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Abstract. The interaction of collimated relativistic hadronic and leptonic jet outflows from active galactic nuclei with the sur-
rounding interstellar and intergalactic medium generates by two-stream instabilities huge intensities of subluminal electrostatic
(Langmuir) wave fields in the co-moving outflow region with energy densities larger than the energy density in the magnetic
field. We therefore revisit electrostatic bremsstrahlung, i.e. the inverse Compton scattering of electrostatic waves by energetic
positrons and electrons to photons (l + e → t + e′), as an alternative nonthermal radiation process to synchrotron radiation
which in the literature sofar has been the standard low-frequency radiation process for radiation. It is known that this radiation
process has similar polarisation properties as synchrotron radiation. By calculating Doppler boosted luminosity spectra in case
of leptonic outflows we demonstrate that in jet outflow sources electrostatic bremsstrahlung by swept-up relativistic electrons is
stronger than synchrotron radiation from the same electrons in the radio to optical frequency band, whereas the optically thick
bulk electrostatic bremsstrahlung from the non-relativistic pair outflow plasma is typically a factor 1010 smaller. Our analysis
is based on photon angle integrated monochromatic approximations of the electrostatic bremsstrahlung power and synchrotron
radiation power in a plasma, which are constructed from moments of the respective radiation powers of single electrons and
positrons. Specialising to the specific subluminal electrostatic wave distribution and the swept-up relaivistic electrons in the
leptonic jet model of Schlickeiser et al. (2002) we calculate the expected Doppler boosted radiation intensities from bulk elec-
trostatic bremsstrahlung, relativistic electron bremsstrahlung and synchrotron radiation for standard inner jet parameters. This
requires to investigate in detail (i) the equilibrium distribution of the radiating electrons and (ii) the emission and absorption
coefficients of each radiation process. An attractive feature of electrostatic bremsstrahlung mechanism is the fact that the in-
teraction of the jet outflow with the surrounding ambient medium generates both the target electrostatic plasma waves and the
radiating swept-up relativistic electrons. It does not rely on the existence of large intrinsic ordered magnetic fields to account
for strong emission due to the synchrotron radiation process. This might be of importance also for nonthermal emission far
away from the central jet engine.
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1. Introduction

It is generally accepted that relativistic jet outflows power
the nonthermal emission from active galactic nuclei (AGN),
irrespective of the composition of these jets – leptonic (i.e.
positron and electron pairs) or hadronic (protons and elec-
trons). Recently in a series of papers (Pohl & Schlickeiser
2000; Pohl et al. 2002; Schlickeiser et al. 2002) we investi-
gated the microphysical details of the conversion process of the
kinetic energy in collimated relativistic hadronic and leptonic
jet outflows into radiation through interactions with the am-
bient interstellar medium. Viewed from the coordinate system
comoving with the outflow, the interstellar protons and elec-
trons represent a proton-electron beam propagating with rela-
tivistic speed in the jet plasma. We demonstrated that this beam

� e-mail: rsch@tp4.ruhr-uni-bochum.de

excites both electrostatic and low-frequency magnetohydrody-
namic Alfven-type waves via a two-stream instability in the jet
background plasma. For standard AGN jet outflow and envi-
ronment parameters the initial beam distributions of interstellar
protons and electrons quickly relax to plateau-distributions in
parallel momentum, transferring thereby one-half of the initial
energy density of the beam particles to electric field fluctua-
tions of the generated electrostatic turbulence1. On consider-
ably longer time scales, the plateaued interstellar electrons and
protons isotropise by their self-generated transverse turbulence,
and are thus picked-up in the outflow jet plasma.

1 In our study we will frequently refer to the work of Schlickeiser
et al. (2002 – hereafter referred to as Paper S), using the same notation
and referring to specific results of that paper e.g. Eq. (S-18) refers to
Eq. (18) of Paper S.
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It is the purpose of this study to investigate the further
fate of the generated electrostatic waves whose energy density
(Eq. (S-69) combined with the density transformation formula
ni = Γn∗i of observer’s system and comoving densities, respec-
tively)

UL =
1
2
Γnimpc2 =

1
2
Γ2n∗i mpc2

= 7.3Γ2
2

(
n∗i /1 cm−3

)
erg cm−3 (1)

equals half of the initial energy density of the beam parti-
cles. For relativistic (Γ = 102Γ2) outflows UL can be signifi-
cantly larger than the magnetic energy density U B = B2

0/(8π) =
0.04(B0/1 Gauss)2 erg cm−3 of the jet plasma (for a justifica-
tion of the chosen physical parameters see Sect. 1.2 below).
Under these conditions, the generation of nonthermal photon
radiation by electrostatic bremsstrahlung (Gailitis & Tsytovich
1964; Colgate 1967); Melrose (1971, 1971), which is the in-
verse Compton scattering off electrostatic plasma waves into
electromagnetic waves by energetic electrons and positrons,
is more important by a factor UL/UB than synchrotron radia-
tion. All existing models in the literature (Maraschi et al. 1992;
Dermer & Schlickeiser 1993; Mannheim 1993; Sikora et al.
1994; Bloom & Marscher 1996; Böttcher et al. 1997; Dermer
et al. 1997; Tavecchio et al. 1998) (see Böttcher 2002 and
Sikora & Madejski 2002 for recent reviews), for the broad-
band nonthermal photon emission from jets of active galac-
tic nuclei assume synchrotron radiation to be the most im-
portant nonthermal radiation mechanism at radio to X-ray
frequencies. Although the polarisation properties of electro-
static bremstrahlung are similar to that of synchrotron radia-
tion (Chiuderi & Veltri 1974; Windsor & Kellogg 1974), this
radiation process has not received much attention in the litera-
ture. This was probably prompted by Melrose’s (1971, p. 135)
remark that it would require exceptional circumstances for the
energy density in Langmuir (electrostatic) waves to exceed the
energy density in the magnetic field. However, our estimate in
Eq. (1) shows that in the two-stream dissipation process of rel-
ativistic outflows indeed huge Langmuir wave energy densities
occur.

1.1. Motivation and scope of this study

The following study is motivated by the result of Paper S that
in the interaction of the ambient fully-ionised plasma with the
leptonic jet outflow (viewed from the comoving outflow system
the ambient plasma penetrates the leptonic jet plasma) the two-
stream instabilities engender extremely powerful Langmuir
waves which in turn produces huge amounts of electrostatic
bremsstrahlung. Throughout this work this scenario is assumed
to be given, and we investigate its consequences especially for
the resulting spectral appearance of these sources.

We are aware that the treatment in Paper S of the interac-
tion of the leptonic jet outflow with the ambient plasma in some
dynamical aspects is not complete. In particular, the study in
Paper S neglects the potential formation of a bow shock from
reflected paricles (see Vainio et al. 2003) propagating ahead of
the jet which should displace the ambient medium and might

diminish the ambient medium density in the immediate vicin-
ity of the jet itself2. As a consequence then, the density of in-
terstellar particles ni penetrating into the outflow plasma will
be reduced, yielding according to Eq. (1) a reduced level of
Langmuir waves and a reduced level of swept-up interstellar
particles in the jet plasma. If one draws analogies to the inter-
action of nonrelativistic outflows, probably a shear zone at a
contact discontinuity will develop through which the shocked
ambient plasma might mix with the shocked jet plasma and
where two-stream instabilities could be important – but this
would probably involve only a small fraction of the jet.

If the density ni of penetrating particles is smaller than the
value

ni,B = 5.5 × 10−3(B0/1 Gauss)2Γ−1
2 cm−3 (2)

the energy density UL in Langmuir waves becomes smaller
than the magnetic field energy density UB. The optically
thin intensities of relativistic electrostatic bremsstrahlung Ieb

(Sect. 8), optically thin synchrotron radiation I sy (Sect. 8)
and SSC-radiation ISSC in a homogenous one-zone emission
region, which is a thick target for the relativistic electrons,
scale as

Ieb ∝ ni
UL

UL + UB
= ni

ni

ni + ni,B
�

 n2
i

ni,B
for ni ≤ ni,B

ni for ni ≥ ni,B

, (3)

Isy ∝ ni
UB

UL + UB
=

nini,B

ni + ni,B
�

{ ni for ni ≤ ni,B

ni,B for ni ≥ ni,B
(4)

and

ISSC ∝ ni

UL + UB
Isy = n2

i
UB

(UL + UB)2

=
n2

i n2
i,B

UB

(
n2

i + n2
i,B

)


n2
i

UB
for ni ≤ ni,B

n2
i,B

UB
for ni ≥ ni,B

. (5)

As can be seen, the relative intensities of these three radia-
tion processes depend crucially on the density of penetrating
particles in the jet. This emphasizes again the importance of
investigating the dynamical processes associated withe the in-
teraction of relativistic outflow with the surrounding medium.
Some aspects are under investigation, see the study of Vainio
et al. (2003); but as noted above, they are not the subject of the
present study. A major difficulty is our current poor understand-
ing of the physics of relativistic shocks in a almost collision-
free plasma environment. The formation of shock waves and
contact discontinuities is theoretically and observationally (by
in situ observations in the heliosphere) fairly well developed for
non-relativistic shock speeds and collision-dominated plasma
environment, allowing to use the ideal MHD shock equations;
but in the case of relativistic shock speeds in a collision-poor
plasma environment, where a full kinetic description is nec-
essary, this is not the case. We hope that our study here will
prompt such investigations in the future.

Another argument in favour of penetrating ambient plasma
particles arises from the solar system analogy of interstellar
pick-up ions entering the heliosphere (Fisk et al. 1974; Möbius
et al. 1985). Most likely, also the ambient interstellar medium

2 I am grateful to the referee for also emphasizing this point.
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in AGNs is a partially ionised plasma containing a large frac-
tion of neutral atoms. As in the case of heliospheric pick-up
ions, these neutrals easily enter the jet outflow plasma, and
are ionised by both, charge-exchange as well as collissional
and radiative interaction processes (Rucinski et al. 1996) with
the outflow plasma and the radiation field of the jet plasma,
respectively. After ionisation they form an anisotropic back-
ward propagating beam distribution of the type considered in
Paper S.

