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Physical limits to the validity of synthesis models
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Abstract. In this paper we establish a necessary condition for the application of stellar population synthesis models to observed
star clusters. Such a condition is expressed by the requirement that the total luminosity of the cluster modeled be larger than the
contribution of the most luminous star included in the assumed isochrones, which is referred to as the Lowest Luminosity Limit
(LLL). This limit is independent of the assumptions on the IMF and almost independent of the star formation history. We have
obtained the Lowest Luminosity Limit for a wide range of ages (5 Myr to 20 Gyr) and metallicties)(to Z = 0.019) from

the Girardi et al. (2002) isochrones. Using the results of evolutionary synthesis models, we have also obtained the minimal
cluster mass associated with the LLM™", which is the mass value below which the observed colors are severely biased
with respect to the predictions of synthesis models. We explore the relationship bedfzand the statistical properties

of clusters, showing that the magnitudes of clusters with mass equel®have a relative dispersion of 32% at least (i.e.,

0.35 mag) in all the photometric bands considered; analogously, the magnitudes of clusters with mass largex it 10

have a relative dispersion of 10% at least. The dispersion is comparatively larger in the near infrared bands: in peaftieular,

takes values between“@nd 16 M, for theK band, implying that severe samplinffexts may fiect the infrared emission of

many observed stellar clusters. As an example of an application to observations, we show that in surveys that reach the Lowest
Luminosity Limit the color distributions will be skewed toward the color with the smallest numbefeaftiee sources, which

is usually the red, and that the skewness is a signature of the cluster mass distribution in the survey. We also apply our results
to a sample of Globular Clusters, showing that they seem tdfbetad by samplingféects, a circumstance that could explain,

at least partially, the bias of the observed colors with respect to the predictions of synthesis models. Finally, we extensively
discuss the advantages and the drawbacks of our method: it is, on the one hand, a very simple criterion for the detection of
severe sampling problems that bypasses the need for sophisticated statistical tools; on the other hand, it is not very sensitive,
and it does not identify all the objects in which samplirfieets are important and a statistical analysis is required. As such, it
defines a condition necessary but ndfisient for the application of synthesis models to observed clusters.

Key words. galaxies: individual: NGC 5128 — galaxies: star clusters — galaxies: stellar content —
galaxy: globular cluster: general — galaxy: open clusters and associations: general

1. Introduction and motivation of stellar populations. The progressively higher sensitivity of

) ) _modern instruments provides access to data from increasingly
The comparison between theoretical models and observatigfisier stellar clusters, up to a point where we must begin to

is the basic procedure that allows the evaluation of our curgge into account the limitations posed by the discreteness of
knowledge of Nature; underlying this statement is the assUmpa number of stars in a system: due to incomplete sampling,
tion that better observational data, by setting more stringg, small clusters and small samples of large clusters have
constraints, make such comparison more meaningful. Aithoughar mass distributions that mayffer substantially from the

