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Abstract. A method of calculation of potential magnetic fields around cylindrical and toroidal flux ropes is presented. The flux
rope has an arbitrary orientation with respect to ambient field. The problem is solved analytically. Expressions for the magnetic
field components, diamagnetic force, and its moment are found. Results obtained can be used for estimations of magnetic forces

in systems where magnetic flux ropes and potential fields coexist, e.g., in the solar corona.
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1. Introduction

Direct measurements of coronal magnetic fields are very rare
and scarce, so our views on coronal fields are based on theoret-
ical considerations and various assumptions. The simplest as-
sumption is to take the coronal fields as potential, i.e., current-
free (Altschuler & Newkirk 1969; Hoeksema 1984), and for
many years solar coronal magnetic fields have been modeled
and are still modeled in this way. This approach proved to be
useful due to inferred relationships between obtained magnetic
field configurations and, e.g., global coronal density structures,
positions of coronal holes and the heliospheric current sheet,
and magnitude of the solar wind velocity (as listed by Zhao &
Hoeksema 1994). However, the absence of currents means no
magnetic forces and hence no static density and temperature
structures in the corona, which is in contradiction with obser-
vations. Therefore newer coronal magnetic models try to incor-
porate electric currents into the corona in the form of current
sheets (Shatten 1971) or horizontal volume currents (Bagenal
& Gibson 1991; Zhao & Hoeksema 1992). Other forms of cur-
rents are also possible.

Recent high resolution EUV images of the Sun reveal that
the solar corona is filled by magnetic loops in all up-to-date
observable scales. Many of them probably have a helical struc-
ture of magnetic field lines, i.e., they are magnetic flux ropes,
as it is argued by Klimchuk et al. (2000), that due to twist
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coronal loops have roughly uniform and circular cross sec-
tions. The most prominent and directly observable solar flux
ropes are solar prominences (Vr$nak et al. 1988); it is believed
that solar prominences themselves are embedded in coronal
flux ropes of much larger scales (Low & Hundhausen 1995).
As a result of various eruptive processes (not well understood
yet), some coronal magnetic flux ropes may be ejected upward
from the solar corona and propagate in the solar wind as inter-
planetary flux ropes (Sarris & Krimigis 1982; Klein & Burlaga
1982; Marubashi 1986; Shimazu & Marubashi 2000). The most
distinct interplanetary flux ropes were named magnetic clouds
(Klein & Burlaga 1982).

The origin of flux ropes in the corona is not known. They
may be formed directly in the corona due to changes in their
photospheric footpoints, or they may emerge from subphoto-
spheric levels, or both processes may occur. In any case, flux
ropes in the corona surrounded by pre-existing potential or
close-to-potential magnetic fields bring to the system surface
currents and hence also wanted (dia)magnetic forces.

In this paper we give analytical solutions of potential mag-
netic fields around flux ropes of cylindrical and toroidal shapes
and examine effects of diamagnetic forces. The method of de-
termination of magnetic field configuration and diamagnetic
forces is similar to that used by Parker (1957) for an oblate
spheromak and by Pneuman (1983) for an elliptical flux rope,
but it is more general because it makes it possible to consider
an arbitrary orientation of the flux rope to the ambient field.

Calculations on a toroidal flux rope are a continuation
of our previous work. Romashets & Vandas (2001) have
found a non-potential (and also not force-free) solution of a
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Fig.1. Orientation of a) cylindrical and b) toroidal flux ropes in the coordinate system xyz is given by two angles, o and . The flux rope
rotational axis is denoted by Z and its projection to the yz plane by p. The cylindrical flux rope has the radius ry, and the toroidal flux rope has

the major radius Ry and the minor radius ry.

magnetic field configuration for a specific orientation of the
toroid and the ambient field, and Romashets & Vandas (2003)
have found a potential solution for the same specific orientation
(with @ = 90° and 8 = 90° according to the notation introduced
in this paper in the next section).

2. Modification of the background magnetic field
by a flux rope

We shall assume that the magnetic field around a flux rope
can be described as a relatively simple potential field. This is
certainly a very rough approximation of a real situation but
it enables an analytical treatment. The main (homogeneous)
magnetic field By = (By,0,0) is directed along the x axis.
A magnetic field gradient B;/L along the x axis is added to
the main field. In order to satisfy the div B = O condition,
there must also be a gradient in a perpendicular direction to x.
Therefore the background magnetic field components are sup-
posed to be

B
BY = By- —x. ()
B
() !
By = Ty, (2)
BY =o. A3)

Parker (1957) has used such a field configuration in his analy-
sis. A corresponding scalar magnetic potential of the field @y,
B® = grad @, is

Bi o
@y = Box 2L(X yo). “4)
@, is a harmonic function, i.e., A®y = 0, which ensures the
condition div B®) = 0 is fulfilled.