1.2. Range of application

Under the assumption, that indeed the huge Langmuir wave en-
ergy densities of Eq. (1) are generated in the interaction of the
jet outflow with the ambient medium, we will demonstrate in
the following that electrostatic bremsstrahlung is more impor-
tant than synchrotron radiation. Consequently, the nonthermal
radiation from jets of active galactic nuclei then have to be in-
terpreted in a different way then before.

Here we are primarily interested in the correlation of
the high-energy gamma-ray emission with the low-frequency
emission in the infrared-optical-UV band. In current models of
jet radiation (see references above), the low-frequency emis-
sion is interpreted as Doppler-boosted synchrotron radiation of
the jet electrons and positrons, while the high-energy radiation
is often interpreted as Doppler-boosted inverse Compton scat-
tering of low-frequency photons by the same jet electrons and
positrons, including the synchrotron photons (SSC process) or
external photons coming directly from the acrretion disk or
being reprocessed accretion disk photons. Therefore we will
chose plasma parameter values (density of jet electrons, jet
radius and size, magnetic field strength, outflow Lorentz fac-
tors) that are necessary to reproduce the high-energy gamma
radiation from these sources. These plasma parameters are
constrained by the highest frequencies observed, by the ob-
served time variability of these sources down to the sub-hr
time scale, gamma-ray transparancy arguments and limits on
the inverse Compton optical depth of the relativistic electrons
and positrons (see e.g. Schlickeiser 1996). These constraints
lead to standard jet outflow parameters like e.g. the jet radius
of 1014 cm and jet Lorentz factors of 100Γ2, which are very
small and very large, respectively, compared to values backed
by VLBI-radio observations of AGNs. However, such parame-
ter values apply to jet distances close to the central engine; in
fact, they are necessary to meet the time variability constraints
of TeV gamma-ray emission and to generate TeV gamma-ray
photons both from the inverse Compton process and from π 0-
decay within the relativistic hadronic pick-up model (Pohl &
Schlickeiser 2000). In order to apply our results also to other jet
distances with different plasma parameters we will, whenever
possible, note in our formulas the scaling with these parameter
values.

1.3. Organization of the paper

In order to demonstrate the importance of electrostatic
bremsstrahlung over synchrotron radiation we have to derive

formulas for the spontaneous emission coefficient and the ab-
sorption coefficient of electrostatic bremsstrahlung for the case
of an anisotropic subluminal distribution of target Langmuir
photons. For anisotropic, subluminal distributions these are not
available in the literature; we therefore start in three rather tech-
nical sections (Sects. 2–4) with the derivation of the radiation
power of electrostatic bremsstrahlung (Sect. 2) of a single elec-
tron with velocity β scattering off electrostatic plasma waves
with the distribution NL(kL), where kL denotes the wave vector
of the electrostatic waves, to generate photons of frequenciesω
moving into the directions (θ, φ). From the associated electron
energy loss rate and the mean energy of the generated photons
(Sect. 3) we construct the monochromatic approximation of the
radiation power for sublubminal Langmuir waves (Eq. (57))
which is very useful to model the electrostatic bremsstrahlung
spectra from interacting particles with a broad energy distribu-
tion function (Sect. 4).

Readers interested only in the astronomical applications
may skip these sections and directly proceed to Sect. 5 where
we calculate the electrostatic bremsstrahlung from the isotropic
bulk pair jet plasma. After determining in Sect. 6 the equi-
librium distribution function of the isotropised swept-up rel-
ativistic electrons, we calculate in Sect. 7 their electrostatic
bremsstrahlung and compare with their synchrotron radiation.
In Sect. 8 we determine the Doppler boosted intensities from
the three (bulk and relativistic electrostatic bremsstrahlung,
synchrotron radiation) radiation processes. Our results are sum-
marised in Sect. 9.

2. Electrostatic bremsstrahlung

2.1. Total and differential radiation power

We consider a single electron or positron of velocity βc scat-
tering off electrostatic waves with a distribution NL(kL) with
respect to the wavenumber vector kL = kLκL, yielding photons
with wavenumber vector k = kκ.

Acoording to Eqs. (4) and (5) of Melrose (1971) the total
photon power radiated spontaneously is

P(β) =
∫

d3 k
(2π)3

∫
d3 kL

(2π)3
�ωw(β, k, kL)NL(kL) (6)

where the photon frequency is ω = 2πν = kc and where the
probability of spontaneous emission, summed over the polari-
sations of the scattered electromagnetic waves, is given by

w (β, k, kL) =
8σTc4

3π

(2π)3ωp

ω3

1 − β2[
1 − β · κ]4

×
[[

1 − β · κ]2
[
1 − (β · κL)2

]
−

(
1 − β2

)
× [
κ · κL − β · κL

]2
]

×δ
(
ω

[
1 − β · κ] − ωp

[
1 − kLc

ωp
β · κL

])
(7)

where ωp denotes the plasma frequency of the background jet
plasma, which equals the electron plasma frequency ωp,e =√

4πe2nb/me = 5.64× 108(n∗b,10)1/2Γ
−1/2
2 Hz in case of hadronic

jets and
√

2ωp,e in case of leptonic jets. σT is the Thomson
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cross section; the pair density, as measured in the observer’s
frame, is scaled as n∗b = 1010n∗b,10 cm−3.

The energy density UL in electrostatic waves is related to
their spectral distribution N(kL) by

UL =

∫
d3kL

(2π)3
�ωpNL(kL)

=
�ωp

(2π)3

∫ 2π

0
dφL

∫ 1

−1
d(cos θL)

×
∫ ∞

0
dkL k2

LNL(kL, θL, φL). (8)

Using

∫
d3 k

(2π)3
=

1
(2π)3c3

∫ ∞

0
dωω2

∫ 2π

0
dφ

∫ 1

−1
d(cos θ) (9)

Eq. (6) becomes with the probability (7)

P(β) =
1

(2π)3c3

∫ ∞

0
dωω2

∫ 2π

0
dφ

∫ 1

−1
d(cos θ)

×
∫

d3 kL

(2π)3
�ωw(β, k, kL)NL(kL)

=
�ωpσTc

(
1 − β2

)
3π4

∫ 2π

0
dφ

×
∫ 1

−1
d(cos θ)

∫ ∞

0
dω

∫
d3 kLNL(kL)

[[
1 − β · κ]2

×
[
1 − (β · κL)2

]
−

(
1 − β2

) [
κ · κL − β · κL

]2
]

×
δ
(
ω

[
1 − β · κ] − ωp

[
1 − kLc

ωp
β · κL

])
[
1 − β · κ]4

· (10)

The differential spectral power of electrostatic bremsstrahlung
p(ω, θ, φ, β) is defined through

P(β) =
∫ 2π

0
dφ

∫ 1

−1
d(cos θ)

∫ ∞

0
dω p(ω, θ, φ, β). (11)

The equality of Eqs. (10) and (11) then yields

p(ω, θ, φ, β) =
�ωpσTc

(
1 − β2

)
3π4

∫ 2π

0
dφL

∫ 1

−1
d(cos θL)

×
∫ ∞

0
dkL k2

LNL(kL)
δ
(
ω[1 − β · κ] − ωp[1 − kLc

ωp
β · κL]

)
[1 − β · κ]4

×
[[

1 − β · κ]2
[
1 − (β · κL)2

]
−

(
1 − β2

) [
κ · κL − β · κL

]2
]
. (12)

Integrating over all photon angles yields the angle-integrated
differential photon power

p̃(ω, β) =
∫ 2π

0
dφ

∫ 1

−1
d(cos θ)p(ω, θ, φ, β). (13)

2.2. Monochromatic approximation

We construct the monochromatic approximation of the angle
integrated differential spectral power (13) as

p̃monochromatic(ω, β) = P(β)δ(ω − < ω >) (14)

with the total power (11) and the mean radiated photon fre-
quency < ω >. This mean photon energy is calculated from
the zeroth and first moments of the angle-integrated differen-
tial photon power (12):

< ω >=
S (β)
P(β)

(15)

where

S (β) =
∫ ∞

0
dωωp̃(ω, β)

=

∫ 2π

0
dφ

∫ 1

−1
d(cos θ)

∫ ∞

0
dω ωp(ω, θ, φ, β) (16)

and, of course,

P(β) =
∫ ∞

0
dωp̃(ω, β) (17)

which is identical to Eq. (11). We note that our calculation of
the mean radiated photon frequency (15) differs from the one
of Melrose (1971) who has chosen different moments.

2.3. Interlude

Both the background plasma and the swept-up interstellar par-
ticles, are gyrotropic and isotropic in the co-moving jet frame,
so that we restrict our analysis to isotropic and gyrotropic elec-
tron distribution functions. Because the spontaneous emission
probability (7) involves only the relative angles between elec-
trostatic waves, electrons and photons, respectively, there exists
some freedom in chosing the azimuth (φ i) and pitch angles (θi)
of the interacting particles.

2.3.1. Photon angle dependent quantities

For a calculation of the angle-dependent differential spectral
power (12), and thus the beaming pattern of the scattered pho-
ton, all pitch angles θi are defined with respect to the direction
of the ordered magnetic field B0 = (0, 0, B0), and the azimuth
angles φi lie in the plane perpendicular to B0. Because we are
considering gyrotropic radiating electrons, we may set, without
loss of generality, the electron’s azimuth angle φ e = 0, i.e.

β = β(sin θe, 0, cos θe). (18)

For the photons we chose

κ = (sin θ cos φ, sin θ sin φ, cos θ). (19)

According Eqs. (S-65)–(S-69) the electrostatic plasma waves
are backward moving (θL = π corresponding to µL = cos θL =

−1). We therefore have

κL = (0, 0,−1). (20)



R. Schlickeiser: Electrostatic bremsstahlung from AGN jets 401

Moreover, all electrostatic plasma waves are subluminal
ωp/kL < V with the spectral distribution

NL(kL, µL) =
δ(µL + 1)

2π
M(kL) (21)

where

M(kL) =
(2π)3nimpc3

�ω2
p

√
Γ2 − 1

H
[
kL − ωp

V

]
k2

L

(
c2k2

L

ω2
p
− 1

)2
(22)

where V = Bc = c
√

1 − Γ−2 refers to the bulk jet speed. H[x]
denotes the Heaviside function (H(x) = 1 for x ≥ 0 and H(x) =
0 for x < 0). Equation (22) can be obtained as follows: we
insert Eq. (21) into Eq. (8) yielding

UL =
�ωp

(2π)3

∫ ∞

0
dkL k2

LML(kL) (23)

and equate this to Eq. (S-67)

UL =
(δE)2

4π
=

nimpc2

√
Γ2 − 1

∫ ∞

(1−Γ−2)−1/2

dN(
N2 − 1

)2

=
nimpc3

ωp

√
Γ2 − 1

∫ ∞

ωp(1−Γ−2)−1/2
/c

dkL(
c2k2

L

ω2
p
− 1

)2
(24)

where we substituted for the index of refraction N = ckL/ωp

and neglected the small factor me/mp � 1. Comparison of
Eqs. (23) and (24) immediately yields Eq. (22).

