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Abstract. This paper presents a Hamiltonian approach to modelling relative coorbital motion based on derivation of canonical
coordinates for the relative coorbital dynamics. The Hamiltonian formulation facilitates the modelling of high-order terms and
orbital perturbations while allowing us to obtain closed-form solutions to the relative coorbital motion in Hill’s restricted three-
body problem. First, the Hamiltonian is partitioned into a linear term and a high-order term. The Hamilton-Jacobi equations
are solved for the linear part by separation, and new constants for the relative motions are obtained, called epicyclic orbital
elements. The influence of the gravitational interaction between the coorbiting satellites is incorporated into the analysis by a
variation of parameters procedure.
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1. Introduction

The motion of any number of mutually gravitating satellites,
confined to follow the same mean orbit about a massive pri-
mary, is usually referred to as coorbital motion. The coorbital
motion problem can be modelled by using either a restricted-
three body approach, in which one of the coorbiting objects is
assumed to have an infinitesimal mass (Libre & Oll`e 2001), or
a more general treatment in which the coorbital satellies are as-
sumed to have small, but nonzero, mass (H´enon 1969; H´enon
& Petit 1986). The latter approach was originally developed by
Hill (1878) and is known as Hill’s restricted three-body prob-
lem. Applications of Hill’s problem are ubiquitous (see e.g.
Vilac & Scheers 2003; Scheeres et al. 2003, and the references
therein). It has been shown that Hill’s problem is characterized
by the same generality as that of the restricted three-body prob-
lem, in the sense that the mass ration of the coorbiting objects
is arbitrary (Hénon 1986).

The restricted three-body problem yields a very rich
dynamical structure. In this work, we shall be primarily in-
terested, however, in the 1:1 mean motion commensurabil-
ity. For this problem, there are a few topologically dis-
tinct orbits: Tadpole orbits, taking place about the triangular
Lagrangian equilibrium pointsL4 and L5 (e.g. Trojan aster-
oids); Horseshoe orbits about the Lagrangian pointsL3−L4−L5

(e.g. the Saturnian satellites Epimetheus and Janus); and retro-
grade/prograde coorbital motion (e.g. rings of Saturn).
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A number of authors have addressed the coorbital motion
problem. Libre & Ollé (2001) have utilized the restricted three-
body problem framework to characterize the coorbital motion
of Saturnian satellites. Yoder et al. (1983) have offered a simpli-
fied qualitative framework for modelling coorbital motion. In a
later work, Salo & Yoder (1988) gave sufficiency conditions for
the stability of a system ofN coorbital objects. Namouni (1999)
performed an extensive study of coorbital motion using Hill’s
three-body problem and an orbital elements-based generating
solution, an approach reminiscent to that of Winter & Murray
(1997), who utilized orbital elements coupled with Lagrange’s
planetary equations in order to study resonant motion. Broucke
(1999) derived a Lagrangian formulation for the study of the
1:1 motion commensurability in the restricted three-body prob-
lem. However, thus far, the literature has not presented a canon-
ical modelling methodology for the coorbital relative motion
problem.

This paper is aimed at developing canonical orbital el-
ements for modelling the relative coorbital motion problem
using Hill’s equations. In other words, we attempt to find
Delaunay-like canonical elements for the relative motion.

In order to solve the problem, we first write the Lagrangian
for the coorbital motion, and then perform a Legendre transfor-
mation to find the Hamiltonian. We solve the Hamilton-Jacobi
equations and treat the gravitational interaction of the coorbit-
ing objects as a perturbation. The new orbital elements, which
we termedepicyclic orbital elements, are constants of the rela-
tive motion. Due to the fact that the epicyclic orbital elements
are canonical, any given perturbation can be modelled using
Hamilton’s equation. This methodology offers a simple and
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general framework for modelling coorbital motion. We illus-
trate the use of the newly developed methodology by character-
izing a few periodic orbits using a numerical search procedure.

2. The Lagrangian for coorbital motion

We consider the coorbital motion of two bodies of massesm1

andm2 about a primary of massM, with m1,m2 � M. The
coorbital motion can be described by any number of possible
coordinate systems. The best coordinate system for our pur-
poses is the one in which the Hamilton-Jacobi equation most
easily separates. To this end, Cartesian coordinates turn out to
be the most convenient. The work in this paper will be thus con-
fined to a rotating Cartesian Hill frame. This coordinate system,
denoted byR, is defined by the unit vectors ˆx, ŷ, ẑ. The origin
of this coordinate system is set on a circular reference orbit
of radiusa about the primary. It is rotating with mean motion
n =

√
GM/a3. The reference orbit plane is the fundamental

plane, the positive ˆx-axis points radially outward, the ˆy-axis is
rotated 90 deg in the direction of motion and lies in the fun-
damental plane, and the ˆz-axis completes the setup to yield a
Cartesian dextral system.

