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Abstract. Protoplanetary disks as birth places of planets as well as of their host stars bear different element mixtures owing to
the different chemical compositions of the environments where they are born. The chemical composition affects the structure
and evolution of the disks, particularly the composition and abundance of the dust. In this work we perform one-zone model
calculations of vertically selfgravitating protoplanetary accretion disks with theβ-prescription for the viscosity with different
element mixtures. The models consider the chemical equilibrium condensation of the most important dust species in the disk as
well as annealing of interstellar silicate dust and combustion of carbon dust. Also a new inner boundary condition is introduced
which avoids the unphysical decline of the surface densityΣ of the frequently adopted no-torque (Σ = 0) condition. The
main result of the model calculations is that with decreasing metallicity the disks become less opaque and hence colder as a
consequence of the reduced dust-to-gas ratio. Further we give a rough estimate for the critical value of the metallicity below
which the formation of terrestrial planets is inhibited.
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1. Introduction

The evolution of stars is well known to be strongly dependent
on the element mixture, particularly on the value of the metal-
licity [Fe/H]. The influence of variation of the element mixture
on the evolution of protoplanetary disks, however, has not been
considered so far. On one hand, the element mixture should af-
fect the composition of the dust which is the main absorber in
protoplanetary disks, and therefore should have an impact on
the radiative transfer and the hydrodynamic evolution of the
disk. On the other hand, the process of formation of large bo-
dies in protoplanetary disks, i.e. comets, asteroids and planets,
should depend on the dust-to-gas ratio, hence on the abundance
of the dust forming elements.

By means of a statistical investigation of the hitherto de-
tected exoplanets, in a recent work Santos et al. (2003) show
that the number of giant gaseous planets decreases with de-
creasing metallicity of their host stars. Santos et al. (2003) con-
clude that the dominant process of formation of gaseous planets
is core accretion (Pollack et al. 1996) rather than gravitational
instability (Boss 2000) since the mass of the solid core is re-
duced with decreasing metallicity and therefore gas accretion
onto the core is inhibited below a critical value of [Fe/H]. The
authors do not exclude, however, the gravitational instability
scenario for the formation of giant planets which could act in
massive disks.
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With respect to the terrestrial planets it is unclear up to now
how their formation is influenced by the metallicity and the
details of the element mixture.

In this work we calculate models of vertically selfgravitat-
ing protoplanetary accretionβ-disks in the one-zone approxi-
mation with different element mixtures. Particularly we inves-
tigate the modification of the structure and evolution of the
disks as well as the modification of the composition of the
dust in the disk with decreasing metallicity. The one zone disk
model is valid in the early phase of disk evolution, within which
large bodies have not yet formed which open gaps in the disk.
The condensation and vaporization of the most important dust
species in chemical equilibrium with the gas phase in the inner,
chemical active disk region is considered. Annealing of silicate
grains, combustion of carbon grains and radial mixing of either
crystalline silicate and carbon grains are taken into considera-
tion, as Gail (2001) and Wehrstedt & Gail (2002) have shown
that these processes are important for the thermal structure of
protoplanetary disks. Also vertical selfgravitation of the disk
is included in the model calculations. Furthermore we apply
a new type of inner boundary condition in the model calcu-
lation that we call the “quasistationary” boundary condition.
This avoids the unphysical decline of the surface densityΣ and
unrealistically low temperatures in the innermost disk regions
which result from the usually adopted no-torque (Σ = 0) con-
dition.

The present work is a further contribution within this series
which examines the structure and evolution of protoplanetary
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disks with particular emphasis on the composition of the dust
which, amongst other processes, is strongly affected by mixing
processes within the disk. Gail (2001; henceforth Paper I) per-
formed calculations of stationary disk models including radial
mixing. These models have been extended to time dependent
disk models with radial mixing by Wehrstedt & Gail (2002;
henceforth Paper II). Gail (2002; henceforth Paper III) inves-
tigated the composition and mixing of the products of carbon
combustion, such as methane. Finally, Gail (2003; henceforth
Paper IV) in detail calculates the composition of the silicate
dust complex. The aim of this series is to determine the com-
position of planetary system bodies, in particular the compo-
sition of the most pristine bodies in our own solar system, the
asteroids and comets.

The paper is organized as follows: in Sect. 2 the treatment
of equilibrium condensation of the different dust species con-
sidered in the model calculations is presented. Section 3 shows
how radial mixing is included in the model calculations. The set
of equations for the radial disk structure is presented in Sect. 4.
Section 5 describes the numerical treatment of the model. The
results are shown and discussed in Sect. 6. We summarize the
results in Sect. 7 and make our final conclusions in Sect. 8.

2. Condensation of dust species

2.1. Forsterite and enstatite

In Papers I and II forsterite (Mg2SiO4) has been assumed to be
the only silicate compound in the dust mixture. Here we ex-
tend the chemistry of our model and include the condensation
of enstatite (MgSiO3) which is treated simultaneously with the
condensation of forsterite in chemical equilibrium.

The method of calculating the degrees of condensation of
Si into forsterite and enstatite,ffor and fens, is as follows:

First the abundances of C and O in the gas phase are calcu-
lated from

εC,gas= εC (1− fcar) , (1)

εO,gas= εO − εC,gas− (4 ffor + 3 fens) εSi − 3
2
εAl fcor. (2)

εX is the abundance of elementX. fcar and fcor are the degrees
of condensation of carbon into solid carbon grains and of alu-
minum into corundum (Al2O3), respectively, wherefcar is cal-
culated according to Eq. (35) of Paper II. It is assumed that
all the carbon in the gas phase is locked into CO, though there
might exist a significant fraction of CH4 and CO2 in disks at
intermediate distance from the protostar (Finocchi et al. 1997;
Paper III).

Next the partial pressure of free oxygen atomspO is

xOpO = εO,gasPH. (3)

PH is the fictitious pressure of H nuclei if all H is present as
free neutral atoms in the gas phase, andxO is given by

xO = 1+ pH

[
Kp(OH)+ pHKp(H2O)

]
+ pSiKp(SiO)+ pAl

[
pH

(
Kp(AlOH) (4)

+ pOKp(AlO2H)
)
+ pAl Kp(Al2O)

]
,

whereKp(Y) is the mass action constant of moleculeY andpX

the partial pressure of free atoms of elementX. PH andpH are
calculated by Eqs. (54) and (55) of Paper I. The factorsxX

are calculated by taking into account all abundant gas phase
species in which the elementX is bound. For Si and Mg one has

xSi = 1+ pOKp(SiO), (5)

if the small fraction of SiS which exists in chemical equilibrium
is neglected, and

xMg = 1 (6)

since Mg does not form abundant molecular species at elevated
temperatures where Mg is not completely bound in solids.

For determining the mole fractions of the solids in a gas-
solid mixture their activity is the crucial quantity (e.g. Philpotts
1990). The activities of forsterite and enstatite in the mix-
ture are

afor = pSip
2
Mgp4

Oe−∆G(for)/RT, (7)

aens= pSipMg p3
Oe−∆G(ens)/RT, (8)

whereR is the gas constant,T the temperature and∆G(Z) the
free enthalpy of formation of solidZ from free atoms. The
values ofKp(Y) and∆G(Z) are calculated by using data from
Sharp & Huebner (1990). In chemical equilibrium of a solidZ
with the gas phase the conditionaZ = 1 has to be satisfied. By
means of this condition the partial pressurespSi and pMg are
specified by Eqs. (7) and (8) whilepO is determined by Eq. (3).

With given pSi and pMg we calculate the degrees of con-
densation of Si into forsterite and enstatiteffor and fens from
the two stoichiometric conditions

(1− ffor − fens) εSiPH = xSipSi, (9)

εMgPH − (2 ffor + fens) εSiPH = xMg pMg. (10)

Equations (9) and (10) are the conditions of element conserva-
tion for Si and Mg, respectively. Since forsterite is more stable
than enstatite under the conditions of protoplanetary disks there
exists a temperature region where forsterite exists, but no en-
statite. This shows up in the solution of Eqs. (9) and (10) by a
negativefens. Thus we have to check whetherfens< 0.

If this is not the case, Eqs. (9) and (10) yield the correct
values forffor and fens.

If this is true, however, we have to recalculatepSi, pMg

and ffor from Eqs. (7), (9) and (10) by lettingfens = 0 and
afor = 1, i.e. we have

pSi =
e∆G(for)/RT

p2
Mg p4

O

, (11)

ffor = 1− xSipSi

εSiPH
, (12)

pMg =
(
εMg − 2 fforεSi

)
PH. (13)

Equations (11)–(13) yield a cubic equation forffor which is
solved with the Newton-Raphson method up to an accuracy
of 10−9 for pMg.
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If the solution in this case yieldsffor < 0, then silicates do
not exist at all (fens= ffor = 0) and all Si and Mg is present as
gas phase species only, in which case we have:

pSi =
εSiPH

xSi
, (14)

pMg =
εMgPH

xMg
· (15)

In case ofεSi > εMg (non-solar abundances)ffor and fens again
are calculated from Eqs. (9) and (10), but then one has to check
if ffor < 0. If this is the case it followsffor = 0 and all silicon
is bound in enstatite, and the excess of Si over Mg is bound in
quartz.

2.2. Corundum

We calculate the degree of condensation of corundumfcor and
the partial pressure of free Al atoms,pAl , from the set of equa-
tions (cf. Eqs. (63) and (64) of Paper I)

xAl = 1+ pH

[
Kp(AlH) + pO

(
Kp(AlOH)

+ pOKp(AlO2H)
)]
+ 2pAl pOKp(Al2O), (16)

(1− fcor) εAl PH = xAl pAl , (17)

acor = p2
Al p

3
Oe−∆G(cor)/RT. (18)

with the conditionacor = 1 for chemical equilibrium.

2.3. Solution of the equations of dust condensation

Equations (1)–(18) define a non-linear set of equations for the
degrees of condensationffor, fens and fcor, and the partial pres-
sures of the free atoms of the elements. They are solved by a
fixpoint iteration with an accuracy of 10−8.

2.4. Other dust species

Besides forsterite, enstatite and corundum also solid iron, solid
carbon, and water ice mantles around dust cores are considered
in the model calculation since these species also are important
absorbers in protoplanetary disks.

Iron and water ice are assumed to evaporate/condense
in chemical equilibrium like forsterite, enstatite and corun-
dum while solid carbon combusts by surface reactions with
OH molecules. The treatment of solid iron, water ice and solid
carbon in the model calculation is described in Papers I and II.