2.3.2. Photon angle integrated quantities

For a calculation of photon angle integrated quantities, such
as the electron energy loss rate and the construction of the
monochromatic approximation, it is appropriate to chose the
coordinates of the interacting particles as Melrose (1971) did,
i.e.

β = β(0, 0, 1), κ = (sinψ cos η, sinψ sin η, cosψ),

κL = (sinψL cos ηL, sinψL sin ηL, cosψL). (25)

The target electrostatic plasma waves can then by regarded in
this frame as an isotropic distribution with the distribution

NL(kL) =
2π2nimpc3

�ω2
p

√
Γ2 − 1

H
[
kL − ωp

V

]
k2

L

(
c2k2

L

ω2
p
− 1

)2
· (26)

Throughout this paper we will restrict our analysis to photon
angle integrated quantities, i.e. we will adopt the choice (25).

3. Photon-angle integrated moments
of the spectral power

With the choice (25) we obtain for the two moments (11) and
(16)

P(β) =
∫ 2π

0
dη

∫ 1

−1
d(cosψ)

∫ ∞

0
dω p(ω, ψ, η, β) (27)

and

S (β) =
∫ 2π

0
dη

∫ 1

−1
d(cosψ)

∫ ∞

0
dω ωp(ω, ψ, η, β) (28)

where according to Eq. (12)

p(ω, ψ, η, β) =
�ωpσTc

(
1 − β2

)
3π4

∫ 2π

0
dηL

×
∫ 1

−1
d(cosψL)

∫ ∞

0
dkL k2

LNL(kL)

×
δ
(
ω[1 − β cosψ] − ωp[1 − kLc

ωp
β cosψL]

)
[1 − β cosψ]4

×
[
(1 − β cosψ)2

(
1 − β2 cos2 ψL

)
−

(
1 − β2

) [
β cosψL

− cosψ cosψL − sinψ sinψL cos(η − ηL)
]2
]
. (29)

3.1. Total power

Inserting Eq. (29) in Eq. (27) we obtain

P(β) =
�ωpσTc

(
1 − β2

)
3π4

∫ 2π

0
dη

∫ 1

−1
d(cosψ)

×
∫ 2π

0
dηL

∫ 1

−1
d(cosψL)

∫ ∞

0
dkL k2

LNL(kL)

×
∫ ∞

0
dω

δ
(
ω[1 − β cosψ] − ωp[1 − kLc

ωp
β cosψL]

)
[1 − β cosψ]4

×
[
(1 − β cosψ)2

(
1 − β2 cos2 ψL

)
−

(
1 − β2

) [
β cosψL

− cosψ cosψL − sinψ sinψL cos(η − ηL)
]2
]
. (30)

The δ-function gives

ω[1 − β cosψ] = ωp − kLcβ cosψL > 0 (31)

for

cosψL <
ωp

kLβc
· (32)

We then obtain

P(β) =
�ωpσTc

(
1 − β2

)
3π4

∫ ∞

0
dkL k2

LNL(kL)

×
∫ 1

−1
d(cosψL)H

[
ωp

kLβc
− cosψL

]

×
∫ 1

−1
d(cosψ)

∫ 2π

0
dη

∫ 2π

0
dηL

×
[1 − β2 cos2 ψL

(1 − β cosψ)3
− 1 − β2

(1 − β cosψ)5

[
(β − cosψ)2 cos2 ψL

+ sin2 ψ sin2 ψL cos2 (η − ηL)

−2(β − cosψ) cosψL sinψ sinψL cos(η − ηL)
]]
. (33)
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Performing the integrations over η and ηL gives

P(β) =
4�ωpσTc

(
1 − β2

)
3π2

∫ ∞

0
dkL k2

LNL(kL)

×
∫ 1

−1
d(cosψL)H

[
ωp

kLβc
− cosψL

]
I1(β, ψL) (34)

with the ψ-integral

I1(β, ψL) =
∫ 1

−1
d(cosψ)

[1 − β2 cos2 ψL

(1 − β cosψ)3

− 1 − β2

(1 − β cosψ)5

[
(β − cosψ)2 cos2 ψL

+
1
2

sin2 ψ sin2 ψL

]]
, (35)

which is calculated in Appendix A. We obtain

P(β) =
16�ωpσTcγ2

9π2

∫ ∞

0
dkL k2

LNL(kL)

×
∫ U

−1
d(cosψL)

(
1 − β2 cos2 ψL

)

=
16�ωpσTcγ2

9π2

×
∫ ∞

0
dkL k2

LNL(kL)

[
(1 + U) − β

2

3

(
1 + U3

)]
(36)

where

U = min

[
1,

ωp

βckL

]
· (37)

3.2. First moment

Repeating the same steps for the first-order moment (28) we
derive

S (β) =
�ωpσTc

(
1 − β2

)
3π4

∫ ∞

0
dkL k2

LNL(kL)

×
∫ 1

−1
d(cosψL)H

[
ωp

kLβc
− cosψL

] (
ωp − kLβc cosψL

)

×
∫ 1

−1
d(cosψ)

∫ 2π

0
dη

∫ 2π

0
dηL

1 − β2 cos2 ψL

(1 − β cosψ)4

− 1 − β2

(1 − β cosψ)6

[
(β − cosψ)2 cos2 ψL

+ sin2 ψ sin2 ψL cos2 (η − ηL)

−2(β − cosψ) cosψL sinψ sinψL cos (η − ηL)

]. (38)

Performing again the integrations over η and ηL gives

S (β) =
4�ωpσTc

(
1 − β2

)
3π2

∫ ∞

0
dkL k2

LNL(kL)

×
∫ 1

−1
d(cosψL)H

[
ωp

kLβc
− cosψL

] (
ωp

−kLβc cosψL

)
I2(β, ψL) (39)

with the ψ-integral

I2(β, ψL) =
∫ 1

−1
d(cosψ)

[1 − β2 cos2 ψL

(1 − β cosψ)4

− 1 − β2

(1 − β cosψ)6

[
(β − cosψ)2 cos2 ψL

+
1
2

sin2 ψ sin2 ψL

]]
. (40)

This integral is very similar to the integral (35) and is also cal-
culated in Appendix A. We find

S (β) =
16�ω2

pσTcγ4

45π2

∫ ∞

0
dkL k2

LNL(kL)

×
((

5 + 2β2
)

(1 + U) −
(
5 + 2β2

) βckL

2ωp

(
U2 − 1

)

−
β2

(
6 + β2

)
3

(
1 + U3

)
+β2

(
6 + β2

)βckL

4ωp

(
U4 − 1

))
. (41)

3.3. Superluminal waves

For superluminal (ωp/kL > c) electrostatic plasma waves, the
quantity U = 1. In this case Eq. (36) reduces to

Psl(β) =
32�ωpσTcγ2

9π2

(
1 − β

2

3

) ∫ ∞

0
dkL k2

LNL(kL)

=
64σTcULγ

2

9

(
1 − β

2

3

)
(42)

where we used Eq. (8). Equation (41) reduces to

S sl(β) =
64
9
ωpσTcγ4UL

[
1 − β4

15

]
, (43)

so that the mean photon energy (15) in this case becomes

< ω >sl =
S sl

Psl
=

15 − β4

5
(
3 − β2

)ωpγ
2

�
ωp

(
1 + 4β2

3

)
for β� 1

7
5ωpγ

2 for γ >> 1
· (44)

The monochromatic approximation for the angle integrated dif-
ferential spectral power (14) for relativistic particles then is

p̃monochromatic,superluminal(ω, β) � 128
27

σTcULγ
2δ

(
ω − 7

5
ωpγ

2

)
.

(45)
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4. Monochromatic approximation for the special
pick-up subluminal distribution

In this section we calculate the photon angle integrated total
power and rate of electrostatic bremsstrahlung photons for the
special subluminal plasma wave distribution (26).

4.1. Total power

The total power (36) in this case becomes with the bulk speed
of the outflow V = Bc

P(β) =
32σTcγ2

9

nimpc3

ωp

√
Γ2 − 1

∫ ∞

ωp/V
dkL

c2k2
L

ω2
p
− 1

−2

×[(1 + U) − β
2

3

(
1 + U3

)
] =

32σTcγ2

9

nimpc2

√
Γ2 − 1

×
∫ ∞

1/B

dx(
x2 − 1

)2

[
(1 + U) − β

2

3

(
1 + U3

)]
(46)

where

U = min

[
1,

1
βx

]
=

 1 for x ≤ 1
β

1
βx for x > 1

β

· (47)

In the case β < B we obtain

P(β < B) =
32σTcγ2

9

nimpc2

√
Γ2 − 1

2
(
1 − β

2

3

) ∫ 1/β

1/B

dx(
x2 − 1

)2

+

(
1 − β

2

3

) ∫ ∞

1/β

dx(
x2 − 1

)2
+

1
β

∫ ∞

1/β

dx

x
(
x2 − 1

)2

− 1
3β

∫ ∞

1/β

dx

x3
(
x2 − 1

)2

 · (48)

With the integrals (2.17) of Gradshteyn & Ryzhik (1965) we
derive after straightforward but tedious algebra

P(β < B) =
32σTcγ2

9

nimpc2

√
Γ2 − 1


(
1 − β

2

3

) [
Γ
√
Γ2 − 1

− ln((1 + B)Γ) − 1
2

(
βγ2 − ln ((1 + β)γ)

) ]

+
β

6

(
1 + β2

)
γ2 − ln γ

3β


� 32

9
σTcγ2

(
1 − β

2

3

)
Γnimpc2

=
64
9
σTcULγ

2

(
1 − β

2

3

)
(49)

where we have used the total energy density (1). Despite the
more involved integration over the wavenumber distribution of
the plasma waves, the final result (49) agrees remarkably well
with the total rate (42) derived for superluminal plasma waves.

