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Canonical modelling of coorbital motion in Hill's problem using
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Abstract. This paper presents a Hamiltonian approach to modelling relative coorbital motion based on derivation of canonical
coordinates for the relative coorbital dynamics. The Hamiltonian formulation facilitates the modelling of high-order terms and
orbital perturbations while allowing us to obtain closed-form solutions to the relative coorbital motion in Hill's restricted three-
body problem. First, the Hamiltonian is partitioned into a linear term and a high-order term. The Hamilton-Jacobi equations
are solved for the linear part by separation, and new constants for the relative motions are obtained, called epicyclic orbital
elements. The influence of the gravitational interaction between the coorbiting satellites is incorporated into the analysis by a
variation of parameters procedure.
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1. Introduction A number of authors have addressed the coorbital motion
problem. Libre & OIE (2001) have utilized the restricted three-
The motion of any number of mutually gravitating satelliteyody problem framework to characterize the coorbital motion
confined to follow the same mean orbit about a massive pgfSaturnian satellites. Yoder et al. (1983) hatfered a simpli-
mary, is usually referred to as coorbital motion. The coorbitgéd qualitative framework for modelling coorbital motion. In a
motion problem can be modelled by using either a restrictggter work, Salo & Yoder (1988) gaveficiency conditions for
three body approach, in which one of the coorbiting objectstige stability of a system dfl coorbital objects. Namouni (1999)
assumed to have an infinitesimal mass (Libre &Q001), or performed an extensive study of coorbital motion using Hill's
a more general treatment in which the coorbital satellies are gfee-body problem and an orbital elements-based generating
sumed to have small, but nonzero, massr{bh 1969; l#hon spjution, an approach reminiscent to that of Winter & Murray
& Petit 1986). The latter approach was originally developed hy997), who utilized orbital elements coupled with Lagrange’s
Hill (1878) and is known as Hill's restricted three-body probp|anetary equations in order to study resonant motion. Broucke
lem. Applications of Hill's problem are ubiquitous (see e.q1999) derived a Lagrangian formulation for the study of the
Vilac & Scheers 2003; Scheeres et al. 2003, and the refereng@smotion commensurability in the restricted three-body prob-
therein). It has been shown that Hill's problem is characterizgshy. However, thus far, the literature has not presented a canon-

by the same generallity as that of the restricted three-body preRy modelling methodology for the coorbital relative motion
lem, in the sense that the mass ration of the coorbiting objegigplem.

's arbitrary (H.enon 1986). ) ) This paper is aimed at developing canonical orbital el-
The restricted three-body problem yields a very ricBments for modelling the relative coorbital motion problem

terested, however, in the 1:1 mean motion commensuraljls|aunay-like canonical elements for the relative motion.
ity. For this problem, there are a few topologically dis-

tinct orbits: Tadpole orbits, taking place about the triangul?or
Lagrangian equilibrium pointt4 and Ls (e.g. Trojan aster-
oids); Horseshoe orbits about the Lagrangian pdigtd_4—Ls
(e.g. the Saturnian satellites Epimetheus and Janus); and r
gradégprograde coorbital motion (e.g. rings of Saturn).

In order to solve the problem, we first write the Lagrangian
r the coorbital motion, and then perform a Legendre transfor-
mation to find the Hamiltonian. We solve the Hamilton-Jacobi
&quations and treat the gravitational interaction of the coorbit-
ing objects as a perturbation. The new orbital elements, which
we termedepicyclic orbital elementsare constants of the rela-
tive motion. Due to the fact that the epicyclic orbital elements
Send gprint requests toP. Gurfil, are canonical, any given perturbation can be modelled using
e-mail:pgurfil@rinceton. edu Hamilton's equation. This methodologyffers a simple and
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general framework for modelling coorbital motion. We illusby R;, is the usual specific gravitational potential written in
trate the use of the newly developed methodology by characterms ofp; = ||p;|| and expanded using Legendre polynomials:
izing a few periodic orbits using a numerical search procedure.

