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Abstract. The propagation and the dissipation of small-amplitude édfwaves in an equilibrium configuration characterized

by three-dimensional inhomogeneities is investigated. Disturbances are supposed to have a typical wavelength smaller than the
scale of nonuniformity of the background structure, which allows us to use a WKB expansion technique. The approach we
used is similar to that employed by Petkaki et al. (1998), who studied the case of an incompressible plasma. In the present
paper a compressible cold plasma is considered, which is more suitable than an incompressible plasma to describe the situation
of the solar Corona, wheg@ <« 1. Small wavelengths allow to decouple Adfv from magnetosonic fluctuations at the linear

level. Considering small Alfehic wavepackets, the evolution equations for the position, wavevector, and energy are derived.
These equations are similar to those obtained by Petkaki et al. (1998), and they have the same form only if the background
densityp© is supposed to be constant. Then, the results found by Petkaki et al. (1998) for an incompressible plasma are valid
also in a compressible cold plasma, provided ##t= const: in particular, in the presence of regions of chaotic fieldlines

the wavevector of Alfenhic perturbations exponentially grows and the dissipation time of the wayexisog S, S being the

Reynolds number. Thus, a fast dissipation is attained even with large val8ea®in the Corona. The equations derived in the
present paper are more general than those of Petkaki et al. (1998), since they can be used also with a nonuniform background
density. The present model is discussed with reference to the problem of coronal heating.
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1. Introduction

Dissipation of Alfvén waves represents one of the most studied mechanisms which has been invoked to explain the nonradiative
heating of astrophysical plasmas, like the solar Corona and the solar wind. In such plasmas, which are permeated by a strong
magnetic field, Alfen waves can transfer both mechanical and electromagnetic energy from distant pagtsicAlfictuations,

which have been directly detected in the solar wind (Belcher & Davis 1971) as the main fluctuation component, are probably
present also in the Corona, from where solar wind is emanated. Due to the small dissipdficeeote (resistivity and relevant
viscosity), one important point in these theories is how to dissipateeAlivaves before they leave the system. The presence

of inhomogeneities in the background structure represents an important ingredient, since interactions between waves and back-
ground nonuniformities can move the wave energy to small scales, where it céiickently dissipated. In this framework, we

are not interested to the specific dissipation mechanism; rather, we focus on the dynamical processes which generate small scales
in the wave structure. In a 2D inhomogeneous structure, where therAlfelocityca varies in a direction perpendicular to the
magnetic field, two mechanisms have been extensively investigated: (i) phase-mixing, dfieremdés of phase velocity in

the direction transverse to wave propagation, which progressively bends wavefronts; and (ii) resonant absorption, which concen-
trates the wave energy in a thin layer where the frequency locally matches a characteristic frequeroya?dtysp frequency).

These mechanisms have been studied both by searching for normal modes of the inhomogeneous structuf&(Ratppoais

1977; Mok & Einaudi 1985; Steinolfson 1985; Davila 1987; Hollweg 1987a,b; Califano et al. 1990; Davila 1991; Califano et al.
1992); and by considering the time evolution of an initial disturbance (Lee & Roberts 1986; Malara et al. 1992, fi888&). E

of density stratification and magnetic line divergence (Ruderman et al. 1998), as well as nonlinear coupling with compressive
modes (Nakariakov et al. 1997, 1998) have also been considered. Recently, the evolution of 3D localized pulses propagating in a
1D-inhomogeneous equilibrium structure has been studied (Tsiklauri & Nakariakov 2002; Tsiklauri et al. 2003), considering the
effects of phase-mixing in the presence of both an éific’and a magnetosonic component.
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Alfv'en wave propagation in three dimensional magnetic structures have been considered by Similon & Sudan (1989). In
case the background magnetic field can have a chaotic behavior: there can be regions where initially nearby magnetic lines |
apart exponentially (Zimbardo et al. 1984, 1995). Since étffwaves locally follows magnetic lines, this results in a stretching
of the wave pattern and a consequent formation of small scales, which takes place exponentially in time. As a consequenct
dissipation timeg follows the scaling law (Similon & Sudan 1989):

tg o« logS (1)

wheresS is the relevant viscous afat resistive Reynolds number. Thus, dissipation time can remain relatively small even fo
large values of the Reynolds numi®r as in the coronal plasma. The mechanism proposed by Similon & Sudan (1989) ha
been investigated by Petkaki et al. (1998) (Paper |) and by Malara et al. (2000). These authors built up a model, based
WKB expansion of incompressible magnetohydrodynamic (MHD) equations, in which propagation and dissipatiomicAlfv’
wavepackets in 3D magnetic fields is described. From that model they found that in regions where magnetic lines are chac
fast dissipation of wavepackets takes place, which follows the scaling law (1). fféi$ ean co-exist with a slower dissipation
determined by phase-mixing, in regions where the magnetic topology is quasi-2D.

