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Abstract. The study of the solar convection zone has been given a new impetus with what promises to be a very powerful new
tool in time-distance helioseismology (Duvall et al. 1993). Using data obtained with this technique, it has become possible to
do a tomographic reconstruction of structures in the convection zone. Most of the work done on inversion of these data has
relied on the ray approximation to deliver sensitivity kernels for the inversion procedures (Kosovichev 1996). Inversions using
non ray-theoretical kernels were shown by Jensen et al. (2001). In this paper we go beyond the ray approximation and derive
sensitivity kernels based on the Rytov approximation and Green’s function theory. We derive an expression for the sensitivity
kernel using ray-based Green’s functions and show how further approximations can be done to increase the computational
efficiency.
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1. Introduction

For more than a decade helioseismology has been unraveling
the secrets of the solar interior by inferring the solar prop-
erties from measurements of eigenmode frequencies. From
these measurements it has been possible to obtain very detailed
knowledge about the global structure of the sun through the
use of inversion techniques. Since this method uses the eigen-
modes of the entire sun it is difficult to obtain information about
very localized structures. A further problem is the inability of
the global helioseismic method to resolve any azimuthal vari-
ations. Using the newly developed technique of time-distance
helioseismology (Duvall et al. 1993) it has become possible to
measure travel times of acoustic waves between different points
on the solar surface. From these measurements it is possible
to obtain information about very localized structures such as
sun spots (Kosovichev 1996), convection cells (Kosovichev &
Duvall 1997) and meridional flows (Giles et al. 1997). This
information is obtained using inversion techniques which are
very similar to those used in terrestrial seismology. To use these
inversion techniques it is necessary to obtain sensitivity kernels
that describe the forward problem. Previous inversion studies
of helioseismic time-distance data used sensitivity kernels ob-
tained in the ray approximation (Kosovichev 1996; Kosovichev
& Duvall 1997; Giles et al. 1997). This high-frequency approx-
imation has also been widely used in terrestrial seismology
with great success even though its validity can be questioned
in many cases. The approximation is even more questionable
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in the solar case as the ratio of wavelength to ray length is
larger than in the terrestrial case. The fact that the ray ap-
proximation is not strictly applicable for the Sun was pointed
out by Bogdan (1997), who showed that a wave packet prop-
agating in a solar-like atmosphere is not confined to the ray
path but samples a large volume of the surrounding medium.
Spetzler & Snieder (2001) examined the regimes of validity for
ray theory and scattering theory. They found that the scattering
theory is superior when the inhomogenieties are smaller than
the widths of the first Fresnel zone. This is often the case in
time-distance helioseismology. The problem with the ray ap-
proximation is well known in geophysics and several sugges-
tions about how to calculate sensitivity kernels for sound-speed
perturbations without the ray approximation have been made
(e.g. Woodward 1992; Snieder & Lomax; 1996; Marquering
et al. 1999). Such sensitivity kernels have also been calculated
for the helioseismic case (Birch & Kosovichev 2000; Jensen
et al. 2000b). Jensen et al. (2000a) applied these to synthetic
data to test the inversion procedure while Jensen et al. (2001)
used such kernels on solar data.

This paper aims to develop these techniques from geo-
physics to the helioseismic case and to show the theoretical
foundation for the approximate sensitivity kernels which were
proposed in Jensen et al. (2000b) and applied to data by Jensen
et al. (2001) to study sun-spot structures.

2. Wave equation for acoustic waves
in the convection zone

We wish to study the propagation and scattering of
sound waves in the solar convection zone using diffraction
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tomography. An early analysis of a similar problem is found
in Slaney et al. (1984) for the case of micro-wave tomography.

In Appendix A we derive a wave equation for acoustic
waves traveling in the solar convection zone in the presence of
flows. The wave equation can be written in Fourier domain as

(
∇2 +

ω2 − ω2
ac

c2

)
Ψ = 0 (1)

where Ψ is the wavefield, ω is the frequency and ωac is the
acoustic cut-off frequency. The wave field is given as Ψ =√
ρc2∇ · ξ where ξ is the displacement, ρ is the density and c

is the sound speed. This is a linearized adiabatic wave equation
obtained by using the following approximations: the Cowling
approximation, nonmoving time-independent background (on
the time-scale of the oscillatory motion), no magnetic fields
and neglecting internal gravity waves and the effect of gravity
on acoustic waves.

3. Scattering

We now wish to write the wave-propagation problem as a scat-
tering problem where sound-speed variations are considered
small deviations from a reference model. The sound-speed per-
turbations are given as δc = c − c0, where c0 is the reference
sound-speed model. The wave equation can be rewritten as

(
∇2 + k2

0

)
Ψ = −2k2

0
δc
c0
Ψ (2)

where k0 is given as

k2
0 =

ω2 − ω2
ac

c2
0

· (3)

In Appendix D we show that k0 is the wave number in the un-
perturbed reference media. In writing the wave equation in this
way we have neglected the effect of the sound-speed perturba-
tion on the acoustic cut-off frequency. The right hand side of
Eq. (2) acts as a source term where the waves are scattered of
the perturbations.

4. The Rytov approximation

The wave equation given by Eq. (2) is non linear and in order to
solve it one has to apply some approximation. The most widely
used approximation is the Born approximation which Birch &
Kosovichev (2002) and Gizon & Birch 2002 have used in he-
lioseismology. In the Born approximation one obtains a linear
relation between the slowness perturbations of the medium and
the scattered wavefield, but it is not straightforward to sepa-
rate the effects of the perturbation on the phase and amplitude
of the scattered waves. This separation occurs naturally in the
Rytov approximation which we will use in this paper (for fur-
ther details on the Rytov approximation see e.g. Ishimaru 1978;
Slaney et al. 1984 or Snieder & Lomax 1996). In the helio-
seismic literature the Rytov approximation has previously been
used by Brüggen 2000 to investigate the effect of solar convec-
tion of the eigen-mode frequencies.

