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Abstract. One of the most subtle points in the modern relativistic models for microarcsecond astrometrical observations is the
treatment of the influence of translational motion of gravitating bodies on the light propagation. This paper describes numerical
simulations of the light propagation in the gravitational field of moving gravitating bodies and summarizes the underlying the-
ory. The simulations include high-precision numerical integrations of both post-Newtonian and post-MinkowSkiami|
equations of light propagation and a detailed comparison of the results of the numerical integrations with various available
approximate analytical formulas. The simulations has been performed both for hypothetical bodies with various parameters of
trajectories as well as for all the major bodies of the solar system using the JPL ephemerigLIBE@B50 calculate their

motion.

It is shown that for an accuracy 6f0.2 pas it is stficient to use the well-known solution for the light propagation in the

field of a motionless mass monopole and substitute in that solution the position of the body at the moment of closest approach
between the actual trajectory of the body and the unperturbed light path (as was first suggested by Hellings 1986). For a higher
accuracy one should use either the post-Newtonian solution for uniformly moving bodies (Klioner & Kopeikin 1992) or the
post-Minkowskian solution for arbitrarily moving bodies (Kopeikin & &ébr' 1999). For astrometric observations performed

from within the solar system these two solutions guarantee the accura€y0f82 uas and are virtually indistinguishable from

each other.
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1. Introduction succeeded in formulating more rigorous approaches to the
L . problem (Klioner 1989, 1991; Klioner & Kopeikin 1992;

It is widely known that ex_trenjely h'gh accuracy of the fuy opeikin & Sclrefer 1999; Kopeikin & Mashhoon 2002).

lure space-born astrometric missions like GAIA (ESA 200getailed historical overviews can be found in Introduction of

Perryman et al. 2001; Bienayme & Turon 2002) and Sl o . . .
. opeikin & Schafer (1999) and in Sect. 6 of Klioner (2003a)
(Shao 1998) makes it necessary to formulate the reduct gpe also Klioner 2003b).

model of positional observations in a form fully consistent wit

General Relativity Theory (GRT). The relativistic models of = . . . .
positional observations has been formulated by several gro ed at clarifying the ability of various approximate analytical

of authors: Klioner (1989), Brumberg et al. (1990), Klioner rmulas to reproduce the gravitational light deflection in the

Kopeikin (1992), de Felice et al. (1998, 2000, 2001), Klion leld of the solar system at the level ofle1 uas as required
(2003a). This paper is devoted to an investigation of one su ICAIA and SIM.
point in any microarcsecond relativistic model of positional ob- Possible ways to compute the light trajectory in the grav-
servations. Namely, the influence of the translational motioni§tional field of moving bodies are summarized in Sect. 2.
gravitating bodies on the light propagation is investigated he?gction 3 explains the general layout of the simulations. The
in great detail. results of the simulations are discussed in Sect. 4. The sug-
After the pioneering work of Hellings (1986) where it Wagesyi_ons for practi_cal relativisti_c modeling of high-accuracy
suggested to compute the positions of the gravitating bodie®ggitional observations depending on the goal accuracy are for-
the moment of closest approach between the body and the fi/ated in Sect. 5. In the Appendices we summarize the theo-
perturbed light ray and substitute these positions into the wefgfical formulas concerning the influence of the translational
known solution for light propagation in the gravitational fieldnotion of the gravitating bodies on light propagation. Most

of a system of motionless bodies, several authors hfRfthese formulas are used in the simulations. Appendix A
contains general formulas for null geodesics in the weak-field

Send gprint requests toS. A. Klioner, approximation. Both post-Newtonian and post-Minkowskian
e-mail:klioner@rcs.urz.tu-dresden.de equations are given there. The most important theoretical

In this paper we perform extensive numerical simulations
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results for light propagation in the post-Newtonian approximaan be used for an internal consistency check of the whole
tion are given in Appendix B. The equations of light propagaalculation rather than for an independent computation of the
tion in the post-Minkowskian approximation are discussed light path. Our numerical experiments show that for solar sys-
Appendix C. The two point boundary problem for analyticalem applications the results of numerical integrations of the

solutions is discussed in Appendix D. post-Newtonian and post-Minkowskian equations of motion
are identical within the errors of the first post-Minkowskian
2. Possible ways to calculate the light propagation approximation.

The analytical post-Minkowskian solution given in
Appendix C.4 is surely the most accurate analytical solution
According to the theory described in the Appendices there &g the problem. However, (1) the solution for the photon’s po-
several ways to calculate the light trajectory in the gravitationgition involves an integral which should be in principle com-
field of moving mass monopoles: puted numerically, and (2) the post-Minkowskian solution is
relatively expensive as far as the computing time is concerned

: : . .. _..._since it contains the retarded moment of time to be computed
equations of light propagation (C.11)~(C.22) with mmaﬁy iterations (see below). On the other hand, the full accuracy

conditions (C.25)—(C.27). fth tical t-Minkowski lution | t i
2. Analytical post-Minkowskian solution (C.28)—(C.33) for! (e analytical post-Minkowskian solution 1S nothecessary to
ttain the accuracy of jas for the solar system applications.

arbitrarily moving bodies (the solution for the position of.. ler analvtical solutions of €icient accuracy can be found
the photon (C.28) contains an integral that can be compu ok i uti ! uracy u

numerically, or estimated to be negligible for a particula{ St_?_ﬁd'f v analvtical t-Newtonian solution given in
purpose and thus neglected). € tully analyiical post-ivewtonian soiution give

3. Numerical integration of the post-Newtonian equatio pendix 3'4 desc_ribgs the Iight trajgctory in the field of uni-
of light propagation (B.5)—(B.12) with initial condi- ormly moving gravitating bodies having the coordinates

tions (B.13)—(B.14). Xa(t) = Xao + va (t = to), (1)
4. Analytical post-Newtonian solution for uniformly mov-
ing mass monopoles (B.15)—(B.26) with two free paraniherexao andva are two arbitrary constant vectors. These con-
etersxao andva to be related to the actual trajectory of thetants can be related to the actual trajectory of the b«i[’ﬁ(t)
body. in different ways in the hope that the errors related to the non-
uniformity of the body'’s trajectory will be minimized in some