GM GM GM

=R el T e
2. The Lagrangian for coorbital motion a[1+ 2 az' + (E) ]
We consider the coorbital motion of two bodies of magses _ GM < (P )"
andm, about a primary of mashl, with m;,mp, < M. The B Z Pk(cosm)( ()
coorbital motion can be described by any number of possible
coordinate systems. The best coordinate system for our puhere theP¢(cosa;) are the Legendre polynomials,
poses is the one in which the Hamilton-Jacobi equation most oy _x
easily separates. To this end, Cartesian coordinates turn outdsa; = _b — = (5)
be the most convenient. The work in this paper will be thus con- api R+ Y+

fined to a rotating Cartesian Hill frame. This coordinate system,

denoted byZ, is defined by the unit vectorss 3, Z The origin anda; is the angle between the reference orbit radius vector
of this coordinate system is set on a circular reference orbitd the position vector of each coorbiting object relative to the
of radiusa about the primary. It is rotating with mean motiorreference orbit.

n = y/GM/a3. The reference orbit plane is the fundamental The Lagrangian is now easily found by subtracting the
plane, the positive-axis points radially outward, thg-dxis is total potential energy from the total kinetic energy,

rotated 90 deg in the direction of motion and lies in the fun-
damental plane, and tieakis completes the setup to yield a,
Cartesian dextral system.

For simplicity, we first treat the case of coorbital motion 2 o
with respect to a circular refer_ence orbit. Th|_s is the mpst com- n2a2 Z Z Py(cosa) (p' ) . (6)
mon problem and should easily reduce to Hill's equations. We = 1=
start with this case because of its simplicity, allowing us to fo-
cus attention on the details of the method. Nevertheless, we ffilin the treatment leading to Hill's equations for relative mo-
that the resulting canonical perturbation equations still prowH@n we examine only small deviations from the reference or-
new and meaningful results. In future work we will present tHat. Thus, we only consider the first three terms of the potential

2
= %Z {(Xl - nyi)2 + (yi + nX% + na)Z i Z|2}
i=1

more involved case of arbitrary elliptical orbits. energy for each orbiting body,
We initially assume zero gravitational interaction between GM GM GM . (3 1
the coorbital bodies. We then introduce the gravitational inteui(o) = ——— — —pi COS; — _3pi2 (§ coq;j — E) 7
action as generalized forces in the Lagrangian formulation and a @ a
an interaction potential in the Hamiltonian formulation. and then use Eq. (5) to find the low order Lagrangian,

The first step is to develop the Lagrangian of the coorbital

relative motion in the rotating fram&. The velocities of the 0 21, s o s
coorbiting objects i is given by the usual equation: £O = Z > (Xi tyYiTt7 )
i=1
N d” N 3 n?
Vi =T 0p X T epi T of X, 1) +N (% — yi% + agi) + = na + nx1 z|2 (8)

wherer € R3 is the inertial position vector along the referencgith the perturbed part of the Lagrangian equal to the higher
orbit, p; = [, yi, z]" € R? is the relative position vector of order terms in the potentiabf(pi/a)%)]. Hill's equations for
each object in the rotating frame, af@s” = [0, 0, n]" is  the relative motion of the two satellites in the rotating frame are
the angular velocity of the rotating frandé with respect to an obtained by subtracting the Euler-Lagrange equations (with the
inertial frame.#. Assuming a circular reference orbit, denotingagrangian given by Eq. (8)) for each orbiting body using the
lIrll = aand substituting into Eq. (1), we can write the velocitgeneralized coordinatep = p;,

of each coorbiting object in a component-wise notation:

d(0LO\ 0L£O [d(0LD\ 6LO
%~y il T |al5e) 5 )0 ©
yi+nX +nal. (2)
Z resulting inHill's equations
The kinetic energy per unit mass is given by %— 2nj — 3rx = _c’;;)}(” (10)
1 2
% = 5ol @) jyonx= 9% (12)