this is almost always the case, there is a situation in whithe predicted by the underlying initial mass function (IMF).
paradoxically, the opposite is true, and the more the data quaji¥ertheless, most theoretical models assume that the IMF of
improves, the more biased the theoretical inferences turn outfdsters is completely populated, i.e., that the distribution of
be. This is indeed the case of the analysis of the integrated light|ar masses is continuous and that all the evolutionary stages
are well sampled. Obviously, any model assuming a continu-
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under the asymptotic assumption of an infinite number of sta¢see also Bruzual & Charlot 2003)resents Monte Carlo sim-
Hence, the validity of the comparison between the predictionktions in which the stochastiffects onU - B, B-V, V - K,
of synthesis models and real systems, where the IMF is rastdK for the LMC metallicity are presented as a function of
perfectly sampled, depends on the size of the system. the initial mass of the cluster. His figures show clearly that there
Several works have been written that deal directly or ifis a bias in the results of Monte Carlo simulations with respect
directly with the subject of samplingffects. For example, to the results of analytical synthesis models; however, this re-
Barbaro & Bertelli (1977), Chiosi et al. (1988), Girardi &sult is not mentioned in the text, possibly due to the limited
Bica (1993), and Girardi et al. (1995), who show the relevanspace. Finally, Girardi (2002) presents Monte Carlo simula-
of sampling &ects for the study of LMC clusters; Santos &ions where theféect of a continuous distribution in the initial
Frogel (1997), who determine how samplirfieets dfect inte- cluster masses is studied. His results are more appropriate for
grated near-infrared colors; Cendet al. (2000) and Cem@” the comparison with surveys of real clusters than those that do
et al. (2000), who study thdfects of sampling in some observnot consider a distribution of masses.
ables of young star-forming regions; Cargigt al. (2001a)and  In all the preceding papers, the evaluation of sampling ef-
Cervifio & Molla (2002), who estimate thdfects of sampling fects requires making assumptions on the IMF and the star for-
in stellar yields and chemical evolutionary models. Samplingation history, a fact that limits the practical application of
effects also underlie the study of surface brightness fluctuatiahe results to real observations. In this paper we propose in-
(Tonry & Schneider 1988), a primary distance indicator thgtead a method entirely based on observable quantities, there-
is based on the analysis of the variations with distance of tfe@re independent of the IMF and almost independent of the star
amount of stars sampled by CCD pixels: for example, Cantieflormation history, to estimate whether the colors predicted by
et al. (2003) show that surface brightness fluctuations may ss§nthesis models are biased with respect to real observations,
fer from a bias that depends on the density of stars in the imag®l to establish when analytical synthesis models cannot be ap-
pixels. plied and a statistical formulation is required. We also describe
In almost all the preceding works, samplinfieets have the relationship of this method to more sophisticated statisti-
been evaluated by the use of Monte Carlo simulationsal analyses. Furthermore, we suggest examples of possible ap-
Alternatively, Cerviio et al. (2002b) proposed a formalismplications of the method to the analysis of observational data.
based on the original formulation by Buzzoni (1989), wheteinally, we discuss the qualities and drawbacks of our method
the mean value, the dispersion, and the correlatioffic@nt in comparison to alternative ones.
of different observables are obtained analytically using a con- The structure of the paper is the following: in Sect. 2 we
tinuously distributed IMF. The method is applied to young stattefine the method, and provide a quantitative evaluation of the
forming regionsi < 20 Myr) and compared with the results ofjuantities involved for a wide range of observational cases; in
Monte Carlo simulations, showing that in both cases the resufisct. 3 we translate the preceding results in terms of the clus-
are quite similar, except for colors and equivalent widths ter masses, proposing a mass criterion to exclude low-statistics
clusters with a low number of stars. The method is extensivelyisters from the analysis performed with synthesis models; in
tested in Cernd & Valls-Gabaud (2003) for clusters with aSect. 4 we show the observational implications of this work; in
number of stars between 1 and®*1@here it is shown that it Sect. 5 we discuss the limitations of our results; and in Sect. 6
reproduces the average value and the dispersion of quantitiesdraw our conclusions.
obtained from Monte Carlo simulations, i.e., the luminosities
of Monte Carlo simulations ardistributed aroundthe mean S
value obtained from the analytical modiéthe quantity scales 2- The Lowest Luminosity Limit

linearly with the amount of stars in the systerowever, when e of the most basic limits to the application of evolutionary

the modeled properties are logarithmic quantities or raﬁos’ﬁﬁwthesis models can be expressed by the following statement:

in the case of equivalent widths and colors, the mean valuesifs 1ota] juminosity of the cluster modeled must be larger than
Monte Carlo simulations areiasedwith respect to the results e ingividual contribution of any of the stars included in the

of the analytical modeling; the smaller the system, the more $g5 4|
vere the bias. Unfortunately the authors are notable to quantify ;g gpyious statement defines a natural theoretical limit

this bias in an analytical way for very small systems. that has not always been considered when models are applied
The subject of samphqg has also Pee”_ addres%ieal observations. Whereas in the work by Tinsley (see, e.g.,

by, €.9., Lanon & Mouhcine (2000), G|rr_;1rd| _(2000)'Tinsley& Gunn 1976) it was not necessary to take this limit

Cervifio et al. (2001b), Bruzual (2002), Girardi (2002}, 5ccount, due to the observational limitations at that epoch,

Cervifio et al. (2002a), Cemt & Luridiana (2002a,b), yhe increasing sensitivity of current instruments has reached a
Cervifio & Valls-Gabaud (2002), and Cena”(2003a,b,¢,d). |oye| where this limitation plays a fundamental role in the in-
However, since all these works are published in conferenge

proceedings, their consequences are not extensively exploreéjretaticm of data.
! . . Defining as thd_.owest Luminosity Limithereinafter LLL
Lanmn & Mouhcine (2000) evaluate samplingferts on g y t )