Bnse. The principal goal of this paper is to check if the ana-

appr.om.manlon scheme deallls .V\.”th eﬁpans!on.s n tr))o(\;\(ers Of'i fical post-Newtonian solution with some reasonable choice
gravitational constanG. Velocities of gravitating bodies are g constantgag andva can describe the gravitational light

not considered as small in the post-Minkowskian apprOXimaéflection with an accuracy ofD-1 uas
tion scheme which is sometimes called the weak-field fast- :

motion approximation. The first post-Minkowskian approXiz,oose either a fixed point or a straight line as the model trajec-

T 5

T Cessonan samraton scrss osase sy 5570 o1 boy i shoul e dinguished fom
- v . ph . .

pansions in powers of-L. In the post-Newtonian approxi- ctual trajectory of the body,i (t). In this paper we consider

; o o . . ix choi for th n n in th -Newtonian
mation scheme velocities of gravitating bodies are con5|derse§C oices for the constantso andea in the post-Newtonia

to be small. This approximation scheme is sometimes caIISO ution: four solutions for a body at rest named Pz, Ps
. pprox L . g dP; and two solutions for a body moving with constant ve-
the weak-field slow-motion approximation. In the first pos

ﬁbcity L; andL, (see Fig. 1). Each of the considered solutions

Newtonian approximation, terms of ord@(c™*) are neglected o : .
in the equations of light propagation. One can prove that %Inses the actual position (and possibly velocity) of the body at

: . ! %ome reference moment of time- ts. The most simple solu-
the case of light propagation the formulas of the first po%bn P. uses the fixed ositiomeph(t ) of the body at the mo-
Newtonian approximation are linear @ and, therefore, con- 1 P A R y

tained in those of the first post-Minkowskian approximatioff€nt of observatiofter = to. The fixed position™(t*?) of

(see e.g. Appendix C). the body at the moment; = t°@ qf closes.t approach between
The most accurate way to calculate the light propagatig?f? b_ody and the unperturbed light ray is used for the second

is clearly the first one, i.e. numerical integration of the post@lutionP2. The moment® can be calculated as

Minkowskian diferential equations of motion for the pho- g (Xo(to) - Xeph(t )

ton. The errors of those flierential equations of motion comet®® = max[te, to — max(o, o > A O )]

from the dfects of the second post-Minkowskian (or post- Clgl

Newtonian) approximation which are known to be negligi- 1

ble for the solar system applications. Numerical integration @f= u — — X,'iph(to), 3)

the post-Newtonian equations of motion for the photon (B.5)— c

(B.12) can also be used to calculate the light trajectory in thderete is the moment of emission of the photon, axyt)

field of arbitrarily moving bodies. However, since the posis the (unperturbed) trajectory of the photon. If the source is

Newtonian equations of motion are contained in the posituated outside of the solar system one cantptit —co and

Minkowskian equations of motion (Appendix C), the formethe outer “max” can be omitted in (2). The retarded moment of

in the field of moving bodies

1. Numerical integration of the post-Minkowskiarfdrential

As discussed in the Appendices below, the post-Minkowski

For the analytical post-Newtonian solution one has to

)
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light path

Fig. 1. Actual trajectoryx:”\t) of body A
and the five simplified trajectories used
to model the light propagation within the
post-Newtonian approximation scheme:
three fixed position®; (xa(t) = x{"(t,) =
const), P, (xa(t) = xP(t8) = const)
and P3 (xa(t) = x$*(t") = const), and
two trajectories with constant velocity;
(Xa(t) = X2 (to) + X" (to) (t — to)) and L,
(xa(t) = xS + 3Pt (t - ). The
position P; mentioned in the text is not
shown on the sketch. It is situated on the
actual trajectory of the body close .

body’s trajectory

Table 1. Choice of the constants for the six analytical post-Newtonia®. Simulations
solutions for the light trajectory considered in the present paper (see

text for further explanations). It is clea_r that numeri(_:al integration of thefléirential equa-
tions of light propagation can be performed only for sources
solution  trer Xa0 VA situateq at some fin.ite d.istance.from. the gravitating body_ (t.he
b . _ 0 end point of numerical integrations is anyway at some finite
Pl tga Xéph(t‘éﬁ 0 distance since it is defined by the position of the observer).
P2 . Xgph( . ) 0 Light propagation from a source at a finite distance to the ob-
° t*, Xgph(t*/) server represents a two point boundary problem for tiffedi
Ps t Xa (1) 0 ential equations of light propagation. As discussed by Klioner
n enh (2003a) the goal of the relativistic reduction of observations in
Ly t xP(to) XEP(to) - - T ;
° s - el this case is to relate the unit directionof the light propaga-
Lo t X (%) Xa (%) tion at the moment of observation to the unit directlofrom
the point of light emissiom,(to) to the point of light observa-
tion xp(t) (see, Fig. 2).
timet" is used aser in the solutionPs. This momentof timeis  In each individual simulation we fix the points of emission
defined by and observation for all the solutions. These points are com-
puted by numerical integration of the post-Minkowskian dif-
t + % Xp(t) — xiph(t*) =t (4) ferential equations, so that for this most accurate solution we

compute vectorsy, u, Xp(to), Xp(t) and k with the maximal
The moment* is relatively expensive to calculate since thBOSSible accuracy. Using the formulas given in Appendix D

Eq. (4) is an implicit one and one has to use some kind of itd€ then solve the two point boundary problem for all the ana-

ation to solve it (e.g., Newton’s method). That is why one cdyfical solutions discussed in our simulations and compare the
try to substitutet* by'its simplified versiort” which can be vectorn from the post-Minkowskian numerical integration to
directly calculated the vectora from the analytical solutions. We choose the dis-

tance between the point of emission and the gravitating body
. 1 eph sufficiently large so that the flferences between the vectars
t=t-< Xp(t) = x4 (1)) - (5)  do not change (within an accuracy of 0.Q@ds) when we fur-

ther increase the distance. Therefore, we can claim that our re-
The solutionP; uses the positiorxiph(t*’) of the body at sults are valid also for sources at infinity. Moreover, the simu-
trer = t¥. lations have shown that theffirences between vectansfor