A cylinder or a toroid is inserted into this field with its ro-
tational axis inclined to the main field By. The orientation of
the rotational axis is given by two angles, o and B (Fig. 1).
The rotational axis makes the angle a with the x axis, and
its projection to the yz plane (labeled by p in Fig. 1) makes

the angle 8 with the y axis; in other words, the unit vector
of the rotational axis has the components (cos @, sin @ cosf3,
sin @ sin 8). Denoting the axes of the intrinsic coordinate sys-
tem of the cylinder or toroid as %, i, and Z, where the 7 axis
is along the rotational axis and the j axis lies in the yz plane
(and is perpendicular to the dashed projection line p), we get
the following relationships between the coordinate systems:

X = Xsina + Zcosa, )
y = —XcosacosfB+ ijsinf + Zsina cospf, (6)
z = —XcosasinfB — jcosfB + Zsina sinf. @)

The scalar magnetic potential (4) is then expressed in the in-
trinsic (tilde) system through the substitutions by (5)—(7) sym-
bolically as

7
dy = Z C®.,
i=1

i.e., itis arranged as a sum of the following harmonic functions,

®)

)
X+
o =% =z O =P-p ol=""L _2
) = i, D =3z, O = iz ©)
The coeflicients C; are
C; = Bysina, C, = Bycosa,
B
C3 = ﬁ(cos2 @ — sin? @ cos? B — 2sin’ B),
Cy = ﬂ(cos2 « — sin? acosz,B),
2L
B, .
Cs = T cosa sinfcosf,
B . 2
Ce = T sinacosa (1 + cos” ),
B . .
C; = T sin @ sin 8 cos . (10)

Now we shall look for the potential magnetic field whose nor-
mal components B,, to the surface of the flux rope are zero (con-
dition 1) and which approaches the undisturbed field (1)—(3) at
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Fig. 2. Magnetic field lines around an inclined cylinder with @ = 45° (8 = 90°). The vertical thick dashed lines in Fig. 2a show the cylinder
boundaries (extent), while the dashed ellipse is a cross section of the cylinder with the xy plane. Figure 2b is a side view of the field lines
displayed in Fig. 2a in order to get a three dimensional imagination of the magnetic field lines behavior. The dotted lines indicate field line

positions behind the plane of the Fig. 2a (i.e., with z < 0).

larger distances from the rope (condition 2). That is, we add
to the scalar potentials CDf) (9) additional harmonic functions,
for which the additional magnetic field goes to zero for large
distances from the rope and for which the total magnetic field
components Bi = 0 at the flux rope boundary. This is done for-
mally by changes ®} — @' where @' are harmonic functions
fulfilling conditions 1 and 2. The resulting scalar magnetic po-
tential @ reads

7

® =) G, (11)
i=1

and the magnetic field components directly follow from

B = grad @. (12)

Expressions for @' and derivations of B are given separately
for cylindrical and toroidal flux ropes in Appendices A and B,
respectively.

3. Magnetic field around flux ropes

For simplicity, let us take B; = 0, that is, the ambient magnetic
field is initially homogeneous. Then the model field around a
cylindrical flux rope (A.10)-(A.12) reduces to simple expres-
sions

2

B, = Bo[l - r—chosgosina, (13)
2

B, = —30(1 + —2)sin¢p sina, (14)
I

Bz = Bycosa. (15)

Due to symmetry the dependence on the angle 8 disappears
and only the dependence on the cylinder inclination a to the
background magnetic field remains. The magnetic field lines in

general are not planar; Fig. 2 shows their behavior for the case
when the flux rope is inclined 45° to the background field.

The maximum magnetic field increase is given
from (13)—(15) by B/By = V1 + 3sin®a. The angle @ = 90°
gives the largest increase of 2. Figure 3a shows the magnetic
field lines around the cylinder for this simple case. The
magnetic field lines are planar and they lie in planes parallel
to the xy plane. The maximum magnetic field (i.e., 2 times)
is in point M indicated in Fig. 3. There is also zero magnetic
field strength in point O (null point; in fact null line in three
dimensions).

Figure 3b shows a similar picture but for a toroid. Magnetic
field lines are not planar in general (planar ones are only those
lying in the xy plane, as is the case of Fig. 3b). One can find
a similarity in the field increase along the toroid with inclined
cylinders for various places at the toroid. The maximum mag-
netic field increase is B/By = 1.9, e.g., in point N (with z = rg)
in Fig. 3b; compare it with the cylinder in point M in Fig. 3a
where B/Bgy = 2. This maximum value slightly depends on the
aspect ratio Ry/ro; the above given value was for Ry/ry = 4
while for Ry/rg = 3 itis ~1.8. In point M in Fig. 3b the field in-
crease is small: B/ By =~ 1.2; compare it with the case of a cylin-
der parallel to By, i.e., having @ = 0°, where B/By = 1. There
is also zero magnetic field strength in point O (null point).
Figures. 4c—4d illustrate this magnetic field strength behavior.
Figure 4 shows the magnetic field lines and field magnitude
distribution in various z planes and Fig. 5 shows the magnetic
field lines for different inclinations a.