For simplicity, we first treat the case of coorbital motion
with respect to a circular reference orbit. This is the most com-
mon problem and should easily reduce to Hill’s equations. We
start with this case because of its simplicity, allowing us to fo-
cus attention on the details of the method. Nevertheless, we find
that the resulting canonical perturbation equations still provide
new and meaningful results. In future work we will present the
more involved case of arbitrary elliptical orbits.

We initially assume zero gravitational interaction between
the coorbital bodies. We then introduce the gravitational inter-
action as generalized forces in the Lagrangian formulation and
an interaction potential in the Hamiltonian formulation.

The first step is to develop the Lagrangian of the coorbital
relative motion in the rotating frameR. The velocities of the
coorbiting objects inR is given by the usual equation:

ui =
IωR

i × r +
dR

dt
ρi +

IωR
i × ρi (1)

wherer ∈ R3 is the inertial position vector along the reference
orbit, ρi = [xi , yi , zi ]T ∈ R3 is the relative position vector of
each object in the rotating frame, andIωR = [0, 0, n]T is
the angular velocity of the rotating frameR with respect to an
inertial frameI . Assuming a circular reference orbit, denoting
‖r‖ = a and substituting into Eq. (1), we can write the velocity
of each coorbiting object in a component-wise notation:

ui =


ẋi − nyi

ẏi + nxi + na
żi

 . (2)

The kinetic energy per unit mass is given by

Ki =
1
2
‖ui‖2. (3)

The potential energy (due to a spherical primary) per unit mass
of the coorbiting objects, whose position vectors are denoted

by Ri , is the usual specific gravitational potential written in
terms ofρi = ‖ρi‖ and expanded using Legendre polynomials:

Ui = −GM
‖Ri‖ = −

GM
‖r + ρi‖

= − GM

a
[
1+ 2

r · ρi

a2 +
(ρi

a
)2
]1/2

= −GM
a

∞∑
k=0

Pk(cosαi)
(
ρi

a

)k
(4)

where thePk(cosαi) are the Legendre polynomials,

cosαi = −ρi · r
aρi
=

−xi√
x2

i + y
2
i + z2

i

(5)

andαi is the angle between the reference orbit radius vector
and the position vector of each coorbiting object relative to the
reference orbit.

The LagrangianL is now easily found by subtracting the
total potential energy from the total kinetic energy,

L = 1
2

2∑
i=1

{
(ẋi − nyi)2 + (ẏi + nxi + na)2 + żi

2
}

+n2a2
2∑

i=1

∞∑
k=0

Pk(cosαi)
(
ρi

a

)k
· (6)

As in the treatment leading to Hill’s equations for relative mo-
tion, we examine only small deviations from the reference or-
bit. Thus, we only consider the first three terms of the potential
energy for each orbiting body,

U(0)
i = −

GM
a
− GM

a2
ρi cosαi − GM

a3
ρ2

i

(
3
2

cos2αi − 1
2

)
(7)

and then use Eq. (5) to find the low order Lagrangian,

L(0) =

2∑
i=1

1
2

(
ẋi

2 + ẏi
2 + żi

2
)

+n (xi ẏi − yi ẋi + aẏi) +
3
2

n2a2 +
3
2

n2x2
i −

n2

2
z2
i (8)

with the perturbed part of the Lagrangian equal to the higher
order terms in the potential [O((ρi/a)3)]. Hill’s equations for
the relative motion of the two satellites in the rotating frame are
obtained by subtracting the Euler-Lagrange equations (with the
Lagrangian given by Eq. (8)) for each orbiting body using the
generalized coordinatesqi = ρi ,

d
dt

(
∂L(0)

∂q̇1

)
− ∂L

(0)

∂q1
−

[
d
dt

(
∂L(0)

∂q̇2

)
− ∂L

(0)

∂q2

]
= 0, (9)

resulting inHill’s equations,

ẍ− 2nẏ − 3n2x = −∂Ψ
∂x
, (10)