Astronomical silicates contain besides Mg also a certain
fraction of Fe, i.e. they have compositions Mg2xFe2(1−x)SiO4

(olivine) and MgxFe1−xSiO3 (pyroxene) with 0≤ x ≤ 1. The
consideration of these solid solutions will be the subject of fu-
ture investigations. Also quartz, considered by Pollack et al.
(1994) as a possible mayor dust component in accretion disks,
is not considered in this work since the existence of this com-
ponent is questionable (but see Honda 2003).

3. Radial mixing

3.1. Annealing of silicate

In Papers I and II we showed that thermal annealing of amor-
phous silicates and radial mixing are important processes in
protoplanetary disks. On one hand diffusive mixing of annealed
silicates to the outer parts of protoplanetary disks is a natural
explanation of the considerable abundance of crystalline sili-
cate in comets (e.g. Hanner et al. 1994; Wooden et al. 1999,
2000; Harker et al. 2002). On the other hand the radial struc-
ture of the disk is modified by annealing of silicates due to
the an order of magnitude lower opacity of crystalline silicates
compared to amorphous silicates.

We consider annealing of forsterite as well as of enstatite
in our model calculation. The method is described in Paper I.
For the activation energyEa for rearrangement processes in
the lattice in the annealing process we choose the values of
Fabian et al. (2000),Ea/kB = 39 100 K for forsterite and
Ea/kB = 42 040K for enstatite, respectively.

3.2. Carbon combustion

In protoplanetary disks solid carbon is destroyed by surface re-
action with OH molecules (Duschl et al. 1996; Finocchi et al.
1997). This is because combustion of carbon commences at
lower temperatures in protoplanetary disks as compared to ther-
mal evaporation. Hence, with increasing temperature carbon
grains are completely burnt by reaction with OH before thermal
evaporation starts to operate. The carbon combustion is calcu-
lated as in Paper II. Note that methane and further aliphatic
hydrocarbons are formed due to reactions with the products of
the carbon combustion (Finocchi et al. 1997; Paper III). By ra-
dial mixing these products are transported outwards within the
solar nebula to the location of the formation of comets. Hence
carbon combustion combined with radial mixing may explain
the large abundance of methane in comets (cf. Paper III).

3.3. The set of diffusion-transport-reaction equations

As described in detail in Paper II we solve a set of diffusion-
transport-reaction equations (e.g. Hirschfelder et al. 1964)

∂ci, j

∂t
+ vr
∂ci, j

∂r
=

1
rn
∂

∂r
rnDdg

∂ci, j

∂r
+

ci−1, j

τi−1,i, j
− ci, j

τi,i+1, j
· (19)

r is the radial distance from the protostar,vr the radial com-
ponent of the velocity of a tracer,n the total particle density,
andDdg the binary diffusion coefficient of a dust tracer of low
particle density in the carrier gas, respectively. The binary dif-
fusion coefficient is set to be equal to the viscosity,Ddg = ν (for
details see Paper I), i.e. the motion of tracers (micron-sized dust
grains) is assumed to be strongly coupled to the gas flow.

Equation (19) describes the time-dependent evolution of
the concentrationci, j of a speciesj which occurs in different
modificationsi within the flow of the disk. The flow is assumed
to be a superposition of an advective part which reflects the ac-
cretion flow of the disk, and of a turbulent component which
locally acts by diffusional mixing which tends to smooth out
any spatial gradient of the concentrationci, j .
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The species (indexj) considered in the present work
are solid carbon, forsterite and enstatite, respectively. Carbon
grains are assumed to be present in a size spectrumai between
a1 = 0.25µm andaN = 0.001µm, i = 1 . . .N. Forsterite and
enstatite grains occur in a sequence of different degrees of crys-
tallizationxi,cry = 0 . . .1 wherei = 1 . . .M.

The dust species are subject of (i) combustion of the carbon
grains, i.e. the size of the grains decreases, and (ii) of anneal-
ing of the silicate grains, i.e. the degrees of crystallinity of the
silicate grains increases. In either case the reactions are uni-
directionally. The atomic carbon released into the gas phase
is locked up by CO, and will not form solid carbon again.
Silicates can not become less crystallized since there exists no
process in the disk which could do this. The only likely process
for this would be irradiation with energetic (several keV) ions
(Demyk et al. 2001) which do not exist in protoplanetary disks.
Thus carbon grains only can shrink in size until they disappear
and silicate grains only can get more crystallized until their de-
gree of crystallinity is unity. The characteristic timescales of
the considered reactionsτi,i+1, j (last two terms on the r.h.s. of
Eq. (19)) are given in Paper II.

The size grid of carbon grains in our computation is spaced
logarithmically equidistant, getting more dense to smaller radii
of the carbon grains, withN = 31 grid points, chosen as in
Paper II. For the degree of crystallinity of silicates we choose
an equidistant grid withM = 3 which is more coarse as com-
pared to Paper II (M = 11). We found that this coarser grid does
not influence the results of our model calculations. Hence, sil-
icates (forsterite and enstatite) in our model calculations occur
as completely amorphous, partially crystalline (x2,cry = 0.5)
and completely crystalline grains.

The numerical treatment of the set of Eqs. (19) is fully
implicit, as described in Paper II.

4. Radial disk structure

4.1. Selfgravitation of the disk

Observations reveal that protoplanetary disks in classical
T Tauri systems have masses up to a few tenths of the central
star (see e.g. the review of Natta 1999). Duschl et al. (2000)
show for disks with masses larger than∼1/100M∗ the self-
gravity of the disk to become important for the disk structure.
If the disk mass is not too large (smaller than∼1 M∗) the verti-
cal component of the gravitational field of the disk at the disk’s
surface well approximates the actual gravitational field of the
disk. As in terms of Duschl et al. (2000) we call the disk in this
case to be “vertical selfgravitating”, or “Keplerian selfgravitat-
ing”, since the orbital (Keplerian) motion close to the midplane
of the geometrically thin disk is not influenced by the gravi-
tational potential of the disk. Disks with masses above∼1 M∗
are “fully selfgravitating”, i.e. the Poisson equation for the star-
disk system has to be solved.

Consequently, since we like to model disks with masses
up to a few tenths of the stellar mass, we introduce vertical

selfgravity of the disk in our model. Then, the equation for the
vertical pressure gradient reads

1
ρ

dP
dz
= −GM∗

r3
z− 4πGσ, (20)

whereσ =
∫ ∞
0
ρdz. The first and the second term on the r.h.s.

of Eq. (20) are the vertical components of the gravitational ac-
celeration vector of the star and the disk (Paczy´nski 1978), re-
spectively. By assuming vertical isothermicity Eq. (20) is eas-
ily integrated. The solution yields a quadratic expression for the
scale height of the disk which we define as the height where the
pressure is reduced to 1/

√
e of the midplane value. The posi-

tive solution of this quadratic equation is given by Eq. (25). In
case of negligible selfgravity of the disk, i.e. if the second term
on the r.h.s. of Eq. (20) vanishes, Eq. (25) reduces tohs = cs/Ω
which is the well-known expression for the scale height in a
non-selfgravitating disk, as used in Papers I and II.

4.2. Viscosity prescription

As selfgravity is introduced in our model theα-prescription for
the viscosity (Papers I and II) no longer can be applied. The
reason for this is that in regions of the disk where the disk’s
selfgravity dominates over the star’s gravity the disk becomes
radially isothermal (Duschl et al. 2000). Since this is unphys-
ically we introduce theβ-prescription of the viscosity (Duschl
et al. 2000; Hur´e et al. 2001) in Eq. (23). In case of theβ-ansatz
the viscosity decouples from the thermodynamics of the disk,
and an unphysical radial isothermicity of the disk is avoided.
For details of theβ-viscosity, see Duschl et al. (2000) and Hur´e
et al. (2001). Note thatβ essentially is the reciprocal of the crit-
ical Reynolds number of the flow.

4.3. Disk equations

The set of equations for the calculation of the radial disk struc-
ture of selfgravitatingβ-disks in the one-zone approximation is
(cf. Paper II for non-selfgravitatingα-disks):
1) Time evolution of the surface density:

∂Σ

∂t
=

3
r
∂

∂r

√
r
∂

∂r
νΣ
√

r . (21)

2) Keplerian angular velocity:

Ω =

√
GM∗

r3
· (22)

3) Viscosity:

ν = β r2Ω. (23)

4) Isothermal sound speed:

cs =

√
kBTc

µmH
· (24)

5) Pressure scale height:

hs =
2πGΣ
Ω2


√

1+

(
csΩ

2πGΣ

)2

− 1

 . (25)
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6) Mean vertical mass density:

ρm =
Σ

2hs
· (26)

7) Mean molecular weight:

µ =
ρmkBTc

mH(pH + pH2 + pHe)
· (27)

8) Rosseland and Planck mean of the mass extinction
coefficient:

κR/P = κR/P(ρm,Tc). (28)

9) Rosseland and Planck vertical optical depth:

τR/P =
1
2
ΣκR/P. (29)

10)Viscous dissipation rate:

Ėν =
9
8
Ω2νΣ. (30)

11)Effective temperature of the disk surface:

σT 4
eff =

(
1+

1
4τP

)
Ėν + σT 4

cloud. (31)

12)Temperature at the midplane:

σT4
c =

(
3
4
τR +

1
4τP

)
Ėν + σT4

cloud. (32)

4.4. Opacity

The Rosseland mean of the opacity of the silicates is calcu-
lated by

κR,for = fcry,forκR,for,cry + (1− fcry,for)κR,sil,am, (33)

κR,ens= fcry,ensκR,ens,cry + (1− fcry,ens)κR,sil,am. (34)

Here κR,for,cry, κR,ens,cry and κR,sil,am are the Rosseland opaci-
ties of crystalline forsterite, crystalline enstatite and amorphous
silicate, respectively, each calculated for solar system abun-
dances. No difference is made between amorphous forsterite
and amorphous enstatite since in the outer parts of the disk
the solid component of the disk material is present as unequili-
brated ISM dust (Paper IV).

fcry,for and fcry,ensare the degrees of crystallinity of forsterite
and enstatite, respectively. They are derived from the solution
of the set of diffusion-transport-reaction Eqs. (19) for silicate
annealing (see Eq. (37) of Paper II).

The Rosseland mean of the dust mixture is approxi-
mated by the sum of the contributions of the individual dust
components,

κR,dust = ζSi( fforκR,for + fensκR,ens) + ζC fcarκR,car

+ζFefiroκR,iro + ζAl fcorκR,cor. (35)

κR,car, κR,iro andκR,cor denote the Rosseland opacities of solid
carbon, solid iron and corundum, respectively, each calculated

for solar system abundances. Thef j are the degrees of conden-
sation of the key dust forming element into the condensatej,
i.e. Si for the silicates, C for solid carbon, Fe for solid iron and
Al for corundum, respectively. Finally,ζX is the ratio of the
abundanceεX of elementX relative to the solar abundance of
this element,εX,�, i.e.

