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Abstract. The propagation and the dissipation of small-amplitude Alfv´en waves in an equilibrium configuration characterized
by three-dimensional inhomogeneities is investigated. Disturbances are supposed to have a typical wavelength smaller than the
scale of nonuniformity of the background structure, which allows us to use a WKB expansion technique. The approach we
used is similar to that employed by Petkaki et al. (1998), who studied the case of an incompressible plasma. In the present
paper a compressible cold plasma is considered, which is more suitable than an incompressible plasma to describe the situation
of the solar Corona, whereβ � 1. Small wavelengths allow to decouple Alfv´en from magnetosonic fluctuations at the linear
level. Considering small Alfv´enic wavepackets, the evolution equations for the position, wavevector, and energy are derived.
These equations are similar to those obtained by Petkaki et al. (1998), and they have the same form only if the background
densityρ(0) is supposed to be constant. Then, the results found by Petkaki et al. (1998) for an incompressible plasma are valid
also in a compressible cold plasma, provided thatρ(0) = const.: in particular, in the presence of regions of chaotic fieldlines
the wavevector of Alfv´enic perturbations exponentially grows and the dissipation time of the wave istd ∝ logS, S being the
Reynolds number. Thus, a fast dissipation is attained even with large values ofS, as in the Corona. The equations derived in the
present paper are more general than those of Petkaki et al. (1998), since they can be used also with a nonuniform background
density. The present model is discussed with reference to the problem of coronal heating.
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1. Introduction

Dissipation of Alfvén waves represents one of the most studied mechanisms which has been invoked to explain the nonradiative
heating of astrophysical plasmas, like the solar Corona and the solar wind. In such plasmas, which are permeated by a strong
magnetic field, Alfvén waves can transfer both mechanical and electromagnetic energy from distant parts. Alfv´enic fluctuations,
which have been directly detected in the solar wind (Belcher & Davis 1971) as the main fluctuation component, are probably
present also in the Corona, from where solar wind is emanated. Due to the small dissipative coefficients (resistivity and relevant
viscosity), one important point in these theories is how to dissipate Alfv´en waves before they leave the system. The presence
of inhomogeneities in the background structure represents an important ingredient, since interactions between waves and back-
ground nonuniformities can move the wave energy to small scales, where it can be efficiently dissipated. In this framework, we
are not interested to the specific dissipation mechanism; rather, we focus on the dynamical processes which generate small scales
in the wave structure. In a 2D inhomogeneous structure, where the Alfv´en velocitycA varies in a direction perpendicular to the
magnetic field, two mechanisms have been extensively investigated: (i) phase-mixing, due to differences of phase velocity in
the direction transverse to wave propagation, which progressively bends wavefronts; and (ii) resonant absorption, which concen-
trates the wave energy in a thin layer where the frequency locally matches a characteristic frequency (Alfv´en or cusp frequency).
These mechanisms have been studied both by searching for normal modes of the inhomogeneous structure (Kappraff& Tataronis
1977; Mok & Einaudi 1985; Steinolfson 1985; Davila 1987; Hollweg 1987a,b; Califano et al. 1990; Davila 1991; Califano et al.
1992); and by considering the time evolution of an initial disturbance (Lee & Roberts 1986; Malara et al. 1992, 1996). Effects
of density stratification and magnetic line divergence (Ruderman et al. 1998), as well as nonlinear coupling with compressive
modes (Nakariakov et al. 1997, 1998) have also been considered. Recently, the evolution of 3D localized pulses propagating in a
1D-inhomogeneous equilibrium structure has been studied (Tsiklauri & Nakariakov 2002; Tsiklauri et al. 2003), considering the
effects of phase-mixing in the presence of both an Alfv´enic and a magnetosonic component.

