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Abstract. The chaotic behavior in the rotational motion of planetary satellites is studied. A satellite is modelled as a triaxial
rigid body. For a set of twelve real satellites, as well as for sets of model satellites, the full spectra of the Lyapunov characteristic
exponents (LCESs) of the chaotic spatial rotation are computed numerically. The applicability of the “separatrix map approach”
(Shevchenko 2000, 2002) for analytical estimation of the maximum LCEs of the rotation is studied. This approach is shown to
be in a particularly good correspondence with the results of our numerical integrations in the case of a prolate axisymmetric
satellite moving in an elliptic orbit. The correspondence is good in a broad range of values of the inertial parameters and the
orbital eccentricity. The dependence of the LCEs on the energy (the Jacobi integral) of the system for a triaxial satellite in a
circular orbit is investigated in numerical experiments. It is found that the dependence of the maximum LCEs on the energy is
linear at relatively small values of the energy, with one and the same slope (but various shifts) for the majority of our sets of the
values of parameters. What is more, in the case of a prolate axisymmetric satellite, the dependence seems to be universal (the
same) over the studied range of the energy over a broad range of values of the inertial parameters. Upper bounds on the values
of the maximum LCEs are inferred. The “energetic approach” provides a complementary method for analytical estimation of
the LCEs: evidence is given that it is useful when the energy is high.
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1. Introduction orbital parameters, we computed the full spectra of the
. . - . . . _Lyapunov characteristic exponents (LCESs) of the chaotic ro-
Even in the simplest realistic setting (a satellite as a triaxsion using the HORB-method of von Bremen et al. (1997). A

ial rigid body in a fixed elliptic orbit), the rotational dynam'more traditional “shadow trajectory” method for the computa-

ics of a satellite provides a rich variety of interesting dyt

cal oh | haotic (Wisd tal 19 1(}))’1 of maximum LCEs was also used. The model rotation was
namical phenomena, regular or chaotic (Wisdom et al. ther spatial (three-dimensional) or planar (with the axis of ro-

Wisdom 1987, Melmkoy& Shevchenko 1998). An exa“_"'p'e %G tion orthogonal to the orbit plane). Numerical LCEs obtained
the regular motion pro_wdes synchronous resonance, In wh fithe spatial and planar cases of the chaotic rotation were com-
many planetary satellites reside. There are twiecént ba- pared to analytical estimates obtained by the separatrix map
sic types of synchronous resonanaeand/s resonances, S€€aory (Shevehenko 2000, 2002) in the model of nonlinear res-
Melnlkov & Shevchenko 20(.)0)' A_rare regime of the m_Ot'o'anance (here: synchronous spin-orbit resonance) as a perturbed
in synchronous resonance is a bifurcated state (Melnikov e o pendulum. Further evidence was given that the agree-

Shevchenko 1997; Melnikov 2001). These are regular mOtiO'?ﬁént of the numerical data with the separatrix map theory in

the chaotic behavior takes place in the vicinities of the sep-, planar case is very good. It was shown that the theory de-

aratrices of resonances. Both regular and _chaqtlc reQ_'me%gfoped for the planar case is most probably still applicable in
rotation of minor satellites are observed, “imprinted” in th

. ) ) . e case of spatial rotation, if the dynamical asymmetry of the
lightcurves (Klavetter 1989; Black et al. 1995; Devyatkin et al ;o |jie s sgiciently small ofand the orbital eccentricity is
2002). Continuing discoveries of numbers of new minor pla

Palatively large (but, for the dynamical model to be valid, not
etary satellites (see Gladman et al. 2000, 2001) provide n a|2/rgg) arge (but, for ynamica vald,

rounds and necessity for theoretical studies of the rotationa .
g y What sort of theory would be valid in the full range of val-

dynamics of an asymmetric satellite. fth rameters is at present unknown. Also the role of
In our first paper (Shevchenko & Kouprianov 2002), fopo> OF Ihe parameters s at present unknown. Aiso the role o
Iae initial conditions is not clear in the problem of the spatial

a set of satellites with observed values of the inertial ar}otation, which has three and a half degrees of freedom (for

Send gprint requests tol. I. Shevchenko, e-maittis@gao.spb.ru @ satellite in an elliptic orbit); i.e. two degrees more in com-
* Appendix A is only available in electronic form atparison with the planar case. In this paper, we try to make
http://www.edpsciences.org further steps in clarification of the prospects for analytical
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Table 1. The inertial parameters, orbital eccentricity and LCE spectrum.