Ay
The potential energy (due to a spherical primary) per unit mass
of the coorbiting objects, whose position vectors are denotéd "2 =~ (12)
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wherex = X3 — X0,y = y1 —y2, 2 = 3 — 2 andV¥ is the This Hamiltonian is used to solve the Hamilton-Jacobi equa-

interaction potential, given by tion (Goldstein 1980). Because the Hamiltonian is a constant,
2.3 Hamilton’s principal function easily separates into a time de-
Y= _G(m1r+ M) _ 0 ‘:‘“’ (13) pendent part summed with Hamilton’s characteristic function,
. S(Xy,zt) = W(X,y,2) — a’t
withr = /X2 + y2 + 2, and 1
my + mp wherea is the constant value of the unperturbed Hamiltonian,
M (14) %O The Hamilton-Jacobi equation then reduces to a partial

A similar result to that of Egs. (10)—(12) is obtained by expanajfferer]ti"’1I equation iV(x, 4, 2):

ing the nonlinear equations of motion with respect to the mags 5/ 2 16w 2
parameter (Hill 1878): ;(W + y) +5 (a_y —X— 1)

U\3 2
E:(ﬁ) ' (15) +%(%ZV) —§—§x2+%22=a’1. (19)
The equilibria of Egs. (10)—(12) are located at€ ¢,y =
0,z=0)and k = —¢, y = 0, z = 0), and correspond to the
Lagrangian point&, andL,, respectively.
Based on Egs. (10)—(12), using the new generalized coo

Not unexpectedly, the.coordinate easily separates. Separating
the characteristic function &8(x, y, 2) = W' (X, y) + Ws(2), the
IJEIT] equation separates into:

nateq = dh — g2 = (X, y, 2), we can define the relative motion dWs 2 122
Lagrangian 5 (E) +5Z =@ (20)

1 3 2 2

(0) _ 2 2 . : . 2.2 4 4
L7 = E(X *y +22)+n(Xy—yX+ay)+§n a }(6W + ) +}(8W —x—l) ——x2=a’l+§—az. (21)
) 2\ ax 2\ oy 2 2
+§n2X2 _ n_22 (16) . .. . . .
2 2 Equation (20) is just the HJ equation for simple harmonic mo-

tion. It is easily solved via quadrature:

Ws(2) = f V2, — 72dz
% [z\/2a2 -2+ 2, sin‘l( \/2272)} : (22)

and proceed with the analysis using this Lagrangian.

3. The Hamilton-Jacobi solution

Our overall objective is to find the Hamiltonian of the relative

motion and divide it into a linear part and a perturbed part,

A = HO 4 @ The solution of Eq. (21) is more subtle. We separate by using
r r r the well known constant of integration of the CW equations.

and then solve the Hamilton-Jacobi equation for the linear sysettingas equal to the integral of Eq. (11) with’ = 0 and

tem without the interaction potential. This solution will providdoutting it in terms of the canonical momentum, the third inte-

us with new canonical coordinates and momenta that are c@fation constant of the HJ equation is:

stants of the relative motion. The perturbation equations will

then show how these constants vary under the gravitational f{-~ Py+x-1 (23)

teraction between the coorbiting objects. Using the fact thap, = dW'/dy, the remaining HJ equation
_ Finding _the Hamlltoman_ for.the system is stralghtforwarqEq_ (21)) separates if we let

First, we utilize the normalization = a = 1. The canonical

momenta are then found from the usual definition: W (X, y) = Wi(X) + Wa(y) — yX (24)
0
3 oL . so that
Px = — =X—y
ox Y
(0) v _
oL, . =az+1
pyzﬁzyﬁ'X'Fl (17) dy
oro and thusW, = (a3 + 1)y by quadrature. Equation (21) then
P, = a; =z simplifies to:
2
and then, using the Legendre transformation, the unperturl&iiVy 2 _ 2
Hamiltonian for relative motion in Cartesian coordinates & dx | Aagx = 201 - a3 (25)

found:
where we have use = o} — a2 + 3/2. This equation is again

HO — %(px + )2+ %(py —x—1)? easily integrated fow; by quadrature,

+%p§—§—:—3xz+} . (18) lef\/Zal—a§+4agx—X2dx (26)
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yielding expressions for the Cartesian relative velocity components in
terms ofay, az, @z andgy, B2, Bs:

X(t) = /201 + 3a3cost + B1) (39)

_ (al . :—;ai) tarr —X+ 2a3 . (27) i(t) = —3as — 2201 + 32sin(t + 1) (40)
2 _\2

\/ 20l - a3 + dagX - X 2(t) = 2z cost + ). (41)

The final generating function from the solution of the low-ordefy, ;s as is well known from solutions of Hill’s unperturbed

HJ equation is thus given by: equations, the motion consists of a periodic out-of-plane os-
cillation parameterized by, 82, a periodic in-plane motion
described by, 81, and a secular drift iy given byas. The
—(a1 + a2)t. (28)  well known invariance withy is given by the shifs.