ζX =
εX
εX,�
· (36)

We include the relative abundancesζX in the calculation of the
opacity since one purpose of the present paper is to calculate
models of protoplanetary disks with different metallicities. In
Eq. (35) the opacity of each absorberj is multiplied byζX of
the key dust forming element of the absorber, as in the case of
the f j , since the opacityκ of a dust species is proportional to
the element abundance of the least abundant element required
for its formation (the key element).

The degree of condensation of carbonfcar is determined by
the solution of the set of diffusion-transport-reaction Eqs. (19)
for carbon combustion (see Eq. (35) of Paper II).

The Rosseland mean opacity of the gas component is cal-
culated by

κgas= κH,H2 + ζO
[
κOH + κH2O

]
+ ζCκCO, (37)

whereκH,H2, κOH, κH2O andκCO are the Rosseland mean opaci-
ties of hydrogen (atomic and molecular), OH molecules, water
vapour and carbon monoxide, respectively.ζX is, again, the rel-
ative abundance of elementX compared to the solar abundance.
Theκ j of the gas compounds are calculated from an approxima-
tion of Keeley (1979) with the corrections by Marigo (2002).
We ignore the contributions of electrons and ions to the opacity
as the disks in our model do not become hotter than∼3000 K
at the inner boundary.

The particle densities of the molecular compounds which
are needed for the calculation of the opacity according to the fit
formula of Keeley (1979) are derived under the assumption of
thermodynamical equilibrium by using thermodynamical data
of Sharp & Huebner (1990). Dissociation of H2 is included in
the chemical model.

Finally, the Rosseland mean of the opacity of the disk
material is calculated by

κR = ficeζOκR,ice+ (1− fice)κR,dust+ (1− fcor)κgas. (38)

Here fice andκR,ice are the degree of condensation of ice and
the Rosseland mean opacity of ice coated grains, respectively,
which are calculated as in Paper II. The terms in brackets in
Eq. (38) serve for a smooth transition between the opacity of
ice coated and bare grains as well as for a smooth transition be-
tween the opacity of corundum dust and the opacity of the dust
free region. We note that the method for calculating the opac-
ity (sum of the individual absorbers) is exact only in case of a
grey atmosphere or in temperature regions where one absorber
strongly dominates the opacity.

Disks of low metallicity (small values ofζX) clearly have
a lower opacity of the disk material. Thus, in disks of low
metallicity as compared to disks of solar metallicity, the re-
gions where the vertical optical depth is smaller than unity are
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not limited to the outermost disk regions, as for solar metal-
licity, but will extend much farther inwards. This requires to
use in such regions the Planck mean opacities of the indi-
vidual absorbersj, κP, j . The total Planck mean opacityκP of
the dust mixture is calculated in the same way as the total
Rosseland mean opacityκR in Eqs. (33)–(38). From the total
Rosseland and Planck mean opacitiesκR/P we derive Rosseland
and Planck vertical optical depths from Eqs. (29).

The equations for the temperature at the disk surfaceTeff

and at the disk midplaneTc of Paper II are replaced by the
equations forTeff and Tc of Nakamoto & Nakagawa (1994)
(Eqs. (31) and (32), respectively) in order to consider cor-
rectly also optically thin disk regions. The factors in brackets
in Eqs. (31) and (32) serve for a smooth transition between the
optically thick and optically thin parts of the disk. In the opti-
cal thick case the vertical temperature stratification essentially
is an atmosphere in the Eddington approximation.

By using Mie theory and assuming MRN size distribu-
tions (Mathis et al. 1977) we calculateκλ and from this
Rosseland and Planck mean opacitiesκR/P, j of the individual
dust speciesj. Optical data for amorphous silicate and solid
carbon are taken from Draine (1985), for crystalline silicates
from the database of the Astrophysical Institut of the University
of Jena1, for solid iron from Lide (1995) and for corundum
from Koike et al. (1995), respectively. For calculational pur-
posesκR andκP for each dust component are approximated by
analytical fit formulas.

In case of ice coated grains we apply the simpleT2 de-
pendence of the Rosseland mean opacity of Bell & Lin (1994)
and calculate the Planck mean opacity by usingκP,ice/κR,ice =

2.39 for the ratio between the Planck and Rosseland opacities
(Nakamoto & Nakagawa 1994).

We note that the opacity of the disk matter essentially de-
termines the thermal structure of the disk (cf. Papers I and II).
With decreasing metallicity, i.e. decreasingζX in (36), the opac-
ity of the disk matter decreases. This especially is important
for the dust opacitiesκR/P,dust since dust grains are the main ab-
sorbers throughout protoplanetary disks, except in their small
hot innermost region.

An important process strongly modifying the opacity of the
disk material is dust coagulation. This process is neglected in
the present calculations. This limits the validity of the present
calculations to the period of time until grains form grain clus-
ter of such a size that the approximation of small grains for
calculating dust opacity breaks down. In the limit of small
grains the opacity essentially depends on the total volume of
the condensed material and only marginally on the shape and
size of the condensed particles/clusters of condensed material.
Assuming a disk temperature of 600 K at 1 AU (corresponding
to an evolutionary time of about 5× 105 yr) Wiens law leads to
a wavelength of 4.5µm for the wavelength of maximum radia-
tive energy flux. If dust grains form cluster of about this size
by coagulation, the opacity starts to depend on the degree of
coagulation of dust grains. For typical interstellar dust grains
of 0.1µm about 105 grains are required for forming clusters of
this size.

1 See:http://www.astro.uni-jena.de

The collision time scale for grain-grain collisions is

τgg =
1

ngvσ
, (39)

whereng is the grain particle density,v is the relative veloc-
ity between grains, andσ the collision cross section. Typically
one has about 10−12 ISM grains per hydrogen nucleus, a num-
ber density of hydrogennH = 1014 cm−3 at 1 AU, and collision
cross sections of 3× 10−10 cm2. For micron-sized particles the
relative velocities of particles are determined by Brownian mo-
tions which are of the order of 0.1 cm/s (e.g. Weidenschilling
& Cuzzi 1993). The typical period of time after which coagu-
lation of dust grains becomes important for the opacity of the
dust-gas mixture is of the order of 5× 105 yr. For lower metal-
licities this time limit roughly scales as 1/Z. Thus, coagulation
is not important for the opacity calculation except for the very
last phases of our solar metallicity model (see Sect. 5.3).

5. Numerical treatment

5.1. Initial and boundary conditions

The initial condition essential is chosen as in Paper II by nu-
merically calculating a stationary model (i.e.∂Σ/∂t = 0 in
Eq. (21) and∂ci, j/∂t = 0 in Eq. (19)) to get an initial radial dis-
tribution of the surface densityΣ and of the concentrations of
carbon grains of different sizeci,car. The initial concentrations
of forsterite and enstatite grains of different degrees of crys-
tallinity ci,for andci,ens are chosen such that the silicate grains
are completely amorphous at the beginning of the integration,
i.e. the silicates are assumed to be unaltered ISM grains.

The initial stationary disk model is calculated for pre-
scribed values of the initial disk massMdisk and disk angular
momentumJdisk (see Sect. 4.2 in Paper II, particularly the ra-
dial dependence of the mass accretion rateṀ(r) within the ini-
tial model).Mdisk andJdisk are free parameters. The particular
values chosen in the model calculations are shown in Table 2.

The boundary conditions for the concentrationsci, j are cho-
sen as follows: the silicates are completely amorphous at the
outer boundary and completely crystalline at the inner bound-
ary. The carbon grains at the outer boundary have a MRN size
distribution (Mathis et al. 1977), and at the inner boundary they
are completely burnt (ci, j = 0).

The outer boundary condition of the surface density is the
no-torque condition (Σ = 0), as in Paper II. However, we em-
ploy a new inner boundary condition. The physical basis and
the numerical treatment of this new inner boundary condition,
which we call the “quasistationary” boundary condition, is de-
scribed in Appendix A. The quasistationary inner boundary
condition removes the problem of an unphysical behaviour of
the surface density and the temperature at the inner boundary if
the no-torque condition is applied, as in the former disk model
of Paper II and all other model calculations which prescribe
Σ = 0 at the inner boundary. We numerically checked for the
conservation of mass and angular momentum of the quasista-
tionary boundary condition and found the mass and angular
momentum of the disk to be conserved up to the numerical ac-
curacy of the model calculations.
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Table 1. Element abundances of elementX relative to its solar abundanceζX = εX/εX,� (Eq. (36)) of the models with different metallicities
[Fe/H] (Cols. 2–8). Column 9 shows the solar element abundances adopted in the model calculations. For details see text.

Model S A B C D E F εX,�

[Fe/H] 0 0 0.2 −0.5 −1.0 −1.5 −2.0 3.24× 10−5

ζHe 1.0 1.0 1.0 1.0 1.0 1.0 1.0 9.75× 10−2

ζO 1.0 1.25 1.5 0.5 0.2 0.08 0.03 4.91× 10−4

ζC 1.0 1.0 100.2 10−0.5 10−1.0 10−1.5 10−2.0 2.45× 10−4

ζMg 1.0 1.25 2.0 0.5 0.2 0.07 0.025 3.85× 10−5

ζSi 1.0 1.125 1.8 0.45 0.2 0.07 0.025 3.58× 10−5

ζAl 1.0 1.25 2.0 0.5 0.2 0.03 0.003 3.04× 10−6

With the quasistationary inner boundary the mass transfer
from the disk onto the star is determined by the mass accretion
rate at the innermost poinṫM1,

Mt+∆t
∗ = Mt

∗ + Ṁt
1∆t (40)

whereMt∗ denotes the stellar mass at instancet, and∆t is the
time step.

5.2. Numerical solution

The set of Eqs. (19)–(32) for the disk structure is solved numer-
ically by essentially the same method as described in Paper II,
but with one exception. In Paper II the calculation of the
concentrationsci, j by means of the set of diffusion-transport-
reaction Eqs. (19) was attended explicitly to the calculation of
the remaining disk Eqs. (21)–(32) within a time step, i.e. the nu-
merical method in part was explicit. As can be seen by compar-
ison of the flow charts of the codes of Paper II and the present
model (Fig. 2 in Paper II and Fig. 1 herein) the iteration of
the surface densityΣ now is carried out globally, i.e. including
the integration of the set diffusion-transport-reaction Eqs. (19).
Hence, due to this modification the numerical method now is
implicit. Only the calculation of the stellar mass by Eq. (40) is
done explicitly as the mass accretion onto the star occurs on the
viscous timescale.