Satellite A/C  B/C e L N K B S BN
Phobos (M1) 7234 8504 .01500 .085 .027 .0057 .124 .021
Deimos (M2) 6612 .8808 .00050 .161 .048 .0019 .149 .032
Amalthea (J5) 5049 .9371 .00300 .102 .032 .0028 .117 .031
Adrastea (J14) 6098 .8293 .00000 .172 .030 .0000 .172 .030
Hyperion (S7) 6220 .8840 .10000 .054 .019 .0035 .154 .032
Janus (S10) 7302 .8757 .00900 .082 .025 .0040 .127 .025
Epimetheus (S11) .7055 .9081 .00700 .067 .019 .0021 .124 .029
Helene (S12) 8293 9466 .00500 .046 .013 .0015 .072 .013
Atlas (S15) 7493 8220 .00200 .137 .028 .0027 .073 .012
Prometheus (S16) .4124 .8723 .00400 .148 .056 .0043 .182 .041
Pandora (S17) 5717 8622 .00400 .143 .050 .0056 .176 .036
Proteus (N8) 9215 .9685 .00046 .043 .004 .0002 .038 .004

estimation of LCEs of the chaotic rotation of satellites. Wgatellite are supposed to be negligibly small being compared to
choose the same model as in Shevchenko & Kouprianthe distance “satellite—planet”, as well as its mass negligibly
(2002): i.e. a satellite is modelled as a triaxial rigid body iemall being compared tl. Under these conditions, the Euler

a fixed elliptic or circular orbit. We concentrate on the compulynamic equations (Beletsky 1965; Danby 1962) take the form:
tation of the Lyapunov spectra for the problem of the spatial

chaotic rotation and on the consideration of the observed ge=2 _ () (B~ C) = _%,gy(B_ C),
pendences on the parameters and the energy of the dynamic r
system. dwp 3
Our set of real satellites includes twelve satellites of Mar8 gt ~ wewa(C — A) = _r_sya(c -A).
Jupiter, Saturn, and Neptune. One more satellite, Adrastea, i
added to our previous set of eleven satellites (Shevchenkaos2¢ — wawp(A—B) = —%QB(A— B), (1)
Kouprianov 2002). These all are the satellites with known val- r

ues of the inertial and orbital parameters. wherewa, wp, we are the components of the angular velocity
First, we compare the actual maximum LCEs to those cowector w with respect to the principal axes of inertia of the

puted in case of the orbital eccentricity formally set to zergatellite;A < B < C are its principal central moments of in-

This provides information on the extent of validity of theertia;a, 3, y are the direction cosines of the principal axes of

theory based on the “separatrix map approach” (Shevcherikertia with respect to the direction to the planet. We adopt the

2000, 2002) in the spatial case. Then, we explore the perfooordinate system used in (Wisdom et al. 1984; Shevchenko &

mance of the separatrix map theory for analytical estimati@@uprianov 2002). In this system, the direction cosines are

of the maximum LCEs in case of a prolate axisymmetric satel-

lite. This case is important, since a number of satellites are ¢h-= €08 cosg — f) —sinysingsin@ - f),

sc_arved to be close _to prolate_- axisymmetr_ic (sef-:- datain T_ableé,).: _cosssin@ - ),

Finally, for a satellite of arbitrary shape in a circular orbit, we

investigate the dependence of the Lyapunov spectra on the gn= siny cos@ — f) + cosy sing sin@@ — f); 2

ergy (the Jacobi integral) of the system, in order to provide a . _ .

basis for a complementary method for analytical estimation b+ ¥ are the Euler angles. The distance “satellite — planet” is

the LCI_ES_,, which works yvhen the role of initial conditions iq — 1- ecosE, 3)

determining LCE values is prominent. As we shall see, this role

seems to be dominant when the energy of the system is higlvheree is the orbital eccentricity; the eccentric anoméalys
obtained by solving the Kepler equation

2. Equations of motion E-esinE=t, (4)

We model a satellite as a triaxial rigid body moving in aﬁxe%heret is time. The true anomaly (to be substituted in
elliptic or circular orbit. The system of uniG = M = a = Eq. (2)) is given.by the relation
n = 1 is adopted, wher& is the universal constant of gravity,

M is the mass of the planes, is the semimajor axis of the ¢ 1+e E
orbit of a satelliten is its mean motion. The dimensions of 4an5 = /7 —@an>- ®)
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In the same coordinate system, the Euler kinematic equatiammore, the present method increases the computational speed,
have the form (Wisdom et al. 1984): by approximately a factor of two.

