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Abstract. The heating of the diffuse interstellar medium by the dissipation of interstellar shear Alfvén waves is an important
process for the temperature balance of this gas phase. Following our earlier analysis for fast magnetosonic waves we calcu-
late here the heating rate from the damping of interstellar shear Alfvén waves, because interstellar plasma turbulence most
probably is a mixture of fast magnetosonic waves and shear Alfvén waves. Relating the Alfvénic magnetic field fluctuation
power spectrum to the observed interstellar electron density fluctuation power spectrum we derive the heating rate allowing for
a scale independent anisotropy of the power spectrum. Because the diffuse intercloud medium is a partially ionised medium,
the shear Alfvén waves undergo different types of dissipation. Besides collisionless Landau damping we considered various
damping mechanisms from collision-effects such as Joule dissipation, electron and ion viscosity and ion-neutral friction. For
all individual damping processes we derive the respective damping rates as a function of wavenumber and propagation angles
of the Alfvén waves. These damping rates then serve as input in the calculation of the associated heating rates of the inter-
stellar medium which results from the integral over the product of the damping rate times the magnetic field fluctuation power
spectrum allowing for a scale independent anisotropy of the power spectrum. We demonstrate that for isotropic turbulence
and typical diffuse intercloud medium parameters ion-neutral friction provides the dominant contribution to the heating rate
of about 10−29 erg cm−3 s−1, which is about four orders of magnitude smaller than the cooling rate of the diffuse intercloud
medium. Heating by collisionless Landau damping is 13 orders of magnitude smaller than dissipation by ion-neutral friction,
heating by Joule and viscosity dissipation is 10 orders of magnitude smaller. Apart from factors of order unity these heating
rates also hold for predominantly parallel turbulence (Λ � 1). In case of predominantly perpendicular turbulence (Λ � 1) the
heating rates from collisionless Landau damping and Joule and viscosity dissipation decrease ∝Λ1/2, whereas the heating rate
from ion-neutral friction increases ∝Λ−s/2 as long as Λ ≥ 10−6. However, compared to the heating rate by collisionless Landau
damping of fast magnetosonic waves the heating rate of Alfvén waves is negligibly small. Hence, for the temperature balance of
the warm intercloud medium heating from shear Alfvén waves is negligible compared to the heating by collisionless damping
of fast magnetosonic waves.
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1. Introduction

The interstellar medium consists of at least three distinct phases
in approximate pressure equilibrium: cold clouds, warm in-
tercloud medium, and hot coronal gas generated by super-
nova explosions. 21 cm radio studies indicate that the warm
medium has a temperature between 6000 and 10 4 K and a mean
HI-density of about 0.8 cm−3, but is very stuctured in colder
clouds and a warm intercloud medium of density 0.1–0.2 cm −3.
Under such conditions atomic and metallic radiative transitions
efficiently cool the gas, so that an efficient heating mechanism
is required in order to maintain the gas temperature.

Send offprint requests to: R. Schlickeiser,
e-mail: rsch@tp4.ruhr-uni-bochum.de

Various heating mechanisms of the interstellar medium
have been suggested, including background ultraviolet and
X-ray heating (e.g. Cheng & Bruhweiler 1990), cosmic ray
heating (e.g. Lerche & Schlickeiser 1982), and photoelectric
emission from grains. Recently, Lerche & Schlickeiser (2001 –
hereafter referred to as Paper I) have investigated the heat-
ing of the warm gas by the collisionless damping of interstel-
lar fast magnetosonic waves. They demonstrated that the fast
magnetosonic wave energy loss rates agree well with the cool-
ing rates for the fluctiferous (H II) and the diffuse interstellar
medium when the anisotropy in the magnetosonic wave power
spectrum is properly accounted for. Their calculations apply to
the stationary interstellar medium with large spatial scales and
without strong spatial inhomogenities, i.e. far away from phase
boundaries and shock waves, so that to a first approximation the
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equilibrium temperature is determined by the simple balance of
heating and cooling rates

ε(ρ, T ) = λ(ρ, T ). (1)

It is the purpose of the present investigation to calculate (anal-
ogously to the analysis in Paper I for fast magnetosonic waves)
the heating of the warm gas by the collisionless damping of in-
terstellar shear Alfvén waves, because interstellar plasma tur-
bulence most probably is a mixture of fast magnetosonic waves
and shear Alfvén waves. In order to avoid unnecessary repiti-
tions we will use the same notation and will frequently refer to
equations in Paper I.

As in Paper I we adopt a power spectrum of electron density
fluctuation in the form

Pnn(k) = C2
N

[
k2
‖ + Λk2

⊥
]−(2+s)/2

. (2)

Here k‖ (k⊥) is the wavenumber parallel (perpendicular) to
the ambient magnetic field; s is the spectral index; Λ is the
anisotropy parameter. Isotropy occurs if Λ = 1, whereas if the
wave turbulence is more along the lines of thin “platelets” par-
alleling the ambient field, as suggested by Goldreich & Sridhar
(1995), then Λ � 1. The constant C 2

A is such that∫
d3k Pnn(k) = (δne)2 (3)

where δne denotes the total fluctuating electron density. The
form of the wave spectrum given by Eq. (2) is taken to op-
erate only between some small wavenumber, k = kmin, and a
large wavenumber, k = kmax, with k = |k| = [k2

‖ + k2⊥]1/2.
Spangler (1991) suggests that these wavenumbers are related
to outer and inner scale lengths, lmin and lmax, respectively, with
lmin = 2π/kmax, lmax = 2π/kmin. The physical bounds of lmin

and lmax are not precisely known, but probably related to the
Whistler wave resonance limit of the interstellar electrons and
the physical size of the warm intercloud medium i.e. the mean
cloud distance, respectively. The inner scale is estimated by
Spangler (1991) to be of the general order of l min = 107l7 cm,
(l7 = 1), with the outer scale of order lmax = 1017L17 cm with
L17 = 1 in hot, ionized regions, and L17 = 30 in the diffuse
phase of the interstellar medium. In our study here we assume
that the power spectrum (2) holds in the stationary and homoge-
nous warm intercloud medium.