In the case β ≥ B we find

P(β≥B) =
32σTcγ2

9

nimpc2

√
Γ2 − 1


(
1 − β

2

3

) ∫ ∞

1/B

dx(
x2 − 1

)2

+
1
β

∫ ∞

1/B

dx

x
(
x2 − 1

)2
− 1

3β

∫ ∞

1/B

dx

x3
(
x2 − 1

)2


=

32σTcγ2

9

nimpc2

√
Γ2 − 1

1
2

(
1− β

2

3

)[
BΓ2−ln((1 + B)Γ)

]

− lnΓ
3β
+

B2Γ2
(
1 + B2

)
6β


� 16σTcγ2

9
Γnimpc2

1 + B
3β
− β

2

3

1 −
(
B
β

)3


=
32
9
σTcγ2UL

1 + B
3β
− β

2

3

1 −
(
B
β

)3
 (50)

which for β >> B approaches

P(β >> B) � 32
9
σTcULγ

2

(
1 − β

2

3

)
(51)

which is half the value of Eq. (49).

4.2. First moment

The first moment (41) in this case becomes

S (β) =
32
45
σTcγ4 nimpc3

√
Γ2 − 1

∫ ∞

ωp/V
dkL

c2k2
L

ω2
p
− 1

−2

×
((

5 + 2β2
)

(1 + U) −
(
5 + 2β2

) βckL

2ωp

(
U2 − 1

)

−
β2

(
6 + β2

)
3

(
1 + U3

)
+ β2

(
6 + β2

) βckL

4ωp

(
U4 − 1

))

=
32
45
ωpσTcγ4 nimpc2

√
Γ2 − 1

∫ ∞

1/B
dx

[
x2 − 1

]−2

×
((

5 + 2β2
)

(1 + U) − −βx
2

(
5 + 2β2

) (
U2 − 1

)

−
β2

(
6 + β2

)
3

(
1 + U3

)
+
βx
4
β2

(
6 + β2

) (
U4 − 1

))
. (52)

In the case β < B we obtain

S (β < B) =
32
45
ωpσTcγ4 nimpc2

√
Γ2 − 1

×
2

5 + 2β2 −
β2

(
6 + β2

)
3


∫ 1/β

1/B
dx

[
x2 − 1

]−2

+

∫ ∞

1/β
dx

[
x2 − 1

]−2
( (

5 + 2β2
) (

1 +
1
βx

)

−βx
2

(
5 + 2β2

) ( 1
β2x2

− 1

)
−
β2

(
6 + β2

)
3

×
(
1 +

1
β3x3

)
+
βx
4
β2

(
6 + β2

) ( 1
β4x4

− 1

) )
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=
32
45
ωpσTcγ4 nimpc2

√
Γ2 − 1


5 + 2β2 −

β2
(
6 + β2

)
3


×

[
BΓ2 − ln((1 + B)Γ)

]
−1

2

5 + 2β2 −
β2

(
6 + β2

)
3


×

[
βγ2 − ln ((1 + β) γ)

]
+
βγ2

24

(
18 + 46β2 − 5β4 − 3β6

)
− 9 + 5β2

6β
ln γ


� 32

45
�ω2

pσTcγ4Γnimpc2

[
5 − β

4

3

]

=
64
9
ωpσTcULγ

4

[
1 − β4

15

]
· (53)

In the case β ≥ B we obtain

S (β ≥ B) =
32
45
ωpσTcγ4 nimpc2

√
Γ2 − 1

∫ ∞

1/B
dx

[
x2 − 1

]−2

×
((

5 + 2β2
) (

1 +
1
βx

)
− βx

2

(
5 + 2β2

) ( 1
β2x2

− 1

)

−
β2

(
6 + β2

)
3

(
1 +

1
β3x3

)
+
βx
4
β2

(
6 + β2

)
×

(
1

β4x4
− 1

) )

=
32
45
ωpσTcγ4 nimpc2

√
Γ2 − 1

×
 1

2

5 + 2β2 −
β2

(
6 + β2

)
3

[BΓ2 − ln((1 + B)Γ)
]

−9 + 5β2

6β
lnΓ +

9 + 5β2

12β
B2Γ2

+
6 + β2

24β
B4Γ2 +

βB2Γ2

8

[
10 − 2β2 − β4

] 1
2

 . (54)

In the following we limit our analysis to the case β < B.

4.3. Monochromatic approximation

With Eqs. (49) and (53) we obtain for the mean photon en-
ergy (15) in this subluminal case

<ω>sub=
15 − β4

5
(
3 − β2

)ωpγ
2 �

ωp

(
1 + 4β2

3

)
for β� 1

7
5ωpγ

2 for γ >> 1
(55)

which is identical to the corresponding expression (44) in the
superluminal case.

The monochromatic approximation for the angle integrated
differential spectral power (14) then is

p̃monochromatic,subluminal(ω, β) �
64
9
σTcULγ

2

(
1 − β

2

3

)
δ

(
ω − 15 − β4

5
(
3 − β2

)ωpγ
2

)
(56)

which for relativistic particles is identical to the corresponding
expression (45) in the superluminal case.

With ω = 2πν we obtain for the monochromatic approx-
imation for the photon-angle integrated differential spectral
power per frequency

p̃monochromatic(ν, β) �
64
9
σTcULγ

2

(
1 − β

2

3

)
δ

(
ν − 15 − β4

5
(
3 − β2

)νpγ
2

)
erg s−1Hz−1 (57)

where

νp = ωp/2π = 1.3 × 108n1/2
b,8 Hz (58)

with the co-moving pair density nb,8 = n∗b,10/Γ2 in units of
108 cm−3.

5. Bulk pair electrostatic bremsstrahlung

As our first application we consider the electrostatic
bremsstrahlung radiated by the thermal pair background
plasma in the comoving outflow plasma. These pairs have the
comoving thermal isotropic distribution function

Nb(p) =
nb p2

(mec)3ΘK2(Θ−1)
exp

−
√

1 + p2

m2
ec2

Θ

 (59)

characterised by the total density nb and the dimensionless pair
temperature Θ = kBTe/(mec2). K2 denotes the modified Bessel
function of second order. For non-relativistic (Θ � 1) temper-
atures the distribution (59) is well approximated by

Nb(p) �
√

2
π

p2nb

Θ3/2m3
ec3

exp

[
− p2

2Θm2
ec2

]

=

√
2
π

nbβ
2

Θ3/2mec
exp

[
− β

2

2Θ

]
· (60)

The spontaneous emission coefficient of electrostatic
bremsstrahlung from the bulk pairs is given by (Bekefi
1966)

j(ν) =
1

4π

∫ ∞

0
dp Nb((p)p̃monochromatic(ν, β(p))

erg s−1 Hz−1 ster−1 cm−3 (61)

whereas the corresponding absorption coefficient is

α(ν) = − 1

2n2
r ν2

∫ ∞

0
dp p

√
p2c2 + m2

ec4

p̃monochromatic(ν, β(p))
∂

∂p

(
Nb(p)

p2

)
cm−1 (62)

with the index of refraction

n2
r = 1 − ν

2
p

ν2
· (63)
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5.1. Spontaneous emission

With Eqs. (57) and (60) the spontaneous emission coeffi-
cient (61) for non-relativistic pair temperatures becomes

j(ν) � 16
√

2
9π3/2

σTcULnb

Θ3/2

×
∫ ∞

0
dββ2

(
1 +

2
3
β2

)
δ

(
ν − νp

(
1 +

4
3
β2

))
exp

(
− β

2

2Θ

)

=
23/2

3π3/2

σTcULnb

νpΘ3/2

×
∫ ∞

0
dββ

(
1 +

2
3
β2

)
δ(β − β0) exp

(
− β

2

2Θ

)
(64)

where

β0 =

√
3(ν − νp)

4νp
· (65)

We obtain

j(ν) =
1

61/2π3/2

σTcULnb

νpΘ3/2
H

[
ν − νp

] [ ν
νp
− 1

]1/2

×
(
ν

νp
+ 1

)
exp

(
−3(ν − νp)

8Θνp

)
(66)

which attains its maximum value near νm = νp(1 + (4Θ/3)).

5.2. Absorption coefficient

With Eqs. (57) and (60) the absorption coefficient (62) for non-
relativistic pair temperatures becomes

α(ν) � 64

9
√

2π

σTcULnb

Θ5/2me

(
ν2 − ν2

p

)
×

∫ ∞

0
dββ2

(
1 +

2
3
β2

)
δ

(
ν − νp

(
1 +

4
3
β2

))
exp

(
− β

2

2Θ

)

=
8

3
√

2π

σTcULnb

Θ5/2meνp

(
ν2 − ν2

p

)
×

∫ ∞

0
dββ

(
1 +

2
3
β2

)
δ (β − β0) exp

(
− β

2

2Θ

)
· (67)

We obtain

α(ν) =

√
2

3π
σTcULnb

Θ5/2meν
3
p
H

[
ν − νp

] exp
(
− 3(ν−νp)

8Θνp

)
[
ν
νp
− 1

]1/2
· (68)

The optical depth for the uniform outflow region of length L =
1015L15 cm then is

τ(ν) = αL =

√
2

3π
σTcULnbL

Θ5/2meν
3
p

H
[
ν − νp

] [ ν
νp
− 1

]−1/2

× exp

(
−3(ν − νp)

8Θνp

)
= 1014Γ

5/2
2 n∗i L15(n∗b,10)−1/2

×Θ−5/2
−1 H

[
ν − νp

] [ ν
νp
− 1

]−1/2

exp

−3
(
ν − νp

)
8Θνp

 · (69)

The numerical value of the optical depth is calculated for a di-
mensionless pair temperature value of Θ = 0.1Θ−1.