The Rytov approximation is derived from the wavefield ex-
pressed as

Ψ = eΦ, (4)

where Φ is a complex phase function. The phase function Φ
can be written as a sum of the phase function for the incoming
waves Φ0 and the phase function of the scattered waves ∆Φ

Φ = Φ0 + ∆Φ. (5)

This means that the incoming waves are given by

Ψ0 = eΦ0 , (6)

and the total wavefield is then given by

Ψ = Ψ0e∆Φ. (7)

Since all the phase functions are complex functions we shall
consider their real and imaginary parts as

Φ = γ + iθ

Φ0 = γ0 + iθ0

∆Φ = ∆γ + i∆θ . (8)

The total wavefield and the incoming wavefield is then

Ψ = eγ+iθ = A eiθ ,

Ψ0 = eγ0+iθ0 = A0 eiθ0 , (9)

where A = eγ and A0 = eγ0 are the amplitudes of the wave-
fields. Inserting Eqs. (8) and (9) into Eq. (7) and equating real
and imaginary parts yields

∆γ = ln

(
A
A0

)
, (10)

∆θ = θ − θ0 . (11)

From this it is clear that the real part of the complex phase per-
turbation represents fluctuations in the amplitude of the wave
field whereas the imaginary part represents phase fluctuations.

Inserting Eq. (4) into the wave equation yields

(∇Φ)2 + ∇2Φ + k2
0 = −2k2

0
δc
c0
· (12)

From this a wave equation for the phase-function perturbation
∆Φ can be obtained as (see Appendix B)

(
∇2 + k2

0

)
Ψ0∆Φ = −Ψ0

{
(∇∆Φ)2 − 2k2

0
δc
c0

}
· (13)

To simplify this equation we use the Rytov approximation.
Here we assume that ∇∆Φ is of the same order as the per-
turbations (or more accurately that the dimensionless quantity
∇∆Φ/k0 is of the same order as δc/c0) and then neglect terms
which are second order in the perturbed quantities (see e.g.
Chernov 1960). Applying the Rytov approximation we obtain
the following equation

(
∇2 + k2

0

)
Ψ0∆Φ = −2k2

0
δc
c0
Ψ0 . (14)
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Using Green’s function theory Eq. (14) can be solved as (cf.
Morse & Ingard 1968)

Ψ0(r1)∆Φ(r1) ≈
∫

V
2k2

0(r′)
δc(r′)
c0(r′)

G0(r′|r1)Ψ0(r′)dr′ , (15)

where ∆Φ(r1) is the wave field observed at r1 and G0 is the
Green’s function of the reference medium. The Green’s func-
tion is a solution to the equation(
∇2 + k2

0

)
G0(r′|r1) = −δ(r′ − r1) , (16)

where δ is the delta function. Thus G0(r′|r1) is the spatial re-
sponse to a point source at r′ with frequency ω observed at r1.
For a homogeneous three-dimensional medium the Green’s
function is given by

G0(r1|r′) = eik|r1−r′|

4π|r1 − r′| =
eiωτ(r1,r′)

4π|r1 − r′| , (17)

where τ(r1, r′) is the travel time from r′ to r1.
Inserting the expression for the object function into Eq. (15)

and introducing the Rytov wave path, LR, we get

∆Φ(r1) ≈
∫

V

δc(r′)
c0(r′)

LR(r′|r1)dr′ , (18)

LR(r′|r1) = 2k2
0(r′)

G0(r′|r1)Ψ0(r′)
Ψ0(r1)

· (19)

If the incoming wavefield is generated by a point source at r2

thenΨ0 is the Green’s function for the background medium and
the Rytov wave path becomes

LR(r′|r1, r2) = 2k2
0(r′)

G0(r′|r1)G0(r′|r2)
G0(r1|r2)

· (20)

Figure 1 shows an example of a Rytov wave path. Shown is the
imaginary part of the wave path which is the sensitivity kernel
for phase perturbations. There are two interesting features of
this wave path. First there are the bands of alternating sensi-
tivity; these corresponds to the different Fresnel zones and we
can see the wide first Fresnel zone. The first Fresnel zone is
the volume from which scattered waves will interfere construc-
tivly with the direct arrival at the point of observation. Second
we can see that along the ray path is an area of low sensitivity.
Actually the sensitivity along the ray path is zero. This counter-
intuitive result has previously been noted by Woodward (1992)
and Marquering et al. (1999). It is important to realize that there
is zero sensitivity on the ray path only for phase perturbations.
The amplitude perturbations have non-zero sensitivity on the
ray path. To understand why this is so, one can consider a per-
turbation placed on the ray path. The perturbation will act as a
point source and since this source is located on the ray path the
wavefield emitted by the source will arrive at the point of obser-
vation in phase with the wavefield which was scattered. Thus
the scattered waves will not give rise to any phase perturbation,
but may change the amplitude.

5. The correlation function

In time-distance helioseismology the wavefield is not directly
measured. The (processed) data are usually in the form of a
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Fig. 1. Horizontal and vertical cross section of the imaginary part of a
Rytov wave path in a homogeneous medium. The reference velocity is
20 km s−1 and the period is 5 min. Light areas corresponds to positive
sensitivity and dark areas to negative sensitivity

correlation C between the radial velocity measured at two areas
on the solar surface (cf. Duvall 1993; D’Silva 1996a):

C(r1, r2, τ) =
∫ T

0
Vr(r1, t + τ)V∗r (r2, t)dt . (21)

Here r1 and r2 represent locations on the solar surface; and T
is the total time of the observations. Integration over a (small)
area around the surface locations is suppressed for clarity of
notation. The radial velocity Vr is measured as a function of
time t and the correlation function is constructed as a func-
tion of time delay τ between the two locations. The asterisk
stands for taking the complex conjugate. In this case where the
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measured velocity is a real time series a complex function is
generated using a Hilbert transform. Here we work with the
radial velocity whereas what is observed is the line of sight ve-
locity. In local area helioseismology one often works in a flat
Sun approximation where these are the same otherwise one has
to make a geometrical correction to take this into account. As is
the case for the wave field Ψ, here too it is convenient to work
instead in the Fourier domain. The Fourier transform of C is Γ:

Γ = vr(ω, r1)v∗r(ω, r2) . (22)

Here vr is the Fourier transform of the radial component of the
velocity. From the expression for the wave field in Appendix A
one finds that vr = iB∇rΨ, where B = ρ−1/2

0 ω(ω2 − ω2
ac)−1 is

constant at the solar surface. Making use of Eq. (7) and ex-
panding yields:

Γ = B2∇r1Ψ∇r2Ψ
∗

= B2∇r1

(
Ψ0e∆Φ

)
∇r2

(
Ψ∗0e∆Φ

∗ )
= B2e∆Φ(r1)+∆Φ(r2)∗

[
∇r1Ψ0∇r2Ψ

∗
0+

+Ψ∗0(r2)∇r1Ψ0∇r2∆Φ
∗ + Ψ0(r1)∇r2Ψ

∗
0∇r1∆Φ

+ Ψ0(r1)Ψ∗0(r2)∇r1∆Φ∇r2∆Φ
∗] . (23)

The first of the four terms in square brackets is simply the
Fourier transform of the correlation function of the unperturbed
medium, Γ0. The last of the four terms is of second order in
∆Φ and is discarded. Making use of the Fourier transform of
the correlation function in the unperturbed medium Γ0 and of
Eq. (6) yields:

Γ = Γ0

[
1 +
∇r2∆Φ

∗

∇r2Φ
∗
0

+
∇r1∆Φ

∇r1Φ0

]
e∆Φ(r1)+∆Φ(r2)∗ . (24)

As long as the Rytov approximation is valid the second and
third term between the square brackets are also small compared
to unity, and thus changes in the prefactor to the exponential
term are negligible. This implies that the Fourier transforms
of the correlation functions for the perturbed and unperturbed
medium behave much as the wave field itself (cf. Eq. (7)).

When evaluating ∆Φ(r1) and ∆Φ(r2) one has to remember
that the source of the waves is the turbulence generated by con-
vection. Thus the source is a distributed source rather than a
localized one. For a distributed noise source, s(r′, ω), the back-
ground wave field is given as

Ψ0(r, ω) =
∫

G0(r|r)s(r′, ω)dr′ . (25)

It is this expression for Ψ0 one has to use in Eq. (19) when
calculating the wave paths. These wave paths for a distributed
source should then be used to evaluate ∆Φ in the correlation
function. Woodard (1997) and Gizon & Birch (2002) give a
more in depth discussion of distributed sources and their effect
on the crosscorrelation function and sensitivity kernels.

In practice time-distance helioseismology has worked with
arrival times obtained in a way described in Appendix C, for
which one can work with either the wavefield or the correlation
function. Since the wavefield and correlation function behave
in much the same way the differences between the arrival times

extracted from them should be small. The theory in this pa-
per has been applied to the wavefield but could just as well be
applied to the correlation function. For full waveform analysis
one should use the correlation function as described here.

6. Sensitivity kernels for wave travel times

Since the imaginary part of the complex phase-function pertur-
bation is sensitive to the phase perturbation it is sensitive to the
travel-time delays. In Appendix C we show how to obtain infor-
mation about the travel-time perturbation from the imaginary
part of the phase-function perturbation. For a monochromatic
wavefield the travel-time perturbation is given by δτi = ∆θi/ω,
where the subscript i denotes the measurement configuration.
Together with Eq. (18) this gives the travel-time perturbation
as

δτi =
�(∆Φi)
ω

= −
∫

V

δc
c0
Kω,idr′ , (26)

where � denotes the imaginary part and

Kω,i(r′) = −� {LR(r′|r1, r2)}
ω

(27)

= −2
k2

0

ω
�

{
G0(r′|r1)G0(r′|r2)

G0(r1|r2)

}
· (28)

If the source is not monochromatic then we show in
Appendix C how to measure both the group- and phase travel-
time perturbation. For the group travel-time the perturbation is
given by

δτg,i =

∫
|Ψ0|2ω∆θidω∫
|Ψ0|2ω2dω

, (29)

where |Ψ0|2 is the power spectrum of the solar oscillations.
Using the above to get the travel-time perturbation gives

δτg,i =

∫
V
Ki,c

δc
c0

dr′ , (30)

where

Ki,c =

∫
|Ψ0|2ω2Kω,idω∫
|Ψ0|2ω2dω

(31)

is the frequency-integrated sensitivity kernel for sound-speed
perturbations.

In the case of the phase travel time the perturbations are
shown in Appendix C to be given as

δτp,i =

∫
|Ψ0|2∆θidω

ω0

∫
|Ψ0|2dω

, (32)

where ω0 is the central frequency of the wave packet. From
this expressions sensitivity kernels similar to Eqs. (31) for the
group travel-time perturbation can be derived. In the following
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we will primarily work with the definition for group travel-time
perturbations but because of the similarities between Eqs. (29)
and (32) very similar results can be obtained for the phase
travel-time perturbations.

The equations of this section show how to calculate sen-
sitivity kernels from knowledge of the Green’s function for
the reference medium and the power spectrum. These equa-
tions are a general result which is independent of the way the
Green’s functions are calculated. In the following sections we
will show one way of calculating Green’s function and exam-
ples of sensitivity kernels obtained using these Green’s func-
tions. The kernels given here are a generalized form of what
Woodward (1992) called the bandlimited ray path, and Snieder
& Lomax (1996) proved a similar result for the travel time of
narrow-band signals.