Send offprint requests to: F. Malara, e-mail:malara@fis.unical.it

Article published by EDP Sciences and available at http://www.aanda.org or http://dx.doi.org/10.1051/0004-6361:20031236

http://www.edpsciences.org/
http://www.aanda.org
http://dx.doi.org/10.1051/0004-6361:20031236


530 F. Malara et al.: Alfv´en wave propagation

Alfv én wave propagation in three dimensional magnetic structures have been considered by Similon & Sudan (1989). In this
case the background magnetic field can have a chaotic behavior: there can be regions where initially nearby magnetic lines move
apart exponentially (Zimbardo et al. 1984, 1995). Since Alfv´en waves locally follows magnetic lines, this results in a stretching
of the wave pattern and a consequent formation of small scales, which takes place exponentially in time. As a consequence, the
dissipation timetd follows the scaling law (Similon & Sudan 1989):

td ∝ logS (1)

whereS is the relevant viscous and/or resistive Reynolds number. Thus, dissipation time can remain relatively small even for
large values of the Reynolds numberS, as in the coronal plasma. The mechanism proposed by Similon & Sudan (1989) has
been investigated by Petkaki et al. (1998) (Paper I) and by Malara et al. (2000). These authors built up a model, based on a
WKB expansion of incompressible magnetohydrodynamic (MHD) equations, in which propagation and dissipation of Alfv´enic
wavepackets in 3D magnetic fields is described. From that model they found that in regions where magnetic lines are chaotic a
fast dissipation of wavepackets takes place, which follows the scaling law (1). This effect can co-exist with a slower dissipation
determined by phase-mixing, in regions where the magnetic topology is quasi-2D.

One important drawback of the model of Paper I is the assumption of incompressibility. Actually, incompressibility is recov-
ered in the limitβ → ∞, with β = p/pM (p is the gas pressure andpM = B2/8π is the magnetic pressure). On the contrary, the
plasma in the Corona is dominated by the magnetic field, so thatβ ∼ 10−2 � 1. Thus, a low-β assumption instead of incom-
pressibility would be more suitable to describe the coronal conditions. In the present paper we will consider the propagation and
dissipation of fluctuations in 3D magnetic equilibrium structures, in acold plasma, i.e., in the limitβ → 0. Contrary to Paper I,
compressive fluctuations can now propagate, along with Alfv´en waves. We will derive the equations describing the time evolution
of Alfv énic wavepackets, and we will show that this equations have a form similar to that found for an incompressible plasma.
All the results found in the incompressible case by the model of Paper I are valid also for a cold plasma, which better represents
the conditions of the solar Corona, provided that a uniform background density is assumed. However, the equations which will
be derived are more general, since they can be used even in presence of an inhomogeneous background density, as in the solar
Corona.

2. Derivation of the model

The model is intended to describe the time evolution and dissipation of Alfv´enic perturbations. As discussed in the previous
section, we include compressibility of the plasma, but we neglect both the gradient of gas pressure and gravity with respect to the
Laplace forcej × B/c (cold plasma). Using dimensionless variables, the MHD equations can be written in the following form

∂ρ

∂t
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= 0 (2)
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In these equations lengths have been normalized to a characteristic lengthL, which represents the typical scale over which the
equilibrium structure varies. The magnetic field is normalized to a characteristic magnetic fieldB0, the density to a characteristic
densityρ0, the velocity to the corresponding Alfv´en velocitycA0 = B0/(4πρ0)1/2, and the time to the Alfv´en timetA = L/cA0.
The dimensionless dissipative coefficients areηN = η/ρ0LcA0, ζN = ζ/ρ0LcA0, andλN = λ/LcA0, whereη andζ are the viscosity
coefficients andλ is the magnetic diffusivity, which are assumed to be constant. Summation over dummy indices is hereafter
understood.

We consider a small amplitude perturbation which propagates in an inhomogeneous equilibrium configuration. Density,
velocity and magnetic field are written in the following form:

ρ(x, t) = ρ(0)(x) + ερ(1)(x, t) (5)

u(x, t) = εu(1)(x, t) (6)

B(x, t) = B(0)(x) + εB(1)(x, t) (7)

whereε � 1 represents the perturbation amplitude. The upper indices “(0)” and “(1)” denotes quantities relative to the equilib-
rium and to the perturbation, respectively. We assume that equilibrium quantitiesρ(0)(x) andB(0)(x) vary on the normalization
length, which isl = 1 in normalized units. The velocity at the orderε0 is vanishing, corresponding to a static structure.
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An expansion of Eqs. (2)–(4) is carried out with respect to the small parameterε. At the lowest orderO(ε0) Eq. (2) is
identically satisfied, while Eq. (3) gives the force-free condition

(∇ × B(0)) × B(0) = 0 (8)

which must be fulfilled by the equilibrium magnetic field. Equation (4) gives the conditionλN∇2B(0) = 0. We assume that
this equation is approximately satisfied in the limit of smallλN. This corresponds to neglecting the diffusion of the equilibrium
magnetic fieldB(0) with respect to faster phenomena, like wave propagation and dissipation. The conditionλN � 1 will be better
specified later.