. ST e i the luminosity of the brightest individual star included in the
monochromatic luminosities at solar metallicity without the

use of Monte Carlo simulations, and quote some limits fort A version of Bruzual & Charlot (2003) synthesis models can be
the minimal initial clusters masses ensuring a relative erréltained ahttp: //www.cida.ve/~bruzual/bc2003, or at

lower than 10% for some ages and luminosities. Bruzual (200&)p: //www2.iap. fr/users/charlot/bc2003
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model, we can establish a simple luminosity criterion for thdepend on the TP-AGB treatment at some a@%&H,K are
application of synthesis models to the interpretation of obhimost uné&ected by it.

served clusters, imposing the condition that the cluster mod- Figures 1 and 2 show the values of the LLL in magni-
eled be more luminous than the LLL. While clusters brightendes for diferent ages and metallicities. The figures show
than this limit may either be well-sampled or not, clustegat M™n(t) evolves with time toward less luminous values
fainter than this limit arecertainly misrepresented by synthe<or all the bands, and that blue bands become fainter more
sis models. quickly than red bands, as expected due to the cluster evolu-

It is possible to establish a luminosity limit followingtion: the population becomes redder and fainter as the cluster
different criteria, yielding either weaker or more stringemivolves. These two trends combined imply that, as the cluster
constraints; but all the alternative definitions we could thinkges, the LLL tend to decrease (i.e., become less stringent) in
of turned out to either lack physical meaning, or implall bands, doing so more rapidly at blue wavelengths than at
circumstances that do not occur in the modeling practiagd wavelengths. It is also interesting to compare the evolution
Nevertheless, the degree of arbitrariness of our definition isaﬁMggln(t) with the variousM™"(t) at different bands. It can be
hairy problem, and we will discuss it thoroughly in Sect. 5. seen that the larger the metallicity, the more similar is the evo-

With the definition given above, the LLL is only definedution of M{)'gln(t) to the evolution oM™"(t) in red bands, as a
by the isochrone used and the band under consideration; hoansequence of the increasing fraction of bolometric light that
ever, its exact value at a given age is also weakly dependgoes into red filters. The bottom panel in Fig. 2 compares the
on the star formation history. In the following we present thieLL values forV andK and two extreme metallicities. It can
values of the LLL computed for a wide range of parametefise seen thavl,Ti” is almost metallicity-independent.

We have used the isochrones and the integrated magnitudesThese figures show the LLL values for the case of single
of simple stellar population models (hereinafter SSP modeisochrones, that correspond to SSP models. However, the LLL
i.e., models that assume an instantaneous burst of star tin be easily obtained for fiiérent star formation histories.
mation) by Girardi et al. (2002) We consider seven fiier- For example, let us consider a two-burst system with ages
ent metallicities:Z = 0.019 (solar),Z = 0.008,Z = 0.004, andt,, associated to two minimum magnitude valhésn(t,)

Z = 0001,Z = 0.0004,Z = 0.0001, andZ = 0.0. The andM™n(t,): then the LLL of this system is simply the min-

Z = 0.0 isochrones correspond to metal-free models by Marigaum of M™"(t;) and M™"(t,). In the case of a cluster with

et al. (2001). The other isochrones correspond to the baséthstant star formation history and agéhe LLL at each band

set presented in the web server cited in the footnote, whighgiven by the maximum of the luminosity of SSP models in
combines the results from Girardi et al. (2000) and Girarglie age range between 0 anavhich, for the bolometric lumi-
(2001) for low- and intermediate-mass stars, with the resuligsity, can be roughly approximated by the ZAMS luminosity
by Bertelli et al. (1994) and Girardi et al. (1996) for highof the most massive star included (this result is not exact be-
mass stars, and that includes overshooting and a simplifieglise the bolometric luminosity of a star briefly increases af-
Thermal Pulse AGB (TP-AGB) evolution. Additionally, forter the ZAMS). At other bands the maximum luminosity can

Z = 0.019, 0.008, and 0.004 we have used the isochrorssreached much later, thus no easy recipe can be given. As a
by Marigo & Girardi (2001) that include a more detailed TPfinal remark, note that some evolution in the metallicity is ex-
AGB evolution. Most of the atmosphere models are taken frosected for any star formation historyfidirent from an instanta-
ATLAS9 (Castelli et al. 1997) A more detailed description neous burst, and thisfect should be included in the modeling

of the isochrones, the atmosphere models, and the SSP mojgedsself-consistent way (see Schulz et al. 2002, and references
can be found in Girardi et al. (2002) and in their web server. therein as an example)