" 0 COSY — wa SINY The procgdure described abpve produces t_he LCE estimates
— < a , at each iteration step These estimates are subject to strong os-
dt Cos¢ cillations at the beginning of integration. The values of LCEs

d_¢ = WaCOSY + we SINY, are tz_aken as fingl ones when they remain s_table fora relativ_ely
dt long interval of time (“reach a plateau”). To improve the preci-
ay = wp — (we COSY — wa SiNY) tand. (6) Sion,we take the average over a Iarge mtegraﬂon time interval,
dt namely, we choose the integration time intettyaio be at least

The Euler Egs. (1), (6) together with the equations of the Qtyyo times greater than the moment of reaching the plateau. The

bital motion (3)—(5) form a closed system which specifies tigterval with finaltm = 10° has turned out to be ficient n all
rotational motion of a satellite. numerical integrations presented here. We take the mean value

for the second half of the interval (i.ee [5 x 10°, 10°]) as an
authentic LCE value.

3. Computation of the LCE spectra An indirect test of internal stability of the method consists
checking the sums of LCBS" + L7 (i = 1, 2, 3). For the

We compute the LCE spectra by means of the HQ éamiltonian systems, these sums should be zero. We track the

gwnettr;]%d (gé \(/joerlanr]en;Seigoit gfl. tf]leg?;)]' Zzgsmn;eﬂ:ggtr'; ?;?rgums in the course of integration and find that, from the mo-
the Householder tfansformation Amgn advgnta es of tn?ent of reaching the plateau, they normally do not exceed the
) 9 g t6.%)1—0.02% level of the mean value on the plateau. This finding

method is the numerical stability, as well as considerable comi-;: U : -
. Indicates a significantly better numerical precision of the new

putational iciency, comparable with that of the methods N thod in comparison with the previous one, which had the

\1/32;'729 Gram-Schmidt orthogonalization (von Bremen et asl'ums of up to two magnitudes greater. A number of other valid-

. i . B R ity tests for the computed LCEs are presented in Appendix A.
Given the initial position vectoxo = (¢, éo, Yo, to, do, o). All values of LCEs in what follows are given per fraction
we calculate iteratively the position vector; = . : . .
(6. . Ui, 8. i) on the uniform grict, = At-i (i = 1,....m), 2 of the orbital perlod._The maxmum LCE per day is equal to
integrating the equations of motion the product of an LCE in these units and the fag#r, for the
orbital periodT,p, expressed in days.

x = F(x 1), (7)

specified by the Euler Egs. (1) and (6). 4. Orbital motion and the LCEs of rotation

We use the integrator by Hairer et al. (1987). Itis an explidty means of the procedure described in Sects. 2 and 3, we
8th order Runge—Kutta method due to Dormand and Prindmyve calculated the Lyapunov spectra for a set of twelve mi-
with the step size control. nor planetary satellites with known orbital and inertial param-

In comparison with our approach used in (Shevchenko &ers. Since we focus on the opportunity of the chaotic motion
Kouprianov 2002), we utilize a fierent method for calculation of a satellite in the course of its dynamical history rather than
of the tangent map matrikj (j,k = 1,...,6). Namely, instead nowadays, the initial data for integration are taken inside the
of using the straightforward numerical approximationTg¢, chaotic domain of phase spadg: = 1.5, ¢o = o = 0.001;

we obtainT j by integrating the variational equations 6o = 1, ¢o = Yo = 0. (However we takey = 1.51 and
. ) 6o = 1.52 for Atlas and Proteus, respectively, since the point
T=FXT, (8) with o = 1.5, being appropriate for the rest of the satellites,

, . . - . ___lies outside the chaotic domain for these two satellitessif0.)
where F’ is the Jacobi matrix of the original nonllnearTheseinitiaI data are close to the unstable upper position of the
system (7). The initial conditions fof in Eq. (8) areT = | PPerp