We call the new constants of the motioBE =
rnﬁl’ a2, a3, B1, B2, B3] epicyclic orbital elementsor the rel-
ative motion. They are defined on the manifaid< S, where

X
W = (5 - ag) \/201— ag + 4azX — X2

S(X Y, Z a1, a2, as, 1) = Wi(X) + Wa(y) + Ws(2)

(Note that we have omitted the constari &8s it does notféect

the solution). It is straightforward to express the new cano

cal momentad;, a», a3) in terms of the original Cartesian po- ., 3

sitions and velocities (and thus in terms of the initial cond? =RxReoxRcR.

tions). For instancegs is given by Eq. (23) using Eqg. (17).

Equation (20) is used to fine,, substitutingp, from Eq. (17) 4. Modified epicyclic elements

for dWs/dz. Finally, a1 = @] — a2 + 3/2 is simply the value L . : .

of the Hamiltonian and is thus given by Eq. (18) with the mo-l:he ep'?./c“: elerpe?tstdesacrlbeld t:?\bove Erowdg.ﬁ c;)nvenlefnt

menta substituted from Eq. (17). The result is: parametrization ota first-order relative motion orbit n terms o
amplitude and phase. However, variational equations presented

1, 1., 3, later for these elements to account for the gravitational interac-
a1 = §X toy - §X (29)  tion can become quite complicated and numerically sensitive.
1, 1 This is particularly a concern when some of the amplitudes ap-
@2 = 522 + 522 (30) proach zero, resulting in the phase terms becoming ill-defined.

s = i+ 2X. (31) For these situations it is convenient to introduce an alterna-
tive set of constants in terms of amplitude variables only.

The canonical coordinateg;( 82, 83) are found via the partial We call thesemodified epicyclic orbital elementkabel them

derivatives of the generating functions in Eq. (28) with respegt = [a'l, a, aé,ﬁ'l,ﬁ'z,ﬁéf, and find them via the point trans-

to each of the new canonical momenta, formation:
0(S(Xy,Z a1, az, as,t) + ajt ) = +/2a1 + 322 cosB (42)
- | — i 32) S
i By = 201 + 302sing, (43)
ieldin
Y J @y = /20, C0B; (44)
B1 = —tan‘l(M) (33) B2 = V2azsins; (45)
IX g = a3 (46)
Bo = tan? (é) (34) P35 = B3~ 3azfi. (47)

_ L (3x+2) _ It can easily be shown that the transformation in Egs. (42)—(47)
—(3y + 6x) tan (T) - 2X+y. (35) is symplectic. Thatis, lettinyl = 9=’/8=, it is straightforward

to show that:
Solving Egs. (29)—(35) fox, y, andzyields thegenerating so- -
lution for the Cartesian relative position components in termdIM” =J (48)
of the new constants of .the motio_n, the canonical momentAarejis the symplectic matrix [
(a1, a2, ag) and the canonical coordinatgs (B2, 33):

B3

—1,0]. Thus, the new el-
ements are also canonical and satisfy Hamilton’s equations. In

. some cases, the variational equations for these elements will be
X(t) = 2a3+ /201 + 35 sin(t + B1) (36) much easier to work with. In terms of the new canonical mo-
menta ], @5, a3) and new canonical coordinates (55, 53),
y(t) = Bs — 3t + 1) + 24/2a1 + 3a5 cost + B1) B7) the genelratizng solution becomes: “
At = V2azsint+pz). (38)  x(t) = 203 + @ sin) + B; cost) (49)
From Egs. (29)—(35) (or, alternatively, by figirentiating ¥(t) = B3 — 3a5t — 26; sin@t) + 23 cosf) (50)