4. Diamagnetic force

The general expressions (A.10)—(A.12) or (B.17)—(B.19) make
it possible to calculate a diamagnetic force acting on a flux rope

32
F:—Sg—~ndS, (16)
24
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(b)

Fig. 3. Magnetic field lines in the xy plane (z = 0) around a) a cylinder and b) a toroid with the axes perpendicular to the background field; the
coordinate systems xyz and X7 coincide (that is, @ = 90° and 8 = 90°). The flux ropes are drawn as thick dashed lines (Ry/ry = 4, B; = 0).

where fip is the magnetic permeability and the integration is

over the flux rope boundary. The minus sign is put because the

normal unit vectors n to the flux rope surface point outward.
The diamagnetic force also acts by the moment

BZ
M=—9§2—~(r><n)d5, amn

Ho
where r = (x, y, z) is the radius vector (5)—(7). Calculations of
the diamagnetic force and the moment of force are separately
given for cylindrical and toroidal flux ropes in Appendices C
and D, respectively.

The diamagnetic force (C.2)-(C.4) acting on a cylindri-
cal flux rope is present only for an inhomogeneous ambient
field (B; # 0) and acts in the direction (sina, —cosa cosf3,
—cosasinf) = ez, that is, in the direction of the ¥ axis. It lies
in the xp plane (Fig. 1) and makes an angle 90° — @ with the
x axis. When the flux rope is perpendicular to the main ambient
field By (@ = 90°), then the diamagnetic force acts along this
main field By. Such a situation is shown in Fig. 6a.

Similarly to the diamagnetic force, the moment of diamag-
netic force (C.5)—(C.7) acting on a cylindrical flux rope is also
zero if there is no gradient of the ambient field, because all
components of M depend on B; only (i.e., not on By). The mo-
ment of force is perpendicular to the flux rope axis and it is zero
for the following three cases: (i) @ = 0° or @ = 180° (the flux
rope axis is parallel to the main ambient magnetic field By);
(i) @ = 90° and B = 0° or B = 180° (the flux rope axis is per-
pendicular to the main ambient magnetic field By and it is lying
in the planes of the ambient magnetic field lines given by B®));
(iii) @ = 90° and 8 = 90° or B = 270° (the flux rope axis is per-
pendicular to the main ambient magnetic field By and also to
the planes of the ambient magnetic field lines given by B®).
Cases (i) and (ii) are unstable equilibrium states, the only sta-
ble equilibrium state is case (iii) (shown in Fig. 6a).

For a toroidal flux rope, the diamagnetic force (C.2)—(C.4)
lies in the xy plane. It is proportional to the product BB, there-
fore it is present only when a field gradient is present. For sim-
ple toroid orientations (@ = 0° or 90°, i.e., the rotational axis

is parallel or perpendicular to the main ambient field By; see
Figs. 4b and 5a for these orientations, but note that there is no
field gradient in the figures) the diamagnetic force is directed
along the main ambient field By (i.e., only F # 0).

The terms in the moment of force (D.22)—(D.24) acting on
a toroidal flux rope are mostly proportional to B?, but one term
is proportional to B(Z) (see A;]_z) in Appendix D). Contrary to
the diamagnetic force, the moment is present even if the am-
bient magnetic field is homogeneous. All the terms are pro-
portional to sin a, therefore the moment is zero when @ = 0°
(the rotational axis is aligned to the main ambient field By; i.e.,
the orientation as in Fig. 5a). But this orientation is an unsta-
ble equilibrium state. The term with Ag}-z) is proportional to
sina cos a, so if the ambient magnetic field is homogeneous,
then the moment is zero also for @ = 90° (the rotational axis is
perpendicular to the main ambient field By; i.e., the orientation
as in Fig. 4b) and this orientation is a stable equilibrium state.
When a gradient is present, the only stable equilibrium orien-
tation is for @ = 90° and 8 = 0° or S = 180° (the rotational
axis is perpendicular to the main ambient field By and aligned
to the planes of ambient magnetic field lines given by B®), see
Fig. 6b). Figure 7 shows the orientation of diamagnetic forces
and their moments for two toroids around their stable equilib-
rium position (compare Fig. 7 with Fig. 6b). Because the flux
rope is a loop in a real situation, this moment may cause a
change of its orientation and deformations of the loop in the
corona.

5. Conclusions

We have derived the analytical formulae of magnetic field com-
ponents around cylindrical and toroidal magnetic flux ropes un-
der the assumption that the external field is potential. Using
these formulae, it is possible to calculate analytically diamag-
netic forces and its moments acting on the flux ropes; we
have demonstrated this and derived final expressions for these
quantities. The global diamagnetic force is only present if the
background field is inhomogeneous. The same is true for the



M. Vandas et al.: Potential magnetic fields around flux ropes

—>

¥/Ry

©

%/R,

285

o
V3]
S

_
ml

oN—E-E—-F-m-
© ol DM WHOE®
(4] (3] (4]

2 - 0 1 2
¥/Ry

(d)

© o o oloro
= W »h O N
o [34] (4]