7. Constructing Green’s functions

7.1. Ray-based Green’s functions

We assume the reference medium is sufficiently smooth for the
ray approximation to be valid thus we can solve Eq. (16) us-
ing the ray approximation and thereby obtain an expression for
G0(r|r′). In the following we will consider a source at r′. To
find the solution we write G0 as a function of a slowly varying
amplitude and a phase as

G0 = A0eiθ0 . (33)

In Appendix D we show that the Green’s function in this case
is given as

G0(r′|r) = A0(r′|r)eiωτp0(r′ ,r) , (34)

where τp0 is the phase travel time which is given as

τp0(r′, r) =
∫
Γi

1
vp0(l)

dl , (35)

where vp0 = ω/k is the phase speed and Γi is the ray path from
r′ to r. The ray path is given by

dr
dt
=
∂ω

∂k
, (36)

where ∂ω/∂k is the group speed. The amplitude, A0 is shown
to be given for a cylindrically symmetric problem by

A0(r′|r) =
1

4π

∣∣∣∣∣∣
vp0(r) cos(Θ)

vp0(r′)J(r)

∣∣∣∣∣∣
1/2

, (37)

where Θ is the declination of the take-off angle and J is
the Jacobian. Eqs. (34)–(37) now fully specify the ray-based
Green’s function. To find the travel times and Jacobian one has
to solve the ray equations. D’Silva (1994 and 1996b) gives the
full ray equations for the solar case.

In the regions where the acoustic cut-off frequency is small
the group- and phase travel times become identical. The travel-
time perturbations corresponds to the group travel-time pertur-
bations given by Eq. (29). In this case the Green’s functions are
given as

G0(r′|r) =
1

4π

∣∣∣∣∣c0(r) cos(Θ)
c0(r′)J(r)

∣∣∣∣∣
1/2

eiωτ0(r,r′) , (38)

where τ0 =
∫
Γi

c−1
0 dl. Here the efficient parameterization of the

ray equations given by Gibson et al. (1972) can be used and it
is possible to calculate the travel times using a software packet
such as “punch” (Hole & Zelt 1995). The kernels presented in
the following all have been calculated in this approximation.

7.2. Global mode approach

Another way of obtaining Green’s functions is from the global
eigenmodes. If we have the complete set of eigenfunctions (ξn)
and the corresponding eigenvalues (λn) then the Green’s func-
tion is given by (Zwillinger 1989)

G0(r|r′) =
∑

n

ξn(r)ξn(r′)
λn

∫
ξ2

n(r)dr
· (39)

Inserting this into Eq. (20) gives an expression for the Rytov
wave path in terms of the global- mode eigenfunctions from
which one can obtain the sensitivity kernels through Eq. (28)
together with Eq. (31).This procedure corresponds to the ap-
proach used by Birch & Kosovichev (2000a) to calculate sen-
sitivity kernels.

8. Frequency-integrated sensitivity kernel

To obtain a sensitivity kernel for the travel time we insert
Eq. (34) into Eq. (20). This gives an expression for the Rytov
wave path as

LR,i(r′) = 2k2
0(r′)

A0(r′|r1)A0(r′|r2)
A0(r1|r2)

eiω∆τi(r′) , (40)

where

∆τi(r′) = τp0(r1, r′) + τp0(r′, r2) − τp0(r1, r2) , (41)

is the time delay between the direct arrival at r1 of waves orig-
inating at r2 and the arrival of the waves which have been scat-
tered at r′. Inserting Eq. (40) into Eq. (28) gives the single-
frequency sensitivity kernel as

Kω,i = −2
k2

0

ω

A0(r′|r1)A0(r′|r2)
A0(r1|r2)

sin(ω∆τi) . (42)

A kernel obtained from Eq. (42) with the amplitudes given in
Eq. (38) is shown in Fig. 2.

The spectrum of the solar oscillation spans a range of
frequencies with a peak around periods of five minutes. To
obtain a frequency-integrated sensitivity kernel for the solar
case we use a Gaussian power spectrum with a central fre-
quency of 3.15 mHz and a FWHM of 1.5 mHz. Figure 3 shows
a frequency-integrated sensitivity kernel obtained, using this
power spectrum along with Eqs. (31), and (42). Here we see
that the sensitivity kernel has the shape of a hollow banana.
The shape of the kernel, with the property that the sensitiv-
ity is zero along the ray path, gave rise to what is called the
banana-doughnut paradox by Marquering et al. (1999). We see
in Fig. 3 that the single-frequency sensitivity kernels interfere
destructively in the outer Fresnel zones and constructively in
the first Fresnel zone. This illustrates the finding of Snieder &
Lomax (1996) that the travel-time perturbations can be writ-
ten as an averaging integral over the first Fresnel zone. Similar
effects were also noted by Woodward (1992).
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Fig. 2. Cross sections along and perpendicular to the ray path of sin-
gle frequency sensitivity kernel obtained from ray based Green’s func-
tions for a frequency of 3.2 mHz. The kernels are normalized by c2

0.
The solid line in the upper panel shows the ray path.

9. Approximate sensitivity kernels

In the preceding section we calculated frequency-integrated
sensitivity kernels using the ray-based Green’s functions. In
this section we show how examples of approximation which
can be made to simplify the amplitude terms or the frequency
integration. We then investigate the effects of these approxi-
mations on the kernels. The point of this section is twofold.
First we wish to shown how to efficiently calculte approximate
kernels which are an improvement over the Fresnel volumes
or “fat rays” suggested in terrestrial seismology (e.g. Červený
& Soares 1992; Husen & Kissling 2001) Secondly we wish to
show how the sensitivity kernels suggested and used by Jensen
et al. (2000a, 2000b, 2001) are related to the frequency inte-
grated kernels.

As shown in Appendix D the amplitude can be approxi-
mated in terms of the travel time as A0 ∝ τ−1

p0 which corre-
sponds to the amplitude in the homogeneous case. If we use
these approximate amplitudes we find that the sensitivity ker-
nel is given by

K app
ω,i =

K(r1, r2)

v2
p0τp0(r1, r′)τp0(r′, r2)

sin (ω∆τi) , (43)
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Fig. 3. Cross sections along and perpendicular to the ray path of sensi-
tivity kernel obtained from ray based Green’s functions for a Gaussian
frequency profile (see text). The kernels are normalized by c2

0. The
solid line in the upper panel shows the ray path.

where K(r1, r2) is a normalization constant determined by con-
straining the integral of −Kvp0 (the sensitivity kernels for a
phase slowness perturbation) to be equal to the length of the
ray path. This is a very efficient way of calculating approxi-
mate sensitivity kernels since one only needs to calculate the
travel times and the length of the ray path to obtain the sensi-
tivity kernel.