The maximum time step∆tmax is chosen to be 50 yr. This is
somewhat smaller than∆tmax of theα-disk models of Paper II
since we encountered some numerical instability when choos-
ing the time step larger than∼50 yr in the presentβ-disk mod-
els. However, compared to anα-disk model the CPU time for
an equivalentβ-disk model is reduced by a factor∼4. This
originates from the fact that in case of theβ-ansatz the viscos-
ity decouples from the thermodynamical structure of the disk
(cf. Eq. (23)) causing a less problematic solution of the diffu-
sion equation of the surface density (21). The CPU time on a
P4 XEON 2.8 GHz computer for a typical 106 yr-disk model is
about 37 min.

5.3. Models of different metallicity

The aim of the present work is to calculate models of proto-
planetary disks with different metallicities. The values for the
metallicities [Fe/H] and the ratios of element abundances of

Parameters (β, Mdisk, Jdisk, εX, . . .)

Initial model (Σ0, c0
i, j )

Set of radial disk Eqs. (22) – (32)

NR iteration of (Tc,µ) up to (∆ = 10−7)

Solution of Eq. (21) forΣ

Solution of the set of Eqs. for theci, j (19)

Iteration ofΣ up to∆ = 10−5

New stellar massM∗

Next time step

?

?

?

?

?

?

?

?

��
�

Fig. 1. Flow chart of the numerical code. The arrows to the right
of the diagram denote the iteration loops and the time loop, respec-
tively, and∆ is the accuracy of the iteration. The set of radial disk
Eqs. (22)–(32) is solved by a coupled Newton-Raphson method for
the midplane temperatureTc and the mean molecular weightµ.

elementX relative to solar,ζX (Eq. (36)), for the individual
models are given in Table 1.

The choice of theζX is inspired by the works of Timmes
et al. (1995) and Portinari et al. (1998) which compiled the
element abundances of a large sample of stars in the solar
neighbourhood. For a fixed metallicity their plots of element
abundances versus metallicity show a large scatter of the abun-
dances of the individual elements. This scatter is not unex-
pected as stars (and disks) in the galaxy form in different
chemical environments with quite different evolutionary histo-
ries. To calculate models for different metallicities [Fe/H] we
roughly average the individualζX for given [Fe/H] from the
samples of Timmes et al. (1995) and Portinari et al. (1998), re-
spectively. In this sense the element mixtures of models A–F
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(Table 1) aretypical for stars in the solar neighbourhood for
given metallicity.

In particular, model S in Table 1 corresponds to the solar
element mixture. Model A corresponds to an element mixture
of a typical star in the solar neighbourhood with solar metallici-
ty. Model B is a model with a metallicity ([Fe/H] = 0.2)
representing stars of present day metallicity, i.e. young stars
in the solar neighbourhood. Models C – F have metallicities
[Fe/H] = −0.5 . . . −2.0 successively decreasing in steps of 0.5.
For even lower metallicities the basic assumptions on which the
model calculations are based on are no longer valid. Especially
the disk then becomes vertically optically thin almost every-
where. Thus, we choose a lower limit for the metallicity of
[Fe/H] = −2.0 in our model series.

It can be seen from model A in Table 1 that the sun is not a
typical star within its closer environment with respect to its el-
ement mixture. The deviations of the element abundances from
the mean are, however, well within the range of scattering of
individual abundances. As well it follows from Table 1 that the
depletion of elements with decreasing metallicity do not occur
uniformly for the individual elements in typical stars close to
the sun. These aspects and particularly their influence on the
composition of the dust within disks will be discussed in detail
in our model results (see Sect. 6). However, we already now
point towards our choice of the abundances of He and C, re-
spectively. The helium abundance is chosen to be solar in each
model. The reason for this is that a variation ofζHe exclusively
changes the mean molecular weightµ, Eq. (27), and the re-
sulting modification of the disk models is small. The carbon
abundances are chosen to decrease like the metallicities. This
choice is motivated by the large scatter of the carbon abun-
dances observed for stars in the solar neighbourhood (Timmes
et al. 1995; Portinari et al. 1998), and moreover from the fact
that there is no observable trend of deviations of the evolution
of the carbon abundance from the evolution of the metallicity
in the solar environment.

The values of the standard solar abundances of ele-
mentsεX,� are taken from Anders & Grevesse (1989) (last col-
umn of Table 1), with two exceptions. Recently the abundances
of carbon and oxygen of the sun are updated by more accurate
model atmosphere calculations of Allende Prieto et al. (2002).
The valuesεC,� = 3.55 × 10−4 and εO,� = 7.41 × 10−4 of
Anders & Grevesse (1989) therefore are changed to the new
valuesεC,� = 2.45× 10−4 andεO,� = 4.91× 10−4 of Allende
Prieto et al. (2002) (Table 1). Thus the abundances of C and O
both are reduced by a factor of about 1/3. This leads to a large
reduction of the opacity of all species which bear C or O as
the least abundant element of the compound (i.e. solid carbon,
CO, OH, water vapor and ice). We found the disk structure to
be significantly modified due to the updated abundances of C
and O.

5.4. Model parameters

The other relevant model parameters are shown in Table 2.
They are held fixed in the models of different metallicity

Table 2. Parameters used for the calculation of the disk models. The
stellar radius is calculated fromL∗ = 4πR2

∗σT4
∗ .

Initial stellar mass M∗,0 1 M�
Stellar effective temperature T∗ 4250 K
Stellar luminosity L∗ 5 L�
Stellar radius R∗ 4.13 R�
Inner disk radius r i 5R∗ = 0.096 AU
Outer disk radius ro 200 AU
Molecular cloud temperature Tcloud 20 K
Initial disk mass Mdisk,0 0.2 M�
Disk angular momentum Jdisk 1053 g cm2 s−1

Viscosity parameter β 10−5

(Table 1). The parameters of this work essentially equal the
model parameters of Paper II2.

The viscosity parameterβ is chosen to be 10−5 (Table 2).
We did test calculations with different values forβ and found
the value of 10−5 to yield dissipation timescales for the disks
in the model consistent with the evolutionary timescales of
disks following from observations (e.g. Haisch et al. 2001).
Interestingly, this value forβ (the reciprocal critical Reynolds
number of the flow) is in the range of those found by the experi-
ments of Wendt (1933) and Taylor (1936a,b) (by a reanalysis
of Richard & Zahn 1999), for turbulent flows between coaxial
rotating cylinders in the limit of large gap sizes between the
cylinders. In contrast, the value ofβ for the limit of small gap
sizes, which is favoured by Duschl et al. (2000) with regard to
the generation of turbulence in protoplanetary disks,β is about
three orders of magnitude larger. However, we chooseβ such
that the calculated disk lifetime is in accord with disk lifetimes
deduced from observations.

6. Results

Before we discuss in detail the results of the models for differ-
ent metallicities we investigate the influence of the modifica-
tions on the present model introduced in Sect. 4, as compared
to Paper II.

6.1. New inner boundary condition

First we test the influence of the new inner boundary condition.
To do this we compare two models: (1) a model with the no-
torque inner boundary condition (Σ1 = 0) as it has been applied
in Paper II, and (2) a model including the new quasistationary
inner boundary condition (see Appendix A). Both models are
calculated with theα-viscosity description, without including

2 Note that an error occured in Paper II regarding the estimation
of the disk angular momentum by means of the relation of Stepinski
(1998),Jdisk,ste = 6.7α0.34 (see Eq. (39) of Paper II). This relation refers
to the lower branch of solutions forJdisk in the work of Stepinski
(1998), and the values given in Table 2 of Paper II actually are in
units of 1052 g cm2 s−1, hence one order of magnitude smaller. For the
upper branch of solutions forJdisk in Stepinski (1998) there holds
Jdisk,ste = 46α0.28 which, however, leads to a value ofJdisk,ste of the
same order of the values given in Table 2 of Paper II.
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Fig. 2. Radial structure of anα-disk model with the quasistation-
ary inner boundary condition (solid lines) compared with anα-disk
model with the no-torque inner boundary condition (dashed lines) at
t = 0 (0), 105 (1) and 106 yr (2). a) Surface densityΣ. b) Midplane
temperatureTc.

selfgravitation of the disk and with a solar element mixture. In
either case the initial model is that of model S, andα = 3×10−3.

The results are shown in the plots of the surface densityΣ

and the midplane temperatureTc versus the radial distancer
to the star in Fig. 2. It is obvious that the more realistic qua-
sistationary inner boundary condition strikingly modifies the
disk structure compared to the no-torque inner boundary con-
dition, in spite of previous assertions that the no-torque inner
boundary condition has only small influence on the disk struc-
ture. The surface densityΣ (Fig. 2a) at 0.2 AU after 106 yr in
the no-torque model is unphysically reduced by a factor of∼2,
and at 1 AU still by a factor of∼1.2. As well, the modification
of the thermal structure is significant. The midplane tempera-
tureTc (Fig. 2b) of the “quasistationary” model compared with
the no-torque model at 106 yr is reduced from 1380 K to 1180 K
at 0.2 AU, but only from 428 K to 423 K at 1 AU, respectively.
Differences ofTc of the order of 100 K in the inner portions
of the disk are quite important, since chemical processes react
quite sensitive even on small temperature variations. The artifi-
cial reduction ofTc due to theΣ = 0 inner boundary condition
extending outwards up to∼1 AU is not acceptable, if chemical
processes and dust processing in the disk are to be modeled.

Owing to these findings we strongly recommend the appli-
cation of the quasistationary inner boundary condition to each
time dependent disk model in the one-zone approximation. The
extra computational expense we found to be only small since
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Fig. 3. Radial structure of aβ-disk model (solid lines) compared with
anα-disk model (dashed lines) att = 0 (0), 105 (1) and 106 yr (2).
a) Surface densityΣ. b) Midplane temperatureTc. Note that the initial
temperature structure of both models is different due to the different
viscosity prescriptions.

the calculation of the new quasistationary boundary condition
has to be done at only one radial point, at the inner boundary,
as described in Appendix A. Moreover, large gradients close to
the inner edge as they occur in case of the no-torque condition
are avoided. Note also the smooth inward “lapse” ofΣ andTc

at the inner edge in the model with the quasistationary inner
boundary condition in Fig. 2.