At the orderO(ε1), we get the equations:
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which will be used to describe the evolution of perturbations.
Another important assumption is that the scale length of perturbations keeps much smaller than that of the equilibrium

structure, which is equal to 1 in dimensionless units:

δ � ` � 1 (12)

whereδ is the characteristic wavelength of perturbation and` is an intermediate scale. During the evolution, the wavelength
tends to decrease in time (Paper I); thus, the condition (12) is always fulfilled, provided that it is satisfied at the initial time.
The assumption (12) allows us to perform a WKB expansion of Eqs. (9)–(11), using the wavelengthδ as expansion parameter.
Due to the linear character of Eqs. (9)–(11), the perturbation is considered as a superposition of different modes, propagating
independently from one another. Thus, perturbed quantities are expanded up to the first order in the parameterδ:
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where “α” indicates the different propagating modes, the quantitySα(x, t) represents the phase of theαth mode, and the lower
indices “0” and “1” indicateO(δ0) quantities andO(δ1) quantities, respectively. The phaseSα(x, t) is a real function, while all the
other quantities in the expressions (13)–(15) are complex functions.<( f ) is the real part of a complex quantityf . In the following
we will omit the symbol “<”, working directly with the corresponding complex quantities: this is possible in consequence of the
linearity of the evolution Eqs. (9)–(11). The frequencyωα and the wavevectorkα of theαth mode depend both onx andt. They
are defined by

ωα(x, t) = −1
δ

∂Sα

∂t
=
Ωα(x, t)
δ

(16)

kαn(x, t) =
1
δ

∂Sα

∂xn
=

Kαn (x, t)
δ
· (17)

The quantitiesΩα andKα are the renormalized orderO(δ0) frequency and wavevector, respectively, while bothωα and kα are
of orderO(δ−1). It is worth noting that perturbation amplitudesρα0, ρα1, uα0, uα1, Bα0, andBα1, as well as the frequencyΩα and the
wavevectorKα are assumed to vary on the scalel. On the contrary, the exponential factor exp(iSα/δ) varies over the scaleδ.

Finally, dissipative coefficients are supposed to be small quantities. It is necessary to specify their ordering with respect to
the expansion parameterδ. We will assume that dissipation coefficients are quantities of orderO(δ2). Then, we write

ηN = η̃Nδ
2 , ζN = ζ̃Nδ

2 , λN = λ̃Nδ
2 (18)

whereη̃N, ζ̃N, andλ̃N are orderO(δ0) quantities. With this assumption dissipative coefficients do not affect the wave propagation,
but they enter in the equation of energy determining the wave dissipation.
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2.1. Order δ−1

The expressions (13)–(15) and (18) are inserted into the Eqs. (9)–(11), which are expanded in powers of the parameterδ. At the
lowest orderO(δ−1) the following equation is obtained from Eq. (9):

∑
α

[
−iρα0Ω

α + iρ(0)vα0nKαn
]
exp

(
i
Sα

δ

)
= 0. (19)

We multiply this equation by the factor exp(−iSβ/δ) and average over the intermediate scale`. Since the terms in square brackets
in Eq. (19) vary on the larger scalel, we obtain
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where angular brackets indicate an average over the intermediate scale`. The phasesSα of different modes are different, thus,
the function exp[i(Sα −Sβ)/δ] oscillates over the scaleδ, and its average value over the scale` is vanishing, provided thatα , β.
In other words〈
exp

(
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δ

)〉
`

= δαβ. (21)

Using this condition, the Eq. (20) takes the form

ρα0Ω
α − ρ(0)vα0nKαn = 0. (22)

Applying the same procedure to Eqs. (10) and (11), at the orderO(δ−1) we obtain, respectively:
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n v
α
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The Eqs. (22)–(24) allow us to calculate some properties of the solution at the orderO(δ−1). It is worth noting that quantities
relative to a single mode appears in Eqs. (22)–(24); so, they can be solved for each mode, separately. In other words, each mode
is decoupled from the others.

It is useful to define a local Cartesian reference frame, whose axes are indicated by{X,Y,Z}. TheX-axis is parallel toB(0),
while the wavevectorKα is in theXY plane. This reference frame is illustrated in Fig. 1.