In order to emulate the effect of cancellation outside the
first Fresnel zone Jensen et al. (2000b) used a Gaussian enve-
lope to restrict the sensitivity to the first few Fresnel zones for
the two dimensional problem. In three dimensions an approxi-
mate kernel obtained from this approach is given by:

KGauss
i = Kω0,i exp

(
− (αω0∆τi)2

)
, (44)

where ω0 is the central frequency for the power spectrum and
α controls the degree of cancellation outside the first Fresnel
zone. In practice we found that an α of 0.13 was a good choice
to emulate the effect of the power spectrum we are using.

If we take Eq. (42) as the central frequency kernel and use
a Gaussian to emulate the cancellation outside the first Fresnel
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zone as in Eq. (44) we obtain for the approximate sensitivity
kernel for sound-speed perturbations:

KGauss
i,u =

−2
ω

v2
p0

A0(r′|r1)A0(r′|r2)
A0(r1|r2)

sin (ω0∆τi) exp(− (αω0∆τi)2). (45)

If we replace the amplitudes with the approximate amplitudes
of Eq. (43) we get a sensitivity kernel given by

K app
i,u =

K(r1|r2)

c2
0τ0(r′|r1)τ0(r′|r2)

sin (ω0∆τi) exp(− (αω0∆τi)2). (46)

Here we have neglected the effects of the acoustic cut-off fre-
quency by writing τp ≈ τ and vp0 ≈ c0 The kernel suggested
by Jensen et al. (2000b) is very similar to this kernel, the main
difference being a factor 1/c0. If this factor is left out the dis-
crepancy between the approximate kernel and the frequency
integrated kernel will increase, thus this kernel represents an
improvement over the previously suggested kernels.

Figure 4 shows two cross sections through the different ker-
nels. One cross section is taken halfway between r1 and r2 at a
distance of 20 Mm right where the ray has its turning point. The
other is taken much closer to r1 at a distance of 3 Mm from it.
First of all we can see that the use of a Gaussian to emulate the
frequency integration works well as the two kernels,KGauss

i,u and
Ki,u, are very similar. One difference between the two kernels
is that the approximate kernel is a bit wider than the frequency-
integrated kernel. This is due to the factor ω2 in the expression
for K δu

u
(Eq. (31)). This factor increases the influence of the

high-frequency single-frequency kernels and since these ker-
nels have smaller first Fresnel zones than the kernel at the cen-
tral frequency we see this shrinking of the frequency-integrated
kernel.

The last kernel, K app
i,u , has the same overall shape as the

other kernels but the amplitude is more off. It is lower than
the other kernels in the cross section close to r1 and higher in
the other cross section. This is because the amplitudes were
approximated using just knowledge of the travel times. Thus
although K app

i,u is not in as good agreement with Ki,u as KGauss
i,u

it gives a very efficient way of calculating a kernel which is in
reasonable good agreement with the frequency-integrated sen-
sitivity kernel.

Jensen et al. (2001) showed the first inversion results ob-
tained using non-ray sensitivity kernels. The kernels they used
were similar toK app

i,u , except for a factor of 1/c0 which unfortu-
nately was obmitted in the earlier kernels. Inversions using the
new kernels show that the same overall structures can be re-
covered although some of the details change. Use of the more
correct kernels in the inversion procedures should increase the
reliability of the results.

10. Comparison with global-mode approach

Figure 5 shows a comparison between our frequency-integrated
sensitivity kernels, Born kernels obtained from global modes
and ray-theoretical kernels. The kernels shown are one-
dimensional kernels for a sound-speed perturbation which is
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Fig. 4. Sensitivity variation with depth across the ray path at a distance
of 3 Mm (top) and 20 Mm (bottom) from the source. Shown are Ki,u

(solid),KGauss
i,u (dashed) andKapp

i,u (dotted). The kernels are normalized
by c0.

spherical or planar depending on the geometry of the ker-
nels. The Born kernels are described in Birch & Kosovichev
(2000a) and are obtained in a spherical geometry whereas the
frequency-integrated kernels are calculated for a planar geom-
etry. Both kernels use the Gaussian power spectrum described
in Sect. 8. Two different ray-theoretical kernels are shown; one
obtained in a spherical geometry which includes the effect of
the acoustic cut-off frequency and one obtained in a planar ge-
ometry neglecting the acoustic cut-off frequency. All kernels
are for an offset of 10 heliospheric degrees.

We here see that the shape of the frequency-integrated ker-
nel and the Born kernel are very similar although there are
some differences. The amplitude of the frequency-integrated
kernel is larger near the ray turning point than the amplitude
of the Born kernel. The right panel of Fig. 5 shows a close up
of the kernels near the surface. Here the Born kernel shows
some oscillations which the frequency-integrated kernel lacks.
We can also see that the frequency-integrated kernel and the
Born kernel follow the ray path from the same geometry close
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Fig. 5. Comparison of 1D sensitivity kernels for an offset of 10 he-
liospheric degrees. Shown are a frequency-integrated sensitivity ker-
nel (solid) and a ray-approximation kernel (dashed) both obtained in
a planar geometry and without inclusion of the acoustic cut-off fre-
quency These are shown together with a sensitivity kernel obtained
from global-mode summation (dash-dotted) and a ray-approximation
kernel (dotted), both from a spherical geometry with inclusion of the
acoustic cut-off frequency. To the right is shown a close up of the ker-
nels near the surface.

to the surface. For the ray kernels the differences near the sur-
face are due to the effect of the acoustic cut-off frequency while
the differences near the turning point are due to geometrical ef-
fects. The differences between the frequency-integrated kernel
and the Born kernel can be due to geometrical effects, the ne-
glecting of the acoustic-cut-off frequency, different filtering and
the use of different approximations (Rytov and Born approxi-
mations). The exact causes of the discrepancies are not yet fully
understood.