The solutiond ; andL, are the solutions for a body movingthe points of emission at lower distances are smaller than those

with a constant velocity. In these two cases the paramgjgrs for sources at infinity. This means that the maximal errors given
andwp of (B.15)—(B.26) are chosen to coincide with the actu®elow are valid also for sources situated at finite distances from
position and velocity of the body at the momet¢s = t, and the observer (e.g. for the solar system objects).
tet = t°, respectively (therefore, the trajectories of the bodies In order to test the analytical formulas irfigirent situations
used inL; andL, are tangents to the actual trajectory of thgnd check internal consistency of the simulations we have done
body at these two moments of time). The choice of the trajetwee independent series of simulations wittfaient choices
toriesxa(t) are summarized in Table 1 and Fig. 1. for the trajectoriexiph(t) of the bodies. For all the simulations
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light path
k
n T , o
AN Fig. 2. Four vectors appearing in the cal-
_ \\ culations: vectom is the unit light direc-
body’s trajectory =~ _ RN/ tion at the point of emissiox(to), N is
T~ the unit light direction at the point of ob-
o= ..Xp(to) servationx,(t), K is the unit coordinate di-
o rection from x,(to) to Xp(t), and o is the

t —» —oo. Formal definitions of these vec-

\ unit direction of the light propagation for
tors are given in Appendix D.

the masses of the gravitating bodies have been taken from aheircular orbit with realistic semi-major axis and mean mo-
JPL ephemeris DE4QBE405 while the radii and other param-tion. All the orbits are coplanar. All possible configurations of
eters of the bodies were taken from Weissman et al. (1998) observer and the gravitating body have been checked with
The three series of simulations can be described as follows.a step of 0.01 of the siderial period of the corresponding body.
The impact parameter of the light ray (i.e. the minimal dis-

A. Parabolic trajectories with constant acceleratiaance between the photon and the body) is chosen to be not
(Table 2). For each trajectory the velocity and the accelemmaller than the radius of the body, but can be larger to meet
tion of the body at the moment of closest approach betwegr requirement imposed by the minimal Sun avoidance angle
the body and the photon coincide with the maximal possi®. = 35°. For all the bodies for which the minimal Sun avoid-
ble barycentric velocity and acceleration of the correspondiagce angle influences their observability (Sun, Mercury, Venus,
body of the solar system. The impact parameter for each tiarth and Moon), the simulations has been done with and with-
jectory is chosen so that at the moment of closest approach ¢ taking the minimal Sun avoidance angle/gf = 35 into
distance between the photon and the body is equal to the radiosount. For each mutual configuration of the body and the ob-
of the corresponding body (expect for the three lines in Table@rver 36 dierent initial positions and velocities of the photon
with fixed minimal allowed angular distangg,, between the have been chosen so that in the view plane of the observer the
gravitating body and the direction of light propagation as seebserved directions of light are uniformly distributed around
by the observer; the minimal avoidance angle for each of thelse observed position of the gravitating body. Table 3 contains
three bodies (Earth, Sun and Moon) are calculated from timaximal diferences between the models for all the light trajec-
condition that the minimal Sun avoidance anglgﬁfﬁn =35°). tories investigated for each of the body.
The distance between the observer (satellite) and the gravitat-
ing body is taken to be the maximal possible distance betweenC. Realistic trajectories on the basis of the JPL
the GAIA satellite and the corresponding body of the solar sygphemeris DE405 (Table 4). Simulations similar B
tem (some of the fiects under study become larger with inhave been performed using the JPL numerical ephemeris
creasing this distance and it is important to use the maximlAE405LE405 for the trajectories of the gravitating bodies.
possible distance for the simulations). For the calculation &fie orbit of the observer is taken to be a realistic Lissajous-
that maximal distance the satellite was supposed to be situdigee orbit about thel, point of the Earth-Sun system and
exactly at the Lagrange poihs of the Earth-Sun system. Afterwas computed using the algorithm suggested by Mignard
fixing all these parameters the initial conditions of the photd@002). For each body the minimal Sun avoidance angle of 35
trajectory are still not unique and this freedom can be useditas been taken into account while choosing the parameters
check all possible mutual orientations of the velocity vect@f the light rays. All mutual configurations of the observer
of the photon and the velocity and acceleration vectors of taed the gravitating bodies between 1 January 2008 and
body at the moment of closest approach. The directions of 3l December 2020 have been checked with a step of 1 day
these three vectors are independent of each other. Routinelyfle total time span covers 4749 days). The impact parameters
a coordinate system where the direction of the velocity of tied the light rays are taken in the same way as for simuléiion
photon is fixed we check 50 uniformly distributed directions fohlso in the same way as in simulati@we have checked 36
each of the two other vectors to find the maximal value of tieifferent directions of the light ray uniformly distributed
effects under investigation. In several cases we have checkgldtive to the line connecting the observer and the gravitating
that a finer grid of mutual orientations does not lead to afypdy. We also checked in several cases that increasing the
changes in the maximal flierences between the models givenumber of the observed light directions from 36 to, say, 360,
in Table 2. does not change the maximal@érences between the models

given in Table 3.