Egs. (36)—(37) with respect to time) we can also obtain tr&t) = 3, cost) + a5 sin(). (51)
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Variations of the parameteBsor Z’ due to perturbations, suchend, we express the modified epicyclic elements using Fourier
as gravitational interaction, can be obtained via Hamiltorseries expansions of the form

equations on a perturbing Hamiltonian, and the resulting time -

varying parameterg(t) or Z'(t) can then be substituted into (1) = ao + s sin(kt) + aC coskt) (61)

the generating solutions (36)—(38) or (49)—(51) to yield the ext Z % %
act relative motion description in the configuration spaée

=
=

This is the subject of the next section. ag(t) = bg + Z b sin(kt) + bi coskt), (62)
k=1

5. Gravitational interaction analysis via variation Bit)=co+ Z cg sin(kt) + c; coskt), (63)
of parameters k=1

The primary value of the canonical approach is the eaﬁ’g(t) = B5(t) — 3ag(t = d0+2d§sin(kt) +dfcoskt), (64)
with which equations for the variations of parameters can be k=1

found. For ex_amplt()e, tl_r:e v_rTlrlatilons of the ep'cyﬁl'c Orb'tzl €hnd perform a numerical search using a gradient-based parame-
Emenlts are g'Vg)r_] y Hamilton's equations on the perturbatign optimization routine, comprising the following steps. First,
amiltonian, 7™ we substitute Eqgs. (61)—(64), truncated at some glyémto

i 87{,(1) ) 6‘}{,(1) ox . 87{,(1) By . 87{,(1) o7 ) Egs. (54)-(59). The unknown parameters are:

' dal  9x Oa oy 0a] 0z 0Oaf a={ap,aj,...a%aj,...af, b, bf,...b3% bf,...br, (65)
o _a,Hr(l) o oH® ox . oHY oy . OHW oz (53) Co,C3,...C5 05, ...cfdo, dF,... 0%, df,...d}.
Yoo ox 0B oy A 9z 9B

Next, we find the optimal Fourier series ¢beients by per-

These can be used to find th&eet on the elements of anyformingthe unconstrained least-squares minimization
number of perturbations which are derived from a conservative

tr
potential, such as the gravitational interaction potential givén = arg rr;inf IE'(a,t) - F([E'(a H]|[dt. (66)
by Eq. (13). Thatis, settingf?) = ¥, we utilize Egs. (52)—(53) 0
to find that After the optimization routine converges to a (possibly local)

. minimum, we calculate the initial conditions from:
u(xcost — 2y sint)

@ = = (54) , L

g J(xsint ;zy cost) ) @,(0) = ag + kZ; a (67)
o = _“Z;OSI (56) a4(0) = bo + ; be (68)
., pzsint .

ﬁ ;ﬂ gz £0) = ot 2 (69)
g, = ﬂ(ZXr; 3yt) (59) B3(0) = do+ kzlg) ds (70)

wherex = x(E,1),y = y(E,1),z = Z2=,1),r = r(E".t) and use them to integrate thefdrential Egs. (60). If the min-
are functions of the modified epicyclic elements as defined um found is larger than zero, there will befdrences be-
Egs. (49)-(51). Equations (54)—(59) constitute canonical Hilleen the time histories of the epicyclic elements as obtained
equations. They can be re-written in the state-space form  from the simulation, and Egs. (61)-(64). However, after run-
, ning a stficient number of random initial guesses, there is a
L:E(@ =FELY. (60) |arge ensemble of solutions yielding a minimum which iiisu

. . . . ciently close to zero, implying that the integrated solutions and
These equations can be studied analytically or numerically,f, «i=sic solutions match

order to detect periodic and quasiperiodic orbits for the coor- We emphasize that the optimization procedure described

bital dynamics. The next section pres_ents a numerical ProG®ove isstatic Thatis, the dierential Egs. (54)-(59) are trans-
dure used to detect such bounded orbits. formed into algebraic equations using the pre-defined, periodic,
topology of the (candidate) solutions given by Eqs. (61)—(64).
To illustrate the results obtained using the described
methodology, we chosg = 4.518284x 1079, representing
We illustrate the use of the newly defined orbital elements ltlye coorbital system of the Saturnian satellites Epimetheus and
implementing a numerical search procedure aimed at detectidagus, and randomly selected initial guessegfoA number
bounded planar solutions for the dynamical sysknio this of retrograde quasiperiodic orbits were found. Figure 1 depicts

6. Numerical search for bounded relative orbits
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Table 1. Initial conditions of modified epicyclic elements.