Birch & Kosovichev (2001) showed a comparison be-
tween one-dimensional sensitivity kernels obtained from a
global-mode approach in the Born approximation (Birch &
Kosovichev 2000a) and ray theoretical sensitivity kernels.
Their Fig. 1 shows the sensitivity kernels for an offset of
22.5 degrees. By comparing this figure with our Fig. 5 we can
see that since the ratio of wavelength to ray length is smaller
for the larger offset the kernel is closer to the ray kernel al-
though there still are larger discrepancies near the upper and
lower turning point.

11. Extending the theory

The theory presented in this paper show how to calculate sen-
sitivity kernels for a point to point measurement geometry. In
time-distance helioseismology normal practice has been to cor-
relate a central pont with an surrounding annulus or quadrants
of such an annulus (e.g. Duvall et al. 1996). D’Silva (2001)
showed that the travel time obtained from this procedure is the
average of the point to point travel times weighted with the
wave field amplitude. The frequency-integrated kernels pre-
sented in this paper are an weighted average over frequency.
It is straight forward to expand this weighted average to also
include the spatial averaging.

The Green’s functions used to calculate the sensitivity ker-
nels have been calculated without inclusion of the acoustic cut-
off frequency. The equations for the frequency-integrated ker-
nels presented in Sect. 7 are independent of the approximations
made in calculation of the Green’s functions and the same ex-
pressions for the sensitivity kernels can be used to calculate
kernels taking the acoustic cut-off frequency into account The
same holds true for the expressions for approximate sensitivity
kernels except where noted in the text.

In time-distance helioseismology measurements are made
for waves traveling in opposite directions. The differences and
averages of these measurements are then taken in order to iso-
late the effects of sound-speed perturbations from flows (see
e.g. Kosovichev & Duvall 1997). In this paper only kernels con-
cerning sound-speed perturbations have been calculated and a
future goal is to extend the theory to include flows. Another
goal for future work is to derive a wave theoretical treatment of
wave propagation in the presence of magnetic structures in the
solar convection zone. This will be necessary in order to fully
investigate sunspots and other magnetic features in the Sun.

12. Concluding remarks

In this paper we show how to compute sensitivity kernels for
helioseismic time-distance tomography using the Rytov ap-
proximation and the Green’s function approach.

The use of non ray-theoretical kernels in the inversion
of helioseismic time-distance data increases the accuracy of
the inversion results. Preliminary tests using similar two-
dimensional kernels (Jensen et al. 2000a) demonstrate this.
These kernels along with rapid inversion techniques such as the
MultiChannelDeconvolution technique (Jacobsen et al. 1999)
provides a powerful tool which would allow reliable fast inver-
sion of helioseismic time-distance data.

Expressions for both the group- and phase travel-time per-
turbations are given in this paper. Using these expressions the
differences between the group- and phase travel-time perturba-
tions could be used to improve the inversions.

It is also shown that the full correlation function can be
directly related to the slowness perturbations through a linear
inverse equation for which the kernels are derived. This opens
the way for full waveform inversion on the time-distance data.
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Appendix A: Derivation of wave equation

In this Appendix we derive a wave equation for acoustic
waves traveling in the solar convection zone in the presence
of subsurface flows and magnetic fields. The derivation for
stratified media follows work done by Gough (1993), while
Christensen-Dalsgaard (1997) treat flows. Here we present a
treatment which include both effects and derive a wave equa-
tion for this case.

Governing equations

The governing ideal MHD equations are (see e.g. Priest 1982)

dρ
dt
+ ρ∇ · V = 0 (A.1)

ρ
dV
dt
= −∇p + ρg (A.2)

dp
dt
= c2 dρ

dt
(A.3)

where ρ is the density, p is the pressure, V is the fluid velocity,
g is the gravitational acceleration and c is the adiabatic sound
speed. Furthermore d/dt is the time derivative following a mov-
ing fluid element and given as

d
dt
=
∂

∂t
+ (V · ∇) . (A.4)

We write the involved quantities as the equilibrium values and
addition small perturbations associated with the oscillations.

V = U + u (A.5)

ρ = ρ0 + ρ
′ (A.6)

p = p0 + p′ (A.7)

where U is the flow velocity and u is the fluid velocity asso-
ciated with the oscillations. In the following we will derive a
waveequation in the case where there are no flows present and
thus neglect U. The subscript 0 denotes the equilibrium values
and the prime denotes the perturbations. Furthermore we write
the time-dependence of the solution as

Ψ(r, t) = Ψ(r) exp(−iωt) . (A.8)

Stratified media

We now consider the effect of density stratification. Here the
perturbed equations are

∂ρ′

∂t
+ ∇ · (ρ0u) = 0 , (A.9)

ρ0
∂u

∂t
= −∇p′ + ρ′g (A.10)

∂p′

∂t
+ (u · ∇)p0 = c2

(
∂ρ′

∂t
+ (u · ∇)ρ0

)
.. (A.11)

From the perturbed equations a wave equation can be obtained
for the displacement ξ as

ρ0
∂2ξ

∂t2
= ∇

(
c2ρ0∇ · ξ

)
+ ∇(ρ0ξ · g) − g∇ · (ρ0ξ) . (A.12)

Here we have also used that the reference medium is in hydro-
static equilibrium and thus we have that ∇p0 = ρ0g. The last
terms on the right hand side, containing g, give rise to internal
gravity waves, the so-called g-modes (e.g. Gough 1993). These
terms only affect p-modes propagating deep below the convec-
tion zone. Since we are concerned with p-modes in the convec-
tion zone we neglect this term. This gives the wave equation
as

∂2ξ

∂t2
= ρ−1

0 ∇
(
c2ρ0∇ · ξ

)
. (A.13)

Following Gough (1993) we now change variable to χ = ∇ · ξ
and the wave equation becomes

∂2χ

∂t2
= ∇2

(
c2χ

)
+ ∇

(
ρ−1

0 c2χ∇ρ0

)
. (A.14)