One important drawback of the model of Paper | is the assumption of incompressibility. Actually, incompressibility is reco
ered in the limit3 — oo, with 8 = p/pu (p is the gas pressure apg, = B?/8x is the magnetic pressure). On the contrary, the
plasma in the Corona is dominated by the magnetic field, sgsthatl02 < 1. Thus, a lows assumption instead of incom-
pressibility would be more suitable to describe the coronal conditions. In the present paper we will consider the propagation
dissipation of fluctuations in 3D magnetic equilibrium structures, @old plasmai.e., in the limit3 — 0. Contrary to Paper I,
compressive fluctuations can now propagate, along witheslivaves. We will derive the equations describing the time evolution
of Alfv’enic wavepackets, and we will show that this equations have a form similar to that found for an incompressible plasr
All the results found in the incompressible case by the model of Paper | are valid also for a cold plasma, which better repres
the conditions of the solar Corona, provided that a uniform background density is assumed. However, the equations which
be derived are more general, since they can be used even in presence of an inhomogeneous background density, as in th
Corona.

2. Derivation of the model

The model is intended to describe the time evolution and dissipation oelifvderturbations. As discussed in the previous
section, we include compressibility of the plasma, but we neglect both the gradient of gas pressure and gravity with respect t
Laplace forcg x B/c (cold plasma). Using dimensionless variables, the MHD equations can be written in the following form

o, o, o

E-'—vna_)(n +p6Xn =0 (2)
L ——i(Ban)+i %, il +(§ +’7_N)i% 3)
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In these equations lengths have been normalized to a characteristicllemgifth represents the typical scale over which the
equilibrium structure varies. The magnetic field is normalized to a characteristic magnetifitié density to a characteristic
densitypo, the velocity to the corresponding Aln velocitycag = Bo/(47p0)Y2, and the time to the Alfen timeta = L/Cao.
The dimensionless dissipative dbeients arejy = n/poLCao, {n = {/poLCao, @andAy = A/Lcag, Wheren and{ are the viscosity
codficients andl is the magnetic diusivity, which are assumed to be constant. Summation over dummy indices is hereafte
understood.

We consider a small amplitude perturbation which propagates in an inhomogeneous equilibrium configuration. Dens
velocity and magnetic field are written in the following form:

p(x.1) = PO + gp(x, 1) (5)
v(x, 1) = eo®(x, 1) (6)
B(x,t) = BO(x) + eBY(x, t) (7)

wheree <« 1 represents the perturbation amplitude. The upper indices “(0)” and “(1)” denotes quantities relative to the equil
rium and to the perturbation, respectively. We assume that equilibrium quapfftied andB©(x) vary on the normalization
length, which id = 1 in normalized units. The velocity at the orddris vanishing, corresponding to a static structure.
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An expansion of Egs. (2)—(4) is carried out with respect to the small paramefdrthe lowest ordeO(s%) Eq. (2) is
identically satisfied, while Eq. (3) gives the force-free condition

(VxBY)xBO® =0 (8)

which must be fulfilled by the equilibrium magnetic field. Equation (4) gives the condiidgftB® = 0. We assume that
this equation is approximately satisfied in the limit of sl This corresponds to neglecting theéfdsion of the equilibrium
magnetic fieldB© with respect to faster phenomena, like wave propagation and dissipation. The congliton will be better
specified later.

At the orderO(s?), we get the equations:

1 0 (1)
opW 9, L0 _ )
ot " 9% 0%n
o’ __ o (P8 N By 98" + By o8” + o +(§ + Q)i h (10)
ot~ ox | 4 ar Oxn | Ar 0% MNaxox, N T 3)ax | ax,
@) © W W 200
o8 B godi’ _ BOY | ) OB (11)

ot U o TN ax, % N X

which will be used to describe the evolution of perturbations.
Another important assumption is that the scale length of perturbations keeps much smaller than that of the equilibrium
structure, which is equal to 1 in dimensionless units:

RS ARSI} (12)

whereé is the characteristic wavelength of perturbation @rid an intermediate scale. During the evolution, the wavelength
tends to decrease in time (Paper |); thus, the condition (12) is always fulfilled, provided that it is satisfied at the initial time.
The assumption (12) allows us to perform a WKB expansion of Egs. (9)—(11), using the wavelasgiiipansion parameter.