B. Circular coplanar trajectories (Table 3). The observer
is supposed to be situated exactly at the Lagrange pgint  For simulationsA, B andC an ANSI C program has been
of the Earth-Sun system. Each gravitating body moves alowgtten. Since the #ects we are looking for can be as small
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Table 2. The result of simulations using parabolic trajectonkﬁ%h(t). All quantities are given inas. The second columhis the maximal
light deflection angle for the body computed with the post-Minkowskidliedintial equations of light propagation, whifeis the approximate

value of the post-post-Minkowskian terms which are neglected in our considerations. The maximal errors of the post-Minkowskian analytical

solution (pM) and the six post-Newtonian solutionpN) are given. The meaning @ andL; is discussed in Sect. 2 and summarized in
Table 1. The number “0.0” means that the actual value of ffekis less than 0.0Qdas. The bodies designated with a star, e.g. “Mercury
cannot be observed by GAIA because of the minimal Sun avoidance angle of at fed&t&#inimal impact anglé,, for the Sun and the
Earth coincide with the minimal Sun avoidance angle¢®f, = 35°, while that for the Moon is approximately calculated from simplified orbits

of GAIA and the Moon.

body ) &2 pM  pNP; pN, P, pNP; pNP; pNL; pNL;

Surt 176x10° 150 17.7 43.3 17.8 17.8 17.8 17.7 17.7
Suny®. =35 13600 0.001 0.001 0.003 0.002 0.002 0.002 0.001 0.001
Mercury 82.9 0.0 0.0 93.2 0.016 0.016 0.154 0.601 0.0
Venus 493 0.0 0.0 812 0.058 0.058 0.178 0.357 0.0
Earth 574 0.0 0.0 8.08 0.058 0.058 0.058 0.0 0.0
Earth,ymin = 35° 3.64 0.0 0.0 0.001 0.001 0.001 0.001 0.0 0.0
Moon* 25.9 0.0 0.0 1.44 0.003 0.003 0.003 0.0 0.0
Moon, Ymin = 19 0.086 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Mars 116 0.0 0.0 143 0.010 0.010 0.058 0.096 0.0
Jupiter 16300 0.001 0.002 26900 0.746 0.746 0.847 0.292 0.002
Saturn 5780 0.0 0.0 86100 0.196 0.196 0.250 0.036 0.0
Uranus 2530 0.0 0.0 5960 0.047 0.047 0.110 0.085 0.0
Neptune 2080 0.0 0.0 6530 0.050 0.050 0.106 0.081 0.0

Table 3. The maximal diference between the models in the simulations with circular coplanar trajeotﬁfﬂ@‘ﬁfor the gravitating bodies. All
guantities are given ipas. See caption of Table 2 and Sect. 3 for further details.

body 1) 52 pM  pNP; pNP, pNP; pNP; pNL: pNL;

Surf 1.75x 10° 14.8 17.5 33.3 17.5 17.5 17.5 17.5 17.5
Sun,w%in =35 12900 0.001 0.001 0.002 0.001 0.001 0.001 0.001 0.001
Mercury 83.1 0.0 0.0 315 0.013 0.013 0.091 0.192 0.0
Mercury,y. = 35° 0.007 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Venus 493 0.0 0.0 33000 0.058 0.058 0.156 0.156 0.0
Venus,z/z%in =35 493 0.0 0.0 33300 0.058 0.058 0.145 0.144 0.0
Earth 574 0.0 0.0 13.8 0.0 0.0 0.0 0.0 0.0
Earth,y?, =35 3.85 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Moon* 26.2 0.0 0.0 3.06 0.001 0.001 0.001 0.0 0.0
Moon, y>. = 35° 0.092 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Mars 116 0.0 0.0 257 0.006 0.006 0.033 0.022 0.0
Jupiter 16300 0.001 0.002 21300 0.139 0.139 0.202 0.035 0.002
Saturn 5780 0.0 0.0 31300 0.020 0.020 0.035 0.008 0.0
Uranus 2080 0.0 0.0 3550 0.003 0.003 0.009 0.003 0.0
Neptune 2530 0.0 0.0 3700 0.002 0.002 0.007 0.003 0.0

as 10% pas~ 5 x 10715, it is not suficient to perform the reasonable time using a software environment emulating arith-
computations using standard “double” 64-bit arithmetic whiaimetic with arbitrary precision (Maple, Mathematica, etc.).

provides only 16 decimal digits. Routinely, we have used 80- o the numerical integrations of both the post-

bit arithmetic on an Intel processor (18 decimal digits). SoM@&nkowskian and post-Newtonian ftérential equations

additional accuracy checks have been performed using 128§ity,otion we have used the Everhart integrator described,
arithmetic on an Ultra-Sparc processor (34 decimal digits) agdy in Everhart (1974, 1985). In our program the Everhard
have shown that the 80-bit arithmetic does notproducesubstﬁtﬁégrators of the orders 7, 11, 13, 15, 19, 23 and 27 are
tial rounddt errors and is siticient for our purposes. Note thatimplemented, and the internal deients of the integrator are

since the simulations took several weeks of computing time @gqeq with an accuracy consistent with the 128-bit arithmetic.
a Pentium Il processor running at 600 MHz (about one milliofhis makes it possible to perform the numerical integration
photon trajectories for each gravitating body were checkegh, very high precision (at least, up to 34 decimal digits) in a

it was hardly possible to perform the simulations within gite eficient way. Our investigation showed that the number
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Table 4. The maximal diference between the models in the simulations with realistic trajecboj'?as) of the gravitating bodies taken from
the JPL planetary ephemeris DE40OB405. All quantities are given ipas. See caption of Table 2 and Sect. 3 for further details.

body 1) 52 pM  pNP; pNP, pNP; pNP; pNLy pNL;