Fig. 4. Magnetic field lines and field magnitude distributions around a toroid. The toroidal flux rope is drawn as thick dashed lines. The
orientation of the toroid and of the ambient field is the same as in Fig. 3b (Ry/ro = 3, B; = 0). Figure 4a shows the magnetic field lines starting
at infinity in the plane only very little shifted from z = 0, at z = ry/125. Figure 4b is a side view to the toroid and magnetic field lines. The
parts of the magnetic field lines drawn as dashed line are located in the toroid’s hole and would be hidden from our view. The toroid is in an
equilibrium state because By = 0. If B; was non-zero, then this orientation would be a non-equilibrium state and the moment of force would
rotate the toroid by 90° around the x axis (the projections in a) and b) would interchange). ¢), d) Magnetic field magnitude distributions in two

planes with different z.

moment of force on a cylindrical flux rope. But even a homo-
geneous background field acts by a global moment to a toroidal
flux rope. The presented analytical solutions may be useful
for estimations of magnetic field behavior around flux ropes
and evaluations of magnetic forces acting on them for systems
where magnetic flux ropes and potential fields coexist. For in-
stance, such systems may probably be found in the upper solar
corona. The diamagnetic force pointing upward may play a role
during lift-off of coronal mass ejections (CMEs). At least some
CME:s contain a flux rope (Chen et al. 1997). Another scope
of application are traveling interplanetary flux ropes (magnetic
clouds), which are usually approximated locally by a cylindri-
cal or toroidal flux ropes. Our approach makes it possible to
estimate magnetic forces acting on them. Analytical descrip-
tions of a magnetic field configuration around a toroidal flux
rope are useful for initialization of MHD simulations of flux
rope evolution in the heliosphere. The configuration presented

here was used in simulations on magnetic cloud propagation in
3D by Vandas et al. (2003).
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Appendix A: Magnetic field around a cylindrical
flux rope

The cylindrical system r, ¢, and Z of the cylinder is given in
the usual way as

X=rcose, j=rsing, Z=7Z (A.1)
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Fig. 5. Magnetic field lines around two toroids with different orientations, for a) @ = 0°, and b) a = 45°. The flux ropes are drawn as thick
dashed lines (Ry/ro = 3, By = 0, 8 = 90°). The parts of the magnetic field lines drawn by the dashed line are located in the toroid’s hole and
would be hidden from our view. The toroid in Fig. 5a is in a equilibrium state, but unstable. If perturbed, the moment of force would rotate it
by 90° to align it with the xz plane. The toroid in Fig. 5b is in a non-equilibrium state and the moment of force would also rotate it by 90° to
align it with the xz plane. The plots supplement Fig. 4 where @ = 90°.

(a) (b)

Fig. 6. a) A cylindrical flux rope surrounded by magnetic field with a small gradient (B;/L = 1/12 By/ry). The flux rope axis is perpendicular
to the background field which is aligned to the xy plane (¢ = 90° and 8 = 90°). b) A toroidal flux rope surrounded by magnetic field with a
small gradient (By/L = 1/12 By/Ry, Ro/ro = 3). The flux rope rotational axis is perpendicular to the main background field and aligned to the
planes of the background field (parallel to the xy plane; @ = 90° and § = 0°). Orientations of the x and y axes are the same for both cases.
Magnetic field lines are plotted as thin lines; the parts of the magnetic field lines marked by the dashed line are located in the toroid’s hole
and would be hidden from our view. The flux ropes are drawn as thick dashed lines and these cases are the only stable equilibrium positions
with respect to their attitudes; a small perturbation in the axis orientation would yield a moment of force to return the flux ropes to their initial
directions. The diamagnetic force points in the x direction in both cases.

The harmonic functions CDf) (9) are expressed in the cylindrical ®* = Z, (A4)
system as r
| o = r2[1 + F?JCOSZQ&, (A.5)
<D(')=rcos<p, CD%:Z, CD3=r20032<p, d)é: Erz—Zz, 1
) ot = §r2 -72, (A.6)
<I)(5) = Erz sin 2¢, CDS =rZcos o, <I)(7) = rZsin . (A.2) | 4
. ‘ o @’ = —r2(1 + —O)sin 20, (A7)
In order to meet the conditions 1 and 2, ®;, are modified into 2 r
@' for which the additional magnetic field goes to zero when . r(Z)
r — oo, and for which the total magnetic field component @° =7 (1 + r—z)ZCOS ¥, (A.8)
B, =0forr=ry:
2
- @ = r(l + —S)Zsingo. (A.9)
@' =r|1+ = |cose, (A.3) r
I
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Fig. 7. Diamagnetic forces and their moments acting on toroids in an
inhomogeneous background magnetic field (with B; > 0). Vectors of
the background field are aligned to the xy plane. Two toroids are plot-
ted and labeled (1) and (2). The corresponding qualitative orientation
of the diamagnetic forces are shown by the arrows and denoted by F;
and F,. Actions of the moments of forces are denoted by M, and M.
They indicate that the stable equilibrium position of the toroids is at
a = 90° and B = 0°; the toroid (1) has @; = 135°, 8; = 0°, and the
toroid (2) has a, = 45°, 8, = 0°.