(the unity matrix) at each iteration step. Equations (7) and ndulum in the pendulum model of synchronous resonance
are integrated simultaneously. The full system is ee, e.g., Shevchenko 2000, 2002; Shevchenko & Kouprianov
' 2002). The initial phase point is taken outside the orbit plane
X = G(X. 1), 9) (9o = ¥ = 0.001) to ensure the spatial rotation.
o The results of the computations, as well as the satel-
whereX = (6, ¢,¥,0,¢,%, T11, T12,..., T16, T21,..., Tee) iSthe lite data, are presented in Table 1. The rat&C, B/C
new “position vector’G(X, t) = F(x, t) for the first 6 variables, and the orbital eccentricities are taken from the following
andG(X,t) = F’(x,t)T for the rest of them. The system (9) hasources: (Simonelli et al. 1993) for Phobos; (Wisdom 1987)
the order 6+ 36 = 42. for Deimos, Amalthea, Janus and Epimetheus;zZ@zwski
The present method for calculating the tangent map maté@xMaciejewski 1998) for Adrastea; (Thomas et al. 1995) for
produces a considerable improvement in numerical precisidtyperion; (Smith et al. 1982) for Helene; (Ba™1990) for
since it does not involve an additional small arbitrary paramet&tlas; (GaZdziewski & Maciejewski 1995) for Prometheus
characterizing the length of vectors approximating the tangertd Pandora;é(pkén‘érides Astronomiques 1995) for Proteus.
ones. The presence of this parameter in our previous study IWihen the geometrical dimensioasb, ¢ of a particular satel-
ited the precision (see Shevchenko & Kouprianov 2002). WHée are given in a referenced paper, we compute the rati@s
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@ 0.20 . . . b = 0.009+ 0.011 fori = 2. The statistical errors are given

for the 95% confidence level, as everywhere in this paper.
There is no correlation in Fig. 1la (the correlation fve

cientR = 0.552). This provides an evidence that the role of the

orbital eccentricity, and hence the interaction of spin-orbit reso-

nances, is of major importance in determining the valués$'f

in our set of satellites. On the other hand, there exists some cor-

I relation, a linear correspondence, in Fig. Fo<{ 0.771). This

0.05 ]  provides an evidence that domination of internal coupling res-

I . onances (this domination is due to additional degrees of free-
dom, in comparison with the planar case) might determine the

L (e=0)

0.00 L

P T T SR values Oﬂ_(z)
0.00 0.05 0.10 0.15 0.20 From the data of Table 1, we obtain the following simple
L statistical dependences, analogous to those given already in pa-
(d) 0.06 : : per (Shevchenko & Kouprianov 2002). Thefdrence is in the
version of the numerical method of computation of LCEs, and
in a slight extension of the set of satellites.
A
0.04 1) _ _ .
= LW = —(0.201+ 0.191)E +(0.238+ 0.131) R= -0.60;
> A
g L@ = —(0.089+ 0'047)6 +(0.089+ 0.032) R = -0.80;
0.02 A
L® = —(0.006+ 0.009)E +(0.007+ 0.006) R=—-0.42;
. B
0.00 - L - L . L® = —(0.705+ 0.524) + (0.729+ 0.465) R = -0.69;
0.00 0.02 0.04 0.06

L® B
L® = —(0.171+ 0.206)= + (0.180+ 0.183) R = —0.50;
Fig. 1. Comparison of the numerical estimates of the LCE spectra for C

e = 0 with those for the actual eccentriciig) L™, b) L®. B
L® = —(0.015+ 0'027)6 +(0.016+ 0.024) R= —0.37;

B/C in assumption of homogeneous density of the satellitq's) _ (0.271+ 0.133)LD + (0.001+ 0.015), R= 0.82;
body assumed to be a triaxial ellipsoid; i.e.

b2 + 2 BC—a2+C2 (10)
a2+ p?’ /C= az + b? Most of these correlations have low statistical validity, in agree-

The role of external (spin-orbit) resonances, and synchron gon; V\Inthsoutr grewom:]s ”resulttsh (tStr;]evchenlrot_& r@gkﬂﬁnw
resonance in particular, in specifying the LCEs should gr )- In Sect. 6 we shall see that the correlatio :

with the increase of the orbital eccentrici#yand with the de- the energy of the system for given valuesAjC and B/.C n
H’]k% autonomous case are much, much better, and, in compar-

. . )
& Kouprianov 2002). On the contrary, it is plausible that th on with the given dependencestdp on A/C andBy/C, the

1)
chaotic dynamics of the spatial rotation of strongly asymmet gpendences &f® on the energy should be of course preferred

satellites in nearly circular orbits is determined mainly by s & tool for estimation of the maximum LCES'_
However we remark a rather high correlatidd £ 0.82)

teraction of internal coupling resonances. There is currently n
Ping yoPL@ with L®. On the other hand,® is observed to be not

theory for analytical estimation of LCEs in the latter case. | ) - this migh ¢
provide a hint for a future theory, we have recomputed the Lc&gre ated withL.™> (R = 0.08); this might be a consequence o

spectra for our set of satellites, formally assigning the orbita'9€ relllativle errors in determination of the elermigt, due to
eccentricity to zero. The results are given in Table 1. Note tHi SMall values.
Adrastea has zero eccentricity observed per se.=3f 0, our
Hamiltonian system is a_utonomous, and the elemg}gtz 0. 5 Analytical estimation of LCEs: Bounds