Sun 13000 0.001 0.001 0.002 0.001 0.001 0.001 0.001 0.001
Mercury  0.012 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Venus 493 0.0 0.0 30000 0.058 0.058 0.147 0.149 0.0
Earth 4.75 0.0 0.0 0.001 0.0 0.0 0.0 0.0 0.0
Moon 0.125 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Mars 116 0.0 0.0 385 0.008 0.008 0.040 0.025 0.0
Jupiter 16300 0.001 0.002 19600 0.175 0.175 0.255 0.038 0.002
Saturn 5780 0.0 0.0 27900 0.030 0.030 0.052 0.008 0.0
Uranus 2080 0.0 0.0 3550 0.004 0.004 0.014 0.003 0.0
Neptune 2530 0.0 0.0 3700 0.002 0.002 0.008 0.003 0.0

of internal iterations within the integrator can be chosen to the inaccuracy of the mod&} and the situation cannot be
be as low as 1 (or at most 2) without any loss of the resulting corrected within the modd®;). This is the reason why the
accuracy. This can be understood as a consequence of almosgrrors for the modeP; given in Tables 2—4 sometimes ex-
straight trajectories of the light. The integrator of order 19 was ceed the maximal possible gravitational light deflection due
found to be the mostficient for our calculations. The final  to the corresponding body.
global accuracy of the numerical integrations was controlletl The post-Newtonian analytical solution for the body being
by integrating the solution backwards. The integration is atrestatits position at the moment of closest approBgh (
repeated automatically with higher accuracy parameters of the or at the retarded moment of timeg) are virtually indistin-
integrator until the required goal accuracy is reached. guishable from each other for the solar system applications
The most time-consuming part of the calculations is the nu- (e.g., for Jupiter the maximal fierence of these models
merical integration of the post-Minkowskianfidirential equa- does not exceedFx 107 pas).
tions of light propagation given in Appendix C.2. In order tob. Any of these two modeld, andPs) allows one to attain
maximally speed up the numerical integration the code calcu- an accuracy of0.18uas for the realistic trajectories of the
lating the right-hand side of (C.11) has been optimized using gravitating bodies (Table 4). The errors ©0.75 uas ap-
the Maple package CODEGEN (Char et al. 1993). This op- pearing in the simulation with parabolic trajectories also
timization reduced the number of necessary float-point opera- follow from a simplified analytical considerations and are
tions roughly by a factor of 2. quoted e.g. in Table 1 of Klioner (2003a) as upper esti-
mates of the fects. The reason for the discrepancy be-
tween these estimates for the parabolic trajectories and
those for the realistic trajectories were already discussed by
Klioner (2003a, p. 1590, above Eg. (34)) where the real-
istic values for Jupiter and Saturn were predicted. One can
see that the predicted realistic values and the values from
Table 4 are in good agreement.
6. Simplified calculation of the retarded moment of time as

1. The results of the three independent simulations are in good 91Ven by (5) (modelPs) increases the errors in the light

agreement with each other. This serves as an internal Ccm_deflection. The errors attaingd.3 uas for the realistic tra-
sistency check of the simulations. jectories of the gravitating bodies. Additional simulations

4. Results of the simulations

The maximal diferences between the vectardrom the nu-
merical post-Minkowskian solution and the various analytical
solutions are summarized in Tables 2—4. The following conclu-
sions from the numerical simulations can be formulated:

. The post-Minkowskian analytical model is virtually indis- ShoWw that the following formula gives the retarded moment
with sufficient accuracy (this represents one Newtonian

tinguishable from the numerical integration of the post- _
iteration for Eq. (4))

Minkowskian diferential equations of light propagation
and leads to errors of order 0.002s.

. As expected the naive model for the light propagation in-
volving the post-Newtonian analytical solution for the body
being at rest at its position at the moment of observation
(the modelP,) is too inaccurate and leads to errors exceed-
ing 1 mas. Note that our software code for the mdegel
does not check if the formally calculated impact paramer.
ter of the light rays exceeds the radius of the body (such a
check is, of course, easy to implement, but if the software
detects that the formal impact parameter is smaller than the
radius of the body, this can serve only as an evidence of

lol?
clol - ") - p’
A solutionPZ which is similar toP} , but witht,es = t has
the same errors (within the level of 0.004as) as the solu-
tion P3 with exact value of the retarded momeéyt = t*.
The post-Newtonian analytical model for a body moving
with a constant velocity is indistinguishable from the post-
Minkowskian model within the accuracy of 0.00as pro-
vided that the position and velocity of the body on the recti-
linear model trajectory of the body coincide with the actual

t = t- p =% - x).  (6)
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positions and velocities of the body at the moment of thighen the equations of null geodesics in the first post-Newtonian
closest approach (modk}). approximation read

8. If the position and velocity of the body on the rectilinear
trajectory coincide with the actual positions and velocities _ 1 1 _
at the moment of observation (modg)) the error exceeds ¥ = > ¢? hooi — hook XK X — (hik,l -3 hku) XX — > hoot X
0.1uas.

. . - . —Eh ‘—ih' )'(j)'(k)'(i—c(h' —h .))'(k

Let us also note that increasing the minimal Sun avoidance ¢ ki T 52 ikt Oik — ok
angley®. would reduce the errors for the Sun, Mercury,
Venus, Earth and the Moon (all the gravitating bodies which  —hy X+ 0(c™?), (A.4)
are closer to the Sun than the observer). Therefore, the num-
bers in Tables 2—4 can be considered as upper estimate . _ 2

o e Pp SwWRére for ?ny small latin mdem—:-xc_ept fort one had; =% A

min = andA; = #A. Note that the velocity of the phototf = O(c).
5. Concluding remarks Equation (A.4) is valid in the post-Newtonian approximation

which is also called weak-field-slow-motion approximation.

The results of our numerical simulations are in good agreemefie assumptiomo = 0(0‘3 means that the velocity of the
with the theoretical discussion by Klioner (2003a). These rGravitating bodies are considered to be small with respect to

sults allows one to formulate the following practical recomrperefore, these equations cannot be used if the velocities of
mendations for data processing of microarcsecond positiog@d gravitating bodies are large.

observations performed from the solar system:

— If an accuracy of 0.2:as is stficient one can employ the A.2. Post-Minkowskian approximation

impl -Newtonian analytical model for the light prop- . . . .
simple post-Newtonian analytical model for the lig tpOpﬁecond,we use theost-Minkowskiarproperties of the metric

agation in the gravitational field of a motionless body an : :
substitute in that model the actual position of the body evéﬁnsor and consider all the components gfto be of first order

uated either at the moment of closest apprdéthr at the With respect to gravitational consta@t
retarded momertt. If t* is used, Eq. (6) can be employedhy, = O(G),
to calculate it with sfficient accuracy. ho = OG)