We indicate byθα the angle betweenKα andB(0). Since bothKα andB(0) are functions of position, the orientation of these
axes changes from point to point; however, such variations take place at the scalel of the equilibrium structure. We can re-write
the Eqs. (22)–(24) using the components of vector quantities (B(0), Kα, uα0 and Bα0) with respect to the axesX, Y, andZ. The
X component of Eq. (23) reduces tovα0XΩ

α = 0, which implies

vα0X = 0 (25)

provided thatΩα , 0. Thus, the perturbation velocity component parallel toB(0) is vanishing, for propagating modes. In fact, in
a cold plasma the only force acting on the fluid is the Laplace forcef L = j × B/c, with j the current density, which vanishes for
the equilibrium magnetic field. At the orderO(ε1), the force associated with perturbations isf (1) = ( j(1)×B(0))/c+ ( j(0)×B(1))/c.
Since j(0) is parallel toB(0), the forcef (1) has no components in the direction of the equilibrium magnetic fieldB(0). This explains
the result of Eq. (25).

The Eq. (22), theY andZ components of Eq. (23), and the Eq. (24) can be written in the following form
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α
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Fig. 1. Local reference frame relative to theαth mode.

The Eq. (26) expresses an eigenvalue problem, in which the frequencyΩα represents the eigenvalue, while the vectorUα0 is
proportional to the right eigenvectorξα of the matrixA. We write the first-order solution in the form:

Uα0i = aαξαi (28)

whereaα represents the complex amplitude of theαth mode. A straightforward calculation allows us to calculate the six eigen-
values of the matrixA, which are indicated in the following form:

Ω±S = 0

Ω±A = σc(0)
A K±A cosθ±A (29)

Ω±F = σc(0)
A K±F

where c(0)
A (x) = B(0)(x)/[4πρ(0)(x)]1/2 is the vector Alfvén velocity associated with the equilibrium structure, andσ = ±1

determines the propagation direction, parallel or antiparallel toc(0)
A . The vanishing frequencyΩ±S is the frequency of slow

magnetosonic fluctuations, which are non-propagating in the cold plasma limit (β = 0). Ω±A andΩ±F are the frequencies of
Alfv én and fast magnetosonic waves, respectively.

In calculating the eigenvectors of the slow magnetosonic mode, the condition∇·B(1) = 0 must be explicitly take into account.
Using a similar procedure as that described above, the latter condition implies that the magnetic fluctuation at the orderO(δ0)
must be perpendicular to the wavevector:

Bα0X cosθα + Bα0Y sinθα = 0. (30)

Using this condition, it is seen that the components of the slow magnetosonic eigenvector are all vanishing, except the density
fluctuation, which is arbitrary. Actually, static density fluctuations can exist in a cold plasma, since no pressure gradients are
associated with them. Choosing the first arbitrary component equal toρ(0), the eigenvectors of slow magnetosonic mode can be
written in the form

ξ±S = (ρ±S
0 , 0, 0, 0, 0, 0). (31)

In a similar way, the eigenvectors of the Alfv´enic mode can be calculated, finding:

ξ±A =
(
0, 0, 0, 0,±c(0)

A , B
(0)

)
(32)

where the last arbitrary component was been chosen equal toB(0). Finally, the eigenvectors of the fast magnetosonic mode are

ξ±F =

−ρ(0) tanθ±F,−B(0) tanθ±F,∓ c(0)
A

cosθ±F
, B(0), 0, 0

 (33)
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where the fourth component has been chosen equal toB(0). Other useful quantities for the next development are the left eigen-
vectors of the Alfvénic modeη±A, which are defined by the relation

η±A
i Ai j = Ω

±Aη±A
j . (34)

They can be written in the form:

η±A =
(
0, 0, 0, 0, B(0),∓c(0)

A

)
. (35)

Though the expressions of right and left eigenvectors of Alfv´en waves have been derived in the local reference frame{X,Y,Z}, it
is useful to re-express them with respect to the global reference frame{x, y, z}. We re-define the vector of unknowns with respect
to the global reference frame:

Wα0 =
(
ρα0, u

α
0, B

α
0

)
=

(
ρα0 , v

α
0x, v

α
0y, v

α
0z, B

α
0x, B

α
0y, B

α
0z

)
.