The outflow region is optically thin for values of τ ≤ 1 and
optically thick for values of τ > 1. According to Eq. (69) this
corresponds to the frequency ranges ν ≥ ν c and νp ≤ ν < νc,
respectively, where the characteristic frequency is given by
τ(νc) = 1

νc � νp

1 + 8Θ
3

ln


√

2
3π

σTcULnbL

Θ5/2meν
3
p




= νp

(
1 +

4Θ−1

15
ln

[
1014Γ

5/2
2 n∗i L15(n∗b,10)−1/2Θ

−5/2
−1

])

= νp

1 + 8.6Θ−1

1 + 0.108 lnΓ2

−0.077 lnΘ − 1 + 0.03 ln
n∗i d

∗
13

n∗b,10


 (70)

where we assumed the length scale L15 = d15 = d∗13Γ2 to equal
the thickness of the outflow region.

5.3. Intensity of bulk pair electrostatic bremsstrahlung

In the optically thick frequency range νp ≤ ν ≤ νc the intensity
of bulk pair electrostatic bremsstrahlung is

I(νp ≤ ν ≤ νc) � j(ν)

n2
rα(ν)

=
meΘ

2π
ν2

=
ν2

2πc2
kBTe erg s−1Hz−1ster−1cm−2 (71)

whereas in the optically thin regime

I(ν > νc) � j(ν > νc)L =
1

61/2π3/2

σTcULnbL
νpΘ3/2

H
[
ν − νp

]

×
[ ν
νp
− 1

]1/2( ν
νp
+ 1

)
exp

(
−3(ν − νp)

8Θνp

)
erg s−1Hz−1ster−1cm−2. (72)

6. Energy loss rate and relativistic electron
equilibrium energy spectrum

Before we consider the electrostatic bremsstrahlung from the
swept-up interstellar electrons, we have to determine the equi-
librium spectrum of these electrons which results from the bal-
ance of injection, escape and energy loss processes in the out-
flow region.

According to Sect. 4 of Schlickeiser et al. (2002), after
pitch-angle isotropisation, operating on the co-moving time
scale (Eq. (S-133))

Tiso = 0.19

(
n∗b,10

)1/2

n∗i Γ
1/6
2

s, (73)

the swept-up interstellar electrons attain the flat and isotropic
differential volume-integrated injection spectrum per unit
Lorentz factor

Qe(γ) = c
√
Γ2 − 1n∗i πR2H

[
Γ − γ] s−1 (74)
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where P = ΓmeV = ΓmeBc = mec
√
Γ2 − 1 � mecΓ =

51Γ2 MeV/c.
After injection, these electrons suffer continuous energy

losses in the pair background plasma due to Møller and Bhabha
scattering and e−e− and e−e+ bremsstrahlung with the loss rates
(Böttcher et al. 2001)

γ̇Mø � −2.6 × 10−3nb,8γ
−0.02 s−1 (75)

and

γ̇br � −8.0 × 10−8nb,8γ
1.15 s−1. (76)

The swept-up electrons will also emit synchrotron radiation,
thus losing energy at the rate (Schlickeiser & Crusius 1988)

γ̇sy = −2
cσT

mec2
UBγ

2 exp (−γR/γ)

= 1.3 × 10−9(B0/Gauss)2γ2 exp(−γR/γ) s−1 (77)

where UB = B2
0/8π = 0.04(B0/Gauss)2 erg cm−3 denotes

the magnetic energy density in the jet plasma. The Razin-
Tsytovich Lorentz factor

γR =
2νp

3ν0
= 30

(
n∗b,10

)1/2
Γ
−1/2
2 (B0/Gauss)−1, (78)

is defined by the plasma frequency and the electron gyrofre-
quency ν0 = 2.8 × 106(B0/Gauss) Hz, and accounts for the
suppression of synchrotron radiation in the pair background
plasma.

Moreover, the electrons lose energy by electrostatic
bremsstrahlung radiation with the loss rate

dE
dt
= mec

2γ̇eb = −P(β) (79)

given by the total power (49). For relativistic energies we obtain

γ̇eb � −128
27

cσT

mec2
ULγ

2. (80)

Comparing the electrostatic bremsstrahlung loss rate (80) with
the synchrotron radiation loss rate (77) we first note that elec-
trostatic bremsstrahlung dominates synchrotron radiation if

UL >
27
64

UB � 0.42UB (81)

which is fulfilled for standard inner jet outflow parameters as
discussed above (see Eq. (1)).

The total electron loss rate for standard jet outflow param-
eters is then given by

−γ̇tot = −(γ̇Mø + γ̇br + γ̇sy + γ̇eb)

= 2.6 × 10−3
n∗b,10

Γ2
γ−0.02

[
1 +

(
γ

7183

)1.17]
+ 2.4 × 10−6Γ2

2n∗i γ
2
[
1 + 5.5 × 10−4

( B0

Gauss

)2]
�

 2.6 × 10−3 n∗b,10

Γ2
γ−0.02 for γ ≤ γc

2.4 × 10−6Γ2
2n∗i γ

2 for γ > γc
, (82)

where

γc =

2.6 × 103

2.4

n∗b,10

n∗i Γ
3
2


1

2.02

� 32
[n∗b,10

n∗i Γ
3
2

]1/2
(83)

denotes the characteristic electron Lorentz factor where the
Møller and Bhabha loss rates exactly equal the electrostatic
bremsstrahlung loss rate. The careful reader will note that we
omitted the Razin-Tsytovich suppression factor in the total loss
rate; as discussed by Schlickeiser & Crusius (1988) this is jus-
tified because it is of minor influence as compared to Møller
and Bhabha scattering losses.

For standard jet outflow parameters Møller and Bhabha
scattering and electrostatic bremsstrahlung are the dominant
continous energy loss processes whereas electron-electron-
bremsstrahlung, electron-positron-bremsstrahlung and syn-
chrotron radiation are negligibly small in shaping the electron
equilibrium electron spectrum.

From the total loss rate (82) we directly obtain the energy
loss time scale as

Tloss(γ) =
γ

|γ̇tot|

�
 400 Γ2

n∗b,10
γ1.02 for γ ≤ γc

4 × 105Γ−2
2 (n∗i )−1γ−1 for γ > γc

s, (84)

which attains its maximum value T loss,max = 1300Γ2/n∗b,10 s at
γ = γc.

The energy loss time scale (84) has to be compared with
the escape time of the isotropised electrons from the outflow
region. The escape time by spatial diffusion is given by the light
crossing time scale,

Tl = d/c = 3 × 104d∗13Γ2 s, (85)

and the isotropisation time scale (73) as

Te �
T 2

l

Tiso
= 5 × 109 (d∗13)2Γ

13/6
2 n∗i(

n∗b,10

)1/2
s. (86)

For standard jet outflow parameters, at all electron Lorentz fac-
tors γ ≤ 100Γ2 the total electron energy loss time scale (84) is
more than six orders of magnitude smaller than the escape time.
The outflow region thus is a thick target for the swept-up in-
terstellar electrons. In this case the volume-integrated equilib-
rium electron energy spectrum per unit Lorentz factor is simply
given by

Ne(γ) =
1

|γ̇tot(γ)|
∫ ∞

γ

dγ′Qe(γ′)

= πR2c
√
Γ2 − 1n∗i H[Γ − γ]

γ

|γ̇tot(γ)|
= πR2c

√
Γ2 − 1n∗i Tloss(γ)H[Γ − γ]

� πR2c
√
Γ2 − 1n∗i

×


400Γ2

(
n∗b,10

)−1
γ1.02 for γ ≤ γc < Γ

4 × 105Γ−2
2 (n∗i )−1γ−1 for γc < γ ≤ Γ

0 for γ > Γ.

(87)

The corresponding differential equilibrium electron density
spectrum per unit Lorentz factor follows from Eq. (87) by di-
viding through the volume of the cylindric outflow region πR 2d
yielding

ne(γ) =
Ne(γ)
πR2d

=
√
Γ2 − 1n∗i

Tloss(γ)
Tl

H[Γ − γ] (88)
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which involves the light crossing time scale (85). With the no-
tation introduced above we obtain

ne(γ) = ne,0H[Γ − γ]
γ1.02

1 + (γ/γc)2.02

cm−3(unit Lorentz factor)−1 (89)

with

ne,0 = 1.3
n∗i Γ2

n∗b,10d
∗
13

cm−3 (unit Lorentz factor)−2.02 (90)

which is suitable to calculate the electrostatic bremsstrahlung
and synchrotron radiation intensities. The total relativistic elec-
tron density is

ne,tot =

∫ ∞

1
dγne(γ) = ne,0

∫ Γ

1
dγ

γ1.02

1 + (γ/γc)2.02

� ne,0γ
2.02
c

[
ln
Γ

γc
+

1
2.02

]
cm−3. (91)

7. Electrostatic bremsstrahlung and synchrotron
radiation from relativistic pick-up electrons

7.1. Monochromatic approximations for electrostatic
bremsstrahlung and synchrotron radiation

For relativistic electron energies the monochromatic approxi-
mation for electrostatic bremsstrahlung (57) reads

p̃eb(ν, γ) � 128
27

σTcULγ
2δ

(
ν − 7

5
νpγ

2

)
erg s−1Hz−1. (92)

The corresponding monochromatic approximation for syn-
chrotron radiation is derived in Appendix B and reads

p̃sy(ν, γ) � 2σTcUBγ
2 exp (−γR/γ) δ

(
ν − νpγ

[
1 +

γ

γR

])

erg s−1Hz−1 (93)

with the Razin-Tsytovich Lorentz factor (78).