Due to the linear character of Eqgs. (9)—(11), the perturbation is considered as a superposititeraitdnodes, propagating
independently from one another. Thus, perturbed quantities are expanded up to the first order in the parameter

;@=4§pwm®w%§” (13)
o® = 9&[ ;(ugi + 60 exp(i %)} (14)
BY = 9&[ Zg:(sgi +6BY) exp(i %)} (15)

where ‘@” indicates the dierent propagating modes, the quan8(x, t) represents the phase of thth mode, and the lower
indices “0” and “1” indicateD(¢°) quantities andO(6*) quantities, respectively. The pha8¥(x, t) is a real function, while all the
other quantities in the expressions (13)—(15) are complex funct®{f9.is the real part of a complex quantity In the following

we will omit the symbol “R”, working directly with the corresponding complex quantities: this is possible in consequence of the
linearity of the evolution Egs. (9)-(11). The frequengyand the wavevectd® of theath mode depend both onandt. They

are defined by

195" QU(x.1)

WY = -z = — (16)
S(I K(Y .
Gxy = 30 = Kol a7

The quantitie2® andK? are the renormalized ord€(s°) frequency and wavevector, respectively, while bethandk® are
of orderO(s71). It is worth noting that perturbation amplitude, o, vg, v{, By, andBf{, as well as the frequency® and the
wavevectoK® are assumed to vary on the schl®n the contrary, the exponential factor €83(/6) varies over the scalg

Finally, dissipative coicients are supposed to be small quantities. It is necessary to specify their ordering with respect to
the expansion paramet&rWe will assume that dissipation dfieients are quantities of ord&(s2). Then, we write

N = ANG% v =Ine? A = AnG? (18)

whererjy, &n, and:y are ordelO(s°) quantities. With this assumption dissipative fiagents do not fiect the wave propagation,
but they enter in the equation of energy determining the wave dissipation.
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2.1. Order 571

The expressions (13)—(15) and (18) are inserted into the Egs. (9)—(11), which are expanded in powers of the pafdrteter
lowest ordeO(671) the following equation is obtained from Eq. (9):

Z [-ipgQ” +ip@ug K] exp(i %) =0. (19)

@

We multiply this equation by the factor exS?/6) and average over the intermediate s€agince the terms in square brackets
in Eq. (19) vary on the larger scdlewe obtain

Z [-ipgQ” +ip@ug, K] <exp(i > ; Sﬁ)>g =0 (20)

@

where angular brackets indicate an average over the intermediate s€hlke phaseS® of different modes are filerent, thus,
the function exg[S® — SP)/4] oscillates over the scalg and its average value over the scais vanishing, provided that # S.
In other words

S*-&F
<exp(i| 5 )>€ = Gop- (21)

Using this condition, the Eqg. (20) takes the form

P — p(o)vgn Ky =0. (22)

Applying the same procedure to Egs. (10) and (11), at the @¢&r) we obtain, respectively:

(0 o B(O) (] (04 04 (04
vLQT — —4ﬂ;(0) (BE.Ki" - BsKs) =0 (23)
BLQ" — (B§°)vgn - B<n°>ugi) K2 = 0. (24)

The Egs. (22)—(24) allow us to calculate some properties of the solution at the@(@féy. It is worth noting that quantities
relative to a single mode appears in Egs. (22)—(24); so, they can be solved for each mode, separately. In other words, each
is decoupled from the others.

It is useful to define a local Cartesian reference frame, whose axes are indicdbd/}®}. The X-axis is parallel toB©,
while the wavevectoK is in the XY plane. This reference frame is illustrated in Fig. 1.