The power spectrum itself results from the balance of all
wave damping and driving processes, including in particular
the non-linear energy tranfer from large turbulence scales to
small scales. Our calculation presented here is limited in the
sense that we assume a given and fixed power spectrum to
determine the heating rate of the interstellar medium, but we
do not self-consistently investigate the processes leading to
the formation of the power spectrum. In particular, we do not
consider non-linear damping of waves associated with turbu-
lent interactions or with non-linear plasma wave amplitude
effects (see e.g. Lerche & Schlickeiser 2002). This work as-
sumes that these non-linear effects are less important than the
linear damping rates. Therefore, our calculated heating rate
from linear damping processes only provides a lower bound-
ary of heating associated with the spectrum of Alfvén waves.

The upper boundary is achieved when the non-linear energy
transfer along the cascade and the associated damping occur
over a single wave period. The latter is a corner stone of the
Goldreich-Sridhar model of turbulence.

Nevertheless, we regard our calculation of the heating rate
of the warm phase of the interstellar medium by linear Alfvén
wave damping processes as a valuable addition to the existing
research in this field mainly for two reasons:
First, our work may be relevant to the actual heating of the in-
terstellar medium as the recent work on magnetohydrodynamic
turbulence by Cho et al. (2002) has demonstrated that the tur-
bulence may decay non-linearly much slower than its maximal
rate above, provided the cascade is imbalanced. In this situation
the linear damping might get important for media heating.
Secondly, our calculations clarify the respective roles of col-
lisionless wave damping processes (i.e. Landau damping) and
damping associated with collision-effects associated with Joule
dissipation, electron and ion viscosity and ion-neutral friction,
respectively, in the partially ionised warm phase of the inter-
stellar medium.

2. Relation of interstellar electron density
and magnetic field fluctuations

Within a plasma wave viewpoint this interstellar turbulence is
a mixture of fast magnetosonic waves and shear Alfvén waves
because the plasma beta β = 0.22 of the diffuse interstellar in-
tercloud phase is much smaller unity. In order to calculate the
wave energy dissipation rate the power spectrum of the associ-
ated magnetic field fluctuations is the important input quantity
(see Eq. (9) below). However, accessible from the observations
is only the power spectrum (2) of interstellar electron density
fluctuations. Therefore, we first have to discuss the relation of
interstellar electron density and magnetic field fluctuations for
these two types of plasma waves.

According to classical MHD theory (Sturrock 1961,
Ch. 14.1) shear Alfvén waves are incompressible (δn e = 0)
whereas fast magnetosonic waves for low-beta plasma exhibit a
direct correspondence δne/ne � δBz/B0 between electron den-
sity fluctuations and the fluctuations in the parallel fluctuating
magnetic field component. However, because the plasma pa-
rameter g = νee/ωp,e � 10−10 of the diffuse intercloud gas is
much smaller than unity, a full kinetic description rather than
the MHD description of the plasma turbulence at turbulence
spatial scales l < lMHD � 0.003 pc is necessary. Recently, us-
ing linear kinetic plasma theory Schlickeiser & Lerche (2002)
calculated the relation between the magnetic field fluctuation
and electron density fluctuation power spectra for shear Alfvén
waves and fast magnetosonic waves which are the two magne-
tohydrodynamic plasma wave modes at frequencies well below
the non-relativistic proton frequency. If the respective waves
propagate at an angle θ with respect to the uniform background
magnetic field B0 = B0ez they obtained for shear Alfvén

PA
yy(k)

B2
0

=
Ω2

p sin2 θ

9V2
Ak2

PA
nn(k)

n2
e

(4)
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whereas for fast magnetosonic waves at propagation angles θ ≤
86 degrees

PM
zz(k)

B2
0

= tan2 θ
PM

xx(k)

B2
0

=
1

9
[
1 + β sin2 θ

]2

PM
nn(k)

n2
e

� PM
nn(k)

9n2
e

(5)

where the latter approximation holds for small plasma beta
β � 1. As an aside we note that the analytic result (4) of
Schlickeiser & Lerche (2002) for low-beta plasmas corre-
sponds to a similar result from the numerical study of Gary
(1995) of an increasing compressibility of obliquely propagat-
ing shear Alfvén waves with increasing wavenumber in a high-
beta plasma.

Using the relations (4) and (5) we immediately deduce the
corresponding magnetic field power spectra of shear Alfvén
waves and fast magnetosonic waves as

PA
yy(k) = C2

A

k2⊥k2
c

k4
[
k2
‖ + Λk2⊥

](2+s)/2
, (6)

where the characteristic wavenumber scale kc = Ωp/VA =

ωp,i/c denotes the inverse interstellar ion skin length, and

PM
zz(k) = C2

M

[
k2
‖ + Λk2

⊥
]−(2+s)/2

(7)

with

C2
A + C2

M =

(
B0

3ne

)2

C2
N. (8)

Obviously, the constants CA and CM determine the values of the
total magnetic field fluctuation energy density in shear Alfvén
waves (δB)2

A and fast magnetosonic waves (δB)2
M. For the dif-

fuse intercloud medium Minter & Spangler (1997) have given
the value δB =

√
(δB)2 = 0.9 µG for the total fluctuating

magnetic field strength; the respective contributions of shear
Alfvén waves and fast magnetosonic waves are unknown. We
note that for the given electron density fluctuation spectrum (2)
as a function of wavenumber k the magnetic field fluctuation
power spectrum of oblique shear Alfvén waves is steeper than
the magnetic field fluctuation power spectrum of fast magne-
tosonic waves. In case of isotropic (Λ = 1) turbulence the
Alfvénic magnetic field power spectrum scales ∝k−s−4 with
s � 5/3 whereas the magnetic field power spectrum of fast
magnetosonic waves scales as ∝k−s−2.