— If an accuracy below 0.2as is required one should use ei- ’
ther the full post-Minkowskian analytical model as givemii = 0G). (A-5)
in Appendix C.4 (neglecting the integrgfto, t) in (C.30)) No expansion in terms af* is used here. Then, one has
or the post-Newtonian analytical model for a body mov-
ing with a constant velocity (Appendix B.4) and choose thg _ 1
constantxo andva of that model to coincide with the ac- 2

tual position and velocity of the body &¢. 1 1 o .
- (E hok j — > hjk,t) XXX~ ¢ (Moi — hok) X

e i 1 . 1 r
¢ hogj — hook X< X — (hik,l -5 hkl,i) R - > hoot X

Appendix A: Equations of null geodesics
Here we summarize the formulas for the null geodesics in a
weak gravitational field used in this paper. The metric te
S0rg,g is supposed to have the form

—hit % - choig + O(G?). (A.6)

l:i'_he only formal diference between (A.6) and (A.4) is the
last term—c hgi; which has first order with respect ®, but

Jop = Tap + Nag, (A1) isO(c?) and has been omitted in (A.4). Equation (A.6) has
been derived without any assumption on the velocity of the
bodies. This equation is valid in the first post-Minkowskian ap-
Nop = diag-1, +1, +1, +1) (A.2) Proximation which is also called weak-field limit.

where

is the flat Minkowski metric andh,z = hys(t, X) is the non-

Galilean part of the metric. A.3. Initial-value problem for the equations of motion

Initial value problem for the dierential Egs. (A.4) and (A.6)

A.l. Post-Newtonian approximation can be formulated as

First, we use the standandost-Newtonianassumptions on

the orders of magnitude dfi,z with respect to the formal )_((tO) - o

parametec: X(to) = custo), p-p=1 (A7)

hoo = O(c‘z) Functions can be generally determined from the condition of
’ the geodesic to be a null one:

ho = O(C_s), 1

hij = O(C_Z). (A.3) 9o kK =0, kK = (1’ P X) ) (A.8)
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which for metric (A.1) gives

J _ ‘ Ba=4(1-a)s-(1-p52+), (B.7)
(1 - hoo) (1 + hij u' pl) — hoj g

S= 1 + hl] ,Lli /J] ’ (Ag) CA = —4 (1— a/), (88)
Note thats is a function of time and position (via the met@ =1-na -v, (B.9)

ric componentd,s) as well as of the directiopr, but for a

given trajectory of the photon it can be considered as a fue= 1=1a-va, (B.10)
tion of time. . . y=1-v-0v, (B.11)
Taking into account the orders of magnitudehgf given
by (A.3) in the first post-Newtonian approximation one gets § =1 - v - va, (B.12)
1 1 Lo . . i
s=1- 5 hoo — > hij ' 1) = hoj gt +0(c‘4). (A.10) wherena =ra/ra, v = X/C,va = Xa/C.

It is easy to see that this expression is valid also in the first

post-Minkowskian approximation (that is, it contains all terms"

of (A.9) linear with respect t¢). From the general formulas of Sect. A.3 the initial-value prob-
lem for (B.5)—(B.12) reads

3. Initial-value problem

Appendix B: Light propagation

X(to) = Xo,
in the post-Newtonian approximation .
P PP X(to) = cpuslto). pop=1. (8.13)
B.1. Metric tensor
and
The non-Galilean components of the metric tensor in the post- 2 GMa
i imati )=1-= > —— (1-2u-va(t) +O(c™?). B.14
Newtonian approximation read s(t) 02; 0 (1-2p-va(t) + ( ) (B.14)
2 -4 . . . . .
hoo =  w(t.x) +O (). B.4. Analytical solution for a body in uniform motion
ho = _is w(t, %) +O(c‘5), Two analytical solutions of Egs. .(B.5)—(B.;2) and
c (B.13)—(B.14) are known: 1) the classical solution for a
2 . _ . .
hy = = 6 it X) +O(c‘4). (B.1) body at r_est, i.exa = const; _and 2) a solutlon_ for_ a body
c moving with a constant velocity. The first solution is clearly

contained in the second one. An approximate analytical

For moving mass monopoles the potentials have the form . ) : . :
solution for bodies having a constant velocity, that is for

w = Z GMy (B.2) Xa(t) = Xpao + va (t — o), Wherexao = const ants = const,
A ’ ' has been first derived by Klioner (1989) (see also Klioner &
4 Ma Kopeikin 1992). The solution reads
w = Z CMa %, (8), (B.3) P )
AA X(t) = X(to) + Cp S{to) (t — to) + AX(to, 1)
wherera = [ral, —AX(to) (t — o), (B.15)
ra(t, X) = X = Xa(t), (B.4) % X(t) = p S(to) + %A)’((t) - %A)’((to), (B.16)
Xa(t) is the position of body A, anda(t) is the velocity of SGM
body A. Ax(to,t) = - A(d Ia + )+0 c?), (B.17
The metric (B.1) with potentials (B.2)—(B.3) coincides with (.9 ; @ BT 9 Tn)+0(c). (B1T)
the metric tensor of the Barycentric Celestial Reference System
given by the IAU (2001) (see also el et al. 2003 for a dis- da =g X (rao X ga)s (B.18)
cussion). The higher-order multipole moments of the bodies’
gravitational fields (B.2)—(B.3) also discussed in IAU (200%a = H — VA, (B.19)
will be ignored in this paper. 1 1
I (B.20)

_ _ _ _ _ " 1gallral=ga - Ta  lgalltacl =g - Tao’
B.2. Differential equations of light propagation
lgallral +ga - Ta

lgallraol +¢ga - Fao
GM
X =) rzA (Aana +Bav+Cava) +0(c?), (B.5) ra(t) = X(t) - Xa(t), (B.22)

A A
Ap =2+ v —490, (BG) f'no = X(to) - XA(to), (823)