To obtain the LLL we have searched for the bolo- Summarizing, the most luminous star in one band is not
metric luminosity of the most luminous star in any giveRecessarily the most luminous star in the rest of the bands,
isochroneL73%(t). However, since the tabulated data also premither is it the star with the largest bolometric luminosity.
vide the magnitudes atfierent bands, we have also obtaineAS a consequence, the LLL depends not 0n|y on the age and
the magnitude of the most luminous star in the Johnsoffre metallicity (i.e., the assumed isochrones and atmosphere li-
Cousins-Glass filtert), B, V, R, I, J, H, andK: M{J"\(t), ..., braries), but also on the band considered. The dependence on
M"™(t). age and metallicity is weaker for the near infrared bands than

In general, the most luminous star is also the most evolvég the optical bands. In particular, the LLL fd€ is almost
but this relation does not strictly hold for all the bands nor afhetallicity-independent.
the ages. This fact is well illustrated in Fig. 1, where the LLLs
obtained from isochrones with a simplified TP-AGB treat-
ment (right panels) are compared with the LLL obtained from. Minimal initial cluster masses
isochrones with a detailed TP-AGB evolution (left panels) for
models withZ = 0.019, 0.008, and 0.004. Wherekf§s, ., In this section we will translate the concept of LLL into an

equivalent formulation in terms of mass.
2 Isochrones and simple stellar population results are available at
http://pleiadi.pd.astro.it/ 4 The reference corresponds to the synthesis caU@EV
3 NOVER models ahttp://cfaku5.harvard.edu/ and the model results are available lattp://alpha.uni-sw.
grids.html gwdg.de/~galev/
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Fig. 1. LLL in magnitudes for the bolometric luminosity andfi@irent bands, as a function of the age for thre®edint metallicities: top
panelsZ = 0.019 (solar); middle panel& = 0.008; and bottom panel& = 0.004. Left panels correspond to isochrones with a simplified TP-
AGB evolution, and right panels to isochrones with a detailed TP-AGB evolution. Tezatit lines correspond to the following: bold solid
line: bolometric magnitude; solid line with triangldd; dashed lineB; dot-dashed line with triangle¥/; dotted line:R; dash-dot-dot-dotted
line: I; solid line: J; dashed line with triangle$4; and dot-dashed liné.

Let us recall that evolutionary synthesis models are basadster,L¢US(t), is directly proportional to the initial mass trans-
on the convolution of isochrones with the IMF and the star fofermed into stars in the clustes:
mation history. For the case of a SSP, thean luminosityn . s ss
a given band and at a given adg&Rt), results from the sum LA = Mx Z wi(m) li(m, ) = Mx IR0 (1)
of the luminosities of individual stars at the corresponding agéen, for a given age and metallicity, we can obtain the total
as given by the isochrong(m;, t), weighted by the number of initial mass transformed into stars from the observed luminos-
stars with initial massn as given by the IMFp;(my). If the sum ity LS (or M°S expressed in magnitudes) and the correspond-
of the w; values is normalized, as usual, tdVl, transformed ing normalized value dfsqt) (or m*<P:
into stars from the onset of the burst, the resulting luminos- | clus
ity will also be normalizeél The total luminosity of a modeled M = =k

2.5logM = m*P— MCUS, 2

5 In the following we will use the lower case aod the super- Where we have dropped the explicit reference to simplify
index ssp to refer to normalized quantities obtained by SSP modéhe notation. Now, imposing that®is = M™n(t), we can ob-
and the upper case for absolute (denormalized) quantities. tain the initial cluster mass for each band and a§€)"(t),
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Fig. 2. LLL in magnitudes for the bolometric luminosity andffdirent bands, as a function of the age Zo= 0.001 (top left),Z = 0.0004
(top right),Z = 0.0001 (middle left) and& = 0 (middle right). Symbols like in Fig. 1. The bottom panel compares the LLIVfandK for
Z = 0.019 andzZ = 0.0001.