6.2. α versus β

Next we investigate the effect of theβ-viscosity. For this pur-
pose we compare (i) a model withα-viscosity with (ii) a model
with β-viscosity. Both models are computed with the quasista-
tionary inner boundary condition, without including selfgravity
of the disk and with solar element mixture. In both cases the
initial model is that of model S. The viscosity parameters are
α = 3× 10−3 andβ = 10−5.

The results are shown in Fig. 3. As previously noted, in
β-disk models the evolution of the surface densityΣ decouples
from the thermal structure of the disk. Hence, the radial distri-
bution ofΣ in theβ-disk model is “smooth” (Fig. 3a) whereas
the surface density in theα-disk model reflects the kinks of
the thermal structure (Fig. 3b). The thermal structure does
not change much if turning from theα- to theβ-prescription
of the viscosity (Fig. 3b). The most distinct influence on the
disk structure has the choice of the value ofβ (or α) as this
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Fig. 4. Radial structure of aβ-disk model including (solid lines) and excluding (dashed lines) vertical selfgravitation of the disk att = 0 (0),
105 (1) and 106 yr (2). a) Surface densityΣ. The dot-dashed line is a curve withΣ ∝ r−0.5 which represents the run of the surface density for
a stationaryβ-disk model.b) Midplane temperatureTc. c) Aspect ratiohs/r. d) Vertical averaged densityρm. The initial density profile is not
shown in this case for clarity. Note that the initial radial profiles ofTc, hs/r andρm of models including selfgravity differ from the corresponding
radial profiles of models neglecting selfgravity. The radial profile of the surface densityΣ, in contrast, is the same in either cases since it is fixed
by the initial disk mass and initial angular momentum.

determines the evolutionary timescale of the disk. In our case of
β = 10−5 the mass accreted onto the star in this model amounts
to 7.1×10−2 Ṁ� after 106 yr whereas it is 6.0×10−2 Ṁ� for the
α = 3×10−3 model. Note that the initial temperature structures
of the models withα- andβ-viscosity are different due to the
different viscosity prescriptions.

6.3. Selfgravity of the disk

Finally, we turn to the vertical selfgravitation of the disk (see
Sect. 4.1) by comparing (i) a model excluding the vertical self-
gravitation of the disk with (ii) a model including the disk’s
vertical selfgravity. Both models are computed with the qua-
sistationary inner boundary condition and with solar element
mixture. Hence case (ii) equals model S (Table 1).

The results are shown in Fig. 4. As can be seen the inclu-
sion of vertical selfgravity of the disk has no influence on the
radial distribution of the surface densityΣ (Fig. 4a). This once
again reflects the decoupling of the evolution ofΣ from that of
the temperatureTc in models ofβ-disks, and hence the decoup-
ling of Σ from hs which is the quantity in which the present
description of the vertical selfgravity enters in the model cal-
culations (Eq. (25)). For comparison in Fig. 4a also the profile
of the surface density following from the solution of the

stationary problem (∂Σ/∂t = 0;Σ ∝ r−0.5) is shown (dot-dashed
line). In the inner parts of the disk the surface density distribu-
tion becomes flatter as compared to the stationary case due to
the influence of the time dependent accretion process.

The midplane temperatureTc (Fig. 4b) is only slightly mod-
ified if turning on selfgravity. The reason for this is the slight
dependence ofTc (Eq. (32)) on the pressure scale heighths,
i.e. on the the disk’s selfgravity, since the viscous dissipa-
tion rate Ėν (Eq. (30)), which mainly determinesTc, only
contains quantities which are independent of the tempera-
ture structure of the disk (Ω, ν, Σ). The small discrepancy of
the midplane temperature between the models including and
neglecting selfgravitation of the disk are due to the optical
depthτR/P (Eq. (29)), i.e. the opacity of the disk matterκR/P
(Eq. (28)).

The aspect ratiohs/r is strongly modified if vertical self-
gravitation of the disk is included in the model calculations
(Fig. 4c). The reason for this is that in the outer parts of the
disk the disk’s vertical selfgravity becomes dominant over the
vertical component of the star’s gravity, as clearly can be seen
by the downwards bump of the aspect ratio in Fig. 4c. This
“dip” of the aspect ratio extends from∼1 to∼80 AU at 105 yr,
changes its location with time, and extends from∼4 AU to the
outer edge (200 AU) at 106 yr as a consequence of the viscous
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spreading of the disk matter with time. At the location of the
gap the disk surface should be strongly shadowed from the ir-
radiation of the central star, and thus the disk may cool down
in this region. However, we have not included the effect of disk
heating by irradiation from the central star up to now since this
requires 2D radiative transfer calculations which are out of the
scope of the present work. Note that the pressure scale height
provides no information about the height where the radiation of
the star actually penetrates the disk surface and how the scat-
tered stellar radiation diffuses into the disk interior.

In contrast to the surface density (Fig. 4a), thedensity
(Fig. 4d) is strongly affected by the disk’s selfgravitation since
ρm, the vertical averaged density in our model, is determined by
the pressure scale heighths (Eq. (26)).ρm increases by a fac-
tor of∼3.6 at 25 AU after 105 yr if selfgravitation of the disk is
considered. The modification of the density structure by self-
gravity is most pronounced in the cool outer parts of the disk
outwards of the condensation front of water ice where chemical
reactions are slow. Hence selfgravity mainly should influence
the chemistry in the cool outer disk regions, e.g. the freezeout
of molecules onto grains. Such calculations are out the scope
of this work.

Note that the impact of the vertical selfgravitation on the
disk structure, i.e. the dip of the scale height and the increase
of the midplane density, was already observed by Hure (2000).

With regard to radial mixing the outward transport of matter
in the model including vertical selfgravity is slightly impeded
compared to the model neglecting vertical selfgravity because
the density gradient becomes flatter in the zone of vertical self-
gravitation (Fig. 4d).

We note that the effect of selfgravity on the disk structure
varies with the disk massMdisk. In the present models we as-
sume rather massive disks with initiallyMdisk = 0.2 M� which
represent the upper tail of the distribution of disk masses of
evolveddisks (e.g. Natta 1999). Such a large value for the disk
mass is probably not unusual immediately after the formation
of the disk (Nakamoto & Nakagawa 1994, 1995). To evaluate
the effect of selfgravity we perform some test calculations with
different initial disk masses and angular momenta (not shown).
The initial angular momentum of the disk scales linear with the
initial disk mass in these test calculations. We observe a signif-
icant modification of the disk structure by selfgravity down to a
disk mass ofMdisk = 0.02M�. Thus a large fraction of the ob-
served protoplanetary disks should be affected by the selfgrav-
itation of the disk. Hence, if one wants to omit the numerical
effort of solving the Poisson equation to take into account the
full selfgravitation of the disk, at least the disk’svertical self-
gravity ought to be considered within models of protoplanetary
disks.

In the following we present the results of calculations of
models with different element mixtures and discuss them.

6.4. Model A

First we look at the results of model A, the model of a proto-
planetary system with a typical element mixture as encountered
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Fig. 5. Evolution of the midplane temperatureTc in model A (solid
lines) compared with the “solar” model S (dashed lines) att = 0 (0),
105 (1) and 106 yr (2). The initial models are already different due to
the different element compositions.

in the solar neighbourhood (Table 1). We compare this model
to model S with solar composition.

Figure 5 shows the result for the temperature profile of the
disk in both models. The midplane temperatureTc of model A
does not show strong modifications as compared to the solar
abundance model S. This can be explained by the fact that due
to equal metallicities in both models the chemical composition
is similaron average.

The radial profile and evolution of the surface density of
model A equals that in Fig. 4a because, as we already noted,
the evolution ofΣ is not affected by the thermal evolution of
the disk. For given disk massMdisk and disk angular momen-
tumJdisk, 0.2 M� and 1053 g cm2 s−1 in each of the models A–F,
respectively, the evolution of the surface densityΣ is deter-
mined exclusively by Eqs. (21)–(23) and the inner boundary
condition (Appendix A).

A good way to compare the models of different element
mixture is to plot the opacity profile of the individual absorbers
of the disk. The Rosseland mean of the opacity versus the radial
axis of models A (solid lines) and S (dashed lines) at 105 yr are
shown in Fig. 63.

First of all in Fig. 6 one can observe what is common to
all the models presented here (see also the other Papers of this
series): different species represent the main absorbers within
different temperature ranges in the disk, that are

– ice mantled grains up toTc ∼ 155 K,
– amorphous silicate grains in the range 155 K. Tc . 500 K,
– carbon grains at 500 K. Tc . 1100 K,
– iron grains at 1100 K. Tc . 1450 K,
– corundum grains at 1450 K. Tc . 1800 K and
– molecules (mainly H2O) aboveTc ∼ 1800 K,

respectively. At higher temperatures also ions and electrons
contribute to the opacity, but the present disk models do not
reach such large temperatures at the inner edge.

3 We use the Rosseland mean of the opacityκR instead of the Planck
meanκP for the presentation of the results, as in Paper II, since the
disks are optically thick in the regions of interest, i.e. in the chemical
active zones.



928 M. Wehrstedt and H.-P. Gail: Radial mixing in protoplanetary accretion disks. V.

10-3

10-2

10-1

100

101

0.1 1 10 100

κ R
 [

cm
2 g-1

]

r [AU]

Model A
t=105yr
[Fe/H]=0.0

for
for

ens

ens

sil,am

iro
car

cor

ice
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lines represent the total opacities of the models whereas the thin lines
show the opacity of the individual absorbers as labeled by abbrevia-
tions.

The most important modifications between models A and S
results from the different oxygen abundances. Model A for a
typical star (and disk) in the solar vicinity has 1.25 times the
solar abundance of oxygen (Table 1). This results in two ma-
jor modifications of model A as compared to the solar abun-
dance model S (Fig. 6): first, the ice abundance is enhanced
since there simply is more oxygen to form H2O. Therefore, in
model A the opacity in the region of ice stability increases as
compared to model S. Second, the abundance of OH molecules
is enhanced. Hence, the combustion of carbon grains, which
mainly depends on the particle density of OH (see Papers I
and II), becomes more efficient, and the carbon combustion
front is shifted outwards to lower temperatures in model A as
compared to model S.