Correspondingly, the right and left eigenvectors of Alfv´en waves are given by

ξ±A =
(
0,∓c(0)

A e±A , B(0)e±A
)

(36)

η±A =
(
0, B(0)e±A ,∓c(0)

A e±A
)

(37)

respectively, wheree±A = B(0) × K±A/|B(0) × K±A | is a unit vector perpendicular both toB(0) and toK±A, directed along the
Alfv én wave polarization direction.

2.2. Ray and wavevector equations

We now consider those trajectories in the space-time, along which the phaseSα(x, t) of theαth mode remains constant. These
trajectories represent the rays. Using time as parameter for a given rayxi = xi(t) the conditionSα(x, t) = const. is expressed by

∂Sα

∂t
+

dxj

dt
∂Sα

∂xj
= 0 (38)

which gives

Ωα = Kαj
dxj

dt
· (39)

The evolution equation for the wavevectorKα can be obtained by deriving Eq. (38) with respect toxn:

∂Kαn
∂t
+ Kαj

∂

∂xn

(
dxj

dt

)
+

dxj

dt

∂Kαn
∂xj
= 0.

Using the derivative along the ray d/dt = ∂/∂t + (dxj/dt)(∂/∂xj) we obtain

dKn

dt
= −Kj

∂

∂xn

(
dxj

dt

)
· (40)

Considering Alfvén waves, whose dispersion relation is

Ω±A = ±c(0)
A j K j

and comparing with Eq. (39), we derive the equation of rays for Alfv´en waves

dx±A
j

dt
= ±c(0)

A j . (41)

Inserting this expression into Eq. (40) we obtain the evolution equation of the wavevector of Alfv´en waves along the rays:

dK±A
n

dt
= ∓
∂c(0)

A j

∂xn
K±A

j . (42)

The Eq. (41) indicates that the wavefronts of Alfv´enic perturbation locally propagate along the equilibrium magnetic fieldB(0),
at the Alfvén speed. The Eq. (42) implies that variations of the wavevectorK±A along the rays are due to gradients of the Alfv´en
speedc(0)

A . In a similar way, the ray equation for fast magnetosonic waves can be derived using the dispersion relation

Ω±F = ±K±Fc(0)
A = ±c(0)

A

K±F
j K±F

j

K±F
·
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Comparing with Eq. (39), we find the ray equation for the fast magnetosonic waves:

dx±F
j

dt
= ±c(0)

A

K±F
j

K±F
(43)

which indicates that fast magnetosonic waves locally propagates in the direction of the wavevector, at the Alfv´en speed. Inserting
Eq. (43) into Eq. (40), we obtain

dK±F
n
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= ∓K±F

j
∂

∂xn

c(0)
A

K±F
j
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 ·
Indicating byu±F = K±F/K±F the unit vector in the direction ofK±F, the above equation becomes
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j u±F
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j
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·

Sinceu±F
j u±F

j = 1, the last term vanishes, beingu±F
j (∂u±F

j /∂xn) = (∂/∂xn)(u±F
j u±F

j /2) = 0. Thus, we finally obtain the evolution
equation for the wavevector of fast magnetosonic waves:

dK±F
n
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= ∓∂c

(0)
A

∂xn
K±F. (44)

2.3. Order δ0

We consider the Eqs. (9)–(11) at the next order inδ. Terms of orderδ0 in Eq. (9) gives:

∑
α

∂ρ
α
0
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− iΩαρα1 + v

α
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∂xn
+ ρ(0)

(
∂vα0n
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α
1n

)  exp

(
iSα

δ

)
= 0. (45)

Following the same procedure as at the lower order, we multiply the Eq. (45) by the factor exp(−iSβ/δ) and average over the
intermediate scalè, thus obtaining
∂ρ

α
0

∂t
+ v0n

∂ρ0

∂xn
+ ρ0
∂v0n

∂xn

 + i

 −Ωαρα1 + ρ(0)kαnv
α
1n

 = 0 (46)

where quantities at the order 0 and 1 have been separately grouped. In the same way, from Eqs. (10) and (11), we obtain,
respectively
∂v

α
0i

∂t
+

1
4πρ(0)

∂B
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α
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ρ(0)
vα0iK

α
n Kαn

+

(
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3

) 1
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vα0nKαn Kαi
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B(0)
n

4πρ(0)
(Bα1nKαi − Bα1iK

α
n )