The magnetic field components are

2
B, = By [1 - —chosgosina/
r

1 r
Er(l - F?)COS 20

x(sin® @ + sin® B — cos’ @ cos’ )

B
L

A
+r(l - F?)sinZgocosasin,Bcos,B
1 1 2 2 2
——r|1 - = |(cos” @ — sin” @ cos” B)
2 r2
2
+(1 — —g)Zcosgosinacosa 1+ coszﬁ)
’
2
_(1 - —g)Zsingosinasin,BCOSﬁ}, (A.10)
r

2
B, = -By (1 + r—g)singosina

x(sin? @ + sin® B — cos® a cos? B)

4
+r(1 + F?)COS 2¢ cos a sin B cos

2
_(1 + —2)Zsin¢sinacosa 1+ coszﬁ)
I

},.2
_(1+_2)Zcos¢psinasin,8cosﬁ, (A.11)
I
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B
Bz = Bycosa — Tl Z(cos2a - sinzacosz,B)
2
+r(1 + —(Z)Jcosgasinacosa/ (1 + cos’B)
r
2
—r(l + —ngimpsinasin,Bcos,B . (A.12)
r

Appendix B: Magnetic field around a toroidal flux
rope

The intrinsic system of the toroid will be expressed in the
toroidal coordinates u, 17, and ¢:
inh

;- asin ,ucosgo’ B.1)

coshu —cosn
_asinhusing ’ (B.2)
coshu —cosn

asinn

= (B.3)
coshu —cosn

The parameter ais a = , /R(Z) - ré, and the surface of the toroid
is given by u = po, where coshyy = Ro/ro. A more detailed
description of the toroidal coordinate system with an instructive
figure can be found in Romashets & Vandas (2001).

The harmonic functions (D6 (9) can be expressed as a sum
of toroidal harmonics

3
2

22a
ycoshu —cosn
Vs

00

X Z Q,ll_% (cosh ) cos nncos ¢,

n=-—o0o0

fbé

(B.4)

3
2

22a
ycoshu —cosn
Vs

X Z Qn_% (cosh p)n sin nn,

n=—oo

£
1l

(B.5)

32

22a
ycoshu —cosn

3n
x > 0

n=—oo

£,
1l

(cosh u) cos nn cos 2, (B.6)

o=

3 2

22a
ycoshu —cosn
s

X Z Qn_%(coshp)(z + n-)cosnn,

n=—00

(B.7)

3 2

22a
ycoshu —cosn

3n
x ) 0

n=—oo
2342
ycoshu —cosn
3n

X Z Q,ll_% (cosh p)n sin nn cos ¢,

n=—oo

(cosh u) cos nn sin 2¢, (B.8)

o=

&,
1l

(B.9)
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22qa
ycoshu —cosn o

X Z erl_% (cosh p)n sin nn sin .

n=—oo

) =
(B.10)

QZ_l are the Legendre functions of the second kind. A method

2

of how to obtain these relationships is described in Romashets
& Vandas (2001).

To meet conditions 1 and 2, additional toroidal harmonic
functions will be added to the scalar potentials (Df) (B.4)—-(B.10)
which become negligible when u — 0 (i.e., u describing large
distances), and for which the total magnetic field component
B, = 0 for u = . The resulting harmonics @' are

23
@' = \fcoshp — cosy—2
n

X Z [erl_% (coshu) — a,llPrll_% (cosh )] cos nncos ¢,

n=—oo

and the other @' similarly, e.g.,

23q
ycoshu —cosn
bis

x 10, (coshy) -

n=—oo

@’ =

a, n__ 1 (cosh u)]n sinnn.

PZI , are the Legendre functions of the first kind. The coeffi-
2

cients a/, were formally added and will be selected in order the
condition B,, = 0 for y = g to be satisfied. Due to symmetry
we seta) = a', for all i and n.

We shall introduce the following symbols:

' = K; yJeosh = cosn Nilg) )" Gh(cosh w)Hi(n),

(B.11)
Wher623/2a 2:/:2;: 23/2a2
K = , Kb =Ki,K;3 = 3 , Ky = ,
T T
3/2,2
Ks= 2% K= K. Ky = K, (B.12)
3
G,(») =0 ,(x)- a;Pl_gx),
Gy (x) = Q,_1(0) = P, _1 (%),
Gi(x) = Q2 (0 -a, Pz_l(x),
Gu(¥) = Q,_1(0) = ayP,,_1 (%),
Ga(0) = Q) () —ayP? (%),
G0 = 0, () —ajP, , (x),
G0 =0} ,(»)-a P;_l<x>, (B.13)
H,ll(n) = cosnn, Hﬁ(n) = nsinnn,
1
H0) = Hy01), Hy() = (0% + )H, (),
H(n) = Hy(n), HS(p) = Hy(n), H)(n) = Hy(), (B.14)
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Ni(p) = cosg, Na(p) = 1, N3(¢) = cos 2¢,

Na(p) = Na(g), Ns(p) = sin2¢, Ne(p) = Ni(p),

N7(p) = sin g. (B.15)
It holds
G'(x)=G",(x) and H.(p)=H,@). (B.16)