The graphic comparison of the results for the non-zero and A

R - T of applicability

zero eccentricities is given in Fig. 1. The error bars in Fig. 1
(as well as in the figures which follow) give the maximunin our numerical experiments described in Shevchenko &
deviations of the current LCE value from the mean value Kouprianov (2002), we got some preliminary landmarks for the
the intervalt € [5 x 10°, 10°]. The straight lines exhibit lin- validity of the separatrix map theory for analytical estimation
ear fitngiO =al® +b (i = 1,2) witha = 0571+ 0.650, of maximum LCEs of the chaotic spatial rotation of satellites:
b = 0066+ 0069 fori = 1, anda = 0543+ 0.338, e2> 0.02andA/C > 0.8.

L® = (0.003+ 0.028)L.™® + (0.003+ 0.003), R = 0.08.
A/C =
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Here we refine these bounds in the case of a prolate axisyn{®)
metric satellite. This is achieved by computing the maximum
LCEs for a model set of parameters’ values. WeBjC = 1
and varye and A/C. The results of these computations, for
e = 0.001, 0.01, 0.1, and 0.3/C € [0.05,0.95] with the step
AA/C = 0.05, are presented in Fig. 2. The values of all integra-eq
tion parameters and initial data are just the same as in Sect. 4.
The solid circles stand for the original initial data, while the
diamonds for the shifted initial daté@y(= 0.99). The theoret-
ical curves are obtained by the formulas of the separatrix map
theory (Shevchenko 2000, 2002).

A good accordance with the theory is observed in the
full range of A/C and for almost all considered values ®f
(with the exception ok = 0.001). This accordance is plau-
sibly explained by the axial symmetry of the model satellite. ®)
The autonomous Hamiltonian system describing spatial rota-
tion of a non-spherical satellite in a circular orbit has three
degrees of freedom. In case of an axisymmetric satellite, the
system reduces to that with two degrees of freedom (see,
e.g., Shevchenko & Sokolsky 1995). Accordingly, the non-<,
autonomous€ # 0) system has 2.5 degrees of freedom in-
stead of 3.5. The number of coupling resonances is thus much
smaller, and the topology of phase space is much less sophis-
ticated. So we may expect that the theory developed for the
planar rotation of a general triaxial satellite is still valid in case
of the spatial rotation of an axisymmetric satellite, if the orbital
eccentricity is relatively large: interaction of spin-orbit reso-
nances might still dominate. The domain of applicability of the ©
theory in this case seems to be much greater in comparison
with the case of a triaxial satellite in spatial rotation. Indeed,
the correspondence with the theory is adequate in the whole
range ofA/C for the eccentricity in the range € [0.01,0.2]

(cf. Figs. 2b—d). Foe = 0.001 (Fig. 2a), it is as well adequate
for A/C > 0.8. So, the deviation from the theory takes place at %
small values of the eccentricity (Fig. 2a). Even at small values
of e, it does not manifest itself when the satellite is close to be
spherical A/C is close to unity). This is in line with the gen-
eral expectation (Shevchenko & Kouprianov 2002): the devel-
oped theory is only inadequate when interaction of the internal
coupling resonances is stronger than interaction of spin-orbit
resonances.

(d)
6. Dependence of the LCEs on the energy

In this section, we address the problem of the influence of
initial conditions on the values of LCEs in an autonomous
Hamiltonian system. The Hamiltonian of the rotational motion
of a triaxial rigid body in a circular orbit (the Jacobi integral),
according to Wisdom (1987), reads:

1 3
H=3 (Aw? + Bwd + Cw) + > (Ao? + BB? + Cy?) - py. (11)
wherepy = —Aw, COSP SiNy + Bwp Sing + Cwe COSP COSY IS
the momentum conjugate to the Euler angl@ he rest of the
guantities is defined in Sect. 2. This integral gives the law of