In the following we will use the power spectrum (6) as input
quantity to calculate the Alfvén wave energy dissipation rate in
the interstellar medium.

3. Alfvén wave damping rates

For waves damping at a rate γ0(k), the energy loss rate ε0 is
conventionally written in the form (Spangler 1991)

ε0 =
1

4π

∫
d3k PA

yy(k)2γ0(k). (9)

The warm phase of the interstellar medium is a partially ionised
plasma. The shear Alfvén waves undergo different types of

dissipation in this low-temperature plasma: besides collision-
less Landau damping (γA) there is damping connected with the
collision-effects associated with Joule dissipation (γJ), electron
and ion viscosity (γV) (Braginskii 1965; Hollweg 1985) and
ion-neutral friction (γN) (Kulsrud & Pearce 1969). The total
damping rate for the shear Alfvén waves then is

γ0 = γA + γJ + γV + γN. (10)

We discuss each contribution in turn.

3.1. Collisionless Landau damping

For an obliquely propagating shear Alfvén wave the damping
rate is given by Ginzburg (1961, p. 218, Eq. (14.56)) as

γ =
(
π

8

)1/2 ω3

Ω2
p

ve

VA

tan2 θ

sin2 θ + 3
(
ω2/Ω2

p

)
cos2 θ

×
[
v2i /v

2
e +

(
sin2 θ + 4 cos2 θ

)
exp

[
−V2

A/
(
2v2i cos2 θ

)]]
, (11)

where sin θ = |k⊥|/k, VA is the Alfvén speed, vi (ve) is the ion
(electron) thermal speed and Ωp = eB/mi c is the ion gyrofre-
quency. Conditions are also attached to the domain of valid-
ity of Eq. (11). These conditions, as spelled out by Ginzburg
(1961), are:
(1) both ions and electrons are taken to be at the same temper-
ature and both are described by isotropic Maxwellian distribu-
tions, ve =

√
kBT/me, vi =

√
kBT/mi = ve(me/mi)1/2;

(2) one must have VA � vi and ve � vi;
(3) Eq. (11) is valid only in the angular range described through
(Ginzburg 1961, p. 218, Eq. (14.54))

ve| cos θ| � VA| cos θ| � vi| cos θ| (12)

which correspond to

vi � VA � ve. (13)

The exponential factor exp[−V 2
A/(2v

2
i cos2 θ)] is exceedingly

small for all values of θ, so, to a very accurate approximation,
we obtain:

γA �
(
π

8

)1/2 v2i k3

vek2
c

cos θ sin2 θ

sin2 θ + 3
(
k2/k2

c

)
cos4 θ

, (14)

where we have used the dispersion relation for the shear Alfvén
waves, ω = kVA cos θ, and a critical wave number

kc = Ωp/VA = ωp,i/c = 4.4 × 10−8√ne cm−1 (15)

has been defined.
In terms of the dimensionless wave number

κ ≡ k/kc (16)

the damping rate (14) reads

γA(k) �
(
π

8

)1/2 me

mp
vekcκ

3 cos θ sin2 θ

sin2 θ + 3κ2 cos4 θ
· (17)
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Fig. 1. Damping rate γA for collisionless Landau damping as a func-
tion of normalised wave number at three propagation angles.

We now use typical parameters for the intercloud medium:
ne = 0.2 n0.2 cm−3, Te = 104 T4 K and B0 = 4 b4 µG to ob-
tain numerically kc = 2 × 10−8 n1/2

0.2 cm−1 and

γA(κ) = 2.7 × 10−4 T4 n1/2
0.2 κ

3 cos θ sin2 θ

sin2 θ + 3κ2 cos4 θ
Hz. (18)

The damping rate γA is plotted in Fig. 1 for the three angles 2◦,
45◦ and 86◦.

3.2. Joule dissipation

In terms of the electrical conductivities

σ⊥ =
e2ne

meνe
=
ω2

pe

4πνe
, σ‖ = 1.96σ⊥ (19)

where ωp,e = 5.64
√

ne Hz is the electron plasma frequency and

νe = 2.86 × 10−5ne(L/10)(kBTe(eV))−3/2 (20)

is the electron collision rate with the Coulomb logarithm,

L = 23.4 − 1.15 lg n + 3.45 lg kBTe(eV) (21)

for kBTe < 50 eV, the Joule damping rate of Alfvén waves is
(Braginskii 1965)

γJ(k) =
c2k2

8π

(
sin2 θ

σ‖
+

cos2 θ

σ⊥

)

=
νec2k2

2ω2
p,e

[
cos2 θ + 0.51 sin2 θ

]
. (22)

In terms of the dimensionless wavenumber (16) and typical in-
tercloud plasma parameters we obtain

γJ(κ) = 4.8 × 10−9 n0.2 T−3/2
4 κ2

[
cos2 θ + 0.51 sin2 θ

]
Hz. (23)

3.3. Viscosity dissipation

The viscosity damping rate involves two of the five coeffi-
cients of the viscous stress tensor. Summing over the con-
tributions from electron and ion viscosity we obtain from
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Fig. 2. Damping rate γV+J for Joule and viscous damping as a function
of normalised wavenumber for wave propagation angle θ = 2◦.