The post-Newtonian equations of motion of a photon then redd = 109 ; (B.21)
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1 . 2GM : 1. i i i i i
: AX(D) = - Z = A ( da IA +0ng JA) +0 (0_4)’ (B.24) C.2. Differential equations of light propagation
Substituting (C.1) into (A.6) one gets

. 2 i 2k ka1 .
L rn- 9| , (B.25) X = W,;— = WX — S Wk 3K + S Wk, %K
c Iral(Igallral —ga - 1a) c? c? : c2 '

1 44 e 1 K oi ek e
—g(W,tx'+g(kajx'xkx'+g(W‘k,txekx'

- gal
- JA |rA| (B.26) o . , ¢
A +_2(W|k)'(k__2(wki)'(k__2(wlktxk
¢ ' ¢ ' ¢ ’
This solution has two parametets, andva . Note that the val- 4 i 5
ues ofxao andva are arbitrary and itis a priori unclearhowto  +3 W +0 (G ) (C.6)
relatexao to the actual trajectoryy’ "(t) of the body in order to . . o )
minimize the errors (see Sect. 3). Here, as usualA; = 2 Ais the partial derivative with re-

The classical solution of (B.5)—(B.12) for a body at rest caPect tot, and for any Tltin index with except fort one has

be easily restored from (B.15)—(B.26) by setting = 0 that Ai = z¢ A Since the potentiald¥’, ‘W' and W are given
impliesg, = g andlg,] = 1. by Egs. (C.2)—(C.4) explicitly as functions of the retarded time

tp =1, (t, x) one has to use

Appendix C: Thgoretical'results o ﬁA(t ) = 6A(ti,x) aﬂ’ (C.7)
in the post-Minkowskian approximation Ity ot
C.1. Metric tensor 9 a2 A 9 IAG, X)
_ _ o | o 0= T e T (C8)
In the post-Minkowskian approximation the metric tensor of a
system of arbitrarily moving mass monopoles can be writtgvhere from (C.5)
(see Kopeikin & Schfer 1999; Kopeikin & Mashhoon 2002)
with retarded potentials similar to the Lienard-Wiechert poten-A — ,3;1, (C.9)
tials which are well known from the classical electrodynamic(%
(Jackson 1974). The metric reads a_)/:i = —cigtnyl. (C.10)
2
hoo = 2 W(t, x) + O(G?), Substituting (C.2)—(C.4) into (C.6) and using (C.7)—(C.8) one
4 . gets the explicit form of the equations of motion of a photon in
ho = = Wit x) + O(G?), the first post-Minkowskian approximation
2 - . GMaT?
hij — ? W'J(t, X) + O(GZ), (C1 X = Z *2AB3 (An nA + Bav +Ca vA + Da aA)
A A
Wtx) =) AL (2r.-17Y), (C.2) +0(G?), (C.11)
rx B
A A
M 4 Ap = |2y -282| 12 (I7% +e.
Wit, x)_zﬁr*w};', c3 “* [Ty 20 2 )
A TP —|T2y+28%| np. + 44.T2B. 6., (C.12)
" GM
Wil(t, x) = Z = A (5'1 I+ 20, o)), (C4) B, = T2 [_r;“y - F;Z{Zé*(Za* —6.)+ (& - B*)y}
A A
% _ oyt % |p* ® % w _ _d o= +26* {ﬁ*é* — €& (Za* - 6*)} + 4§*ﬁ*(a’* - 6*):|
wherer, = X - X3, rh = .|, X3 = Xa(ty), v/jl/; . X, /G,
M = Ma/Mh B = 1=y 03, T = (1-v; -v3) . Here and +11.. B (T7%y = 26.(20, - 6.)), (C.13)
below in Appendix. C the positiory, velocity X, and acceler- = T4[46. 0. - B.y]
ationXa of the gravitating bodies are computed at the moment® ~ = * + B TPy
t, = t;(t, x) being the retarded moment of time defined by the +2r2 [5* {26 . = B. 6.} — 2L, . a*}
following implicit equation ’
L +41. @, By Os, (C.14)
th + Er; =t (C.5) Da = 4T 2a.B.o.Clry, (C.15)
@, =1-ny v, (C.16)

Note thatra(t) = ryB. + O(rz/c?), so that formallyWw =
w+ 0(0‘2), W' =uw + O(c‘z), Wi = §lw+ O(c‘z), and g, =1-n} v}, (C.17)
Egs. (B.1)—(B.4) can be easily restored from (C.1)—(C.4) within

the first post-Newtonian approximation. y=1-v-v, (C.18)



1072 S. A. Klioner and M. Peip: Numerical simulations of the light propagation

6.=1-v-vj, (C.19) C.4. Analytical solution in the post-Minkowskian
approximation
_ * ok —1 %
& = (8p - M) Tl (C.20) The explicit form of the analytical solution in the first post-
L Minkowskian approximation derived by Kopeikin & Safei
&= (ay-v)Cry, (C.21) (1999)reads
n. = (&, -vi)ctr, (€.22) X = X(to) +cpu o) (t - o) + AX(to, t)
—AX(to) (t — to), (C.28)
andv =c 18 x a; = So; =1L xa(th). 1 1~ 1~
oA WA dE A) : = X(t) = uS(to) + < AX(t) — = AX(to), (C.29)
Note that if the accelerations, are considered to be of C c c

gravitational nature (and, therefore, = O(G)) the terms

in (C.ll_) contgininga; are of ort_ierO(GZ) a_nd can be dis- _ 2G M,
carded in the first post-Minkowskian approximation. HowevedX(to,t) = — Z = f(t) - f(to) +g(to, 1)
in our theory no equations of motion of the gravitating bod- A
ies are considered, so that the accelerat&insan be of any +0(G?), (C.30)
nature and are considered to be given. That is why we retain ( )
. P . . . . X (r* x
the acc;eler_annaA in (C.11) in the first post-Minkowskian f(t) =T, (9* ”*7A” — (u—v}) log(rs a*))’ (C.31)
approximation. 'y