S

0.20

0.15

0.10

0.00 L

0.05 |

0.0

0.20

0.15

0.10 L

0.00 L

0.05 |

0.2

A/IC

0.0

0.20

0.15

0.00 L

0.10

0.05 |

0.2

1.0
A/lIC

0.0

0.20

0.10 |

0.00 L

0.15

0.05 |

1.0

0.0

0.2

0.4
A/C

1.0

conservation of the energy (Beletsky 1965) as the sum of thig. 2. Dependence of the maximum LCEs &yC; B/C =
kinetic energy in the relative motion and the potential energidsmerical estimates and theog),e = 0.001,b) e = 0.01,c)e= 0.1,

of Newtonian and centrifugal forces.

d)e=0.2.
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For convenience, we divide the quantity (11)®yand ex- 0.6
press the direction cosines and components of the angular ve-
locity vector through Euler angles and their derivatives. One 0.5
finally has the expression

0.4 i
1A, . . . 2 ~
H = 56(—Hcos¢sm¢+¢cos¢) =
+}E(ésin + ')2 03 |
2 \VSnexy
1,. .o 2 0.2 i
+5 (6.cosg cosy + ¢ siny)
3A o » 130 L Y SR S A S A S R R
*5C (cosy cosp —t) — siny sing sin(@ —t)) 0.5 . ] ] _ ) 25

+§E co< ¢ Sirf(0 — t)

2C Fig. 3. Dependences of the maximum LCEs on the energy for a triaxial
3 satellite: filled circles -A/C = 0.05, B/C = 0.25, empty circles —
+5 (siny cos@ —t) + cosy sing sin(@ — t))? A/C = 0.1, B/C = 05, filled squares -A/C = 0.25, B/C = 05,

empty squares A/C = 0.5, B/C = 0.75.

A, . . . .
+= (~0cospsiny + ¢ cosy) cosg siny
C Table 2. The linear fit coéficients for theLY(H) dependence.

B, . N
—-= (63|n¢ + lp) sing
c _ A/C B/C L® =aH+b H
— (6 cos cosy + ¢ siny) cos cosy, (12) a b R min max
.05 .25 .617+.029 .273+.004 .996 -.13 .28
where initial conditions and values of the parameters can be 1 5 122+ 006 355+.003 .995 34 .75
substituted, to calculate the energy straightforwardly. We use 25 5 577+ .015 .028+.005 .999 .24 .49
our original set of variables; the Hamiltonian (12) can be ex- .5 .75 .399+.009-.048+.006 .999 .62 .75
pressed in an autonomous form by a simple canonical change. .05 1 .603+.045-.517+.050 .995 1031.20
Henceforth we use expression (12) to calculate the energy. 11 655+.046-.580+.051 .994  .991.20

We sete = 0, compute the LCEs, and study the dependence '25 i 541+ .053-457+.061 994  1031.28
of the LCEs on the energyl. To ensure chaotic behavior, we '

L .. .05 .05 .665+.133-.022+ .050 .971 .08 .63
~ I ~
take the following initial conditionsiy ~ 7, ¢o andyo ~ 0.001, 1 614+ 102-.063+ 040 980 10 .63

60 € [-1,1], go anduo ~ 0. The energiH is varied by vary- 55 25 478+ 104-060+ 052 956 .20 .86
ing the value offy in the intervalf, € [-1,1] with the step 5 5 642+ 081-245+ 050 .986 .40 .86

A6y = 0.05. The remaining initial data are just the same as
in Sect. 4. There are some points which, for a particular value
of 6o, appear to lie within the regular domain of phase spackble 3. The linear fit cogficients for thel @(H) dependence.
resulting inL® = 0. These points are removed from the plots.
In Fig. 3, the resulting dependenced &¢ on the energyi A/C B/C L@ =aH+b H
for various values of the inertial parameters for a triaxial satel- a b R min max
lite are presented. The dependences for a proBite C) and
oblate @A = B) axisymmetric satellites are shown in Fig. 4. One  -05 .25 .379+.023.079+.002 .996 -.13 .08

and the same grid &%/C values is adopted. A 5 - - - - -
The plots ofL® versusH are shown in Fig. 5. The ele- .25 .5  .053+.002.061+.001 .997 .25 .61

mentL® in casee = 0 is equal to zero. In case of an axisym- 5 75 .036+.003.020+.002 .986 .621.23

metric satellite in a circular orbit both® andL® are equal to

zero.