Making another change of variable to Ψ=
√
ρ0c2χ gives the

wave equation as
(
∇2 − ω

2
ac

c2
− 1

c2

∂2

∂t2

)
Ψ = 0 (A.15)

where

ωac =
c

2H

√
1 + 2

dH
dz

(A.16)

is the acoustic cut-off frequency and H is the density scale
height given as

H−1 =
d lnρ

dz
· (A.17)

If we insert the time dependence, exp(−iωt), into the wave
equation it reduces to
(
∇2 +

ω2 − ω2
ac

c2

)
Ψ = 0 . (A.18)

Appendix B: Rytov wave equation

We wish to obtain a wave equation for the complex phase
perturbation ∆Φ. One way of doing this was demonstrated
by Slaney et al. (1984) and we follow their approach here.
Inserting Eq. (4) into the wave equation and using that

∇2Ψ =
(
(∇Φ)2 + ∇2Φ

)
eΦ , (B.1)

yields

(∇Φ)2 + ∇2Φ + k2
0 = −2k2

0
δc
c

(B.2)

Inserting Eq. (5) into Eq. (B.2) gives

(∇Φ0)2 + 2∇Φ0 · ∇∆Φ + (∇∆Φ)2

+∇2Φ0 + ∇2∆Φ + k2
0 = −2k2

0
δc
c
· (B.3)

SinceΦ0 is the complex phase function for the incoming waves
it satisfies

(∇Φ0)2 + ∇2Φ0 + k2
0 = 0. (B.4)
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Hence Eq. (B.3) reduces to

2∇Φ0 · ∇∆Φ + ∇2∆Φ = − (∇∆Φ)2 − 2k2
0
δc
c
· (B.5)

To progress further we have to use that

∇2 (Ψ0∆Φ) = ∆Φ∇2Ψ0 + 2∇Ψ0 · ∇∆Φ + Ψ0∇2∆Φ . (B.6)

As Ψ0 is a solution to the homogeneous Helmholtz equation
∇2Ψ0 = −k2

0Ψ0 and from Eq. (6) we find that ∇Ψ0 = Ψ0∇Φ0.
Using this Eq. (B.6) can be rearranged to

Ψ0

{
2∇Φ0 · ∇∆Φ + ∇2∆Φ

}
=

(
∇2 + k2

0

)
Ψ0∆Φ . (B.7)

Inserting Eq. (B.5) into Eq. (B.7) and rearranging gives

(
∇2 + k2

0

)
Ψ0∆Φ = −Ψ0

{
(∇∆Φ)2 − 2k2

0
δc
c

}
· (B.8)

This is the wave equation we were looking for.

Appendix C: Determination of the travel time

We wish to determine travel-time differences by fitting the per-
turbed wavefield to the unperturbed wavefield. The method
described here is a generalisation of the method employed
by Snieder & Lomax (1996). We assume that the wave
field (or correlation function) can be described by a Gabor
wavelet which is a cosine modulated with a Gaussian enve-
lope. D’Silva (1996a) and Kosovichev & Duvall (1997) both
showed that the correlation function can be written in this way
using a ray theoretical approach and a global mode approach
respectively. This gives the wave field or correlation function
as

Ψ0(t) = A exp

[
−δω

2

4
(t − τg)2

]
exp

[
iω0(t − τp)

]
(C.1)

where τg is the group travel time associated with the peak of the
envelope while τp is the phase travel time associated with the
zero crossings. The amplitude A is a constant, ω0 is the central
frequency of the power spectrum and δω controls the width
of the envelope. Kosovichev & Duvall (1997) showed that the
cross correlation function could be expresed in this way. The
Fourier transform of this wave field is given as

Ψ0(ω) =

A exp

[
− (ω − ω0)2

δω2

]
exp

(
iωτg

)
exp

[
−iω0(τg − τp)

]
. (C.2)

If we look for perturbations to the phase- and group travel
times, δτp and δτg, we find the perturbed wave field as

Ψ(ω) = aΨ0 exp
(
iωδτg

)
exp

[
−iω0(δτg − δτp)

]
. (C.3)

We wish to find the travel time perturbations by fitting this ex-
pression for the wave field to the perturbed wave field obtained
from the Rytov approximation Ψ = Ψ0e∆Φ. The misfit is given
by the function M as

M =

∫ ∣∣∣∣Ψ − aΨ0ei[ωδτg−ω0(δτg−δτp)]
∣∣∣∣2 dω (C.4)

=

∫
|Ψ0|2

∣∣∣∣e∆γei∆θ − aei[ωδτg−ω0(δτg−δτp)]
∣∣∣∣2 dω. (C.5)

To find the the travel time perturbations we set the derivative of
misfit with respect to the perturbation to zero as

∂M
∂δτi

= 0 (C.6)

where δτi can be either the phase- or group travel-time pertur-
bation. These derivatives can be written as

∂M
∂δτi

=

∫
|Ψ0|2(2ae∆γ) sinA ∂A

∂δτi
dω , (C.7)

where

A = ωδτg − ∆θ − ω0(δτg − δτp) . (C.8)

Group travel-time perturbation

Assuming that the travel-time perturbation for the group and
phase speed will tend to cancel we get that ω0(δτg − δτp) 	
ωδτg. Whether this approximation is justified over the entire
frequency range of interest remains to be investigated. Using
this we find the derivative of M to be

∂M
∂δτg

=

∫
|Ψ0|22aωe∆γ sin(ωδτg − ∆θ)dω . (C.9)

Expanding the sine term to first order we obtain∫
|Ψ0|2ωe∆γ(ωδτg − ∆θ)dω = 0 . (C.10)

From this we find that the group speed perturbation is given as

δτg =

∫
|Ψ0|2ω∆θdω∫
|Ψ0|2ω2dω

· (C.11)

Here we have assumed the amplitude perturbation to be small
so that to first order e∆γ ≈ 1.

We note that if one used only one travel-time parameter the
equation obtained would be identical to this.