7.2. Spontaneous electrostatic bremsstrahlung

With Eqs. (89) and (92) the spontaneous electrostatic
bremsstrahlung emission coefficient of relativistic electrons is

jeb(ν) =
1

4π

∫ ∞

1
dγ ne(γ)p̃eb(ν, γ)

=
32

27π
σTcUL

∫ ∞

1
dγ ne(γ)γ2δ

(
ν − 7

5
νpγ

2
)

=
80

189π
σTcUL

νp

∫ ∞

1
dγ ne(γ)γδ

(
γ − γb

)
=

80
189π

σTcUL

νp
γbne(γb) erg s−1Hz−1ster−1cm−3 (94)

for

γb =

√
5ν
7νp
≥ 1. (95)

We obtain

jeb(ν) =
80

189π
σTcULne,0

νp

[
5ν
7νp

]1.01

1 +
[

5ν
7νpγ

2
c

]1.01

×H

[
ν − 7

5
νp

]
H

[
7
5
νpΓ

2 − ν
]

∝

ν1.01 for 7

5νp ≤ ν ≤ 7
5νpγ

2
c

ν0 for 7
5νpγ

2
c < ν ≤ 7

5νpΓ
2

0 otherwise

. (96)

7.3. Spontaneous synchrotron radiation

With Eqs. (89) and (93) the spontaneous synchrotron emission
coefficient of relativistic electrons is

jsy(ν) =
1

4π

∫ ∞

1
dγ ne(γ)p̃sy(ν, γ)

=
σTcUB

2π

∫ ∞

1
dγ ne(γ)γ2 exp

(
−γR

γ

)

×δ
(
ν − νpγ

[
1 +

γ

γR

])

=
1

4π
σTcUB

νp

∫ ∞

1
dγ

ne(γ)γ2

1 + 2γ
γR

exp

(
−γR

γ

)
δ(γ − γs)

=
1

4π
σTcUB

νp

γ2
s ne(γs)

1 + 2γs

γR

exp

(
−γR

γs

)

erg s−1 Hz−1 ster−1 cm−3 (97)

for

1 ≤ γs =
νp

3ν0


√

1 +
6νν0

ν2
p
− 1

 �


ν
νp

for ν ≤ νR√
2ν
3ν0

for ν > νR
(98)

where

νR ≡
ν2

p

6ν0
= 109 nb,8

(B0/Gauss)
Hz (99)

is the Razin frequency in a pair plasma. We obtain

jsy(ν) =
σTcUBγ

2
s ne(γs)

4πνp

√
1 + ν

νR

exp

−
2√

1 + ν
νR
− 1

 · (100)

Equation (100) shows that for frequencies ν < νR the syn-
chrotron emission is exponentially reduced, whereas at larger
frequencies ν > νR we obtain

jsy(ν > νR) � σTcUBne,0

4πνs

[
ν
νs

]1.01

1 +
[

ν
νsγ

2
c

]1.01
H [ν − νR] H

[
νsΓ

2 − ν
]

∝

ν1.01 for νs ≤ ν ≤ νsγ

2
c

ν0 for νsγ
2
c < ν ≤ νsΓ

2

0 otherwise

(101)

where

νs =
3
2
ν0 = 4.2 × 106(B0/Gauss) Hz. (102)
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7.4. Electrostatic bremsstrahlung absorption
coefficient

With Eqs. (89) and (92) the electrostatic bremsstrahlung ab-
sorption coefficient of relativistic electrons is

αeb(ν) � − c2

2mec2
(
ν2 − ν2

p

) ∫ ∞

1
dγ γ2 p̃eb(ν, γ)

d
dγ

[
ne(γ)
γ2

]

= −64
27

σTc3UL

mec2
(
ν2 − ν2

p

)
×

∫ ∞

1
dγ γ4δ

(
ν − 7

5
νpγ

2

)
d

dγ

[
ne(γ)
γ2

]

=
160
189

σTc3ULne,0

mec2νp

(
ν2 − ν2

p

)
γ1.98

c

∫ ∞

1
dγ γ3

×δ (γ − γb)

[
3
(
γ
γc

)0.04
+ 0.98

(
γ
γc

)−1.98
]

[
1 +

(
γ
γc

)2.02
]2

=
160
189

σTc3ULne,0

mec2νp

(
ν2 − ν2

p

)
γ1.98

c

γ3
b

×

[
3
(
γb

γc

)0.04
+ 0.98

(
γb

γc

)−1.98
]

[
1 +

(
γb

γc

)2.02
]2

cm−1 (103)

for γb ≥ 1. We obtain

αeb(ν) =
160
189

σTc3ULne,0

mec2νp

(
ν2 − ν2

p

)
γ1.98

c

[
5ν
7νp

]3/2

×

[
3
(

5ν
7νpγ

2
c

)0.02
+ 0.98

(
5ν

7νpγ
2
c

)−0.99
]

[
1 +

(
5ν

7νpγ
2
c

)1.01
]2

· (104)

The optical depth for the uniform outflow region of length L
then is

τeb(ν) = Lαeb(ν) =
160
189

σTc3LULne,0

mec2νp

(
ν2 − ν2

p

)
γ1.98

c

[
5ν
7νp

]3/2

×
[
3
(

5ν
7νpγ

2
c

)0.02
+ 0.98

(
5ν

7νpγ
2
c

)−0.99]
[
1 +

(
5ν

7νpγ
2
c

)1.01
]2

= 5 × 10−9d∗13

(
n∗i

)2.99
Γ8.47

2

(
n∗b,10

)−3.49

[
ν
νp

]3/2

[(
ν
νp

)2
− 1

]

×

[
3
(

5ν
7νpγ

2
c

)0.02
+ 0.98

(
5ν

7νpγ
2
c

)−0.99
]

[
1 +

(
5ν

7νpγ
2
c

)1.01
]2

∝


ν0.51

ν2−ν2
p

for 7
5νp ≤ ν ≤ 7

5νpγ
2
c

ν−0.5

ν2−ν2
p

for 7
5νpγ

2
c < ν ≤ 7

5νpΓ
2

0 otherwise

. (105)

This optical depth is smaller than the optical depth (69) from
bulk electrostatic bremsstrahlung at frequencies less than νb =

15.2νp for standard jet outflow parameters. Above this fre-
quency the optical depth (105) itself is much smaller than
unity. Therefore the optical depth from relativistic electrostatic
bremsstrahlung can be neglected compared to the optical depth
from bulk electrostatic bremsstrahlung. As a consequence, rel-
ativistic electrostatic bremsstrahlung is optically thick at at all
frequencies νp ≤ ν ≤ νc, where νc is given by Eq. (70).

7.5. Synchrotron absorption coefficient

In similar manner we obtain for the synchrotron absorption co-
efficient of relativistic electrons

αsy(ν) = − σTc3UB

mec2
(
ν2 − ν2

p

)
νp

×
∫ ∞

1
dγ

γ4

1 + 2γ
γR

exp

(
−γR

γ

)
δ
(
γ − γs

) d
dγ

[
ne(γ)
γ2

]

=
σTc3UBne,0

νpmec2
(
ν2 − ν2

p

)
γ1.98

c

γ4
s

1 + 2γs

γR

exp

− 2√
1 + ν

νR
− 1


×
[
3( γs

γc
)0.04 + 0.98

(
γs

γc

)−1.98]
[
1 +

(
γs

γc

)2.02
]2

· (106)

Again, Eq. (106) shows that for frequencies ν < νR the syn-
chrotron absorption coefficient emission is exponentially re-
duced, whereas at larger frequencies ν > νR we obtain

αsy(ν > νR) � σTc3UBne,0

2νsmec2
(
ν2 − ν2

p

)
γ1.98

c

[
ν

νs

] 3
2

×
[
3
(

ν
νsγ

2
c

)0.02
+ 0.98

(
ν

νsγ
2
c

)−0.99]
[
1 +

(
ν

νsγ
2
c

)1.01
]2

(107)

so that the corresponding optical depth is

τsy(ν > νR) = Lαsy(ν > νR) =
σTc3LUBne,0

2mec2νs

(
ν2 − ν2

p

)
γ1.98

c

×
[
ν

νs

]3/2
[
3
(

ν
νsγ

2
c

)0.02
+ 0.98

(
ν

νsγ
2
c

)−0.99]
[
1 +

(
ν

νsγ
2
c

)1.01
]2

∝


ν0.51

ν2−ν2
p

for νs ≤ ν ≤ νsγ
2
c

ν−0.5

ν2−ν2
p

for νsγ
2
c < ν ≤ νsΓ

2

0 otherwise

. (108)
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7.6. Frequency domains

From the respective emission and absorption coefficients we
note that electrostatic bremsstrahlung and synchrotron radia-
tion from relativistic electrons operate at different frequency
regimes.

The synchrotron emission of relativistic electrons occurs at
co-moving photon frequencies between

νR ≤ ν ≤ νsΓ
2 (109)

which for standard inner jet outflow parameters (B 0 = 1 Gauss,
nb,8 = 1, Γ = 100Γ2) corresponds to

1 GHz ≤ ν ≤ 42 GHz. (110)

Electrostatic bremsstrahlung from relativistic electrons occurs
at co-moving photon frequencies between

1.4νp ≤ ν ≤ 1.4νpΓ
2 (111)

which for standard jet outflow parameters corresponds to

130 MHz ≤ ν ≤ 1300 GHz. (112)

For standard inner jet outflow parameters, the emission
and absorption coefficients and the optical depth of syn-
chrotron radiation are orders of magnitude smaller than the
corresponding emission and absorption coefficients and the
optical depth of electrostatic bremsstrahlung by relativistic
electrons. As demonstrated, the electrostatic bremsstrahlung
optical depth by relativistic electrons in turn is smaller than
unity at frequencies larger than νb = 15.2νp and below this
frequency smaller than the bulk electrostatic bremsstrahlung
optical depth. Consequently, relativistic synchrotron radiation
and relativistic electrostatic bremsstrahlung are optically thin
for frequencies above νc, and optically thick below.

7.7. Intensity of electrostatic bremsstrahlung
and synchrotron radiation from relativistic
electrons

Electrostatic bremsstrahlung is optically thin at all frequencies
larger νc, i.e.