for which the total luminosity of the cluster simulated by a SStRe cluster. In the case of optical bands, the lower the metallici-
model equals the luminosity of the most luminous star in thg, the IargerMﬂ‘g)V’R,l. The value ofM™" spans three orders
band,M™"(t): of magnitude depending on the band, and it takes a value as
min S min large as 10 M, or even more for the case of near infrared col-
2.5log M™(t) = mPoRE) — MT(). (3) ors. A first conclusion we can draw from these figures is that
The superindex min reminds that below this limit the clughese values are so high that many observed clusters certainly
ter cannot be modeled by means of a synthesis model. Ntk below this limit, and their properties cay no meande
that M™"(t) depends on the age and the band, but also tproduced by synthesis models. This fact is too often over-
the IMF and the star formation history, since integrated quanthoked, and we will try to emphasize it repeatedly throughout
ties depend on them. Here, we have used the integrated matjré-paper.
tudes of the SSP models by Girardi et al. (2002), which assume In order to examine the influence of the IMF on this re-
the IMF by Kroupa (2001) in its corrected version (his Eg. (6)sult, we have also obtained the LLL from the isochrones by
and a total SSP initial mass equal tdVl,, in the mass range Girardi et al. (2000), which have been computed assuming
0.01-120M,. a Salpeter IMF (Salpeter 1955) in the mass range 0.039 to
The results for dferent ages and metallicities are showh00 My from 63 Myr to 17.8 Gyr. For a comparison with
in Fig. 3, which shows thatmn « are almost metallicity Girardi et al. (2002) we have renormalized these values to the

bol,JH,
independent except during the first stages of the evolutionrofss range 0.094-120,, in such a way that the fraction of
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Fig. 3. M™" for the bolometric luminosity and flerent bands, as a function of the age and the metallicity. Symbols as in Fig. 1.

mass in the range 1-124, for the Kroupa’s and the Salpeter’swithout providing a quantitative tool to estimate their statistical
IMF is the same. The comparison between M values properties.

obtained from the two sets of isochrones and SSP models is|n spite of this limitation,M™" is intrinsically related to
shown in Fig. 4. With this normalization, the(™" values ob- sampling &ects, and it is worth studying the relation between
tained using the models by Girardi et al. (2000) coincideMor the information provided byM™" and the statistical proper-
with those obtained using the models by Girardi et al. (20083s of clusters. In such a way, it will be possible to obtain
at ages smaller than 80 Myr, and firin all the age range hints on the necessity to account for samplifigets in the in-

in common. The dferences irV for t > 80 Myr are due to terpretation of observed data, even without a proper statistical
small diferences in the LLLs computed with thefféirent set formalism.

of isochrones. To study the relation between th™" value and the sam-

pling effects, we have derived the values of the cluster masses
associated to a relative dispersion of 10% in the luminosity of
a band Mg, note that a relative dispersion of 10% in the lu-
minosity means, at zero order approximations 0.1 mag in
Neither the computation of LLL nor that ofA™" allow, by magnitudé.

themselves, an evaluation of the extent of samplifigots in

observed clusters: they just provide an easy-to-usefotrite- 6 A more detailed analysis with Taylor expansions to second or-

rion to discriminate clusters with severe sampliffigets from der shows a small bias of 0.005 mag and an unbiased0.11. See
clusters with more moderate or negligible samplifffeets, Cerviio & Valls-Gabaud (2003) for more details.

3.1. Minimal initial cluster mass and the estimation
of sampling effects (theoretical point of view)
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ot 3*% o . For old stellar populationg ¢ 1.5 Gyr) we have used the
*ﬁ@ \’*‘;;;;;:;:M‘*’ 1 solar metallicity SSP models by Worthey (19843omputed
A for a Salpeter IMF in the mass range 0.1M2 and normal-

10%

4 izedtoM = 10° M. This author does not compute directly
i sampling &ects, but they can be inferred from the fluctuation
luminosities,|SSP. TheselSSP (or MPSP expressed in magnitudes)

o | are defined as:

: ] 2

; o= 240 (5)
2 wili

1000

and they are computed for the evaluation of surface brightness
fluctuations. From Egs. (4) and (5) it is found tiN&tSPx ISP =

—e— -k 002 Uhygri t < 10 Myr) G00 (LLL, Salpet . - .
o ~mem - 000 (L Solpeten) IssP(see Buzzoni 1993, for a general description of the relation
SE —— ——k-- M (hyey) e — 4 — 602 (LLL, Kroupa)

1

betweenV*Pand the brightness fluctuations). The correspond-
ing 'SP can be obtained as a function I6¥ and|SSP (or mPsP
andm®sPin magnitudes) using the following formulae:

e % W94 (Mt > 1 Gyr)
1 1
8

1
107 10 10° 10'°
Age [yr]

|ssP

Fig. 4. M™" for V (solid line with triangles) andk (dashed line with NEPx 108 = —,

diamonds) assuming solar metallicity anfelient IMF and SSP mod- |ssp

els: SSP models by Girardi et al. (2002) with the IMF by Kroup2.5logN + 15 = m>P— nrsP, (6)

(2001) (GO2: bold line), and SSP models by Girardi et al. (2000) with

Salpeter's IMF (G0O: narrow line). The figure also shows the minim#here the factor 10(or 15 = 2.5log 1¢ in magnitudes), is

clusters masses that ensurg/L = 10% from Cerviio et al. (2002b) used to renormalize his tabulated datavib= 1 M, following

models (C02: big open symbols until age of 10 Myr), Worthey (1994) Salpeter IMF slope in the mass range 0.M2

models (W94: big open symbols with ages larger than 1 Gyr) and Note that Lanon & Mouhcine (2000) and Cemd et al.