Phase travel-time perturbation

Close to the central frequency where the power spectrum has
its maximum the term (ω − ω0)δτg should be small compared
to ω0δτp. We therefore neglect the first term and find that for
the phase travel-time perturbation we get

∂M
∂δτp

= −
∫
|Ψ0|22aω0e∆γ sin(ω0δτp − ∆θ)dω . (C.12)

Expanding the sine term to first order gives∫
|Ψ0|2e∆γ(ω0δτp − ∆θ)dω = 0 . (C.13)

From this we find that the phase travel-time perturbation is
given as

δτp =

∫
|Ψ0|2∆θdω

ω0

∫
|Ψ0|2dω

· (C.14)
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Appendix D: Ray-based Green’s functions

In this appendix we wish to solve the wave equation using
the ray approximations. This will allow us to derive ray-based
Green’s functions for the reference medium which can be used
to calculate sensitivity kernels for the perturbed medium which
takes diffraction into account. All quantities in this appendix
are related to the reference model thus the subscript 0 has been
obmitted for ease of notation. For a more detailed treatment see
e.g. Gough (1993). First we start by writing the wave field in
terms of a slowly varying amplitude and a phase component as

Ψ = Aeiθ . (D.1)

Inserting this into the wave equation gives the two equations as

∇θ · ∇θ = θ̇2 − ω2
ac

c2
+
∇2A

A
(D.2)

A∇2θ + 2∇A∇θ + ∂

∂t

(
A2θ̇

)
= 0. (D.3)

The first of these equations is known as the eikonal equation
while the second is the transport equation. We then define the
local frequency and wave number in terms of the phase as

∂θ

∂t
= −ω , ∇θ = k . (D.4)

Since the amplitude is assumed slowly varying the ampli-
tude term in the eikonal equation can be neglected. Inserting
Eq. (D.4) into the eikonal equation gives the dispersion rela-
tion between frequency and wave number

k2 =
ω2 − ω2

ac

c2
(D.5)

For a stationary medium the frequency ω is constant and the
phase of the wave field is given as

θ =

∫
Γ

k · dr − ωt (D.6)

where the integral is taken along the ray path, Γ, which is
given by

dr
dt
=
∂ω

∂k
· (D.7)

Here ∂ω/∂k is the group speed. This is the speed at which the
energy of the wave field propagates. The spatial varying part of
the wave field can be written as

Ψ = Aeiωτp , (D.8)

where τp is the phase travel time which is given as

τp =

∫
Γ

k
ω
· dr . (D.9)

Here ω/k = up is the phase velocity.
The travel-time perturbation can be calculated using

Fermats Principle which states that to first order a perturba-
tion to k does not perturb the ray path (see e.g. Gough 1993).
The the travel-time perturbation is then given as

δτp =
1
ω

∫
Γ0

δk · dr (D.10)

where δk = k − k0 is the wave number perturbation, k0 is the
wave number in the reference medium and the ray path Γ0 is
calculated in the reference medium. Equation (D.10) is the base
for doing inversion of time-distance data in the ray approxima-
tion.

In a stationary medium the amplitude is also independent
of time, thus the last term in the transport equation is zero. The
remaining terms can with the help of Eq. (D.4) be rewritten as

∇ ·
(
A2 k

)
= 0. (D.11)

This is a conservation equation for the amplitude. Using Gauss
theorem one can see that this equation implies that for a ray
tube

A2kdS = constant (D.12)

where dS is the cross section of the ray tube. Thus we find that

A2(r2) = A2(r1)
vp(r2)

vp(r1)
dS 1

dS 2
, (D.13)

where r1 and r2 denotes the position of the two cross sections
and vp is the phase speed. Equation (D.13) describes the change
in amplitudes in terms of the geometrical development of the
ray tube. If we approximate the development of an angular area
element dS as dS = r2dθ ≈ (vpτp)2dθ, where dθ is the angular
area on the unit circle and r is the length along the ray path, we
find that

A(r) = A(r′)
τp(r′)
τp(r)

, (D.14)

where we have taken r1 to be the source position r′. One
complication arises because the amplitude close to the source
should correspond to the homogeneous case and according to
Eq. (17) the amplitude term A is divergent at the source. It turns
out that Aτp is a bounded quantity at the source and thus we find
that

A(r) ∝ 1
τp(r)

· (D.15)

This means that the amplitude is proportional to the reciprocal
of the travel time. The same approximation is obtained if one
assumes the sound speed to be constant. Using this approxima-
tion it is possible to obtain information about the behavior of
the amplitude from the travel time without further calculations.

To describe the geometrical behavior of a ray tube in a
more quantitative way one can use the Jacobian of the problem
(Jensen et al. 1994). In three dimensions we have the Jacobian
given by:

J =
∣∣∣∣∣ ∂r
∂(l,Θ, ψ)

∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣∣∣

∂x
∂l

∂x
∂Θ

∂x
∂ψ

∂y
∂l

∂y
∂Θ

∂y
∂ψ

∂z
∂l

∂z
∂Θ

∂z
∂ψ

∣∣∣∣∣∣∣∣∣∣∣
, (D.16)

where Θ and ψ are the declination and azimuthal of the take-
off angle. Equation (D.13) can be expressed in terms of the
Jacobian as

A(r) = A(r′)
∣∣∣∣∣∣
vp(r)J(r′)
vp(r′)J(r)

∣∣∣∣∣∣
1/2

· (D.17)
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Here r′ again denotes the source position. As before the ampli-
tude is divergent at the source thus posing a problem. Jensen
et al. (1994) showed that A2(r′)J(r′) is a bounded quantity and
gave the solution for a cylinder symmetric problem as

A(r|r′) = 1
4π

∣∣∣∣∣∣
vp(r) cos(Θ)

vp(r′)J(r)

∣∣∣∣∣∣
1/2

· (D.18)

Close to the source this expression corresponds to the am-
plitude for a homogeneous medium. Since the homogeneous
Green’s function is integrable at the source this ensures that the
ray based Green’s function also is integrable at the source.