ÿ + 2nẋ = −∂Ψ
∂y
, (11)

z̈+ n2z= −∂Ψ
∂z
, (12)
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where x = x1 − x2, y = y1 − y2, z = z1 − z2 andΨ is the
interaction potential, given by

Ψ = −G(m1 +m2)
r

= −n2a3µ

r
, (13)

with r =
√

x2 + y2 + z2, and

µ =
m1 +m2

M
· (14)

A similar result to that of Eqs. (10)–(12) is obtained by expand-
ing the nonlinear equations of motion with respect to the mass
parameter (Hill 1878):

ε =
(
µ

3

) 1
3 · (15)

The equilibria of Eqs. (10)–(12) are located at (x = ε, y =
0, z = 0) and (x = −ε, y = 0, z = 0), and correspond to the
Lagrangian pointsL2 andL1, respectively.

Based on Eqs. (10)–(12), using the new generalized coordi-
nateq = q1 − q2 = (x, y, z), we can define the relative motion
Lagrangian

L(0)
r =

1
2

(
ẋ2 + ẏ2 + ż2

)
+ n (xẏ − yẋ+ aẏ) +

3
2

n2a2

+
3
2

n2x2 − n2

2
z2, (16)

and proceed with the analysis using this Lagrangian.

3. The Hamilton-Jacobi solution

Our overall objective is to find the Hamiltonian of the relative
motion and divide it into a linear part and a perturbed part,

Hr = H (0)
r +H (1)

r

and then solve the Hamilton-Jacobi equation for the linear sys-
tem without the interaction potential. This solution will provide
us with new canonical coordinates and momenta that are con-
stants of the relative motion. The perturbation equations will
then show how these constants vary under the gravitational in-
teraction between the coorbiting objects.

Finding the Hamiltonian for the system is straightforward.
First, we utilize the normalizationn = a = 1. The canonical
momenta are then found from the usual definition:

px =
∂L(0)

r

∂ẋ
= ẋ− y

py =
∂L(0)

r

∂ẏ
= ẏ + x+ 1 (17)

pz =
∂L(0)

r

∂ż
= ż

and then, using the Legendre transformation, the unperturbed
Hamiltonian for relative motion in Cartesian coordinates is
found:

H (0)
r =

1
2

(px + y)
2 +

1
2

(py − x− 1)2

+
1
2

p2
z −

3
2
− 3

2
x2 +

1
2

z2. (18)

This Hamiltonian is used to solve the Hamilton-Jacobi equa-
tion (Goldstein 1980). Because the Hamiltonian is a constant,
Hamilton’s principal function easily separates into a time de-
pendent part summed with Hamilton’s characteristic function,

S(x, y, z, t) =W(x, y, z) − α′1t

whereα′1 is the constant value of the unperturbed Hamiltonian,
H (0)

r . The Hamilton-Jacobi equation then reduces to a partial
differential equation inW(x, y, z):

1
2

(
∂W
∂x
+ y

)2

+
1
2

(
∂W
∂y
− x− 1

)2

+
1
2

(
∂W
∂z

)2

− 3
2
− 3

2
x2 +

1
2

z2 = α′1. (19)

Not unexpectedly, thez-coordinate easily separates. Separating
the characteristic function asW(x, y, z) =W′(x, y) +W3(z), the
HJ equation separates into:

1
2

(
dW3

dz

)2

+
1
2

z2 = α2 (20)

1
2

(
∂W′

∂x
+ y

)2

+
1
2

(
∂W′

∂y
− x− 1

)2

− 3
2

x2 = α′1 +
3
2
− α2. (21)

Equation (20) is just the HJ equation for simple harmonic mo-
tion. It is easily solved via quadrature:

W3(z) =
∫ √

2α2 − z2dz

=
1
2

[
z
√

2α2 − z2 + 2α2 sin−1

(
z√
2α2

)]
· (22)

The solution of Eq. (21) is more subtle. We separate by using
the well known constant of integration of the CW equations.
Settingα3 equal to the integral of Eq. (11) withΨ = 0 and
putting it in terms of the canonical momentum, the third inte-
gration constant of the HJ equation is:

α3 = py + x− 1. (23)

Using the fact thatpy = ∂W′/∂y, the remaining HJ equation
(Eq. (21)) separates if we let

W′(x, y) =W1(x) +W2(y) − yx (24)

so that

dW2

dy
= α3 + 1

and thusW2 = (α3 + 1)y by quadrature. Equation (21) then
simplifies to:

(
dW1

dx

)2

+ x2 − 4α3x = 2α1 − α2
3 (25)

where we have usedα1 = α
′
1−α2+3/2. This equation is again

easily integrated forW1 by quadrature,

W1 =

∫ √
2α1 − α2

3 + 4α3x− x2dx (26)
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yielding

W1 =

( x
2
− α3

) √
2α1− α2

3 + 4α3x− x2

−
(
α1 +

3
2
α2

3

)
tan−1


−x+ 2α3√

2α1− α2
3 + 4α3x− x2

 · (27)

The final generating function from the solution of the low-order
HJ equation is thus given by:

S(x, y, z, α1, α2, α3, t) = W1(x) +W2(y) +W3(z)

−(α1 + α2)t. (28)

(Note that we have omitted the constant 3/2 as it does not affect
the solution). It is straightforward to express the new canoni-
cal momenta (α1, α2, α3) in terms of the original Cartesian po-
sitions and velocities (and thus in terms of the initial condi-
tions). For instance,α3 is given by Eq. (23) using Eq. (17).
Equation (20) is used to findα2, substitutingpz from Eq. (17)
for dW3/dz. Finally, α1 = α

′
1 − α2 + 3/2 is simply the value

of the Hamiltonian and is thus given by Eq. (18) with the mo-
menta substituted from Eq. (17). The result is:

α1 =
1
2

ẋ2 +
1
2
ẏ2 − 3

2
x2 (29)

α2 =
1
2

ż2 +
1
2

z2 (30)

α3 = ẏ + 2x. (31)

The canonical coordinates (β1, β2, β3) are found via the partial
derivatives of the generating functions in Eq. (28) with respect
to each of the new canonical momenta,

βi =
∂
[
S(x, y, z, α1, α2, α3, t) + α′1t

]
∂αi

(32)

yielding

β1 = − tan−1

(
3x+ 2ẏ
|ẋ|

)
(33)

β2 = tan−1

(
z
|ż|

)
(34)

β3 = −(3ẏ + 6x) tan−1

(
3x+ 2ẏ
|ẋ|

)
− 2ẋ+ y. (35)

Solving Eqs. (29)–(35) forx, y, andzyields thegenerating so-
lution for the Cartesian relative position components in terms
of the new constants of the motion, the canonical momenta
(α1, α2, α3) and the canonical coordinates (β1, β2, β3):

x(t) = 2α3 +

√
2α1 + 3α2

3 sin(t + β1) (36)

y(t) = β3 − 3α3(t + β1) + 2
√

2α1 + 3α2
3 cos(t + β1) (37)

z(t) =
√

2α2 sin(t + β2). (38)

From Eqs. (29)–(35) (or, alternatively, by differentiating
Eqs. (36)–(37) with respect to time) we can also obtain the

expressions for the Cartesian relative velocity components in
terms ofα1, α2, α3 andβ1, β2, β3:

ẋ(t) =
√

2α1 + 3α2
3 cos(t + β1) (39)

ẏ(t) = −3α3 − 2
√

2α1 + 3α2
3 sin(t + β1) (40)

ż(t) =
√

2α2 cos(t + β2). (41)

Thus, as is well known from solutions of Hill’s unperturbed
equations, the motion consists of a periodic out-of-plane os-
cillation parameterized byα2, β2, a periodic in-plane motion
described byα1, β1, and a secular drift iny given byα3. The
well known invariance withy is given by the shiftβ3.

We call the new constants of the motionΞ =

[α1, α2, α3, β1, β2, β3] epicyclic orbital elementsfor the rel-
ative motion. They are defined on the manifoldO × S3, where
O = R × R≥0 × R ⊂ R3.

4. Modified epicyclic elements

The epicyclic elements described above provide a convenient
parametrization of a first-order relative motion orbit in terms of
amplitude and phase. However, variational equations presented
later for these elements to account for the gravitational interac-
tion can become quite complicated and numerically sensitive.
This is particularly a concern when some of the amplitudes ap-
proach zero, resulting in the phase terms becoming ill-defined.
For these situations it is convenient to introduce an alterna-
tive set of constants in terms of amplitude variables only.
We call thesemodified epicyclic orbital elements, label them
Ξ′ =

[
α′1, α

′
2, α

′
3, β
′
1, β
′
2, β
′
3

]
, and find them via the point trans-

formation:

α′1 =
√

2α1 + 3α2
3 cosβ1 (42)

β′1 =
√

2α1 + 3α2
3 sinβ1 (43)

α′2 =
√

2α2 cosβ2 (44)

β′2 =
√

2α2 sinβ2 (45)

α′3 = α3 (46)

β′3 = β3 − 3α3β1. (47)

It can easily be shown that the transformation in Eqs. (42)–(47)
is symplectic. That is, lettingM = ∂Ξ′/∂Ξ, it is straightforward
to show that:

MJMT = J (48)

whereJ is the symplectic matrix [0, I ;−I , 0]. Thus, the new el-
ements are also canonical and satisfy Hamilton’s equations. In
some cases, the variational equations for these elements will be
much easier to work with. In terms of the new canonical mo-
menta (α′1, α

′
2, α

′
3) and new canonical coordinates (β′1, β

′
2, β
′
3),

the generating solution becomes:

x(t) = 2α′3 + α
′
1 sin(t) + β′1 cos(t) (49)

y(t) = β′3 − 3α′3t − 2β′1 sin(t) + 2α′1 cos(t) (50)

z(t) = β′2 cos(t) + α′2 sin(t). (51)
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Variations of the parametersΞ orΞ′ due to perturbations, such
as gravitational interaction, can be obtained via Hamilton’s
equations on a perturbing Hamiltonian, and the resulting time
varying parametersΞ(t) or Ξ′(t) can then be substituted into
the generating solutions (36)–(38) or (49)–(51) to yield the ex-
act relative motion description in the configuration spaceR3.
This is the subject of the next section.

5. Gravitational interaction analysis via variation
of parameters

The primary value of the canonical approach is the ease
with which equations for the variations of parameters can be
found. For example, the variations of the epicyclic orbital el-
ements are given by Hamilton’s equations on the perturbation
Hamiltonian,H (1)

r :

β̇′i =
∂H (1)

r

∂α′i
=
∂H (1)

r

∂x
∂x
∂α′i
+
∂H (1)

r

∂y

∂y

∂α′i
+
∂H (1)

r

∂z
∂z
∂α′i

(52)

α̇′i = −
∂H (1)

r

∂β′i
= −

∂H
(1)
r

∂x
∂x
∂β′i
+
∂H (1)

r

∂y

∂y

∂β′i
+
∂H (1)

r

∂z
∂z
∂β′i

 · (53)

These can be used to find the effect on the elements of any
number of perturbations which are derived from a conservative
potential, such as the gravitational interaction potential given
by Eq. (13). That is, settingH (1)

r = Ψ, we utilize Eqs. (52)–(53)
to find that

α̇′1 = −
µ(xcost − 2y sint)

r3
(54)

β̇′1 =
µ(xsint + 2y cost)

r3
(55)

α̇′2 = −
µzcost

r3
(56)

β̇′2 =
µzsint

r3
(57)

α̇′3 = −
µy

r3
(58)

β̇′3 =
µ(2x− 3yt)

r3
(59)

where x = x(Ξ′, t), y = y(Ξ′, t), z = z(Ξ′, t), r = r(Ξ′, t)
are functions of the modified epicyclic elements as defined by
Eqs. (49)–(51). Equations (54)–(59) constitute canonical Hill
equations. They can be re-written in the state-space form

Σ : Ξ̇′(t) = F(Ξ′, t). (60)

These equations can be studied analytically or numerically in
order to detect periodic and quasiperiodic orbits for the coor-
bital dynamics. The next section presents a numerical proce-
dure used to detect such bounded orbits.

6. Numerical search for bounded relative orbits

We illustrate the use of the newly defined orbital elements by
implementing a numerical search procedure aimed at detecting
bounded planar solutions for the dynamical systemΣ. To this

end, we express the modified epicyclic elements using Fourier
series expansions of the form

α′1(t) = a0 +

∞∑
k=1

as
k sin(kt) + ac

k cos(kt), (61)

α′3(t) = b0 +

∞∑
k=1

bs
k sin(kt) + bc

k cos(kt), (62)

β′1(t) = c0 +

∞∑
k=1

cs
k sin(kt) + cc

k cos(kt), (63)

β̃′3(t) � β′3(t) − 3α′3(t)t = d0 +

∞∑
k=1

ds
k sin(kt) + dc

k cos(kt), (64)

and perform a numerical search using a gradient-based parame-
ter optimization routine, comprising the following steps. First,
we substitute Eqs. (61)–(64), truncated at some givenl, into
Eqs. (54)–(59). The unknown parameters are:

a = {a0, as
1, . . .a

s
l , a

c
1, . . .a

c
l , b0, bs

1, . . .b
s
l , b

c
1, . . .b

c
l , (65)

c0, cs
1, . . . c

s
l , b

c
1, . . .c

c
l d0, ds

1, . . .d
s
l , d

c
1, . . .d

c
l }.