One can see that, in most cases, the dependence df 6oth
and L@ on the energy is linear when the latter is relatively,
small. When appropriate, this initial dependence is appro
mated in plots of Figs. 3-5 by straight lines. The linear fit C(?(-)r all values ofA/C, with a slight deviation fo/C = 0.5.
efficients for each case are given in Tables 2 and 3. The en ' :

. L . e Lyapunov time (expressed in orbital peridds,), i.e. the
ranges suitable for the approximation have been determmedr}éléiprzcgl of the ma(ximpum LCE. in the r:fngbga[)l) 0,1.24]

sually from the graphs; these ranges are given in Table 2 in tﬂ?ﬁd, presumably\/C < 0.5) is given by the relation
last column. Note that we do not present approximating straight

lines in Fig. 4b; instead, we redraw the straight line from Fig. 4a 1
for comparison. t = 2@+ D)’ (13)

An important conclusion follows from consideration of the
pendence for a prolate axisymmetric satellite, Fig. 4: the de-
endence of.® on the energy is actually one and the same
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Fig. 4. Dependences of the maximum LCEs on the energy for an ax- o011l |
isymmetric satellitea) B = C, b) A = B; filled circles —A/C = 0.05,
filled squares -A/C = 0.1, filled triangles -A/C = 0.25, empty trian-
gles —A/C = 055. _010F 1
5\] L
0.09 - -
wherea = 0591+ 0.033 andb = -0.509 = 0.037, with
R = 0.991. From the same plot we derive that the upper bound 0.08 L |
for LY does not exceed 0.24, so, the minimum Lyapunov time '
is approximately equal to 0.66 orbital periods.
As one can conclude from plots in Figs. 3 and 4, the upper ~ *%7 o~ s
bound ofL® for given values ofA/C andB/C clearly depends
on the horizontal location of the maximum of a curve, let us call d
this locationHo. Namely, the greater ido, the lower is the up- @ 0.07
per bound. This relation can be expressed in terms of thelshift
for the linear part of the. (H) dependence:®(Hg) = L, *
is roughly proportional td. The values of the latter céiecient 0.06 - 4
are given in Table 2. The linear regression analysis leads to the
following fit: 9
LY = (0.27+0.11)b + (0.37+ 0.03) (14) 0.05 | ]
with R = 0.89. The graphical representation of this result is
given in Fig. 6.
An important question is: how the separatrix map theory 0.03.50 073 00 .y 50

and the complementary “energetic approach” Eq. (13) link up?
Indeed, some satellites in Table 1 are close to being prolate ax-
isymmetric, and move in nearly circular orbits. The best ca5&. 5.Dependences df on the energya) A/C = 0.05,B/C = 0.25,
fitting both conditions is Proteus. Formally settiag= 0 and P) A/C = 0.1, B/C = 05,¢) A/C = 0.25,B/C = 05,d) A/C = 05,
calculatingH with the initial conditions the same as in Sect. 4E,3/C = 0.75.

H
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we find that the resulting values bf for most of the satellites
are too small for Eq. (13) to be applicable. (The produced val- 5[
ues oft. are negative; this means that Eq. (13) is not valid at
such energies.) Only Proteus can be taken for comparison of the
two approaches: in addition to its adequate inertial and orbité\ll 0.20 i
parameters, it has the maximuvalue in our set of satellites,
namelyH = 0.9524. It turns out that the valug? = 0.043 i
observed in computations (see Table 1) is in a good agree- 0.15
ment with that given by the “energetic approach” Eq. (13):
L = 0.054. This is even better than the separatrix map the-
ory estimatd.® = 0.026 (Shevchenko 2002). Thus, inthe case ~ 0.10 —_— L
of Proteus, the two analytical approaches and the computation
result seem to be in fairly good agreement.

In conclusion of this section, let us consider qualitative fedb) ¢.30
tures of the observed dependences “energy — LCE”. First of
all, we note that the increase of the maximum LCE whth
is in agreement with the behavior of another well-known 025} .
Hamiltonian system, namely, theeHon—Heiles system. There
the increase was as well observed (Benettin et al. 1976), though
the functional kind of the dependence wafetient. o 020

Benettin et al. (1976) found that the maximum LCE of
the chaotic motion of the éllon—Heiles system positively cor-
related with the measure of the chaotic component of phase
space. Itis natural to expect that the same is true for our dynam-
ical system. Consider a sample plot of the maximum angular 0.10 , , , , , , , , ,
velocity wmaxachieved during the integration versus the energy. 0.0 0.2 0.4 0.6 0.8 1.0
(Recall that the dependence of the current angular velocity on t-10°
time is chaotic.) It is given in Fig. 7. Indeedm,ax increases _ @ i _ B
with H. This testifies that the chaotic domain grows in siz&!9 8- Current values oL™ versus time A/C = 0.25,B/C = 05,