We indicate by” the angle betweeK® andB©. Since bothK® andB© are functions of position, the orientation of these
axes changes from point to point; however, such variations take place at theafdale equilibrium structure. We can re-write
the Egs. (22)—(24) using the components of vector quantiB&%, K?, vg and By) with respect to the axeX, Y, andZ. The
X component of Eqg. (23) reducesif Q* = 0, which implies

b =0 (25)

provided thaQ® # 0. Thus, the perturbation velocity component paralleB{¥ is vanishing, for propagating modes. In fact, in
a cold plasma the only force acting on the fluid is the Laplace fofce j x B/c, with j the current density, which vanishes for
the equilibrium magnetic field. At the ord€(s?), the force associated with perturbation$ @ = (j@x B@)/c+ (j© x BY)/c.
Sincej© is parallel toB©, the forcef @ has no components in the direction of the equilibrium magnetic B&d This explains
the result of Eq. (25).

The Eq. (22), the& andZ components of Eq. (23), and the Eq. (24) can be written in the following form

AijUg; = Q"Ug (26)

a _ (o4 (0] o3 L3 (o4 (0] i . H HoN
whereUg = (of, Bgy. vgy» Biy» 37> Byy) is the vector of unknowns, andllj are the elements of the following matrix:

0 0 P QK sing” 0 0 0
0 0 BOK sing® 0 0 0
Ok a gj 0)
0 B"K? sing” 0 _B K® cosg® 0 0
Arp©) 4rp© (27)
0 0 —BOK® cosg® 0 0 0 ‘
O @
47p0)
0 0 0 0 -BOK® cosg® 0
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Fig. 1. Local reference frame relative to th¢h mode.

The Eq. (26) expresses an eigenvalue problem, in which the freq@ghcgpresents the eigenvalue, while the vediigris
proportional to the right eigenvectét of the matrixA. We write the first-order solution in the form:

Ug = a’¢’ (28)
wherea® represents the complex amplitude of thte mode. A straightforward calculation allows us to calculate the six eigen-
values of the matriXd, which are indicated in the following form:

QiS -0

Q** = o cOK*A cosg” (29)

QF = O'Cf)KiF

where cff)(x) = BO(x)/[4mpO(x)]V/2 is the vector Alfén velocity associated with the equilibrium structure, and= +1
determines the propagation direction, parallel or antiparalleif[)o The vanishing frequenc®*S is the frequency of slow
magnetosonic fluctuations, which are non-propagating in the cold plasmagirgit@). Q** andQ*F are the frequencies of
Alfv'en and fast magnetosonic waves, respectively.

In calculating the eigenvectors of the slow magnetosonic mode, the conditBf? = 0 must be explicitly take into account.
Using a similar procedure as that described above, the latter condition implies that the magnetic fluctuation at @@%rder
must be perpendicular to the wavevector:

Bgx €0s8” + By, sing” = 0. (30)

Using this condition, it is seen that the components of the slow magnetosonic eigenvector are all vanishing, except the density
fluctuation, which is arbitrary. Actually, static density fluctuations can exist in a cold plasma, since no pressure gradients are
associated with them. Choosing the first arbitrary component equ&) téhe eigenvectors of slow magnetosonic mode can be
written in the form

£ = (0£5,0,0,0,0,0). (31)
In a similar way, the eigenvectors of the Adfwic mode can be calculated, finding:
£ =(0,0,0,0, ¢, B?) (32)

where the last arbitrary component was been chosen eqB& t&inally, the eigenvectors of the fast magnetosonic mode are

(0)
c
&£F = | -p@ tane**, —-BO tans**, :LCL B®,0,0 (33)
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where the fourth component has been chosen equBPtoOther useful quantities for the next development are the left eigen-
vectors of the Alf€nic modey*®, which are defined by the relation

TNy = QA (34)
They can be written in the form:
7" =(0,0,0,0,B9, =c})). (35)

Though the expressions of right and left eigenvectors oféifwaves have been derived in the local reference fifainée Z}, it
is useful to re-express them with respect to the global reference frame}. We re-define the vector of unknowns with respect
to the global reference frame:

WG = (0505 BF) = (06 0B v U6z B By By) -

Correspondingly, the right and left eigenvectors of Alfwvaves are given by

£ = (0,7, BOe) (36)
7" = (0,89, 7c{e*?) (37)
respectively, where*® = BO x K*/|B® x K*| is a unit vector perpendicular both &% and toK**, directed along the

Alfv'en wave polarization direction.