Braginskii (1965)

γV(k) =
k2

2mpne

[
(η1(p) + η1(e)) sin2 θ

+(η2(p) + η2(e)) cos2 θ
]

= 0.15
kBTp

mpc2

k2c2τi

(Ωp,0τi)2

×
[
sin2 θ + 4 cos2 θ

] 1 + 0.17

(
me

mp

)3/2 (
Tp

Te

)1/2 (24)

where

τi = ν
−1
i =

2.12 × 106

(L/10)

(
kBTp(eV)

)3/2

ne
(25)

and

Ωp,0τi =
4.07 × 1010

(L/10)

B(Gauss)(kBTp(eV))3/2

ne
(26)

denotes the ratio of proton gyrofrequency to collision rate.
For an equal temperature plasma, Eq. (24) reduces to

γV(k) � 0.15
kBTp

mpc2

k2c2τi

(Ωp,0τi)2

[
sin2 θ + 4 cos2 θ

]
. (27)

In terms of the dimensionless wavenumber (16) and typical in-
tercloud plasma parameters we obtain

γV(κ) = 10−7n2
0.2 T−3/2

4 b−4
4 κ

2
[
sin2 θ + 4 cos2 θ

]
(28)

which has the same wavenumber dependence as the Joule
damping rate (23), and therefore for all values of κ is by a fac-
tor 40 larger than the Joule damping rate. In the following we
therefore neglect the Joule damping rate with respect to the vis-
cous damping rate, i.e. for the sum of both

γV+J(κ) � γV(κ) = 10−7n2
0.2 T−3/2

4 b−4
4 κ

2
[
sin2 θ + 4 cos2 θ

]
. (29)

The variation with normalised wavenumber of the combined
damping rate γV+J(κ) for a propagation angle of 2◦ is shown in
Fig. 2.
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Fig. 4. Comparison of the damping rates at θ = 2◦.

3.4. Ion-neutral friction

Kulsrud & Pearce (1969) have derived the damping due to ion-
neutral friction for parallel propagating Alfvén waves in a cold
interstellar medium. In Appendix C we derive the ion-neutral
damping rate for arbitrary propagation angle. We obtain

γN(k) � νN cos2 θ (30)

for normalised wavenumbers κ ≥ κN cos θ where νN = 4 ×
10−9nH Hz and κN = 10−7nH/b4. The damping rate (30) holds
for nearly all propagation angles θ ≤ θD where

θD =
π

2
− ωR

43Ωp
=
π

2
− κ cos θ

43
≥ π

2
− κ

43
(31)

in terms of the dimensionless wave number (16). In the inter-
esting wave number range of interstellar turbulence κ ≤ 1, the
limiting angle (31) is basically equal to 90◦, so in the following
we adopt the damping rate (30) to hold for all angles.

In Figs. 1–3 we show the individual damping rates γA(κ),
γV+J(κ) and γN(κ) for the three propagation angles θ = 2, 45 and
85 degrees. Additionally, these three damping rates are com-
pared for any of those angles in Figs. 4–6. It can be seen that
at low wavenumbers ion-neutral damping dominates whereas
at large wavenumbers Joule and viscous damping dominates at
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Fig. 5. Comparison of the damping rates at θ = 45◦.

� 	�N =90°)
� 	�A =85°)
� 	�V =85°)

10
-10

10
-08

10
-06

10
-4

10
-2

1
10

-30

10
-25

10
-20

10
-15

10
-10

10
-05

1

Normalized Wavenumber �

D
a

m
p

in
g

ra
te

/
H

z
�

Fig. 6. Comparison of the damping rates at θ = 86◦.

small (θ = 2 degrees) propagation angles, whereas at larger
propagation angles Landau damping provides the dominant
contribution.

4. Alfvén wave energy loss rates

With the respective damping rates (18), (29) and (30) inserted
into Eq. (9) it is straightforward to determine the respective
energy loss rates

εi = C2
Ak1−s

c

∫ κmax

κmin

dκ κ−s−2

×
∫ 1

−1
dµ

1 − µ2[
µ2 + Λ

(
1 − µ2

)] 2+s
2

γi(κ, µ) (32)

with µ = cos θ, κmin = kmin/kc and κmax = kmax/kc. The total
energy loss rate is then given by the sum

ε0 = εA + εV+J + εN. (33)

We discuss each loss rate in turn.



420 M. Lazar et al.: Landau damping and Alfvén wave dissipation

4.1. Landau damping

With the damping rate (17) the Landau damping energy loss
rate is

εA =

√
π

8
me

mp
veC

2
Ak2−s

c

∫ κmax

κmin

dκ κ1−s

×
∫ 1

0
dt

(1 − t)2[t + Λ(1 − t)]−
2+s

2

1 − t + 3
(
k2/k2

c

)
t2

· (34)

According to Spangler (1991) the inner and outer scale of
the interstellar plasma are lmin = 107l7 cm and lmax =

3 × 1018Lpc cm, respectively, so that κmax = 2π/lminkc =

31.4l−1
7 n−1/2

0.2 and κmin = 2π/lmaxkc = 10−10L−1
pc n−1/2

0.2 . Obviously,
we have a situation with κmin � 1 < κmax. We therefore ap-
proximate Eq. (34) as

εA � 3.4 × 10−4veC
2
Ak2−s

c Λ
− 2+s

2

[∫ 1

κmin

dκκ1−sJ1(s,Λ)

+
k2

c

3

∫ κmax

1
dκκ−1−sJ2(s,Λ, k, kc)

]
(35)

where in terms of hypergeometric functions

J1(s,Λ) ≡
∫ 1

0
dt (1 − t)

[
1 −

(
1 − Λ−1

)
t
]− 2+s

2

=
1
2

F
(
1 +

s
2
, 1; 3; 1 − Λ−1

)
(36)

and

J2(s,Λ, k, kc)≡
∫ 1

0
dt

[
1 −

(
1 − Λ−1

)
t
]− 2+s

2 (1 − t)2

t2 +
k2

c

3k2 (1 − t)
· (37)

Instead of calculating J2 exactly, we approximate it from above
by noting that ∀t