The magnetic field components directly follow from (12):

sinh u \/cosh,u cosn ;
= Z C:K:Ni(¢) Z (G

+2(coshu — cos n)G”(cosh WIH. (1),

\/coshy —cosn

L (cosh )

=
|

(B.17)

ZCKN(so)

X Z G' (cosh w)[sin nH (1)

n=—o0o0

+2(coshu — cos n)H"'(n)], (B.18)

_ (coshp — cos )32 &

Z CiKiN; (¢)
asinh u

x " Gh(cosh ) H} (). (B.19)

Primes are derivatives by a function argument. Condition 2 is
fulfilled by usage of the Legendre functions of the first kind
(see Romashets & Vandas 2001). Condition 1 requires to fulfill
B, = 0atu = o for all 7 and ¢ in (B.17), so we must equate
to zero the terms at all cosnn and sinnn in (B.17). Fori = 1
condition 1 can be symbolically expressed from (B.17) as

Z (R —S'd)+2(T — Uld')cosnlcosnny = 0,

(B.20)
where
= Q -1 (coshug) +2 coshpoQ ! (cosh wy), (B.21)
S; = n 1(coshyo) + ZCoshyoP 1(cosh,uo) (B.22)
Ti = —Qr'l’_l(coshpo) (B.23)
Uy, = —P)" , (cosh o). (B.24)
With the use of the relationship
2 cosnncosn = cos(n — 1)n + cos(n + 1)n (B.25)
one can express (B.20) as a sum of terms with cos nn
Z Ry = Sy + Ty = Uy gty + T
~U!,,d ,)cosnp=0, (B.26)

and equating these term to zero yields the infinite system of
linear equations for a,

i i i i
U, lan [ +Sial +U+]an+1_T qtR,+T,,,.

(B.27)
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The coeflicients a!, are decreasing rapidly with . For numerical
purposes we restricted ourselves to |n| < 10 and solved a closed
system (B.27) of 11 equations. The system (B.27) is the same
for all i, only the following changes in (B.21)—(B.24) must be
made:

fori=2: Q1 L7 nQ,_, and Prll—l —nP,_1;

1
2

2

fori=3: Q1 s —>Q2 ) andP' Lo P

-2 2 n—j3
fori = 4: Q1 . - (n® + 1/4)Q,_; and
Pi_l — (> + 1/4)P,_1;
fori = 6: Q1 —>an N andP1 B —>nP1 1

2 2 2 2
fori=5andi= 71th01dsa —a anda —a6
It follows from the last 1dent1t1es that
G>(coshy) = G3(coshy) and G/(coshu) = GS(cosh ).

The coeflicients a;, can be arbitrary for i = 2, 6, and 7.

Appendix C: Diamagnetic force acting
on a cylindrical flux rope

Calculation of the diamagnetic force is straightforward. It fol-
lows from (A.10) that B, = 0 at the flux rope surface (for
r = rp). So (16) will be

1 /2

F=-—

(C.1
2u0 Joip2

(B, + B}) nro dg dZ,
where [ is a flux rope length and the integral is calculated at
r = rp. The normal vector is expressed by using (5)—(7) and
(A.1)as

n = (—sin¢sin a, sin ¢ cos @ cos8 + cos ¢ sin B8, — cos ¢ cos B +
sin ¢ cos a sin ).

The integration of (C.1) with (A.11)-(A.12) yields

B()Blﬂl’él

F,= —sina
HoL
X(2 + cos® @ — 0052,8 + cos” @ cos? B), (C.2)
B()B]ﬂ'r(z)l X
Fy, = ——————sinacosacosf
poL
x(2 + cos® @ — cosz,B +cos’ a coszﬁ), (C.3)
B()B]ﬂ'r(z)l . .
F,= ———sinacosasinf
HoL
X(2 + cos’a — cosz,B +cos’ @ cos2ﬁ). (C4)

The calculation of the moment of force (17) is also straightfor-
ward and gives
7z'r012
12,[10L2
X(=2 + cos® @ — cos’ B + cos® a cos’ B),

Sll’l2

asinBcosf

(C.5)
7z'rol2
12,[10L2
X(2 + cos® @ — cos” B + cos
Binr}lP
: 6/10L2

x(cos® @ — cos B + cos

sin @ cos a sin B

2

acos’ B), (C.6)

sin @ cos @ cos 3

2

acos’ f). (&%)
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Appendix D: Diamagnetic force acting
on a toroidal flux rope

The diamagnetic force acting on a toroid is given by (16) as
= 95(32 + B2)dS,
2/

because it follows from (B.17) that B, = 0 at the flux rope
surface (for 4 = pp). We shall calculate the diamagnetic force
(16) in the toroid’s (tilde) system:

(D.1)

27
= f (B; + B)) w do dn, (D.2)
2#0
where
o a? sinh po(cosh pg cosnp — 1) cos . (D3)
(coshpg — cosn)?
wy = a” sinh pg(cosh pg cos 77 — 1) sing, (D.4)