Ieb(ν ≥ νc) = jeb(ν)L =
80

189π

σTcLULne,0

νp

×

[
5ν
7νp

]1.01

1 +
[

5ν
7νpγ

2
c

]1.01
H

[
ν − 7

5
νp

]
H

[
7
5
νpΓ

2 − ν
]

∝ LULne,0


ν1.01 for 7

5νp ≤ ν ≤ 7
5νpγ

2
c

ν0 for 7
5νpγ

2
c < ν ≤ 7

5νpΓ
2

0 otherwise

. (113)

Using Eq. (68) in the optically thick regime, the relativistic
electrostatic bremsstrahlung intensity is given by

Ieb(1.4νp ≤ ν < νc) � jeb(ν)

n2
rα(ν)

=
80

189

(
5
7

)1.01 √
3

2π
meΘ

5/2ν2
p
ne,0

nb

[
ν

νp
− 1

]−1/2

×
[
ν

νp
+ 1

]−1

exp

(
3(ν − νp)

8Θνp

) [
ν
νp

]3.01

1 +
[

5ν
7νpγ

2
c

]1.01
· (114)

Synchrotron radiation in the optically thin region is

Isy(ν ≥ νc)= jsy(ν > νc)L

=
σTcLUB

4πνp

√
1 + ν

νR

γ2
s ne(γs) exp

−
2√

1 + ν
νR
− 1

 (115)

whereas in the optically thick region

Isy(νp ≤ ν < νc) � jsy(ν)

n2
rα(ν)

=

√
3

32π
UB

ULnb

γ2
s ne(γs)√
1 + ν

νR

exp

−
2√

1 + ν
νR
− 1


×

[
ν

νp
− 1

]−1/2 [
ν

νp
+ 1

]−1

exp

(
3(ν − νp)

8Θνp

)
. (116)

Both intensity distributions are shown in Fig. 1.

8. Doppler boosted electrostatic bremsstrahlung
and synchrotron radiation

After having determined the intensities of bulk pair elec-
trostatic bremsstrahlung (Sect. 5) and the electrostatic
bremsstrahlung and synchrotron radiation of the relativistic
pick-up electrons (Sect. 7) in the co-moving frame, we now
finally transform to the observer’s frame using the invariance
(Rybicki & Lightman 1979; Dermer & Schlickeiser 2002) of

I(ν)
ν3
=

I∗(ν∗)
(ν∗)3

(117)

and

ν∗ = Dν (118)

where the Doppler factor

D = [Γ(1 − Bµ∗)]−1 (119)

depends on the cosine of the observer’s viewing angle µ ∗ =
cos θ∗ with respect to the jet propagation direction (V = Bc).
Our discussion of the optical depth effects (see Eq. (70)) has
shown that all three emission processes are optically thin at
frequencies above νc. An observer looking at an optically thin
source of comoving volume Vb at redshift z measures a flux
density S ∗(ν∗) given by (Dermer et al. 1997)

S ∗(ν∗) =
D3(1 + z)Vb

d2
L

j

(
ν∗(1 + z)

D

)

erg cm−2 s−1 Hz−1 (120)

where dL = 2c[z+ 1− (z + 1)1/2]/H0 is the luminosity distance
for a critical density universe with zero cosmological constant.
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This transformation will be used in the following to determine
the luminosity photon spectra ν∗S ∗(ν∗).

According to Eqs. (66) and (71) the bulk pair electrostatic
bremsstrahlung in the observer’s frame is

ν∗S ∗(ν∗ > ν∗c) =
D4(1 + z)Vb

61/2π3/2d2
L

σTcULnb

Θ3/2

H
[
ν∗ − ν∗p

] [ν∗
ν∗p
− 1

]1/2
ν∗

ν∗p

(
ν∗

ν∗p
+ 1

)
exp

−3
(
ν∗ − ν∗p

)
8Θν∗p

 (121)

at optically thin frequencies range, whereas in the optically
thick regime

ν∗S ∗(ν∗p ≤ ν∗ ≤ ν∗c) ∝ (ν∗)3. (122)

Likewise, from Eqs. (96) and (101) we derive for the observed
electrostatic bremsstrahlung and synchrotron radition from the
relativistic electrons

ν∗S ∗eb(ν∗ ≥ ν∗c) =
80D4(1 + z)Vb

189πd2
L

σTcULne,0
ν∗

ν∗p

×

[
5ν∗
7ν∗p

]1.01

1 +
[

5ν∗
7ν∗pγ2

c

]1.01
H

[
ν∗ − 7

5
ν∗p

]
H

[
7
5
ν∗pΓ

2 − ν∗
]

∝ D4(1 + z)VbULne,0

d2
L

×


(ν∗)2.01 for 7

5ν
∗
p ≤ ν∗ ≤ 7

5ν
∗
pγ

2
c

ν∗ for 7
5ν
∗
pγ

2
c < ν

∗ ≤ 7
5ν
∗
pΓ

2

0 otherwise

(123)

and

ν∗S ∗sy(ν∗ ≥ ν∗R) =
D4(1 + z)Vb

4πd2
L

σTcUBne,0

× exp

(
−4ν∗R
ν∗

) [
ν∗
ν∗s

]2.01

1 +
[
ν∗
ν∗sγ2

c

]1.01

×H
[
ν∗ − ν∗s

]
H

[
ν∗sΓ

2 − ν∗
]

∝ D4(1 + z)VbUBne,0

d2
L

×


(ν∗)2.01 for ν∗R ≤ ν∗ ≤ νs ∗ γ2
c

ν∗ for ν∗sγ2
c < ν

∗ ≤ ν∗sΓ2

0 otherwise

. (124)

The respective ν∗S ∗-distributions for standard inner jet parame-
ters in the observer’s frame are shown in Fig. 1. The luminosity
spectra are normalised in units of

L0 = D4(1 + z)VbσTcULnb/d
2
L

= 7.5 × 10−17
D4R2

15d∗13n
∗
i n
∗
b,10Γ

2
2h2

75[√
1 + z − 1

]2
erg cm−2 s−1 (125)

where we used a Hubble constant of H0 = 75h75 km s−1 Mpc−1.

Fig. 1. Doppler boosted luminosity spectra ν∗S ∗(ν∗) in units of L0 =

D4(1+z)VbσTcULnb/d2
L as function of the normalised frequency ν∗/ν∗p

for bulk electrostatic bremsstrahlung, synchrotron radiation and rela-
tivistic electrostatic bremsstrahlung.

Bulk electrostatic bremsstrahlung appears as narrow-band
(width ∆ν∗ � (ν∗c − ν∗p) � 10ν∗p) feature just above the Doppler
boosted plasma frequency ν∗p = 0.13D ≤ 26Γ2 GHz, where the
upper limits hold for emission in the forward direction.

Relativistic electrostatic bremsstrahlung has a wide fre-
quency distribution peaking at the highest frequency of

ν∗max = 1.4ν∗pΓ
2 = 1.4νpDΓ2 (126)

which becomes

ν∗max = 2.8νpΓ
3 = 2.6 × 1014n∗b,10Γ

2
2 Hz (127)

in the forward direction (µ∗ = 1), which lies well in the optical
band for standard inner jet outflow parameters.

Synchrotron radiation is also broadband. At low frequen-
cies the Razin suppression is clearly visible, and the maximum
frequency occurs at

ν∗max,s = ν
∗
sΓ

2 = 4.2 × 106B0DΓ2 ≤ 6.7 × 1013B0Γ
3
2 Hz. (128)

Relativistic electrostatic bremsstrahlung and synchrotron radi-
ation have much higher peak luminosities than bulk electro-
static bremsstarhlung with ν∗S ∗eb(ν∗) � 10−2L0 and ν∗S ∗sy(ν∗) �
10−4L0. For standard inner jet outflow parameters at a redshift
of z = 1 these lead to peak intensities of �40D4µJy of bulk
electrostatic bremsstrahlung near 5D GHz, �105D4 Jy of rela-
tivistic bremsstrahlung in the optical band, and �100D 4 Jy of
synchrotron radiation in the infrared band.

9. Summary and conclusions

The interaction of collimated relativistic hadronic (Pohl et al.
2002) and leptonic (Schlickeiser et al. 2002) jet outflows from
active galactic nuclei with the surrounding interstellar and in-
tergalactic medium generates by two-stream instabilities huge
intensities of subluminal electrostatic (Langmuir) wave fields
in the co-moving outflow region with energy densities larger
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than the energy density in the magnetic field. We therefore have
revisited electrostatic bremsstrahlung, i.e. the inverse Compton
scattering of electrostatic waves by energetic positrons and
electrons to photons (l + e → t + e′), as an alternative non-
thermal radiation process to synchrotron radiation which in the
literature so far has been the standard low-frequency radiation
process for radiation. It is known that this radiation process
has similar polarisation properties as synchrotron radiation. By
calculating Doppler boosted luminosity spectra in case of lep-
tonic outflows we demonstrate that in jet outflow sources elec-
trostatic bremsstrahlung by swept-up relativistic electrons is
stronger than synchrotron radiation from the same electrons in
the radio to optical frequency band, whereas the optically thick
bulk electrostatic bremsstrahlung from the non-relativistic pair
outflow plasma is typically a factor 1010 smaller.

We have based our analysis on photon angle inte-
grated monochromatic approximations of the electrostatic
bremsstrahlung power and synchrotron radiation power in a
plasma, which are constructed from moments of the respec-
tive radiation powers of single electrons and positrons. The
calculated moments hold both for superluminal and sublumi-
nal phase velocities of the target electrostatic plasma waves.
Specialising to the specific subluminal electrostatic wave dis-
tribution and the swept-up relaivistic electrons in the leptonic
jet model of Schlickeiser et al. (2002) we calculate the ex-
pected Doppler boosted radiation intensities from bulk elec-
trostatic bremsstrahlung, relativistic electron bremsstrahlung
and synchrotron radiation. This required to investigate in detail
(i) the equilibrium distribution of the radiating electrons and
(ii) the emission and absorption coefficients of each radiation
process. For standard inner jet outflow parameters we showed
that the optical depth is determined solely by bulk electrostatic
bremsstrahlung. In consequence, all emitted intensities are op-
tically thick at frequencies below ν∗c � 10ν∗p. In this frequency
range, bulk electrostatic bremsstrahlung dominates. Above ν ∗c,
relativistic electrostatic bremsstrahlung and synchrotron radia-
tion are optically thin, extending up to optical and infrared fre-
quencies, respectively, which peak intensities for source at red-
shift z = 1 in the range of 105 Jy (electrostatic bremsstrahlung)
and 100 Jy (synchrotron radiation) for standard jet outflow pa-
rameters.