2.2. Ray and wavevector equations

We now consider those trajectories in the space-time, along which the gh@se) of the ath mode remains constant. These
trajectories represent the rays. Using time as parameter for a given=ax(t) the conditionS*(x, t) = const is expressed by

0S®  dx; §S®
oA ax (38)
which gives
de
QY = KoL
e (39)
The evolution equation for the wavevectot can be obtained by deriving Eq. (38) with respeckio
aKr{f.,. ‘_li % +%6Kr{f=0
ot Voxy \ dt dt ax;
Using the derivative along the raydt = 9/0t + (dx;/dt)(d/0x;) we obtain
dKn 0 (dx;
N K, — (=] 4
dt Yox, ( dt (40)
Considering Alf\én waves, whose dispersion relation is
Q™ = +c{K;
and comparing with Eq. (39), we derive the equation of rays foréifwaves
dxA
J 0
T = J_rC'(M). (41)
Inserting this expression into Eq. (40) we obtain the evolution equation of the wavevector efi Afewes along the rays:
(0)
dKri;A 6CAi A
=F—K*, 42
at = Tox, (42)

The Eq. (41) indicates that the wavefronts of A#fi¢ perturbation locally propagate along the equilibrium magnetic B
at the Alfvén speed. The Eq. (42) implies that variations of the wavevéctbralong the rays are due to gradients of the Afiv’
speed:f). In a similar way, the ray equation for fast magnetosonic waves can be derived using the dispersion relation
K+FK¢F

N () N R B
QF = +K CA_iCAF
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Comparing with Eg. (39), we find the ray equation for the fast magnetosonic waves:

+F +F
dxj L0 K
dt + A K+F
which indicates that fast magnetosonic waves locally propagates in the direction of the wavevector, aethegdbd. Inserting
Eq. (43) into Eq. (40), we obtain

+ +F
dKa" _ FKEF_ 9 [ (O)K ]

(43)

d = ) ox, | A K=F

Indicating byu*F = K*F/K*F the unit vector in the direction df*", the above equation becomes

+ (0) +F
dK F _8 A u+F +FK+F - C(O)K+F +F6UJ
dt 9% Nk

SinceutFutF = 1, the last term vanishes, beinﬁ(c’)ufF/c’)xn) = (6/8xn)(ujiFujiF/2) = 0. Thus, we finally obtain the evolution
equation for the wavevector of fast magnetosonic waves:

dKzF  ac)

= _—KiF_ 44
dt N OXn (“44)
2.3. Order ¢°
We consider the Egs. (9)—(11) at the next ordaf.ifierms of ordes? in Eq. (9) gives:
6pg F O @ @ ap(O) 600 a, @ iS”
; R S v +,0(°)((3 : +iKy 1n) exp(T) =0. (45)

Following the same procedure as at the lower order, we multiply the Eq. (45) by the factei®s) and average over the
intermediate scalé, thus obtaining

%8, o900, Ovon
ot Onaxn Poaxn

+i| - Q%7 + p(o)kﬁvfn} =0 (46)

where quantities at the order 0 and 1 have been separately grouped. In the same way, from Eqgs. (10) and (11), we obtain,
respectively

a 0 (] 3 ~
% + 1 aBSWO) _ 6BI( ) a BgO) aBén _ aBOi 1IN 0% KaKa/
ot a0 | ax 0% | O 4np@\ 8% x| p@'0
+(Z + '7“) Lo keke| il — o0 + » (B2 K - BZK?)| = 0 (47)
N 3/ p0 On 1 4700 N 1i™n
and
aBgi o aB(O) (0)8U0I (0)6 13 y a @ (0) a (0) a
T+ i - BYZD 4 B0 Gy Bl +|[—BliQ ~ (BOu, - BOuwy ) K ] 0. (48)

Equations (46)—(48) will be used to derive an equation for the ampliéftief the Alfvén waves. Considering Aléri waves,
the corresponding quantities at the oréfecan be expressed in terms of the amplitatfe and of the right eigenvecté#” using
the relations (28) and (36). Equations (46)—(48) become:

+i

©) 0
(0) +A +A 8p T 0) (0) +A +A
{ e axn( wate)

Sl &

—pfAQiA +,0(0) +AK+A} 0. (49)

0B  9B°
0% 0%n

0
BOgAetA 4 i
470

{¢ %(Cf)aiAin) + 471_2(0) aa)(' (B(O) +Aer_]+A) _ % (B(O)aiAqi'A)}

1 BY
- 1N C(O) +Aq+AK+AK+A - (é«N " TI_N) _C(O)a+Aeﬁ+AK+AK+A} +il - Ul|AQ+A YRR (BIr,]AK+A BEAK:A) -0 (50)
7o

o0 A 3 )o@ A
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(0)