(cosh gy — cosn)?
ws = a? sinh? o sinn . D5)
(cosh g — cosn)?
The integral in (D.2) and all subsequent integrals in this ap-
pendix are calculated at y = py.
The % component is

2 2
ff (B +B)wkd90dr] Fyp + Fy,

x_

2#0
a? sinh
Fa = ==—5—
Ho
27
B2 coshpgcosn— 1
cos @ do dn, D.6
ff ”(cosh,uo—cosr]ﬁ paedn (D-6)
a? sinh
Fro = =5
Ho
27
B coshpgcosn— 1
cos ¢ do dn. D.7
ff ‘”(cosh,uo—cosr])3 p e dn (D.7)

Similar anotation will be used for the other components, i.e.,
Fy=Fy+ Fyp, Fz = Fzy + Fp.

2

Substituting (B.19) into (D.7), we get

77
C,CiKiK;
2,uosmh,u0 ;,_21 AR

F;w:

21
X | Nj(@Njp)cosepdyp
0

X Z Z G (cosh 11)G(cosh o)

nN=—00 Mm=—00

x [ (Goshuocosn = DHH ) dn. D3)
The integrals over ¢ in (D.8) are non-zero for the following
pairs of (i—j): (1-3), (3-6), (5—7), and with swapped numbers;
they are equal to zr. For these combinations only the pair (1-3)
(and swapped (3—1)) gives a non-zero integral over 7 in (D.8);
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for the others the integrals are zero due to odd functions in 7.

This one non-zero integral can be easily calculated over 1 and

the resulting expression is

F. = F(1_3) __ 4'B()B]a3
x‘p e 3Lﬂ0 Sil’lhﬂo

x sin a(cos? @ — sin® @ cos? B — 2 sin” B)

X Z G, (cosh pig){cosh o[ G, _, (cosh o)

n=-—o00

+G3,(cosh 1g)] — 2G3(cosh o). (D.9)
Similar calculations yield the other components

8303]613

= ——————sinacosasinfBcos
3Ljig sinh pg Beosp

X Z G, (cosh g ){cosh o[ G,_, (cosh o)

+G>, (cosh p19)] — 2G> (cosh u1g)) (D.10)

and
_ 16ByBa*

Fzp = F;; 0 = #ﬂ;a sin® @ cos (1 + cos’ B)

X Z G (cosh o)[(n + 1)GS, ,(cosh o)

—(n—1)G®_,(cosh po)]. (D.11)
Substituting (B.18) into (D.6) we get

h

Fyy = _sinhpo Z Z CiCiKiK; N,»(go)N,(@ cos g dg

i=1

x Z > Gl eosh)Gh(eosh )

X f [sin nH;,(17) + 2(cosh g — cos mH,, ()]

x[sin nH;,(17) + 2(cosh o — cos ) Hip ()]
coshugcosny—1 D.12)
(cosh g — cosn)?
The integrals over ¢ in (D.12) are non-zero for the follow-
ing pairs of (i—j): (1-2), (1-4), (2—6), (4—6) (all equal to ),
(1-3), (3—-6), (5-7) (all equal to r/2), and swapped. For these
pairs only the integrals over 7 in (D.6) for (1-3), (1-4), (2—6)
(and swapped) are non-zero; the others are zero due to odd
functions in 7. The force (D.12) will be expressed as the sum

Fop=Fo™ + FO™9 4+ FOO (D.13)

Calculations yield

(=) _ =) i) ) Jj
Fi’] - fj’] Z Im Z [p;l(p”_m + pm—n—Z - rn—m+1)
m=—c0  p=—00
| J i J
+pl_n(pl’l—m—2 + Pin—n — rn—m—l)

J

—ripl o F P =D (D.14)
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where the upper signs hold for the pairs (1-3) and (1-4), and
the lower signs for the pair (2—6). Coefficients p! and r, are
defined

fori=1and3

p. = (2n+1)G' (cosh ),

r, = 4ncosh g G, (cosh ),
fori=2and 6

Pl = 2n+ DHnG' (cosh ),

rf, = 4n® cosh Mo Gi,(cosh Ho),

and fori =4

pt=Qn+ DH(n* + i)Gﬁ(Coshﬂo),

1
= dnn® + Z)cosh o G (cosh o).

n

The remaining symbols are equal to

(1-3) _ _B()Bla3 Sinh,u()
i 247 Ly
x sin a(cos® @ — sin® @ cos? B — 2 sin’ B),
BoB,a? sinh
(1-4) 0D Mo . 2 -2 2
- ————— sina(cos” a — sin” @ cos” fB),
£ i, S A
BoBia’ sinh
(2-6) 0D1 Ho . 2 2
N = —————————sinacos 1 + cos“pB),
fa i a1 + cos’ )
nd
™ coshpgcosn—1
I, = ———— cosnndpy
_r (cosh gy — cosn)?
= 2n|n|(cosh o — sinh o). (D.15)

During the derivations relationships like these were used:
P2, =—(2n—1)G(coshpup), 12, = —r3, etc.