1

t2 +
k2

c

3k2 (1 − t)
≤ 1

k2
c

3k2 (1 − t)

so that

J2(s,Λ, k, kc) ≤ 3k2

k2
c

∫ 1

0
dt(1 − t)

[
1 − (1 − Λ−1)

]− 2+s
2

=
3k2

k2
c

J1(s,Λ)· (38)

With Eqs. (36) and (38) we obtain an upper limit for the loss
rate (35)

εA ≤ 6.8 × 10−4veC
2
Ak2−s

c Λ
− 2+s

2
κ2−s

max − κ2−s
min

2 − s
· (39)

With Eq. (6) we derive

(δBA)2 =

∫
d3kPA

yy(k)

= 2πC2
AΛ
−(2+s)/2k2

c

k−(1+s)
min − k−(1+s)

max

s + 1
J(Λ, s) (40)

where

J(Λ, s) ≡
∫ 1

0
dt(1 − t)t−1/2

[
1 −

(
1 − Λ−1

)
t
]−(2+s)/2

=
4
3

F

(
1 +

s
2
,

1
2

;
5
2

; 1 − Λ−1

)
. (41)

Solving Eq. (40) for C 2
A yields

C2
A =

s + 1
2π
Λ

s+2
2

(δBA)2

J(Λ, s)
ks−1

c

κ1+s
min

1 −
(
κmin
κmax

)1+s
· (42)

Inserting this result into Eq. (39) we obtain

εA ≤ 1.1 × 10−5 s + 1
2 − s

vekc(δBA)2κ2−s
maxκ

s+1
min

×
1 −

(
κmin
κmax

)2−s

1 −
(
κmin
κmax

)1+s
HA(Λ, s) (43)

with

HA(Λ, s) =
J1(Λ, s)
J(Λ, s)

=
3
8

F
(
1 + s

2 , 1; 3; 1 − Λ−1
)

F
(
1 + s

2 ,
1
2 ; 5

2 ; 1 − Λ−1
)

=
3
8

F
(
1 + s

2 , 2; 3; 1 − Λ
)

F
(
1 + s

2 , 2; 5
2 ; 1 − Λ

) (44)

where we used the transformation formula (Abramowitz &
Stegun 1972)

F(a, b; c; z) = (1 − z)−aF
(
a, c − b; c;

z
z − 1

)
· (45)

In Appendix A it is shown that the anisotropy function H A(Λ, s)
is independent of Λ for large values of Λ � 1 and varies ∝Λ 1/2

for small values of Λ � 1. In the isotropic (Λ = 1) case we
obtain HA(Λ = 1, s) = 3/8 from Eq. (44).

The leading dependence of Eq. (43) for s < 2 yields

εA(Λ) � 1.1 × 10−4 s + 1
2 − s

(δBA)2vekcκ
2−s
maxκ

s+1
minH(Λ, s). (46)

4.1.1. Comparison with Landau damping of fast
magnetosonic waves

Comparing the Alfvénic Landau damping loss rate (46) for
isotropic (Λ = 1) turbulence with the corresponding loss rate
of fast magnetosonic waves from Paper I we derive for the ratio

R(Λ = 1) =
εA(Λ = 1)
εM(Λ = 1)

=
(δBA)2

(δBM)2

(
kmin

kc

)2

=

(
2π

lmaxkc

)2 (δBA)2

(δBM)2
� 10−20L−2

pc
(δBA)2

(δBM)2
· (47)

For comparable magnetic field energy densities the Alfvénic
Landau energy loss rate in the isotropic turbulence case is
twenty orders of magnitude smaller than the corresponding
magnetosonic energy loss rate, and thus negligibly small.
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The Alfvénic Landau damping energy loss rate is also neg-
ligibly small compared to the magnetosonic Landau damping
energy loss rate for anisotropic turbulence as long as[
10−20L−2

pc
(δBA)2

(δBM)2

]2/s

� Λ �
[
1020L2

pc
(δBM)2

(δBA)2

]2/s

· (48)

For Λ � 1, εM ∝ Λ−s/2 (see Paper I) so that

R(Λ � 1) � R(Λ = 1)Λs/2 = 10−20L−2
pcΛ

s/2 (δBA)2

(δBM)2
· (49)

For small values Λ � 1 we obtain with εM ∝ Λ(1+s)/2 (correct-
ing an error in Eq. (30) of Paper I)

R(Λ � 1) � R(Λ = 1)Λ−s/2

= 10−20L−2
pcΛ

−s/2 (δBA)2

(δBM)2
· (50)

The requirements R(Λ) ≤ 1 in Eqs. (49) and (50) immediately
yield the constraints (48).

4.1.2. Numerical value for intercloud plasma
parameters

For typical intercloud plasma and turbulence parameters,
s = 5/3, (δBA) = 0.9 µG and values given above, the Alfvénic
Landau energy loss rate (46) becomes

εA(Λ) � 3.8 × 10−42 T 1/2
4 n−1

0.2 l−1/2
7 L−8/3

pc

(δBA/0.9 µG)2HA(Λ, 5/3) erg cm−3 s−1. (51)

4.2. Joule and viscous damping

With the Joule and viscous damping rate (29) we obtain from
Eq. (32) for the corresponding energy loss rate

εV+J = 2.5 × 108C2
An0.2T−3/2

4 b−4
4 k3−s

c

∫ κmax

κmin

dκκ−s

×
∫ 1

0
dt

(1 − t)(1 + 3t)

[t + Λ(1 − t)]
2+s

2

=
2.5 × 108

s − 1
C2

An0.2T
−3/2
4

× b−4
4 k3−s

c Λ
− 2+s

2 κ1−s
min

1 −
(
κmin

κmax

)s−1 J3(Λ, s) (52)

where in terms of hypergeometric functions and Eq. (36)