0 (B(O)aiAth) T C(O) +Aeri;AaB + B(O) 9

7 T = g, (e = B0 (D)

9%,

HiNBOa A A KA KﬁA} ti [— B Q™ — (BOuiA - BOuiA) K:A] -0, (51)

The scalar product of the Egs. (49)—(51) with the left eigenvector (37) olalfvaves gives the equation

B©) c’)B(O) 5B@
BO (0) A oA A|0By” OB
{+ o ( &)+ 0% | %~ ox

] B(O) a:A er_1+A

B® 0 N
(0) oA (0)4+A oA _ (0)4+A oA | — (0) p(0) 5 A ¢ +A |¢ £A
+B —4ﬂp(0) % (B a e,;) _8xn(B a’e )}+p—(o)cA B™a™ Ky Ky }
(0) +A 0 0)A+A +A () +A +A +AaB(O) (0) .+A (0 0 (0) ,+A A 3 0) A(0) A2A 1 +A 1 £A
+| 7y — (BOa e + ¢y a g e - Y BY—— (cYa" ™) = ANBOcYa Ki K3
at 0%n 9%
B(O) 0
— _HB(O) _ vTiAQiAin o) B+A K+Aq¢A + |C( )[ + B+AQ+Aq¢A + B(O) +AK+AQ_+A] (52)
0

where we used the relations”e** = 0,B%** = 0, ande**e** = 1. The LHS of Eq. (52) contains quantities of ord&while
the RHS contains only quantities of ordiér Usmg the equatlon

BOKA = +0** \/4np(©

which follows from the Alf\én wave dispersion relation, it can be easily seen that the terms on the RHS of Eq. (52) vanish. Thi
quantities of ordes* disappear from Eq. (52). Moreover, using the relations

+A8in _ 14 +A +A)_

ot _zat((qr

oeh 19
+A_I:__ +A +A —
% zaxn((“xq) 0

(0)2(0) A g2 0 . (02,08 enen _ 02 9 (02| = 0
Cy a* Cy ath =c, a* : =
& e se %6)(”(.@)
and introducing the unit vectd® = B©/B© in the direction of the equilibrium magnetic field, the Eq. (52) reduces to

+A (0) (0
ot

+A e A £A
Ca bR~ 2|3<O> VG £ 53 s 8xn > (0)+/1N)a KFAKEA = 0. (53)

This equation represents the evolution equation for the ampléttftief Alfv'en waves. It indicates that wave amplitude variations
along the rays, defined by the Eq. (41), are due both to inhomogeneities of the equilibrium magnetic faldamslty, and to
dissipation. The latter is determined both by viscosity and by resistivity.

2.4. Energy equation

We consider now the evolution of the perturbation energy. In the cold plasma limit the internal energy is negligible. Thus, 1
energy density per unit volume is defined by
1 B?

E= 2pv + o (54)

Each quantity has been decomposed as the sum of a contribution due to the equilibrium structure plus the perturbation. Inse
the expressions (5)—(7) into Eq. (54) and neglecting terms of order highestham find
BOY

E:E-FEF)

where the energy density due to perturbations is given by

Ep = —BO©. B® 4 g2

ar 2Pt 81

12
2|1 o ar , BY } (55)
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The perturbation energy density varies over the shortest §cadie to the oscillation of perturbed quantities. However, we are in-
terested in the energy evolution at larger scales. Thus, we consider the energy density averaged over the interme&#igie scale
Quantities relative to perturbation are decomposed as a superposition of propagating modes, according to Egs. (13)-15). Since
contains quadratic terms, we retain only the real part of each quantity, as indicated in Egs. (13)—(15). Using the relations
(exp@iS®/6)), = 0 and(expf+i(S* + S#)/6]), = 0, as well as the condition (21), at the lowest oréfewe find

1 VL2 * 1 B2 B2 *
_ 2| =0 0i ~0i 0i —0i
<Ep>f—e[2p §a Tt ) } (56)

@

where “*” indicates complex conjugate. In the above expression, the average energy density is a sum of contributions each due
to a particular propagating mode. Thus, the average energy density @nAlfaves, is given by

+A +A* +tAR+A*
(EXMy, = 82[ 5O Yoi oi + B Bo }
AN =

4 l6n

Using the relation (28) and the form (36) of the Adfviwave right eigenvector, we can wrigh = cVa*e** andBtA =
B@a*eA, thus finding the expression