The other force components are calculated similarly. We
have

Fy = Fp )+ F 7, (D.16)
Fz = F(l O+ FSY. (D.17)

n

For F ;’”_] ) the same expression holds as (D.14), where the upper
signs are for the pair (1-5) and the lower signs for the pair

Q=7).p = pyra = 1o Py = Py 1y = 17, and
BB, a’ sinh
(1-5) 001 Ho . .
h = —————ssinacosasinfcos S,
T 127 Ljig feosp
_ BoBa®sinhyg .
fﬁ 7n o 20id T sin @ cos « sin 3 cos 5.

37TL/10

The parts of the F;, component are equal to

ng_j) fu ) Z Z Rsip) +pl =Tl

m=—oo n=—o0
_p"(pn m+1+pmn 3 r:Lm+2)

J
_p (pnm? pmn+1 nm2)_r(pnm2
_pm_” 2 p” -m ¥ pm -t rn m+1 ri—m—l) (DIS)
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where s', are defined
fori=1,3,and 5

sy = Gy(coshpup),

fori=4

= 07 + ) Gileoshu),

and fori =6 and 7

s\ = nG'(cosh ).

The remaining symbols are equal to

3031(13 Sil’lh2 Mo 2

(1-6) ; 2
» = ——————sin“acos a(l + cos” ),
I 6L ( B)
42 _ BoBia’sinh? g 2 .2 2
f: = —————— cos a(cos” a — sin” @ cos” ),
4 4rLiig
and

i cosnny
J = ——d
" j:,, (cosh g — cos 17)? g

21
=———(cosh g — sinh )" (cosh 9 + |n| sinh o). (D.19)
~ sinh’ )

The integral I,, (D.15) can be expressed through J, by

1
I, = 5 COSh/J()(J,H.] +J21) = Iy (D.20)

The force in the original system xyz can be obtained by apply-
ing the transformations (5)—(7). Due to symmetry F, = 0.
The moment of diamagnetic force (17),

1
M=-—— 95(33 + B)) (r x ds), (D.21)
2fo
will be also calculated in the toroid’s (tilde) system:
27
M; = f f (B; + B.)(jjw: — Zwy) d dn, (D.22)
2/
27
My = f f (B; + B})(Zws — %w:) de dn, (D.23)
2/
27
M; = ~3a f (B2 + Bz)(xwy jwz) de dn. (D.24)
o
A direct substitution of (B.1)-(B.3) and (D.3)-(D.5)

into (D.24) gives immediately M; = 0. For the remaining
moment of force components we shall proceed similarly to the
calculation of the diamagnetic force:

My = Mz, + My, (D.25)
Mo = Mg " + MG, (D.26)
Mz =M + M + MG, (D.27)
My = My, + My, (D.28)
Myp = My + M7, (D.29)
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Mgy = MO+ MO0+ MG 4+ MO, (D.30)

the other (i—j) pairs give zero contribution because their inte-
grals over ¢ or 1 are zero;

M)(z’;j) = A;’;D Z GZ(coshuo)(si+] -

n=-—oo

s (D.31)
the expression for Mg]_j) has exactly the same form as (D.18)
with F g]_j) and fz(;_j) replaced by Mg]_j) and Ail”_ D, respectively.
The same expressions as for M;:j) and Mg,]_j) hold for the j
components. Constants A/ are equal to

8B24° cosh py
ACTD = 12~—'u sin @ sin B cos 8
9L%[1y sinh g
x(cos® a — sin® @ cos® B — 2 sin” B),
16B2a° cosh
ACO — 17 TP Gnacos? asinBcos B(1 + cos> s
g 9L2ﬂ0 Sil’lh Ho ﬁ IB( ﬂ)
8B%a’ cosh
A9 = _ 27./10 sin @ cos
912{i sinh pg
><(cos2 @ —sin’ @ coszﬁ -2 sinz,B)(l + COSZ,B),
16B%a’ cosh yg
AGTD = ;7# sin @ cos a sin” B cos? B,
9L fip sinh g
B?a® sinh ug cosh
AGTD = 1 sin a sin 3 cos
1 721 L2{io Beosp
x(cos® a — sin® @ cos® B — 2 sin” B),
B?a’ sinh 1 cosh g
A%D = 1 sin & sin B cos
1 1272 Beosp
><(cos2 @ — sin® @ cos’ B),
B2a’ sinh g cosh g
AG® = 1 s — s sin @ cos® @ sin B cos B
"'7 36mL2fg
x(1 + cos® ),
B2a? sinh g cosh g
Al - 0 'lf K sinacosa,
i 4nfio
B2’ sinh g cosh g
AB® = 1 i — K sin & cos
727TL2,U()
x(cos® @ — sin® @ cos® B — 2 sin B)(1 + cos® B),
B34 sinh pg cosh uo
AY6 — 1 K — K sin @ cos
o 127 L2f
x(cos® @ — sin® @ cos® B)(1 + cos® B),
B2a’ sinh yg cosh o
AT = 1 s s sin @ cos a sin” B cos? B.

367TL2,[10
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