Lanoon & Mouhcine (2000) models (LM0O: small open symbols). (2002b) quote the dispersion for the monochromatic luminosi-
ties at the #&ective wavelength of the band (see King 1952,
for the definition of &ective wavelength) whereas Worthey

To cover a wide age range, we have used the results of th(e894) (Eq. (6)) gives the dispersion of the integrated lumi-

different synthesis codes. For young ages, we have usedrthsity of the band. In spite of this flierence, these results

solar metallicity results from Cem® et al. (2002b) models can be directly compared: in fact, wide-band luminosities can

These models have been computed using the Geneva evolutiEnestimated, with an accuracy of 2—-3%, by multiplying the

ary tracks with a Salpeter IMF in the mass range 2-#120In  monochromatic luminosities at thefective wavelength by a

these models, samplindgfects are evaluated by means of anonstant value, which represents the absolute flux density in

gffective number of starthat contribute to a given observablethe band (King 1952; Johnson 1966); since this transformation

N3P which is defined by: only implies the multiplication by a constant, which cancels out
in the computation of the variance, the relative dispersion of the

1 (159 > wil? monochromatic luminosity is equal to the relative dispersion of
NSSP T (Iss92 (S j)2 (4)  the luminosities in the band obtained from the exact integra-

tion of the spectrum over the filter response. Therefore, the re-
as first derived by Buzzoni (1989)Since the tabulated/ssP  sults by Lanon & Mouhcine (2000) and Cemd et al. (2002b)
values are normalized 81, the value ofMaqy is trivially ob- and those by Worthey (1994) quoted above can be directly
tained imposing that /L = 0.1; therefore, the absolutéfec- compared.
tive number of stars associatedAtigo, is N = N5Px Mygo, = In all the cases we have renormalized the resulting values
100. to a Salpeter IMF in the mass range 0.094-M\2Q The re-

For intermediate ages, we have used the results quofédts are shown with open symbols in Fig. 4. A first compari-
by Lan®n & Mouhcine (2000) that assume solar metallicitfOn among thé 115, results show that they are quite consistent
and a Salpeter IMF in the mass range 0.1-020 The mod- With each other, with some fiiérences that can be attributed to
els have been computed with the population synthesis cdhig diference between th& formalism and the method ap-
PEGASE? (Fioc & Rocca-Volmerange 1997). plied by Lanon & Mouhcine (2000). The figure also shows

that the evolution ofM™" is quite similar to the evolution
7 The models used here do not include the nebular contribdf Mio%. The diterences in the two curves range between 0.98
tion to the photometric bands. The complete set of models for Gand 1.5 dex (i.e., factors between 8 and 30 in initial cluster
to 20 Myr, including also the nebular contribution, is available anasses) depending on the age and the band. Therefore, for the

http://www.laeff.esa.es/users/mcs/SED assumed IMF and rounding up numbers, we can sayMat
8 The outputs of A. Buzzoni synthesis code are available & always at least a factor 10 belo¥1gq, this implies anV
http://www.merate.mi.astro.it/~eps/home.html value lower than 10 and relative dispersions larger than 32%

9 Available athttp://www2.iap.fr/users/fioc/
PEGASE.html 10 Available athttp://astro.wsu.edu/worthey/
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(o > 0.35 mag). For these values Af, Poisson statistics pro- 10* Monte Carlo simulations I
duce non negligible probabilities of zerffective sources, and | Salpeter, 2-120 Mo
hence the presence of biases in colors, as shown ini@e&vi~ |  Z20% 10w
Valls-Gabaud (2003). -