A further important feature when comparing models A
and S is the dependence of the composition of the silicate
component on the ratio of magnesium-to-silicon abundance
εMg/εSi. In the solar case this ratio is close to unity,εMg/εSi =

3.85× 10−5/ 3.58× 10−5 = 1.075. As a consequence silicate
occurs mainly in the form of enstatite rather than forsterite in
the solar nebula model S in the region where both dust species
are stable under equilibrium conditions, i.e. for temperatures
lower than about∼1310 K (Figs. 5 and 6). The reason for this
is the competition between the higher stability of forsterite
than of enstatite and the requirement to condense Mg and Si
as complete as possible into solids. Since forsterite binds two
Mg atoms but enstatite only one, for low Mg/Si abundance ra-
tios enstatite formation is favoured, while for high Mg/Si abun-
dance ratios forsterite formation is favoured. This can be seen
in model S (Fig. 6, dashed lines) where the abundance of en-
statite is∼12 times the forsterite abundance below∼1310 K
(for r & 0.5 AU at 105 yr). If the ratio of magnesium to silicon
abundance is increased, as is the case in model A (Fig. 6, solid
lines) withεMg/εSi = 1.195, more Mg is available to be bound
in forsterite, and the ratio of enstatite to forsterite grains in
model A decreases to about 4. Nevertheless, our model

calculations predict enstatite to be significantly more abundant
than forsterite in typical disks in the solar neighbourhood with
the same metallicity as the solar system.

Above ∼1310 K under the conditions of protoplanetary
disks enstatite becomes unstable and transforms into forsterite.
In model A forsterite is more refractory against vaporization
as compared to model S. In model A the last forsterite grains
disappear at∼1440 K whereas in model S they do already at
∼1390 K (Figs. 5 and 6). The reason for this is, again, the en-
hanced abundances of O, Mg, and Si in model A as compared
to model S.

The opacity of the crystalline silicate (forsterite and en-
statite) does only little contribute to the total opacity. As al-
ready discussed in Paper II the opacity of crystalline silicates is
by an order of magnitude lower as compared to amorphous sil-
icates which determine the thermal structure of the outer parts
of the disk, where they represent the dominant absorber inside
of the ice condensation front. However, the opacity decreases
in the outer parts of the disk with time as crystalline silicates,
which originate from annealing of amorphous silicates in the
inner parts of the disk, are mixed radially outwards. Figure 6
shows that after 105 yr silicate grains are mixed outward up to
r > 10 AU. Enstatite grains are more numerous than forsterite
grains since the former are formed in higher quantities. With
regard to the formation of solar system bodies this means that
the crystalline silicates observed in comets should be present
mainly as enstatite rather than forsterite. For a discussion of
this aspect we refer to our conclusions (see Sect. 8).

The process of radial mixing in the present model is inde-
pendent of the element mixture. This is explained by the fact
that radial mixing occurs on the viscous timescale, and theβ-
viscosity applied in our model calculations is independent of
the thermal (and therefore opacity) structure of the disk. The
slightly larger opacity of enstatite in the region outwards of the
ice front in model A as compared to model S is due to the de-
pendence of the enstatite opacity on the temperature, but not
a consequence of a different efficiency of radial mixing due to
the different element mixtures between both models.

Finally, the enhanced aluminum abundance in model A as
compared to model S (Table 1) leads to a larger abundance of
corundum in model A. This modifies the structure of the inner-
most parts of the disk since corundum is the most refractory
dust species considered in our model calculations.

6.5. Model B

The metallicity in this model is chosen to represent an extreme
case of high metallicity in a star-disk system in the solar neigh-
bourhood, [Fe/H] = 0.2. The abundances of elements other
than Fe are typical for a star with this metallicity close to the
sun (Timmes et al. 1995; Portinari et al. 1998), as described
above and shown in Table 1. The opacity structure of the disk
model B at 105 yr is shown in Fig. 7.

As can be seen in Fig. 7 the total opacity of the disk matter
in model B (thick solid line) compared to the solar abundance
model S (thick dashed line) roughly increases by the same fac-
tor as the metallicity increase, i.e. by a factor∼1.6. This is
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Fig. 7. Radial dependence of the Rosseland mean of the opacityκR in
model B (solid lines) and model S (dashed line) after 105 yr. The thick
lines represent the total opacities of either models whereas the thin
solid lines show the opacity of the individual absorbers in model B as
labeled by abbreviations.

because the abundance of carbon varies as the metallicity in
our models, and since extinction by soot dominates the opacity
in the region around 1 AU after 105 yr in model B. Similarly,
in the outer parts of the disk, where ice coated grains dominate
the opacity, the opacity increases. This is a consequence of the
oxygen abundance in model B as compared to model S which
increases only slightly less than the carbon abundance with in-
creasing metallicity, i.e. by a factor 1.5. Hence, the abundance
of ice in model B is only about 1.5 times the ice abundance of
model S.

In contrast to the oxygen abundance, the abundances of the
silicate forming elements Mg and Si increase stronger with
increasing metallicity. This leads to a larger opacity of amor-
phous as well as crystalline silicates in model B compared to
model S. The maximum value of the opacity of amorphous sili-
cate becomes as large as the maximum value of the ice opacity.
As well, in model B the abundance of annealed silicates in-
creases compared to model S, and more crystalline forsterite
and enstatite is mixed outwards. The ratio of abundances of
Mg to Si do not change compared to model A, so the ratio of
forsterite to enstatite grains remains at the level of model A.

The higher metallicity of model B compared to model S of
course also enlarges the abundance of iron grains, and therefore
the contribution of solid iron to the total opacity is increased.
As well aluminum has a higher abundance (cf. Table 1) which
clearly can be seen at the offset of the corundum opacity in
model B.

6.6. Models C–F

The models C, D, E and F, respectively, are cases of typi-
cal protoplanetary star-disk systems in the solar vicinity with
successively lower metallicities ([Fe/H] = −0.5, −1.0, −1.5
and−2.0, respectively) and accordingly lower abundances of
element other than Fe (Table 1). The total opacities and the

opacity profiles of the individual absorbers of models C – F at
105 yr are shown in Fig. 8.

The most striking feature of models C – F is the drop of
the total opacity with decreasing metallicity, as can be seen in
Fig. 8, where each plot also shows the total opacity of the solar
abundance model S (dashed lines) for comparison. The total
opacity decreases roughly to the same extent as the metallic-
ity decreases, e.g. in model F with [Fe/H] = −2.0 the total
opacity is about two orders of magnitude lower as compared to
model S.

Superimposed to the overall decrease ofκR with decreasing
[Fe/H] are the intrinsic changes of the ratios of the abundances
of the dust forming elements in models C – F which result in
modifications of the opacity and abundance of the individual
dust species. For example, in model C the ratio of abundances
of Mg to Si is enlarged as compared to solar abundance (same
value as in models A and B) whereas it is solar in models D, E
and F, respectively. This leads to the same conclusion as found
for models A and B (Sects. 6.4 and 6.5): with increasingεMg/εSi

forsterite becomes more abundant at the expense of enstatite.
We remark that the scatter of the Mg-to-Si ratio around the

mean of stars in the solar vicinity yields unusual enstatite-to-
forsterite ratios in some disks. For example, a Mg-to-Si ratio
of 1.5 leads to equal abundances of enstatite and forsterite,
whereas forεMg/εSi ≤ 1 forsterite is not stable under equilib-
rium conditions and silicon is bound in enstatite and quartz.

With decreasing metallicity iron is more depleted than other
important dust forming elements such as O, Mg and Si, with
exception of C which, as already noted, changes like the metal-
licity in the present model. This has the consequence that
the abundance of iron grains decreases super-proportionally
compared to other condensates when going from model C to
model F. Hence the solid iron opacity contributes less to the
total opacity in model F, particularly in the inner zones of the
disk, since solid iron is the last but one dust species which dis-
appears.

Somewhat surprising is that carbon grains survive up to
higher temperatures in models with lower as compared to
higher metallicity. In the present models the abundance of car-
bon changes in accord with the iron abundance, and the car-
bon abundance relative to the abundances of O, Mg and Si
decreases the more the metallicity decreases. Therefore one
would expect a deficit of carbon grains in the low as com-
pared to the high metallicity models. However, at 105 yr a de-
gree of condensation of carbon into carbon grains offcar = 0.1
in model C is attained at a midplane temperature of∼1065 K
(r = 0.52 AU) whereas in model Ffcar = 0.1 is reached at
Tc ∼ 1255 K (r = 0.14 AU). This can be explained as follows:
the particle density of OH molecules decreases with decreasing
O abundance, i.e with decreasing metallicity. As a consequence
carbon grains can penetrate to regions of higher temperature in
low compared to the high metallicity models before they are de-
stroyed by OH. Therefore the carbon combustion front in low
metallicity models is shifted to higher temperature as compared
to high metallicity models.

The change of the aluminum abundance with metallicity re-
sembles that of O, Mg and Si, except for models E and F with
lowest metallicities. For [Fe/H] . −1.5 the Al abundance
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Fig. 8. Same as Fig. 7, buta) for model C,b) for model D,c) for model E andd) for model F, respectively. Note the enlargered range of the
vertical axis in the plots of models E and F compared to models C and D.

decreases super-proportional with decreasing metallicity in
typical stars of the solar neighbourhood (Timmes et al. 1995),
pointing to a so far unknown source of Al in the chemical evo-
lution of the galaxy. In models E and F corundum therefore be-
comes less important for the total opacity balance. This is also
due to the fact that the low as compared to the high metallicity
models are generally cooler as a consequence of the reduced
opacity although the initial mass and angular momentum for
all models is the same. Hence, the lowest metallicity models E
and F never reach temperatures of∼1450 K in their evolution
at the inner edge above which corundum grains become the
dominant absorbers.

As the temperature in the disk decreases with decreasing
metallicity outward radial mixing of matter is curtailed. E.g.,
at 10 AU after 106 yr in model C the fraction of crystalline en-
statite fcry,ens reaches 7.3% while in model F at the same lo-
cation and timefcry,ens = 3.3%. Superposed to the diffusive
spread of the disk is the advection of matter towards the star
in the inner and intermediate parts of the disk. In late phases
of disk evolution this inward drift overcomes the outward dif-
fusive mixing, and therefore the crystalline silicates experience
a net inward drift at this time. As a consequence the fraction
of crystalline silicate at a fixed radius outwards of∼10 AU first
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Fig. 9.Rosseland vertical optical depthτR of model F (solid lines) and
model S (dashed line) at 105 (1) and 106 yr (2).

increases in the early phase of disk evolution due to radial mix-
ing, then takes its maximum value, and finally decreases by the
inward drift of the disk matter.

Finally, Fig. 9 shows the radial dependence of the
Rosseland mean vertical optical depthτR of model F (solid
lines) compared to the solar model S (dashed lines) after 105
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and 106 yr, respectively. One can see that the lowest metallicity
model F exhibits optical depths larger than unity until 106 yr at
least within the inner 3 AU of the disk where the most impor-
tant chemical processes occur. Protoplanetary disks with zero
metallicity below∼3000 K are vertically optically thin (Duschl
& Mayer 2003, in preparation) since dust in these disks is ab-
sent and the sole absorbers are H and He. We conclude that
protoplanetary disks of masses of about a tenth of the sun be-
come optically thin for all times roughly below [Fe/H] = −4.0.
For lower disk masses, however, this limit for the metallicity
shifts to larger values.