+ B(O)Z +A J+A*
(EpPye = szﬁa—‘\a—‘\ . (57)

We can now derive an equation for the average energy density oéh\lWéves(EgA)g using the Eq. (53) for the wave

amplitude. We consider Eq. (53) and its complex conjugate. We multiply such two equations by ag?éBi@?/Sn)aiA*

and ez(B(O)Z/Bn)aiA, respectively, and we sum. Using the expression (57) and the con8itid® = 0, we finally obtain
the equation

HESY g
i R
ot 0Xn

[cBOE)] + (;% * i”) KiAKTAES ) = 0 (58)

which describes the evolution is the space-time of the average energy densityerf affwes.

We consider an Alfehic perturbation as formed by a collection of small wavepackets, each packet occupying a small vol-
umeV(t). This volume moves following the wave propagation. In particular, each point in the val{neoves along the rays,
according to Eq. (41). The energy of a given wavepacket is

SCEN RS (59)
V(1)
In order to obtain an equation fet”(t) we integrate the Eq. (58) on the volunié):
8<E;A>Z 0 (0) ﬁ ~ 2
— (£cObOEAY,) [dV = - f N AN KFAYERA) dV. 60

Since all the points iV (t) moves at the local Alfgh speed:cf)b(o), the RHS of Eq. (60) represents the derivative of the packet
energy along the rays:

— [ (EPyav= f
dt vy ° ‘ V(D)

Thus, we obtain the equation

de** N~ +A2 _+A
T:_(m +AN)K (Sh (61)

HEMe 9 (o (o) e
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wherep©@ andK** are typical values of density and normalized wavevector for the packet. In the limit of infinitesimal vol-

ume V(t), the packet location at timeis represented by a single poirtt), and K*A(t) = K*A(x(t),t) andp©(x(t)) are the

normalized wavevector and the density at the packet location, respectively. The Eq. (61) describes the time evolution of energy of

a small wavepacket. The RHS is negative definite; thus Eq. (61) describe energy dissipation due to both viscosity and resistivity.
Itis now useful to come back to the non-normalized wavevectdr Using the relation&** = §k** and (18), the Egs. (41),

(42) and (61) become, respectively:

dxA 0),.(0
— = o b’ (62)
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deh a(cb) |

ki el (63)
de*” (TIN ) A2 A

= — [ + Ay | KA, (64)
dt p©@ TN

These three equations describe the time evolution of position, wavevector and energy of a sraaltAlBwepacket. They have
been derived for a cold plasma, but they are similar to those obtained in Paper | for an incompressible plasma. More preci
Egs. (62)—(64) reduces to those derived for an incompressible plasma in the special case of a uniform backgroysi® dedsity
Thus, Egs. (62)-(64) are more general than those derived in Paper . In fact, they describedhi pticket dynamics not only

in an inhomogeneous magnetic field, but they also allow for an inhomogeneous background density.

3. Summary and conclusions

In this paper we considered the propagation and dissipation oéAiéyerturbations in a 3D inhomogeneous equilibrium struc-
ture. We used the MHD equations in the cold plasma approximation, where gravity and gas pressure gradients are neglectec
respect to the Laplace force. This approximation is commonly used to represent {hi@lasma of the Corona. In a compress-
ible plasma both Alfehic and magnetosonic perturbations can propagate. We focused on the former, since they propagat
the Alfvén speed, locally following the magnetic field lines. Thus, in chaotic regions, where nearby magnetic lines exponentic
move apart, the wave pattern is stretched and small scales are built up exponentially in time. The theoretical development we
is similar to that employed in Paper [: it is assumed that the amplitude of perturbations is small with respect to the equilibri
structure; so, nonlinearfects are neglected. Then, a WKB expansion is performed, based on the assumption that the typi
wavelengthi of perturbations is small with respect to the length stadd the equilibrium structure. Such a procedure allowed
us to calculate the form of the equations which describe the behavior of smadinidfwavepackets: in particular, the time
evolution of position, wavevector and energy of each packet which form the whole perturbation. The theoretical developm
starting from cold plasma MHD equations is more complex than that followed for an incompressible magnetofluid in Pape
Equations (62)—(64) indicate that: (i) a given packet propagates following magnetic field lines; (ii) the wavevector evolution
determined by spatial variations of the background atf\speed, both in intensity and in direction, along the packet trajectory;
as a result, the wavevecthrtends to increase in time (Paper I); (iii) the energy of the packet is dissipated with a rate whicl
depends on dissipative diieients (both viscosity and resistivity), and which is proportional to the squared wavek&dtuus,

any increase ok will results in an enhanced energy dissipation rate. For instance, in regions where the equilibrium magne
lines are chaotic, the wavevector tends to increase exponentially (Paper I), giving origin to a fast dissipation characterized b
scaling law (1).