. o . €'= 0; H = 2.248 (the upper curve) and = 0.248 (the lower curve,

and therefore the maximum LCE positively correlates with t?)%ld).b) is a part ofa) in an enlarged scale in
measure of the chaotic component. Note an unexpected fea-
ture: the dependencenax — H” looks to be smooth. Instead,
one could expect to see a discontinuous graph, since thedarrent maximum LCE value versus time. Representative plots
crease of the measure of the chaotic component is achieveciky shown in Fig. 8. This figure is helpful in estimating the
absorptions of smaller chaotic domains, and each absorptiotyjsical times of reaching the plateau for various energies. It
described by a step function. is setA/C = 0.25,B/C = 0.5, e = 0 (for the corresponding

A prominent feature of the observed dependences “energgependence “energy — LCE” see Fig. 3). The upper curve is
LCE" is that the most of them loose regularity at higher valudsr the maximum energyH = 2.248), while the lower (bold)
of the energy. To clarify this issue, consider the plots of thane is for the minimum energyH( = 0.248). Figure 8 helps

0.15 ¢
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one to understand why the dependences in Figs. 3 and 4 Regerences
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() 0.15 . .
H = 2.24812. The results are as follows: foe [0, 10°] one
hasHmin = 2.24753 Hmax = 2.24902, that is, the maximum de-
viation is about 0.04%; the standard deviatios: 1.5 x 107%.
5 010 . Finally, no linear trend is present in variationstdf more pre-
2 cisely, a linear fitH = at+ b leads toa = —(1 + 8) x 10712,
R A test of validity of computed LCE values consists in plot-
a ting the sum of all elements of the Lyapunov spectrum (includ-
= 0.05 - 1  ing negative ones) versus time. This sum should be zero for
any Hamiltonian system. We have performed this test for the
case of Hyperion4/C = 0.622,B/C = 0.884,e = 0.1); see
0.00 . . Fig. A.1. This plot may be compared to Fig. 5 in (Shevchenko
"0.00 0.05 0.10 0.15 & Kouprianov 2002). In the latter case, the sum permanently
@ grows with time, and achieves the value of about 0.001 at

Fig. A.2. Numerical estimates df® a) andL® b) for non-shifted and
shifted initial data.

Appendix A: Numerical precision of the computed
Lyapunov spectra

t = 10°. No such trend is observed in Fig. A.1. This clearly
demonstrates the advantages of the improved algorithm de-
scribed in Sect. 3.

As mentioned in Sect. 3, the HQR techniques are known to
be numerically stable. However, some factors may still con-
tribute to inaccurate estimation of the Lyapunov exponents.
Since the dynamical system is chaotic, small variations in the

In the circular problemd = 0) our dynamical system is au-initial data result in a totally dierent trajectory on large inter-
tonomous, and the energy defined by Eq. (12) is constawels of integration. But, regardless of that, the measured values
It should be conserved in the course of integration. Thif the LCEs should be the same. To make a further check of
requirement may be considered as an extra numerical stee validity of the numerical results, it is advisable to recom-
bility test for the integrator. We have applied this test fgoute the LCEs for the same set of values of dynamical param-
A/C = 0.25,B/C = 0.5, and initial data corresponding toeters but for slightly dferent initial conditions. Another check
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consists in using a computer withfidirent architecture. The super-computer at the Institute for High-Performance
following plots illustrate the results of these tests. Computing and Databases at St. Petersburg. It is set

In Fig. A.2, we compare the values of LCEs obtained fok/C = 0.5, B/C = 0.75,e = 0. The error bars represent
A/C = 0.1, B/C € [0.25,1], e = 0, and our original initial the maximum deviations of the current LCE values from the
datady = 1.5,¢0 = o = 0.0L6p = 1,40 = Yo = O (the mean LCE values across the time interval of averaging. The
horizontal axis), with those for the shifted initial d#ta= 0.99 straight lines correspond tb® (RISC) = L® (PC) and
(the vertical axis). The graphs demonstrate that the LCE valuéd (RISC) = L@ (PC). One can see that the numerical LCE
are almost identical in both cases, i.e. in the case of the origieatimates are practically independent from the choice of the
initial data and in the case of the shifted initial data. computer hardware architecture.

In Fig. A.3, we compare the LCEs computed on our Summing the results of this section up, we conclude that
base system, which is the Intel x86-compatible PC, witlie may account for the LCE estimates produced in our com-
those computed on the Parsytec/€B 8 RISC-based parallelputations as authentic LCE values.