6.7. Distribution of solid matter in the disk models
of different metallicity

Figure 10 shows the radial dependence of the dust-to-gas mass
ratio fdust:gas of the solar abundance model S (top) and the
model with lowest metallicity, [Fe/H] = −2.0, model F (bot-
tom), after 105 yr of disk evolution. Also shown are the cumu-
lative contributions of the individual dust species tofdust:gas. As
can be seen, the gas-to-dust ratio in the zone of terrestrial plan-
ets in the solar model S after 105 yrs is∼200, and significantly
decreases below 100 as soon as the conditions allow ice con-
densation (fdust:gas ≈ 0.0117), i.e. more than one half of the
mass of the condensates is in form of ice within the “icy” re-
gion of the disk. The other half of the mass of the condensates
is distributed among carbon, silicate and iron grains roughly in
the ratio 1:2:1. Corundum has only a minor contribution to the
total condensed mass but, as already mentioned, is important
for the structure of the innermost parts of the disk since it is the
last condensate that disappears.

As compared to the solar abundance model S (Fig. 10, top)
the lowest metallicity model F (Fig. 10, bottom) exhibits a by
a factor of∼50 smaller abundance of condensed matter. This
factor is smaller than 100, i.e. smaller than the value one would
expect from the value of metallicity of−2.0 in model F, since
Fe and C are less abundant relative to O and Si in this model
as compared to the solar reference model S. This is attributed
to supernovae of type Ia and AGB-stars that produce much Fe
and C, respectively, only in the late stages of the galactic chem-
ical evolution, and furthermore attributed to the evolution of the
abundance of C that does not deviate much from the evolution
of the Fe abundance in the galactic neighbourhood of the sun
(e.g. Portinari et al. 1998; cf. Table 1). As a consequence in
model F ice contributes about 2/3 to the mass balance of the
condensates outwards the snow line, and the mass ratio of car-
bon to silicate to iron grains is roughly 1:6:1. As well as Fe
also Al achieves its present-day abundance not until late times
of the chemical evolution of the galaxy, hence the mass frac-
tion of corundum relative to the other condensates in model F
is clearly lowered compared to model S.

Figure 10 shows, again, the remarkable extent of out-
ward radial mixing of the crystalline silicates which have been
annealed in the inner parts of the disk. At the same time
amorphous silicates are depleted in the inner region of the
disk. In the present work the silicates are divided into crys-
talline forsterite, crystalline enstatite and amorphous silicates
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Fig. 10. Cumulative plot of the dust-to-gas mass ratiosfdust:gasof the
individual dust species versus radial distancer of the solar abundance
model S (top) and the model F with lowest metallicity, [Fe/H] = −2.0,
(bottom) after 105 yr of disk evolution. The individual dust species are
labeled by obvious abbreviations.

originating from the ISM, respectively. A more detailed discus-
sion of the silicate chemistry, including iron bearing silicates
and quartz, is given in Paper IV.

Figure 10 shows, again, the radial inward shift of the con-
densations fronts of the individual dust species in the low
metallicity model F (bottom) as compared to solar metallic-
ity (model S, top) that results from the fact that low metallicity
disks are cooler than their high metallicity counterparts.

Figure 11 shows a plot of the surface densityΣd of the
condensed matter at the location of ice condensation (90% of
the available oxygen locked up in ice) versus the metallicity
[Fe/H] at 105 (boxes) and 106 yr (crosses) for the models of
different metallicity. Also plotted in Fig. 11 with a dashed line
is the valueΣd = 20 g cm−2 at the location of the snow line
which is found to be required for the formation of Jupiter within
106 yr (Lissauer 1987; Wetherill 1989). These authors assumed
the nucleated instability as the process of formation of giant
gaseous planets. The main argument for this estimate is that
Jupiter must have formed fast enough to stir up the orbits of the
planetesimal at the present location of the asteroid belt and in-
hibit the formation of a planet there. It can clearly be seen that
none of the present models reaches the critical surface density
of dust and ice found by Lissauer (1987) and Wetherill (1989),
respectively, for the formation of Jupiter.

This is in part a consequence of the depletion of the disk
matter with time by accretion which, to our knowledge, is
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Fig. 11. Surface densityΣd of the condensed matter (dust and ice) at
the location in the disk where the degree of condensation of icefice has
the value 0.9 versus the metallicity [Fe/H] at 105 (boxes) and 106 yr
(crosses) for the models of different metallicity (denoted by capitals).
The dashed line represents the critical value forΣd of 20 g cm−2 of
the minimum surface density of condensed material at the snow line
which found to be required for the formation of Jupiter within 106 yr
(Lissauer 1987; Wetherill 1989).

not taken into account in models of giant planet formation by
the nucleated instability so far (for a recent model see, e.g.,
Thommes et al. 2003). The disks in the present model ini-
tially are rather massive in fact,Mdisk = 0.2 M∗, which cor-
responds to ten times the minimum-mass model of the solar
nebula (Hayashi 1981), but have lost almost one half of their
mass after 106 yr. The extent of the depletion of disk matter in
turn depends on the viscosity, i.e. the value ofβ which is 10−5

in all simulations. To realize a disk that exceeds the critical
Σd = 20 g cm−2 at the snow line at least until 105 yr of disk
evolution the disk mass has to be of the order of the stellar
mass. Such a disk should likely to be gravitationally unstable
in its outer parts since the Toomre parameter (Toomre 1964)
becomes less than unity there.

On the other hand the distribution of mass within the disk
depends on the disk angular momentum. Choosing a lower ini-
tial disk angular momentum results in the deposition of more
mass in the inner and intermediate disk parts, and more con-
densed material at the location of the snow line will be avail-
able then. However, we found in test simulations the effect on
the surface density of condensed matter at the ice front to be
small when varying the initial angular momentum. To obtain
Σd = 20 g cm−2 the disk angular momentum has to be about ten
times smaller thanJdisk = 1053 g cm2 s−1, the value chosen for
the present model calculations. The disk angular momentum
then is similar to that of the Hayashi (1981) minimum-mass
model of the solar nebula, but for a disk with a mass of ten times
the Hayashi (1981) minimum-mass model, i.e.Mdisk = 0.2 M∗.
This seems to be unrealistic for such a massive disk.

The above results possibly impose strong constraints on the
formation process of the gaseous planets in our and other plan-
etary systems. We will discuss this issue in the conclusions
(Sect. 8).

7. Summary

In the present paper we performed time dependent model cal-
culations of protoplanetary accretion disks in the one zone ap-
proximation with different element mixtures. The metallicities
of the models range from super-solar, [Fe/H] = 0.2, down
to 1% of solar metallicity, [Fe/H] = −2.0. Particular attention
has been given to a realistic modeling of the dust metamor-
phosis within the model. For this reason the model includes
the condensation of the most abundant dust species in chemi-
cal equilibrium in the inner part of the disk, a realistic opacity
description of the disk matter, and radial mixing processes of
dust species. The results can be summarized as follows:

– With decreasing (increasing) metallicity the temperature in
the disk drops (increases) as a consequence of an overall
reduced (increased) opacity which is determined by dust
and ice for temperatures lower than the dust sublimation
temperature (∼1800 K). The dust-to-gas ratio is reduced to
the same extent as the metallicity decreases.

– As the disks become cooler with decreasing metallicity
they show a quasi-homologous inward shift of their tem-
perature and density structures at a given instant. As a
consequence, species such as crystalline forsterite, crys-
talline enstatite and solid carbon are less abundant in the
outer disk regions in low metallicity models as compared
to the solar abundance model. The strength of viscous
accretion, however, is independent of metallicity in our
one-zone model since we apply theβ-viscosity which only
depends on the radial coordinate. In the present model it is
assumed that the turbulence in the disk also drives the radial
mixing. For this reason the efficiency of mixing does not
change with decreasing metallicity, i.e. decreasing opacity
and temperature.

– The composition of the silicates strongly depends on the
ratio of the abundances of Mg to Si, since in equilibrium
between forsterite and enstatite Mg and Si both are com-
pletely condensed into a mixture of forsterite and enstatite.
In case ofεMg/εSi ∼ 1 enstatite grains are more abundant
than forsterite grains by more than about an order of mag-
nitude. AtεMg/εSi = 1.5 enstatite and forsterite have equal
abundances. In case ofεMg/εSi ≥ 2 enstatite is not stable
under the conditions of protoplanetary disks, and forsterite
is the only silicate existing in this case (with MgO bearing
the excess Mg). However, the latter cases will rarely be re-
alized in disks in the solar neighbourhood since in the most
extreme cases [Mg/Si] is about 100.3 in stars observed in the
solar vicinity (Timmes et al. 1995; Ferrarotti & Gail 2001).

– As the Fe abundance decreases relative to the abundance of
the silicate forming elements O, Mg and Si with decreasing
metallicity, the relative abundance of solid iron drops in the
low metallicity models.

– The abundance of ice (i.e. ice mantled grains) grows with
increasing O abundance. The ice opacity feature therefore
is more pronounced in models with enlarged O abundance.

– Corundum, which is considered in the model calculations
as a representative for the most refractory solids in
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protoplanetary disks, decreases in abundance as the Al
abundance decreases. In typical solar neighbourhood stars
with low metallicity ([Fe/H] . −1.5) Al is distinctly de-
pleted relative to other key dust forming elements. This,
and the fact that low metallicity models never experi-
ence temperatures as large as∼1450 K above which corun-
dum dominates the opacity of the disk until it disappears,
makes corundum less important in low metallicity models
of protoplanetary disks. This also holds for other refrac-
tory solids not considered in the present work, e.g. TiO and
Al-Ca-Mg compounds such as diopside (CaMgSi2O6) and
spinell (MgAl2O4).

– Carbon grains survive up to higher temperatures in models
of low metallicity since the abundance of O and, thus, the
concentration of OH decreases with decreasing metallicity,
so that the carbon grains are oxidized less efficiently.

– The sun is an untypical star in its galactic environment
with respect to the abundances of O, Mg, Si and Al. As
a particular consequence the ratio of abundances of crys-
talline enstatite to crystalline forsterite (more general: crys-
talline pyroxene to crystalline olivine) in the solar nebula
is higher-than-average as compared to protoplanetary disks
with solar metallicity and atypical element mixture as for
stars in the galactic vicinity of the sun.