 = 0 (47)

and∂B
α
0i

∂t
+ vα0n

∂B(0)
i

∂xn
− B(0)

n

∂vα0i

∂xn
+ B(0)
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∂vα0n
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α
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− Bα1iΩ
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n v
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i v
α
1n

)
Kαn

]
= 0. (48)

Equations (46)–(48) will be used to derive an equation for the amplitudea±A of the Alfvén waves. Considering Alfv´en waves,
the corresponding quantities at the orderδ0 can be expressed in terms of the amplitudea±A and of the right eigenvectorξ±A using
the relations (28) and (36). Equations (46)–(48) become:
 ∓ c(0)
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n
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)  = 0 (50)
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The scalar product of the Eqs. (49)–(51) with the left eigenvector (37) of Alfv´en waves gives the equation ∓ B(0)e±A
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where we used the relationsK±A
i e±A

i = 0, B(0)
i e±A

i = 0, ande±A
i e±A

i = 1. The LHS of Eq. (52) contains quantities of orderδ0 while
the RHS contains only quantities of orderδ1. Using the equation

B(0)
n K±A

n = ±Ω±A
√

4πρ(0)

which follows from the Alfvén wave dispersion relation, it can be easily seen that the terms on the RHS of Eq. (52) vanish. Thus,
quantities of orderδ1 disappear from Eq. (52). Moreover, using the relations
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and introducing the unit vectorb(0) = B(0)/B(0) in the direction of the equilibrium magnetic field, the Eq. (52) reduces to
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A b(0)
n
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n K±A
n = 0. (53)

This equation represents the evolution equation for the amplitudea±A of Alfv én waves. It indicates that wave amplitude variations
along the rays, defined by the Eq. (41), are due both to inhomogeneities of the equilibrium magnetic field and/or density, and to
dissipation. The latter is determined both by viscosity and by resistivity.

2.4. Energy equation

We consider now the evolution of the perturbation energy. In the cold plasma limit the internal energy is negligible. Thus, the
energy density per unit volume is defined by

E =
1
2
ρv2 +

B2

8π
· (54)

Each quantity has been decomposed as the sum of a contribution due to the equilibrium structure plus the perturbation. Inserting
the expressions (5)–(7) into Eq. (54) and neglecting terms of order higher thanε2, we find

E =
B(0)2

8π
+ Ep

where the energy density due to perturbations is given by

Ep =
ε

4π
B(0) · B(1) + ε2

1
2
ρ(0)v(1)2 +

B(1)2

8π

· (55)
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The perturbation energy density varies over the shortest scaleδ, due to the oscillation of perturbed quantities. However, we are in-
terested in the energy evolution at larger scales. Thus, we consider the energy density averaged over the intermediate scale〈Ep〉`.
Quantities relative to perturbation are decomposed as a superposition of propagating modes, according to Eqs. (13)–(15). SinceEp

contains quadratic terms, we retain only the real part of each quantity, as indicated in Eqs. (13)–(15). Using the relations
〈exp(±iSα/δ)〉` = 0 and〈exp[±i(Sα + Sβ)/δ]〉` = 0, as well as the condition (21), at the lowest orderδ1 we find

〈Ep〉` = ε2
1
2
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∑
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vα0iv
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0i
∗

2
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∑
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Bα0iB
α
0i
∗

2

 (56)

where “*” indicates complex conjugate. In the above expression, the average energy density is a sum of contributions each due
to a particular propagating mode. Thus, the average energy density of Alfv´en waves, is given by

〈E±A
p 〉` = ε2

ρ(0) v
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0i v
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0i
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4
+
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16π

·
Using the relation (28) and the form (36) of the Alfv´en wave right eigenvector, we can writev±A

0i = ∓c(0)
A a±Ae±A

i and B±A
0i =

B(0)a±Ae±A
i , thus finding the expression

〈E±A
p 〉` = ε2

B(0)2

8π
a±Aa±A∗. (57)

We can now derive an equation for the average energy density of Alfv´en waves〈E±A
p 〉` using the Eq. (53) for the wave

amplitude. We consider Eq. (53) and its complex conjugate. We multiply such two equations by a factorε2(B(0)2/8π)a±A∗

andε2(B(0)2/8π)a±A, respectively, and we sum. Using the expression (57) and the condition∇ · B(0) = 0, we finally obtain
the equation