J3(Λ, s) = J1(Λ, s) +
1
2

F
(
1 +

s
2
, 2; 4; 1 − Λ−1

)
=

1
2

[
F

(
1 +

s
2
, 1; 3; 1 − Λ−1

)
+F

(
1 +

s
2
, 2; 4; 1 − Λ−1

)]
. (53)

Using again (42) we derive

εV+J = 4 × 107 s + 1
s − 1

n0.2T−3/2
4 b−4

4 (δBA)2k2
cκ

2
min

×
1 −

(
κmin
κmax

)s−1

1 −
(
κmin
κmax

)s+1
HV+J(Λ, 5/3) (54)

with

HV+J(Λ, s) = HA(Λ, s) + hV+J(Λ, s) (55)

and

hV+J(Λ, s) =
3
8

F
(
1 + s

2 , 2; 4; 1 − Λ−1
)

F
(
1 + s

2 ,
1
2 ; 5

2 ; 1 − Λ−1
)

=
3
8

F
(
1 + s

2 , 2; 4; 1 − Λ
)

F
(
1 + s

2 , 2; 5
2 ; 1 − Λ

) · (56)

In Appendix B it is shown that the anisotropy function
HV+J(Λ, s) is independent of Λ for large values of Λ � 1 and
varies∝Λ1/2 for small values ofΛ � 1. In the isotropic (Λ = 1)
case we obtain HJ+V(Λ = 1, s) = 3/8 from Eq. (55). The lead-
ing dependence of Eq. (54) for s > 1 yields

εV+J = 4 × 107 s + 1
s − 1

n0.2T
−3/2
4 b−4

4 (δBA)2k2
cκ

2
minHV+J(Λ, s). (57)

For typical intercloud plasma and turbulence parameters we
obtain

εV+J = 1 × 10−39n0.2T
−3/2
4 b−4

4 L−2
pc

× (δBA/0.9 µG)2 HV+J(Λ, s) erg cm−3 s−1 (58)

which is a factor 500 larger than the Landau damping rate (51)
of Alfvén waves.

4.3. Ion-neutral damping

With the ion-neutral damping rate (30) we obtain from Eq. (32)
for the corresponding energy loss rate

εN = C2
Ak1−s

c νN

∫ 1

0
dt

(1 − t)t1/2

[t + Λ(1 − t)]
2+s

2

×
∫ κmax

max [κN t1/2 ,κmin]
dκκ−s−2. (59)

If we introduce

tE =

(
κmin

κN

)2

= 10−6 b2
4

n2
HL2

pcn0.2
(60)

the loss rate (59) in the limit κmax � κmin and κmax � κN be-
comes

εN �
C2

Ak1−s
c νNx−s−1

min

s + 1

∫ tE

0
dt

(1 − t)t1/2

[t + Λ(1 − t)]
2+s

2

+ t(s+1)/2
E

∫ 1

tE

dt
(1 − t)t−s/2

[t + Λ(1 − t)]
2+s

2


=
νNΛ

2+s
2

2πJ(Λ, s)
(δBA)2

[∫ tE

0
dt

(1 − t)t1/2

[t + Λ(1 − t)]
2+s

2

+t(s+1)/2
E

∫ 1

tE

dt
(1 − t)t−s/2

[t + Λ(1 − t)]
2+s

2

]

=
νNΛ

2+s
2

2πJ(Λ, s)
(δBA)2

 4t(s+1)/2
E

(4 − s)(2 − s)Λ(2+s)/2

×F
(
1 +

s
2
, 1 − s

2
; 3 − s

2
; 1 − Λ−1

)

+

∫ tE

0
dt

(1 − t)
(
t1/2 − t(s+1)/2

E t−s/2
)

[t + Λ(1 − t)]
2+s

2

 · (61)
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For values of s < 2 the remaining integral in Eq. (61) in the
limit tE < Λ and tE � 1 can be well approximated as

∫ tE

0
dt

(1 − t)
(
t1/2 − t(s+1)/2

E t−s/2
)

[t + Λ(1 − t)]
2+s

2

�
∫ tE

0
dt

(
t1/2 − t(s+1)/2

E t−s/2
)

= −2(s + 1)
3(2 − s)

t3/2
E

so that Eq. (61) reduces to

εN �
νN(δBA)2t(s+1)/2

E

2π(2 − s)Λ
2+s

2 J(Λ, s)

×
[

4
4 − s

F
(
1 +

s
2
, 1 − s

2
; 3 − s

2
; 1 − Λ−1

)
− 2(s + 1)

3
t2−s/2
E

]

� 2νN(δBA)2t(s+1)/2
E

π(2 − s)(4 − s)Λ
2+s

2 J(Λ, s)

×F
(
1 +

s
2
, 1 − s

2
; 3 − s

2
; 1 − Λ−1

)
(62)

because for tE � 1 and s < 2 the second term can be neglected
compared to the first term. Introducing the anisotropy function

HN(Λ, s) =
F

(
1 + s

2 , 1 − s
2 ; 3 − s

2 ; 1 − Λ−1
)

J(Λ, s)

=
3F

(
1 + s

2 , 2; 3 − s
2 ; 1 − Λ

)
4F

(
1 + s

2 , 2; 5
2 ; 1 − Λ

) (63)

we arrive at

εN � 2
π(2 − s)(4 − s)

νNt(s+1)/2
E (δBA)2HN(Λ, s). (64)

By the same methods as before we obtain in the isotropic
(Λ = 1) case HN(Λ = 1, s) = 3/4 from Eq. (63). For large
values of Λ � 1 the anisotropy function approaches the con-

stant HN(Λ � 1) � 2s−3(4−s)(2−s)
√
π

Γ(1+ s
2 ) , whereas for small values of

Λ � 1 the anisotropy function

HN(tE < Λ � 1) � (s + 1)
(4 − s)(2 − s)2

Λ−s/2 (65)

increases ∝Λ−s/2.
Numerically we obtain for isotropic turbulence and s = 5/3

εN � 1.74 × 10−29n−5/3
H b8/3

4 L−8/3
pc n−4/3

0.2 erg cm−3 s−1 (66)

which is 13 orders of magnitude larger than the Landau damp-
ing rate (51) of Alfvén waves, and 10 orders of magnitude
larger than the viscous and Joule damping rate (58) of Alfvén
waves.