– In β-disk models in the one zone approximation the evo-
lution of the surface densityΣ decouples from the thermal
structure of the disk. Thus, the radial profiles ofΣ in mod-
els of different metallicity at the same instant are the same.
This is not the case forα-disk models. However, since we
consider the vertical selfgravity of the disk in the model cal-
culations, theα-prescription no more makes sense (Duschl
et al. 2000). The mass density inβ-disk models, in contrast,
is still coupled to the thermal structure of the disk.

– The vertical selfgravitation of the disk leads to a large “gap”
in the radial profile of the aspect ratiohs/r in the intermedi-
ate and outer parts of the disk. This might lead to shadowing
effects within the gap zone, i.e. the heating of the disk by
irradiation of the star could be strongly reduced at the lo-
cation of the gap. Irradiation of the upper layers of the disk
by the star is not included in the present model calculations.
This will be an issue of future investigations.

8. Conclusions

The main topic of this paper was to simulate protoplanetary ac-
cretion disks with element mixtures different from that of the
solar system. In this context the composition of the primitive
material from which larger bodies (asteroids, comets, planets)
are built within protoplanetary disks is of particular interest for
understanding the formation of planetary systems. In Paper IV
and in the present work it has been shown that in the inner
warm parts of the disk the original unequilibrated ISM dust
transforms into thermally equilibrated dust. With respect to the
silicate dust this equilibration process produces both crystalline
enstatite and crystalline forsterite, respectively, whereby the ra-
tio of the degrees of condensation of these species,fens/ ffor, de-
pends on the abundance ratio of Mg to Si.

However, observations of crystalline silicates in YSOs are
rare. The only two certain detections of crystalline silicates in
YSOs are TW Hya (Weinberger et al. 2002) and Hen 3–600 A
(Honda et al. 2003), but only the latter authors fit the mid-IR
spectrum of the disk by assuming a composition of both amor-
phous and crystalline silicates, and found a large fraction of
about 50% crystalline silicates withfens/ ffor = 2/3. This value
of fens/ ffor is very low compared to the values resulting from the
present model calculations of stars in the solar neighbourhood
with typical element mixtures and indicates an unusually large
Mg abundance or low Si abundance. Whether the crystalline
silicates seen in these rather old disks actually originate from
an annealing process, or if it is only exposed material which
has formerly been processed within large protoplanetary bod-
ies, remains open.

The value of fens/ ffor in the solar nebula, however, is not
well known since primordial dust which condensates directly
from the gas phase is hardly detected. Bradley et al. (1992) have
analyzed the structure and composition of a sample of inter-
planetary dust particles (IDPs) and found two IDPs to resemble
the infrared spectrum around the 10µm silicate feature of the
comets P/Halley (1986 03) and Bradfield (1987 29). Moreover,
these IDPs show no indication of aqueous alteration, which
points to the condensation of these small crystalline silicate
grains (.100 nm) within their glassy matrix from nebula gas
without being processed within large bodies afterwards. The
ratio between Fe poor pyroxenes and olivines in these IDPs
found by Bradley et al. (1992) is roughly 2:1. This is rather
low compared tofens/ ffor ∼ 12 expected for the solar nebula
and indicates a rather largeεMg/εSi of about 4/3 (standard solar
value:∼1.08) or the accumulation of either IDP material within
a relatively narrow zone of around 1280 K in the disk where en-
statite transforms into forsterite (at around 0.5 AU after 105 yr;
see Figs. 6 and 10a) which seems unlikely, however.

In contrast to the low value offens/ ffor in IDPs found by
Bradley et al. (1992), Wooden et al. (1999) found a crystalline
pyroxene-to-olivine ratio in comet Hale-Bopp of 9.0+7.2

−3.5 (1σ
confidence) by fitting IR spectra of the comet at different helio-
centric distances. In a further analysis Wooden et al. (2000)
fit the IR spectra of Hale-Bopp by spectra of single IDPs
which show extreme pyroxene and olivine contents, respec-
tively, and found crystalline pyroxene-to-olivine ratios in the
range 3.5 . . .8. These results are more consistent with the value
of fens/ ffor = 12 at the birth place of the comets calculated in the
present model with solar abundance. Moreover, Wooden et al.
(1999) found the spectra of Hale-Bopp best matched by sili-
cates with Mg numbers Mg/(Mg + Fe)∼ 0.9, i.e. with respect
to its composition the crystalline pyroxene (olivine) in comet
Hale-Bopp is almost pure enstatite (forsterite). As well Bradley
(1999) found Mg numbers of>0.9 in a sample of crystalline
pyroxene and olivine grains extracted from polar micromete-
orites and IDPs for almost the entire sample. A possible expla-
nation for the observed large Mg numbers in these likely pris-
tine silicate grains of the solar nebula is that the unequilibrated
(amorphous) ISM pyroxene and olivine grains entering the so-
lar nebula were subject to an annealing/equilibration process
within the solar nebula which transforms them into crystalline
enstatite and olivine grains.
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Finally we like to remark that the metallicity increases to-
wards the galactic center as the synthesis of heavy elements
proceeds more rapid in the inner as compared to the outer parts
of the galactic disk. Actually, Laws et al. (2003) found in their
statistical analysis the frequency of planetary system, respec-
tively planets, to increase towards the galactic center.

We conclude with the remark that the present work serves
as a further building block within this series that attempts to
explain the composition of planetary system bodies, especially
the composition of asteroids and comets of the solar system.
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Appendix A: Inner boundary condition

Previous calculations of disk evolution in the one-zone ap-
proximation (e.g. Lin & Papaloizou 1985; Ruden & Lin 1986;
Ruden & Pollack 1991; Bell & Lin 1994) show that the in-
nermost disk region rapidly develops on the short viscous
timescale of the innermost disk region into a quasi-stationary
state where the mass accretion rateṀ is radially nearly con-
stant over an extended region in the inner parts of the disk. The
value ofṀ in this region gradually changes in time, however.
This suggests that it is possible to calculate the disk structure
in the innermost parts of the disk as for a stationary disk.

In this case, the structure of the stationary inner disk is de-
termined byṀ (and the stellar massM∗), which are free param-
eters within the frame of the theory of stationary one-zone disk
models. These free parameters have to be determined by cou-
pling the stationary inner disk evolution to the time dependent
calculation of the disk evolution in the outer parts at some ra-
diusr1. This radiusr1 serves as the inner boundary for the outer
time dependent model and as the outer radius for the quasi-
stationary inner disk.

The difference equation foṙM at the inner boundary of the
time dependent model is (cf. Eq. (31) in Paper II)

Ṁ1 = − 3π√
r2− √r1

(
ν2Σ2

√
r2 − ν1Σ1

√
r1

)
, (A.1)

whereν2 andΣ2 are the viscosity and surface density at the sec-
ond innermost grid point of the time dependent model. They
are to be calculated from the solution of the equations for the
time dependent radial disk structure. However,ν1 andΣ1 are
not known in advance. They have to be calculated from the
set of equations for the disk structure atk = 1 in thestation-
ary case. The basic set of equations in this case is formed by
Eqs. (22)–(32) and

Σ1 =
|Ṁ1|
3πν1

1−
√

R∗
r1

 , (A.2)

which replaces Eq. (21). These equations can be solved, ifν2
andΣ2 are prescribed. These equations form a nonlinear set of
equations for the basic disk quantities of the disk, includingṀ1.
As a result one obtainṡM1 as a function of the assumed values

of ν2 andΣ2. Sinceν2 itself is a function ofΣ2, one basically
obtains a relation

Σ
(m)
1 = Ψ(Σ(m)

2 ), (A.3)

where the functionΨ is determined by the solution of the set of
Eqs. (A.1), (22)–(32) and (A.2).

To connect the structure of the stationary inner disk with
the structure of the time dependent outer disk we proceed as
follows: let m denote the current iteration step of the global
iteration of the surface densityΣ (see Fig. 1). The solution for
Σ1 within the global iteration is

Σ
(m)
1 + δΣ1 = Ψ(Σ(m)

2 + δΣ2)

≈ Ψ(Σ(m)
2 ) +

∂Ψ

∂Σ2

∣∣∣∣∣
Σ

(m)
2

δΣ2, (A.4)

where we terminate the expansion ofΨ after the linear term.
δΣ1 and δΣ2 are the corrections ofΣ(m)

1 andΣ(m)
2 in the mth

global iteration step. From Eq. (A.4) the correctionδΣ1 is ap-
proximately given by

δΣ1 ≈ ∂Ψ
∂Σ2

∣∣∣∣∣
Σ

(m)
2

δΣ2. (A.5)

We substitute Eq. (A.5) by a difference scheme,

δΣ1 ≈
Ψ(Σ2) − Ψ(Σ′2)

Σ2 − Σ′2
δΣ2, (A.6)

with Σ′2 = (1−10−6)Σ2. The values ofΣ(m)
2 and δΣ2, respec-

tively, are given from the solution of the set of Eqs. (21)–(32)
for the time dependent outer disk structure since the set of
Eqs. (21)–(32) is solved at each radial pointk by starting at
the outer boundaryk = K and then by moving radially inwards
through the set of grid-points down to the second innermost
point k = 2. Also the value ofν2 is given from the solution of
the set of Eqs. (21)–(32).

Given these values ofν2 andΣ2 the set of equations. for
the structure of thestationary inner disk is solved twice (for
Σ2 andΣ′2) with a Newton-Raphson method up to an accuracy
of 10−6. From Eq. (A.6) the correctionδΣ1 to Σ1 is obtained.
The global solution for the time dependent disk structure is ob-
tained by globally iteratingΣ up to an accuracy of 10−5 (see
Fig. 1).

The quasistationary inner boundary condition omits the un-
physical descent of the surface density and of other relevant
quantities such as the temperature at the inner disk edge which
results from the no-torque inner boundary condition (Σ1 = 0).
A further advantage of the quasistationary inner boundary con-
dition is that it comprises no restriction for the choice of the
location of the inner boundaryr1, i.e. r1 within a disk model
can be chosen far outwards without the risk of unphysical de-
viations from the real disk structure. The only restriction is that
one has to be sure that the disk is quasistationary inside ofr1.
The quasistationary inner boundary condition can not be ap-
plied, however, to time dependent phenomenons such as the
FU Orionis outbursts which are attributed to a thermal insta-
bility in the inner parts of protoplanetary disks (Hartmann &
Kenyon 1996). In this case the mass accretion rate at the inner
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edgeṀ1 is a strongly time dependent quantity, and therefore a
different suitable inner boundary condition has to be applied in
this and other such cases.
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