From Egs. (C.11)—(C.22) one can restore the post-
Newtonian equations of motion (B.5)—(B.12) neglecting t s
in (C.11)~(C.22) all the terms formally of ordé¥(c?) (e.g., g(to,t) = f — [(rfg*—a*n*) X (M X ) + a.
all the acceleration-dependent terms) and taking into account to Fa B

that in (C.11)—(C.22) the position of the bodies are calculated loa(r* —o ) -T2 r* at )ledt. (.32
at the retarded moment of tint¢ while in (B.5)—(B.12) at xlog( A“*)(”*(" va) T A A) . (C.32)
momentt. The latter circumstance gives the following rela-
tions: ra(t) = ry —ravy + O(c2), ra(t) = ryp. + 0(c?), 1 26Ma T. 6, [ 1 (X 1)
() = (n, —v3)/B. +0(c ). R N Y (9* .
Since from (C.11) it follows that A

+(2-6)pu- 2v;) +0(G?). (C.33)

X=Xo+Cult—-t)+0(G), pu-pu=1 (C.23)

) i ) ) L ) Hereg(to, t) are integrals depending on the accelerations of the

in the first post-Minkowski an approximation in the right-hanfl, jias The integrals can be transformed into integrals with re-

side of Eq. (C.11) one can put spect to retarded timg, as described in Kopeikin & Setiér
(1999). In the right-hand sides of (C.30) and (C.33) one should

X=Xo+cult-ty), p-pu=1 (C.24) putx(t) = X(to) + cp (t — to). N

Note that the solution fo% AX(t) is exact within the first

and, thereforey = y, which implies, e.g.y = 0. Formally, 1,4t Minkowskian approximation (i.e. all the omitted terms are
this makes Eq. (C.11) integrable in quadratures (since the ”ggf'orderez). It is remarkable that this solution can be writ-

hand side |s_5|mp|y afuncfuon oftime). We p_refe_r here notto 4@n in such a compact closed form for arbitrary motion of the

so and retain Eq. (C.11) in the form of aférential equation 4y itating bodies. Note also that the solution depends only on

as given by (C.6). the position and velocity of the bodies in a single moment of
time — the retarded mometjt corresponding to timé — and

C.3. Initial-value problem does not depend on the previous motion of the bodies. If all the
N terms which are formally of orded c“‘) (these are the terms
Initial value problem for Eq. (C.11) at least quadratic with respectutg) are dropped both in (C.33)
and (B.24) the two formulas are equivalent. One can also show
X(to) = Xo, that Egs. (C.30)—(C.31) agree with Egs. (B.17)—(B.21) in the
X(to) = cuS(ty), p-p=1 (C.25) first post-Newtonian approximation provided thatis consid-
ered to be constant.
with Taking into account that for any functigk andx(t) = Xo+
2 < GMAT cu(t—to)
§(t)=1—§z 5 * 62 + O(G?), (C.26) ¢ o o j
A A o Allt, x(t)) = p Al(t, x(1) + E™ Al(t, x(t)) cu
0.~ 13, c.27) - S AT XO)+ 5 A XO) e, (€34)
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cides with the post-Minkowskian equations of motion for & = u + u x

one can prove that a time derivative of (C.33) exactly coin-
photon (C.11)—(C.22) provided thais taken to be equal to (

% AX(t) — % AX(to)

Xy) +0(€). (D.11)

in the latter (this is allowed within the first post-Minkowskian 1 1
approximation as discussed above). kK =p+px ( —C AX(to) + R AX(to, )| X /1)
A different way to derive the Kopeikin-Safer )

solution (C.28)—(C.33) for the case of bodies moving with +0(52)’ (D.12)
constant velocities is given by Klioner (2003b) who has shown
X k)

how to derive this solution combining the post-Newtoniag _ | kx(»} AX(t) - iAx(to )
C 9
suitable Lorentz transformation. +0 (62), (D.13)

solution (B.15)—(B.26) for a motionless body (= 0) with a IRI

Note that (D.9) follows from (D.11) fot —» —co, that (D.13)
is a combination of (D.11) and (D.12), and that (D.10) agrees
with the expressions (B.14) and (C.26) fg(t) given above
Let us consider analytical equations of light propagation in tiier the post-Newtonian and the post-Minkowskian solutions,

Appendix D: Two point boundary value problem
for the analytical solutions

form valid for both analytical models discussed above respectively. From (D.12) and the corresponding expressions
for x(t) and Ax(to,t) one can see that for a given impact pa-

X(1) = X(to) + cp (to) (t — to) + Ax(lo, 1) rameter of the light ray the flerence between vectoksandu

—AX(to) (t - to) + O(€?). (D.1) becomes smaller for greater distances between the gravitating

body and point of emissior(ty).

} X(t) = p S(to) + }AX(t) _ }AX(to) + ()(62), (D.2) Note thatAx(to, t), AX(t) andAX(to) on the right-hand sides

¢ ¢ ¢ of (D.9)—(D.13) depend op. Formally, considering only ana-

with lytical orders of magnitude one could replaedy k in these

Ax(t. 1) = 0 D3 formulas. However, this works well only when the impact pa-

X(to,to) = 0, (D.3) rameters computing for the unperturbed trajectories with direc-
1. i i o

lim = AX(t) = O. (D.4) tionsy andk are sificiently close to one ano_ther. This is not

to-e0 C always the case. For example, this assumption is wrong in the

These two conditions can be proven to be valid for both ag[avita_tional lens limit. It_is more re_liable to calculate veqtor
alytical models considered above. The small parametam from givenk by a numerical inversion of (D.12) and then cal-
be identified withG for the post-Minkowskian solution andculaten from (D.11).

with ¢ for the post-Newtonian solution, so that in both so-

lutions Ax(to, t) = O(e) andc™1AX(t) = O(e). References
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to-c0 C Brumberg, V. A. 1991, Essential Relativistic Celestial Mechanics
X(t) (Bristol: Hilger)
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