5. Summary and conclusions

We have calculated the heating rate of the diffuse intercloud
medium from the dissipation of interstellar shear Alfvén waves.
Relating the Alfvénic magnetic field fluctuation power spec-
trum to the observed interstellar electron density fluctuation

power spectrum we derive the heating rate allowing for a
scale independent anisotropy of the power spectrum. Because
the diffuse intercloud medium is a partially ionised medium,
the shear Alfvén waves undergo different types of dissipation.
Besides collisionless Landau damping we considered various
damping mechanisms from collision-effects such as Joule dis-
sipation, electron and ion viscosity and ion-neutral friction.

For all individual damping processes we derive the respec-
tive damping rates as a function of wavenumber and propa-
gation angles of the Alfvén waves. These damping rates then
serve as input in the calculation of the associated heating
rates of the intertellar medium which results from the integral
over the product of the damping rate times the magnetic field
fluctuation power spectrum allowing for a scale independent
anisotropy of the power spectrum.

We demonstrate that for isotropic turbulence and typical
diffuse intercloud medium parameters ion-neutral friction pro-
vides the dominant contribution to the heating rate of about
10−29 erg cm−3 s−1, which is about four orders of magnitude
smaller than the cooling rate of the diffuse intercloud medium.
Heating by collisionless Landau damping is 13 orders of mag-
nitude smaller than dissipation by ion-neutral friction, heating
by Joule and viscosity dissipation is 10 orders of magnitude
smaller. Apart from factors of order unity these heating rates
also hold for predominantly parallel turbulence (Λ � 1). In
case of predominantly perpendicular turbulence (Λ � 1) the
heating rates from collisionless Landau damping and Joule and
viscosity dissipation decrease ∝Λ1/2, whereas the heating rate
from ion-neutral friction increases ∝Λ−s/2 as long as Λ ≥ 10−6.

We also have compared the Alfvén wave heating rate with
the previously calculated collisionless Landau damping rate of
fast magnetosonic waves:

(1) in the isotropic case for standard turbulence parameters of
the diffuse interstellar medium the collisionless Alfvén heating
rate is seventeen orders of magnitude smaller than the colli-
sionless magnetosonic heating rate;

(2) in the isotropic case the total Alfvén wave heating rate is
four orders of magnitude smaller than the collisionless magne-
tosonic heating rate.

Hence, for the temperature balance of the warm intercloud
medium heating from shear Alfvén waves is negligible com-
pared to the heating by collisionless damping of fast magne-
tosonic waves.

In future work we will also determine the contributions
from Joule dissipation, electron and ion viscosity dissipation
and ion-neutral friction dissipation of fast magnetosonic waves
to arrive at a complete description of interstellar medium heat-
ing by wave dissipation processes.
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Appendix A: Approximations of the anisotropy
function HA(Λ, s)

In the isotropic case (Λ = 1) we obtain from Eq. (44) H A(Λ =
1, s) = 3/8.

Moreover, using

F(a, b; c; 1) =
Γ(c)Γ(c − a − b)
Γ(c − a)Γ(c − b)

(67)

for c � 0,−1.−2, ...,�(c−a−b) > 0, we find that the Alfvénic
Landau damping heating rate does not vary significantly for
large (Λ � 1) values of the anisotropy parameter, resembling
parallel turbulence:

HA(Λ� 1, s) � 3
8

F
(
1 + s

2 , 1; 3; 1
)

F
(
1 + s

2 ,
1
2 ; 5

2 ; 1
)

=
2

(2 − s)π1/2

Γ
(

3−s
2

)
Γ
(

2−s
2

) · (68)

In case of small (Λ � 1) values of the anisotropy parameter,
resembling perpendicular turbulence, we approximate the
integrals J1(Λ, s) and J(Λ, s) as

J1(s,Λ� 1) =
∫ 1

0
dt (1 − t)

[
1 −

(
1 − Λ−1

)
t
]− 2+s

2

�
∫ 1

0
dt (1 − t)[1 + (t/Λ)]−

2+s
2

�
∫ Λ

0
dt(1 − t) + Λ(2+s)/2

∫ 1

Λ

dt(1 − t)t−(2+s)/2

� 2 + s
2
Λ (69)

and

J(s,Λ � 1) =
∫ 1

0
dt (1 − t)t−1/2

[
1 −

(
1 − Λ−1

)
t
]− 2+s

2

�
∫ 1

0
dt t−1/2(1 − t)[1 + (t/Λ)]−

2+s
2

+

∫ Λ

0
dt(1 − t)t−1/2

+ Λ(2+s)/2
∫ 1

Λ

dt(1 − t)t−(3+s)/2

� 2(2 + s)
1 + s

Λ1/2, (70)

respectively. For the ratio we then find

HA(Λ� 1, s) =
J1(Λ� 1, s)
J(Λ � 1, s)

=
1 + s

4
Λ1/2· (71)

Appendix B: Approximations of the anisotropy
function HV+J(Λ, s)

Using again Eq. (67) for large values ofΛ � 1 we approximate

F
(
1 +

s
2
, 2; 4; 1 − Λ−1

)
� F

(
1 +

s
2
, 2; 4; 1

)
=

48

(4 − s)(2 − s)2Γ
[

2−s
2

] (72)

and

F

(
1 +

s
2
,

1
2

;
5
2

; 1 − Λ−1

)
� F

(
1 +

s
2
,

1
2

;
5
2

; 1

)

