23)),
agreement with spectral indices of gamma-ray burst afterglothey are further subscripted tky A tilde over all these quan-
(Bednarz & Ostrowski 1998). Not all relativistic shocks ardities (e.qg.k.) indicates that values measured in the appropri-
however, strong shocks. Like in non-relativistic plasmas suele wave frame are considered; symbols without tilde are mea-
as the solar corona, freely propagating (i.e., not driven ldyred in the shock framex = Vii/Vke, S, ando denote the
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scattering-center compression ratio of the shock, and the w®egmer, C.D., Bitcher, M., & Chiang, J. 2000, ApJ, 537, 255

and the accelerated-particle spectral indices, respectively. Ellison, D.C., Reynolds, S.P., & Jones, F. C. 1990, ApJ, 360, 702
Gaidos, J. A., Akerlof, C.W., Biller, S.D., et al. 1996, Nature, 383,
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