The aim of the present paper was to derive such equations for a cold plasma, and to show that their form is similar to
for an incompressible plasma, which had been derived in Paper I. In particular, Egs. (62)—(64) reduce to those of Paper | ir
case of a uniform background densit{) = 1. We can conclude that all the results derived in Paper | and in Malara et al. (2000
about the dynamics and the dissipation of Alfw¢ fluctuations, which where derived in the limit of incompressibility, can be
extended to a cold plasma, at least when the background density is uniform. This is an important point, since the cold pla
approximation 8 = 0) is much more suitable to describe the coronal plasma (whezel) than the limit of incompressible
plasma.

The main assumption of the model is that perturbations have a wavelgngtich smaller than the typical scaleof
variation of the equilibrium structure. This allowed us to use a WKB approach. In consequence of the dynamical evolution
perturbation, the wavelength tends to decrease in time; thus, if the above assumption is verified at the initial time, then it
be satisfied for all the subsequent times. The initial condiliea L indicates that the wavelengths considered in our model do
not represent the main contribution to the spectrum directly produced by photospheric motions. However, one can think th:
consequence of the coupling between both transverse and longitudinal inhomogeneities &t a@ales at smaller wavelengths
(1 £ L ~ 10° km) are formed. This has been suggested, for instance, for waves generated by the chromospheric network act
(Axford & McKenzie 1992). The dissipation mechanism studied here can be directly applied to such waves.

The present dissipation mechanism has been derived within the WKB approximator]. In particular, this hypothesis
has allowed us to decouple Almic from magnetosonic perturbations. At larger wavelengths L one cannot any longer
separate dierent terms into Egs. (9)—(11) according to their ordering in powers of the quanfityus, a coupling between
Alfv'en and magnetosonic waves would result, already at the linear@fg®l This is an interesting situation, but its study is
beyond the purpose of the present work.

The second important assumption of the model is that the amplitude of perturbations is small with respect to the backgrc
equilibrium: 6u/c” < 1, with 6v the velocity perturbation and” the background Alfeh velocity. Measures of nonthermal

velocities in the Corona (Acton et al. 1981) indicate~ 40-60 kms?, while it is commonly assumemf) ~ 10 kms™. Thus,
the small amplitude condition seems to be verified in the Corona. In consequence of this assumption we neglected nonlinear
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in the MHD equations, which could lead to a transfer of the energy ofehliv perturbation toward compressive modes. The
efficiency of such a transfer does not depend only on the amplitude but also on the wavevector ofeéhenaife. For instance,
it has been shown (Nakariakov et al. 1997) that phase-mixing ofeAlivaves on a purely transverse inhomogeneity, and the
consequent increase of magnetic pressure gradient, leads to magnetosonic wave generation, even for a small amplitude wave. A
similar efect could be present also in the configuration we are considering (a 3D inhomogeneous magnetic field), since a growth
of the Alfvénic Perturbation wavevector is also observed. However, provided that thenAlfeave amplitude is not strongly
nonlinear 6v/c§f < 0.1), the growth of the driven compressive fluctuation during phase-mixing saturates at amplitudes much
lower than that of the Alfeh wave (Botha et al. 2000; Tsiklauri et al. 2001). This suggests that also in the situation we considered
(small amplitude, small wavelength Awn waves in a 3D inhomogeneous equilibrium), the coupling with compressive modes
does not sensibly modify our results, and can be neglected.

It is worth noting that the Egs. (62)—(64), though similar to those obtained in Paper |, are more general. In fact, contrary
to Paper I, in the present develpment no assumption of homogeneous background density has been made. Then, Eqgs. (62)—(64)
could be used to describe Am'wave propagation and dissipation in a stratified atmosphere. Ruderman et al. (1998) showed that
large-scale structuring due to gravity can modify the scaling law of phase-mixing by slowing down the process of small scales
generation. With Egs. (62)—(64) th&ects of both density stratification and 3D magnetic field inhomogeneities can be taken into
account. This will be the subject of a forthcoming paper.
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