Element Orbit a Orbit b Orbit ¢ Orbit d
) —0.10864123127914 -0.10231171842506 —0.00008196453570 —0.04112399160302
B —0.01148486470826  0.07599421656239-0.00002774650455  0.03609025142917
ag 0.01161103313401 -0.03302231457138 0.00740671376491-0.00634686137545
[ —0.02444120470022 —0.03408655056146 0.01169399641494 0.03581287399502
jz 10 2 of the relative motion is then carried out relative to the known
5 1 .
ve o - yie o motion of the center of mass.
~10 -5 -1
20 -10 -2
A 7. Conclusions
a b c d This paper developed a Hamiltonian framework for the anal-
ysis of coorbital motion in terms of canonical relative motion
elements we termed “epicyclic” orbital elements. The epicyclic
4 4 4 4 elements are constants of the motion.
53; F e [;3,5 5 e We conclude that the approach presented above is very use-
0 0 0 0 ful for modelling coorbital motion. It renders an analytic in-
2 - = = sight to the coorbital motion problem and yields a convenient
%1 0 015 0 05 s 0 5 s 0 s framework for numerical analysis of the coorbital motion prob-
20’ /e 2a' /e 2a’, /e 2a’, /e
3 3 3 3 |em_
Fig. 1. Quasiperiodic satellite orbits in the- y plane (top plots) and There are many extensions to this approach. We are cur-
their guiding centers in thg; — a;, plane (bottom plots). rently working on developing a solution for coorbital motion

about elliptical orbits. We are also looking at the perturbations

some of these orbits. The top plots in this figure describe tﬂge to zonal and tesseral gravitational harmonics.
orbits in thex — y plane, i.e. the configuration space, and the
bottom plots describe the orbits in terms of the guiding CeRuterences
ter, defined by (@3, 53). All the axes are normalized ky The
motion is coorbital if the guiding center is contained withifBroucke, R. A. 1999, Cel. Mech. Dyn. Astron., 73, 281
the annulus of the colinear Lagrangian equilibrium poings Goldstein, H. 1980, Classical Mechanics (New Jersey: Addison-
andL,. In this case, the dynamics are determined by the 1:1 Wesley)
mean motion commensurability. Henon, M. 1969, AZA, 1, 223
Orbits (a) represents motion with small magnitude of tHecnoM M-, & Petit, J. M. 1986, Celes. Mech., 38, 67
- . . . ill, G. W. 1878, Am. J. Math., 1, 5
gwdlng center (meamng small variation pf the_ norma_llzeL bre. J., & Ollé, M. 2001, A&A, 378, 1087
coordinate 2;/¢), orbit (b) represents motion with medlumNamouni’ F. 1999, Icarus, 137, 293
magnitude, and orbits (c) and (d) represent motion with larggio H., & Yoder, C. F. 1988, A&A, 205, 309
magnitude of the guiding center, which is still contained withigcheeres, D. J., Hsiao, F. Y., & Vinh, N. X. 2003, J. Guidance, Control
the annulus of the Lagrangian equilibrium points. Similar result Dynamics, 26, 62
where obtained by Namouni (1999) using classical orbital eléilac, B., & Scheeres, D. J. 2003, J. Guidance, Control, Dynamics,
ments. The initial conditions used to integrate the equations of 26, 224
motion (60) are given in Table 1. We emphasize that by sele¥finter, O. C., & Murray C. D. 1997, A&A, 319, 290
ing suitable initial conditions, the center of mass of the cooroder, C. F., Colombo, G., Synnott, S. P., & Yoder K. A. 1983, Icarus,
bital satellites will follow the reference unit circle. The analysis 53,431