The relation betweew and the occurrence of dispersion 2 ~ Bt k!
and of a bias can be easily understood in the following terms. | |:v|wo3 stars
Let us take as an example the case\Vof K, and assume o | 107 stars; L > G
that L~ corresponds to the luminosity of a star in the Red 10 storss b > 2 x ke
Supergiant (RSG) phase. Let us also assume the case of @ <> 120 ue) = 2%10° Mo
10 Myr old burst with solar metallicity, where, according to 8 F [Z319" stersi L > L
analytical models, more than 90% of the luminositKiims due (100
to RSGs. For this case, comparing the correspondifif L)
value with the (normalized) number of RS Sg’G, it is found
thatngos ~ 0.9 x ANSHL) (see Cervid et al. 2002b, and the
web server mentioned above). For simplicity we will assumeo Lo . . .
that N(Lx) = Nrsg the absolute number of RSGs. Finally °
let us assume thaV follows Poisson statistics, or, in terms
of RSGs, that the number of such stars iffatient clusters Fig.5. Probability density distribution fo — K obtained from 16
is distributed following a Poisson distribution with a meafonte Carlo simulations of 5.5 Myr, with ¥Gtars in the mass range
valueNgsc. 2-120 M, (which corresponds toM = 2 x 10* in the mass range

Since the contribution of RSG stars has a small influen@@94-120Mo). TheV — K distribution for diferent cutdfs in L is
onV and a large influence oK, clusters in a mass range inshownozby diferent sﬂsdmgs (see text). The distribution for clusters
which variations of:1 in the number of such stars are relevar\1'¥Ith 10" starsly > L™ s also shown.
will have colors considerably redder (dominated by an exces : L
of RSGs) or bluer (due to aydeficit ogc RSGs) thanythose pr%f_SRSGs, or that the RSG stars in the cluster have luminosities
dicted by analytical synthesis models. Furthermore, if the ma{gg\/er Fhan th_e one that defmes_ the LLL. )
of the cluster is such that & A < 10, according to Poisson 1 1is statistical interpretation depends in fact only on
statistics there is a fair probability that the cluster has no Rs&§ /V value, independently of it being related to a physical
at all. In this last caseM - K)<S will be more similar to the number of stars (see the figures presented in Bruzual 2002,

colors of main sequence (MS) stars than to the colors of S&paN example). In general, the distribution of colors will be
) o
models (i.e., there will be an excess of blue clusters in a sgkeWed toward the band with largsf**, i.e., toward the blue

vey of clusters with this mass, age, and metallicity). For thegbthe present gxgmple. ) )
values of N’ the dispersion in the colors will be the largest. Note that this interpretation has been done in terms of clus-

Finally, if A takes values lower than 1, there will be an impof€" masses (or, equivalently): the mass and the age of the
tant fraction (or, in extreme cases, even a majority) of clustér&'Ster are fixed, and the dispersion in the luminosities is pro-

without RSG stars, and then, the mean value of the obserfiitf€d by the random fierences in the stellar mass spectrum.
color (v — K)®s will be biased with respect to the resultind"owever’ the cluster mass is not an observable. Sérarent

color (V — K)P of a synthesis model. On the other hand tHPproach is needed to deal with the observational problem, and

dispersion will decrease since the range of possible) val- It IS more useful to use directly the LLL, as we show in the
ues will be smaller with respect to the case of laryevalues. ngxt section, where the remaining features of Fig. 5 will be
The situation for the case of = 5.5 is illustrated in Fig. 5, discussed.
which shows the results of 10Monte Carlo simulations for
clusters with 1éstarcﬁjir_1 the mass range 2-19. The analyt- 4 appjications of the Lowest Luminosity Limit
!cal \_/all_Je o_f 1% - K)®sis sh0\_Nn by a vertical da_shed line, and (observational point of view)
its distribution in the set of simulated clusters is shown by the
bold solid line. Note that the mean cluster mass of these simulip to this point, we have discussed the statistical properties of
tions isM = 2 x 10* M, a value larger than the minimal masseal clusters, trying to answer the following theoretical ques-
value M™" = 15 x 10* M: this fact, and the considerabletion: What is the statistical dispersion to be expected in the ob-
width of the  — K)s distribution, confirms that a consider-servables of clusters with given mass (or number of stars) and
able dispersion in the observables is still expected for clustage?Although answering this question surely provides a deep
masses larger tham™", up to values as large as ¥OM™" insight in the analysis of stellar clusters, it must be kept in mind
(Fig. 4). According to Poisson statistics, there is a 0.4% prothvat the observational approach to this probleffeds from the
ability of finding a cluster without any RSGs. Indeed, there theoretical vision: a simple reason is that, when observations
a small accumulation of simulations witNV (- K)®S values are made, neitheM nor the age of the observed clusters are
around-0.6 mag, and the number of such clusters is about #8own. The observational question can be instead put in these
(i.e., 0.4% of the total). Note also that the distribution is negerms:Given an observed value of the luminosity, which are
atively skewed, i.e., it tends to cuffesharply in the red and the distributions oM, age, and metallicity consistent with the
extend toward the blue. This means that either there is a defatiservations?