∂〈E±A
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A b(0)
n 〈E±A

p 〉`
]
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)
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n K±A
n 〈E±A

p 〉` = 0 (58)

which describes the evolution is the space-time of the average energy density of Alfv´en waves.
We consider an Alfv´enic perturbation as formed by a collection of small wavepackets, each packet occupying a small vol-

umeV(t). This volume moves following the wave propagation. In particular, each point in the volumeV(t) moves along the rays,
according to Eq. (41). The energy of a given wavepacket is

e±A(t) =
∫

V(t)
〈E±A

p 〉` dV. (59)

In order to obtain an equation fore±A(t) we integrate the Eq. (58) on the volumeV(t):

∫
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∫
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)
K±A2〈E±A

p 〉`dV. (60)

Since all the points inV(t) moves at the local Alfv´en speed±c(0)
A b(0), the RHS of Eq. (60) represents the derivative of the packet

energy along the rays:

d
dt

∫
V(t)
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p 〉` dV =
∫
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)  dV.

Thus, we obtain the equation

de±A

dt
= −

(
η̃N

ρ(0)
+ λ̃N

)
K±A 2

e±A (61)

whereρ(0) and K±A are typical values of density and normalized wavevector for the packet. In the limit of infinitesimal vol-
umeV(t), the packet location at timet is represented by a single pointx(t), and K±A(t) = K±A(x(t), t) andρ(0)(x(t)) are the
normalized wavevector and the density at the packet location, respectively. The Eq. (61) describes the time evolution of energy of
a small wavepacket. The RHS is negative definite; thus Eq. (61) describe energy dissipation due to both viscosity and resistivity.

It is now useful to come back to the non-normalized wavevectork±A. Using the relationsK±A = δk±A and (18), the Eqs. (41),
(42) and (61) become, respectively:

dx±A
i

dt
= ±c(0)

A b(0)
i (62)
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dk±A
i

dt
= ∓∂(c

(0)
A b(0)

n )

∂xi
k±A

n (63)

de±A

dt
= −

(
ηN

ρ(0)
+ λN

)
k±A 2

e±A . (64)

These three equations describe the time evolution of position, wavevector and energy of a small Alfv´enic wavepacket. They have
been derived for a cold plasma, but they are similar to those obtained in Paper I for an incompressible plasma. More precisely,
Eqs. (62)–(64) reduces to those derived for an incompressible plasma in the special case of a uniform background densityρ(0) = 1.
Thus, Eqs. (62)–(64) are more general than those derived in Paper I. In fact, they describe the Alfv´enic packet dynamics not only
in an inhomogeneous magnetic field, but they also allow for an inhomogeneous background density.

3. Summary and conclusions

In this paper we considered the propagation and dissipation of Alfv´enic perturbations in a 3D inhomogeneous equilibrium struc-
ture. We used the MHD equations in the cold plasma approximation, where gravity and gas pressure gradients are neglected with
respect to the Laplace force. This approximation is commonly used to represent the lowβ plasma of the Corona. In a compress-
ible plasma both Alfv´enic and magnetosonic perturbations can propagate. We focused on the former, since they propagate at
the Alfvén speed, locally following the magnetic field lines. Thus, in chaotic regions, where nearby magnetic lines exponentially
move apart, the wave pattern is stretched and small scales are built up exponentially in time. The theoretical development we used
is similar to that employed in Paper I: it is assumed that the amplitude of perturbations is small with respect to the equilibrium
structure; so, nonlinear effects are neglected. Then, a WKB expansion is performed, based on the assumption that the typical
wavelengthλ of perturbations is small with respect to the length scaleL of the equilibrium structure. Such a procedure allowed
us to calculate the form of the equations which describe the behavior of small Alfv´enic wavepackets: in particular, the time
evolution of position, wavevector and energy of each packet which form the whole perturbation. The theoretical development
starting from cold plasma MHD equations is more complex than that followed for an incompressible magnetofluid in Paper I.
Equations (62)–(64) indicate that: (i) a given packet propagates following magnetic field lines; (ii) the wavevector evolution is
determined by spatial variations of the background Alfv´en speed, both in intensity and in direction, along the packet trajectory;
as a result, the wavevectork tends to increase in time (Paper I); (iii) the energy of the packet is dissipated with a rate which
depends on dissipative coefficients (both viscosity and resistivity), and which is proportional to the squared wavevectork2; thus,
any increase ofk will results in an enhanced energy dissipation rate. For instance, in regions where the equilibrium magnetic
lines are chaotic, the wavevector tends to increase exponentially (Paper I), giving origin to a fast dissipation characterized by the
scaling law (1).