=
3π1/2Γ

[
2−s

2

]
4Γ

[
3−s

2

] (73)

so that

hV+J(Λ� 1, s) �
64Γ

[
3−s

2

]
(4 − s)(2 − s)2Γ2

[
2−s

2

] · (74)

According to Eqs. (55) and (68) we then derive

HV+J(Λ � 1, s) � 2
(2 − s)π1/2

Γ
(

3−s
2

)
Γ
(

2−s
2

)
×

1+ 32

(4 − s)(2 − s)Γ
[

2−s
2

]
 · (75)

For small values of Λ � 1 we approximate from Eq. (53) with
Eqs. (45) and (72)

F
(
1 +

s
2
, 2; 4; 1 − Λ−1

)
] = Λ

2+s
2 F

(
1 +

s
2
, 2; 4; 1 − Λ

]
� Λ 2+s

2 F
(
1 +

s
2
, 2; 4; 1

)
=

48

(4 − s)(2 − s)2Γ
[

2−s
2

]Λ 2+s
2 · (76)

Together with approximations (69) and (70) we then obtain
according to Eq. (55)

HV+J(Λ � 1, s) �
2+s

2 Λ

2(2+s)Λ1/2

1+s

×
1 + 48

(4 − s)(2 + s)(2 − s)2Γ
[

2−s
2

]Λ s
2


� 1 + s

4
Λ1/2 = HA(Λ� 1, s) (77)

the same asymptotic behaviour at small Λ as for HA(Λ � 1, s).

Appendix C: Derivation of the angular dependence
of ion-neutral damping

The dispersion relation of low-frequency transverse waves in
a cold interstellar medium has been derived in Ch. 9.2.7 of
Schlickeiser (2002). According to Eqs. (9.2.96)–(9.2.28) of
Schlickeiser (2002) we obtain for Alfvén waves

N2 =
S

(
1 + cos2 θ

)
− |S |

√
sin4 θ + 4

v
cos2 θ

2 cos2 θ
(
1 + ξ

v−1 tan2 θ
) (78)

where v = Ω2
p/ω

2 and ξ = me/mp = 1/1836. The behaviour of
the dispersion relation (78) is controlled by the two character-
istic angles θc and θD, where

sin4 θc =
4
v

cos2 θc (79)
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yielding

θc = arccos
[√

1 + v−1 − v−1/2
]
, (80)

and

tan2 θD =
|v − 1|
ξ

(81)

yielding

θD = arctan
[
43

√|v − 1|
]
. (82)

At frequencies much below the ion cyclotron frequency v � 1,
implying

θc � arccos
[
1 − v−1/2

]
� arcsin

(
21/2v−1/4

)
� 21/2v−1/4 =

√
2ω
Ωp

(83)

and

θD � arctan
(
43v1/2

)
� π

2
− 1

43v1/2
=
π

2
− ω

43Ωp
· (84)

At low-frequencies we therefore can consider two ranges of
propagation angles:
(1) small propagation angles θ � θc � θD corresponding to

θ �
√

2ω
Ωp
� π

2
− ω

43Ωp
· (85)

Here the dispersion relation (78) simplifies to

N2 �
S

(
1 + cos2 θ

)
− |S | 2

v1/2
cos θ

2 cos2 θ
� S (86)

(2) large propagation angles θc � θ � θD corresponding to√
2ω
Ωp
� θ � π

2
− ω

43Ωp
· (87)

Here the dispersion relation (78) simplifies to

N2 �
S

(
1 + cos2 θ

)
− |S | sin2 θ

2 cos2 θ
= S , (88)

which equals approximation (86).
At low plasma frequencies ω � Ωp we therefore use the

dispersion relation

N2
± =

S
cos2 θ

(89)

for all propagation angles θ ≤ θD =
π
2 − ω

43Ωp
which is very

close to 90◦.
The Stix parameter S is given by

S = 1 −
∑

a

ω2
pa

ω

(
1

ω −Ωa
+

1
ω + Ωa

)
· (90)

Now we introduce collisions with neutrals by substituting

1
ω ± Ωa

→ 1
ω + ıνa ±Ωa

(91)

where νa is the collision frequency of species a with the
neutrals.

To derive the damping rate (Γ) in the weak damping limit
(Γ� ωR) we substitute ω = ωR + ıΓ. The standard Taylor ex-
pansion around Γ = 0 yields for the real part of the index of
refraction

N2
R =

c2k2

ω2
R

=
S (ωR)
cos2 θ

(92)

and for the damping rate

Γ = −
ω2

R

(
νeΩ

2
eΩ

2
i + νiΩ

2
eΩ

2
i + νeΩ

2
iω

2
R + νiΩ

2
eω

2
R

)
k2
‖ v

2
AΩ

2
eΩ

2
i + 2ω4

R

(
Ω2

e + Ω
2
i

) , (93)

where we neglected terms of order ωR
Ωa
� 1 and νa

Ωa
� 1.

Equation (92) immediately leads to

ω2
R = k2

‖V
2
A = k2V2

A cos2 θ. (94)

Inserting this into Eq. (93) gives

ΓN = −νN cos2 θ (95)

as the dominant term for the ion-neutral damping. According
to Kulsrud & Pearce (1969) νN = 4 × 10−9nH Hz.

For interstellar medium parameters Eq. (94) in terms of the
dimensionless wavenumber (16) corresponds to

|ωR| = Ωpκ cos θ = 0.04b4 cos θκ. (96)

The weak-damping approximation |ΓN| ≤ |ωR| then holds at
normalised wavenumber greater than

κ ≥ κN cos θ (97)

where κN = 10−7nH/b4 which is about three orders of magni-
tude larger than κmin.
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