Next, we find the optimal Fourier series coefficients by per-
forming the unconstrained least-squares minimization

a∗ = arg min
a

∫ t f

0
‖Ξ̇′(a, t) − F([Ξ′(a, t)]‖2dt. (66)

After the optimization routine converges to a (possibly local)
minimum, we calculate the initial conditions from:

α′1(0) = a0 +

l∑
k=1

ac
k (67)

α′3(0) = b0 +

l∑
k=1

bc
k (68)

β′1(0) = c0 +

l∑
k=1

cc
k (69)

β′3(0) = d0 +

l∑
k=0

dc
k (70)

and use them to integrate the differential Eqs. (60). If the min-
imum found is larger than zero, there will be differences be-
tween the time histories of the epicyclic elements as obtained
from the simulation, and Eqs. (61)–(64). However, after run-
ning a sufficient number of random initial guesses, there is a
large ensemble of solutions yielding a minimum which is suffi-
ciently close to zero, implying that the integrated solutions and
the static solutions match.

We emphasize that the optimization procedure described
above isstatic. That is, the differential Eqs. (54)–(59) are trans-
formed into algebraic equations using the pre-defined, periodic,
topology of the (candidate) solutions given by Eqs. (61)–(64).

To illustrate the results obtained using the described
methodology, we choseµ = 4.518284× 10−9, representing
the coorbital system of the Saturnian satellites Epimetheus and
Janus, and randomly selected initial guesses fora∗. A number
of retrograde quasiperiodic orbits were found. Figure 1 depicts
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Table 1. Initial conditions of modified epicyclic elements.

Element Orbit a Orbit b Orbit c Orbit d

α′1 −0.10864123127914 −0.10231171842506 −0.00008196453570 −0.04112399160302

β′1 −0.01148486470826 0.07599421656239−0.00002774650455 0.03609025142917

α′3 0.01161103313401 −0.03302231457138 0.00740671376491−0.00634686137545

β′3 −0.02444120470022 −0.03408655056146 0.01169399641494 0.03581287399502
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Fig. 1. Quasiperiodic satellite orbits in thex− y plane (top plots) and
their guiding centers in thẽβ′3 − α′3 plane (bottom plots).

some of these orbits. The top plots in this figure describe the
orbits in thex − y plane, i.e. the configuration space, and the
bottom plots describe the orbits in terms of the guiding cen-
ter, defined by (2α′3, β̃

′
3). All the axes are normalized byε. The

motion is coorbital if the guiding center is contained within
the annulus of the colinear Lagrangian equilibrium pointsL1

and L2. In this case, the dynamics are determined by the 1:1
mean motion commensurability.

Orbits (a) represents motion with small magnitude of the
guiding center (meaning small variation of the normalized
coordinate 2α′3/ε), orbit (b) represents motion with medium
magnitude, and orbits (c) and (d) represent motion with large
magnitude of the guiding center, which is still contained within
the annulus of the Lagrangian equilibrium points. Similar result
where obtained by Namouni (1999) using classical orbital ele-
ments. The initial conditions used to integrate the equations of
motion (60) are given in Table 1. We emphasize that by select-
ing suitable initial conditions, the center of mass of the coor-
bital satellites will follow the reference unit circle. The analysis

of the relative motion is then carried out relative to the known
motion of the center of mass.

7. Conclusions

This paper developed a Hamiltonian framework for the anal-
ysis of coorbital motion in terms of canonical relative motion
elements we termed “epicyclic” orbital elements. The epicyclic
elements are constants of the motion.

We conclude that the approach presented above is very use-
ful for modelling coorbital motion. It renders an analytic in-
sight to the coorbital motion problem and yields a convenient
framework for numerical analysis of the coorbital motion prob-
lem.

There are many extensions to this approach. We are cur-
rently working on developing a solution for coorbital motion
about elliptical orbits. We are also looking at the perturbations
due to zonal and tesseral gravitational harmonics.
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