An attractive feature of the electrostatic bremsstrahlung
mechanism is the fact that the interaction of the jet outflow
with the surrounding ambient medium generates both the tar-
get electrostatic plasma waves and the radiating swept-up rel-
ativistic electrons. It does not rely on the existence of large in-
trinsic ordered magnetic fields to account for strong emission
due to the synchrotron radiation process. This might be of im-
portance also (i) for the recently detected strongly polarised γ-
ray emission from the gamma-ray burst of 6 December 2002
(Coburn & Boggs 2003) and (ii) for the nonthermal emis-
sion far away from the central jet engine as e.g. in case of
the X-ray detected jet emission in PKS 0637-752 (Schwartz
et al. 2000) and 3C 273 (Marshall et al. 2001). In future
work we will apply the electrostatic bremsstrahlung mecha-
nism to these and similar Chandra sources. It also will be
of interest to take the electrostatic bremsstrahlung radiation
fields as target fields for the inverse Compton radiation process

(electrostatic-bremsstrahlung-self-Comptonmechanism) in an-
logy to the well-explored synchrotron-self-Compton process.
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Appendix A: Calculation of two integrals

Introducing the functions

A1(t) ≡ 1
(1 − βt)3

−
(
1 − β2

) (
1 − t2

)
2(1 − βt)5

(129)

and

A2(t) ≡ β2

(1 − βt)3
+

(
1 − β2

)
(1 − βt)5

[
β2 − 1

2
− 2βt +

3
2

t2

]
(130)

and setting t = cosψ, L = cosψL, the integrals (35) and (40)
read

I1 =

∫ 1

−1
dtA1(t) − L2

∫ 1

−1
A2(t) (131)

and

I2 =

∫ 1

−1
dt

A1(t)
1 − βt

− L2
∫ 1

−1
dt

A2(t)
1 − βt

· (132)

The four t-integrals are directly related to the integral

jn(β) ≡
∫ 1

−1

d(cosψ)
(1 − β cosφ)n

=
1

(n − 1)β
(
1 − β2

)n−1

[
(1 + β)n−1 − (1 − β)n−1

]
(133)

or partial derivatives of jn(β) with respect to β. With γ = (1 −
β2)−1/2 we derive∫ 1

−1
dtA1(t) = j3(β) +

1 − β2

24
∂2 j3(β)
∂β2

− 1 − β2

2
j5(β)

= 2γ4 +

(
1 + 5β2

)
γ6

3
− γ6

(
1 + β2

)
=

4
3
γ4, (134)

∫ 1

−1
dtA2(t) = β2 j3(β) +

(
1 − β2

) [2β2 − 1
2

j5(β) − β
2
∂ j4(β)
∂β

+
1
8
∂2 j3(β)
∂β2

]
= 2β2γ4 +

γ6

3

[
3(2β2 − 1)

(
1 + β2

)
−4β2

(
5 + β2

)
+ 3

(
1 + 5β2

)]
=

4
3
β2γ4 (135)

∫ 1

−1
dt

A1(t)
1 − βt

= j4(β) +
1 − β2

40
∂2 j4(β)
∂β2

− 1 − β2

2
j6(β)

= 2γ6(1 +
β2

3
) +

(5 + 38β2 + 5β4)γ8

15

− (5 + 10β2 + β4)γ8

5
=

4
(
5 + 2β2

)
15

γ6 (136)



412 R. Schlickeiser: Electrostatic bremsstahlung from AGN jets

and∫ 1

−1
dt

A2(t)
1 − βt

= β2 j4(β) +
(
1 − β2

) [2β2 − 1
2

j6(β)

−2β
5
∂ j5(β)
∂β

+
3

40
∂2 j4(β)
∂β2

]
= 2β2γ6(1 +

β2

3
)

+
γ8

5

[
(2β2 − 1)(β4 + 10β2 + 5)

−8β2
(
5 + 3β2

)
+ 5 + 38β2 + 5β4

]
=

4
15
β2

(
6 + β2

)
γ6. (137)

Appendix B: Monochromatic approximation
of synchrotron radiation in a plasma

We start from the pitch-angle averaged formula for the syn-
chrotron power of a single electron in a plasma (Crusius &
Schlickeiser 1986, 1988)

psyp(ν, γ) = q1
ν

γ2
[1 + (

νpγ

ν
)2]CS (x) (138)

with q1 = 2e2π/
√

3c,

x =
2ν

3ν0γ2

[
1 + (

νpγ

ν
)2
]3/2

(139)

and in terms of Whittaker’s function

CS (x) = W0, 4
3
(x)W0, 1

3
(x) − W 1

2 ,
5
6
(x)W− 1

2 ,
5
6
(x). (140)

It is convenient to introduce the dimensionless frequency

f =
ν

νpγ
(141)

and the ratio

g =
γ

γR
=

3ν0γ

2νp
· (142)

As in the case of electrostatic bremsstrahlung the monochro-
matic approximation is constructed from the two moments

M0(γ) =
∫ ∞

0
dν psyp(ν, γ) = γνp

∫ ∞

0
d f psyp( f , γ) (143)

and

M1(γ) =
∫ ∞

0
dν ν psyp(ν, γ) = γ2ν2

p

∫ ∞

0
d f f psyp( f , γ) (144)

where

psyp( f , γ) = q1
νp

γ
f [1 + f −2]CS

(
f
g

(
1 + f −2

)3/2
)
. (145)

The zeroth moment (143) gives the total synchrotron power

Psyp = −mc2γ̇syp = M0(γ), (146)

whereas the ratio of the moments (144) and (143) yields the
mean synchrotron frequency as

< ν > (γ) =
M1(γ)
M0(γ)

= γνp
H(g)
E(g)

(147)

with the two integrals

H(g) ≡
∫ ∞

0
d f ( f 2 + 1)CS (x) (148)

and

E(g) ≡
∫ ∞

0
d f ( f + f −1)CS (x) (149)

where

x =
f
g

(1 + f −2)3/2. (150)

The monochromatic approximation then reads

psyp,mono(ν, γ) = mc2|γ̇syp|δ
(
ν− < ν > (γ)

)
(151)

The two integrals (148) and (149) are calculated approximately
by noting that

x �


1
g f 2 for f ≤ 1
f
g

for f > 1
(152)

so that after obvious changes of the variable of integration

H(g)�
∫ 1

0
d f

(
f 2 + 1

)
CS

(
1
g f 2

)
+

∫ ∞

1
d f

(
f 2 + 1

)
CS

(
f
g

)

=
1

2g3/2

∫ ∞

g−1
du u−5/2CS (u) +

1
2g1/2

∫ ∞

g−1
du u−3/2CS (u)

+g

∫ ∞

g−1
du CS (u) + g3

∫ ∞

g−1
du u2CS (u) (153)

and

E(g) �
∫ 1

0
d f ( f + f −1) CS

(
1
g f 2

)

+

∫ ∞

1
d f ( f + f −1) CS (

f
g

)

=
1

2g

∫ ∞

g−1
du u−2CS (u)

+
3
2

∫ ∞

g−1
du u−1CS (u) + g2

∫ ∞

g−1
du uCS (u). (154)

B.1. Plasma case g � 1

In the plasma case g << 1, corresponding according to
Eq. (142) to Lorentz factors γ << γR, the lower integration
boundary g−1 >> 1 in the integrals (153) and (154) is much
larger than unity, and we may use the asymptotic behaviour
(Crusius & Schlickeiser 1986)

CS (u >> 1) � u−1 exp(−u).
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All integrals can then be expressed in terms of confluent hyper-
geometric functions of the second kind (Abramowitz & Stegun
1965), yielding

H(g << 1) � g exp(−1/g)

[
1
2

U

(
1,−3

2
, g−1

)
+

1
2

U

(
1,−1

2
, g−1

)

+U
(
1, 1, g−1

)
+ U

(
1, 3, g−1

) ]
. (155)

With the asymptotic behaviour of the confluent hypergeometric
function at large arguments we obtain

H(g << 1) � 3g2 exp(−1/g). (156)

Likewise, we find

E(g << 1) � 5
2
g2 exp(−1/g)

+
g

2
(1 − 4g) exp

(
−1/g)U(1,−1, g−1

)
� 3g2 exp(−1/g). (157)

As a consequence, the mean photon energy (147) becomes

< ν > (γ ≤ γR) � M1(γ)
M0(γ)

= γνp (158)

and the total power (146) is

Psyp(γ ≤ γR) = q1ν
2
pE(g) � 3ν2

pg
2 exp(−1/g) (159)

=
3ν2

pγ
2

γR
exp

(
−γR

γ

)
=

27
4

q1ν
2
0γ

2 exp

(
−γR

γ

)
·

B.2. Vacuum case g >> 1

In the vacuum case g >> 1, corresponding according to
Eq. (142) to Lorentz factors γ >> γR, inspection of the in-
tegrals (153) and (154) shows that in each case the last term
provides the dominant contribution so that

H(g >> 1) � g3
∫ ∞

g−1
du u2CS (u)

� g3
∫ ∞

0
du u2CS (u) − O

(
g−7/3

)
� g3

∫ ∞

0
du u2CS (u) (160)

and

E(g >> 1) � g2
∫ ∞

g−1
du uCS (u)

� g2
∫ ∞

0
du uCS (u) − O(g−4/3)

� g2
∫ ∞

0
du uCS (u). (161)

Both remaining integrals can be solved exactly following the
treatment in Eqs. (A11)–(A17) of (Crusius & Schlickeiser
1988) yielding

H(g >> 1) � 55
12 × 36

g3Γ

[
1
6

]
Γ

[
5
6

]
, (162)

and

E(g >> 1) � 16
27π

g2Γ

[
1
3

]
Γ

[
2
3

]
(163)

so that the mean photon energy (147) in this case becomes

< ν > (γ ≤ γR) � M1(γ)
M0(γ)

=
55
√

3π
256

γνpg = 1.169νp
γ2

γR
· (164)

For the total power (146) we find

Psyp(γ > γR) = q1ν
2
pE(g) � 32π2

27
√

3
q1ν

2
pg

2

=
8π2

3
√

3
q1ν

2
0γ

2. (165)

B.3. Interpolation formula

Equations (158) and (164) can be combined to the interpolation
formula

< ν >� νpγ

[
1 +

γ

γR

]
(166)

which holds for all Lorentz factors. Likewise Eqs. (160) and
(165) can be combined to

Psyp(γ) � 3q1ν
2
pg

2 exp

(
−1
g

)
=

27q1

4
ν2

0γ
2 exp

(
−γR

γ

)
. (167)

These two interpolation formulas yield the monochromatic ap-
proximation (93) for synchrotron radiation in a plasma.
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