The aim of the present paper was to derive such equations for a cold plasma, and to show that their form is similar to that
for an incompressible plasma, which had been derived in Paper I. In particular, Eqs. (62)–(64) reduce to those of Paper I in the
case of a uniform background densityρ(0) = 1. We can conclude that all the results derived in Paper I and in Malara et al. (2000)
about the dynamics and the dissipation of Alfv´enic fluctuations, which where derived in the limit of incompressibility, can be
extended to a cold plasma, at least when the background density is uniform. This is an important point, since the cold plasma
approximation (β = 0) is much more suitable to describe the coronal plasma (whereβ � 1) than the limit of incompressible
plasma.

The main assumption of the model is that perturbations have a wavelengthλ much smaller than the typical scaleL of
variation of the equilibrium structure. This allowed us to use a WKB approach. In consequence of the dynamical evolution of
perturbation, the wavelength tends to decrease in time; thus, if the above assumption is verified at the initial time, then it will
be satisfied for all the subsequent times. The initial conditionλ � L indicates that the wavelengths considered in our model do
not represent the main contribution to the spectrum directly produced by photospheric motions. However, one can think that in
consequence of the coupling between both transverse and longitudinal inhomogeneities at scalesL, waves at smaller wavelengths
(λ <∼ L ∼ 103 km) are formed. This has been suggested, for instance, for waves generated by the chromospheric network activity
(Axford & McKenzie 1992). The dissipation mechanism studied here can be directly applied to such waves.

The present dissipation mechanism has been derived within the WKB approximation (λ � L). In particular, this hypothesis
has allowed us to decouple Alfv´enic from magnetosonic perturbations. At larger wavelengthsλ ∼ L one cannot any longer
separate different terms into Eqs. (9)–(11) according to their ordering in powers of the quantityδ. Thus, a coupling between
Alfv én and magnetosonic waves would result, already at the linear levelO(ε). This is an interesting situation, but its study is
beyond the purpose of the present work.

The second important assumption of the model is that the amplitude of perturbations is small with respect to the background
equilibrium: δv/c(0)

A � 1, with δv the velocity perturbation andc(0)
A the background Alfv´en velocity. Measures of nonthermal

velocities in the Corona (Acton et al. 1981) indicateδv ∼ 40−60 km s−1, while it is commonly assumedc(0)
A ∼ 103 km s−1. Thus,

the small amplitude condition seems to be verified in the Corona. In consequence of this assumption we neglected nonlinear terms
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in the MHD equations, which could lead to a transfer of the energy of Alfv´enic perturbation toward compressive modes. The
efficiency of such a transfer does not depend only on the amplitude but also on the wavevector of the Alfv´en wave. For instance,
it has been shown (Nakariakov et al. 1997) that phase-mixing of Alfv´en waves on a purely transverse inhomogeneity, and the
consequent increase of magnetic pressure gradient, leads to magnetosonic wave generation, even for a small amplitude wave. A
similar effect could be present also in the configuration we are considering (a 3D inhomogeneous magnetic field), since a growth
of the Alfvénic perturbation wavevector is also observed. However, provided that the Alfv´en wave amplitude is not strongly
nonlinear (δv/c(0)

A . 0.1), the growth of the driven compressive fluctuation during phase-mixing saturates at amplitudes much
lower than that of the Alfv´en wave (Botha et al. 2000; Tsiklauri et al. 2001). This suggests that also in the situation we considered
(small amplitude, small wavelength Alfv´en waves in a 3D inhomogeneous equilibrium), the coupling with compressive modes
does not sensibly modify our results, and can be neglected.

It is worth noting that the Eqs. (62)–(64), though similar to those obtained in Paper I, are more general. In fact, contrary
to Paper I, in the present develpment no assumption of homogeneous background density has been made. Then, Eqs. (62)–(64)
could be used to describe Alfv´en wave propagation and dissipation in a stratified atmosphere. Ruderman et al. (1998) showed that
large-scale structuring due to gravity can modify the scaling law of phase-mixing by slowing down the process of small scales
generation. With Eqs. (62)–(64) the effects of both density stratification and 3D magnetic field inhomogeneities can be taken into
account. This will be the subject of a forthcoming paper.
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