- — —Analytical

= 2x10* Mo

1000

ME™ = 1.5%10* Mo

(V=K)
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Unfortunately, as we have repeatedly stated earlier in thwaich in clusters of 19stars is much more severe than in clus-
paper, the LLL method is not a sophisticated tool, and its reats of 1§ stars.
is very limited. More in general, the last queStion cannot be This argument can be repeated for cluster Samp|es of any
addressed with the current theory available, and a more elaRfyss value. If we extrapolate the result to a continuous clus-
rated theoretical study of this subject is needed; to this respetmass distribution, we readily realize that the resulting his-
we want to remind again the work from Girardi (2002) as th@gram will have a cutd in the blue (Sma"\/ - K Va|ues),
most plausible direction to which the theoretical evaluation ghd a long tail in the red (large¢ — K values): i.e., it will
the dispersion must be focused. However, the concept of Lije positively skewectontrarily to the histogram of a complete
is powerful enough to allow us some applications to real ofnon-luminosity limited) sample of clusters with a fixed mass.
servational problems. Since one of the constraints imposed®@¥neralizing to dferent colors, the observed distribution of

observations is the existence of a luminosity limit, in this segp|ors in a luminosity-limited sample will be skewed toward
tion we will explore the consequences of having a ffuld the hand with the lowest/SsPvalue.

luminosity in surveys of star clusters. Two main conclusions can be drawn from these results.

In Fig. 5 we described th¥ — K distribution of a sample First, the shape of the color distribution of a luminosity-limited
of model clusters with fixed number of stars, and noted thsdimple of clusters may be used to constrain the underlying
such distribution is negatively skewed. Note that a fixed nuroluster mass distribution, if other cluster parameters, such as
ber of stars correspond roughly to a fixed cluster mass. Naxge and metallicity, are known. To this respect note the par-
let us consider only the subset of clusters with a luminositicular shape emerging from an extrapolation of our exam-
larger than the LLL inK, LE--. This subset is shown by theple to more mass values is just a consequence of having
light-shaded histogram, and it can be seen that its mean colaigsumed a particular mass distribution law: in an observed sam-
somewhat redder than the predictions of SSP models. The kdy, the shape may in principle befférent. Second, these re-
point here is thathis behavior indicates that the statistics of thgults also show that the LLL is an useful (probably, too con-
clusters is lowin fact, att = 10 Myr an important fraction of servative) criterion to detect the clusters with severe sampling
the luminosity inV is provided by MS stars, whereas the lumieffects. Indeed, in our examples the color of the subsets with
nosity inK is completely dominated by RSGs, which are intrint&us > LLLL is different from that of the complete set, indicat-
sically scarcer than MS stars. Therefore the spre&damong ing that the sample $iers from samplingfects: had the mean
the clusters of the sample is comparatively large, and dftato mass of the clusters in the sample beefiisiently larger, no
luminosity, leaving out the faintest clusters, sensibly alters tbristers would have been excluded by the luminosity criterion.
meanK value of the remaining subset. Schematically, we civote also that the fact that the application of the luminosity
say thatinLg limited samples the medfiluminosity increases cutof changes the mean color of the sample impliesaliahe
and theV luminosity is barely fiected, thus/ — K increases. clusters of the sample fier from incomplete sampling, and not
This is confirmed by the application of the more restrictive comnly those that are excluded: that is, having a luminosity larger
straintL&Us > 2x LLEE, which is shown by the dark-shaded histhan the LLL is a condition necessary but notfsient for
togram: the number of clusters that fulfill this constraint is evethe meaningful application of synthesis models. Equivalently,
lower, and they are redder than the predictions of SSP modetse LLL criterion detects some, but not all, of the clusters with

So far for clusters with (roughly) the same mass. Now, 18P0 statistics.
us consider the behavior of simulated clusters witfiedént To conclude this section, a note of caution about the deter-
masses. To this aim, we will assume in the following that thsination of the mass distribution law by Zhang & Fall (1999):
distribution of cluster masses follows the laM) « M2, these authors derived their law by considering only clusters
as proposed by Zhang & Fall (1999). Whether this mass digith My brighter than -9 to avoid contamination of the sample
tribution correctly represents real clusters does not concerndysindividual stars, hence applying a selection criterion that is
for the moment: for the sake of the argument, it is enough ore or less the observational counterpart of the LLL method.
assume just any law. In fact, at the end of this section we wiflowever, theM{!"" we obtain here for the age range they con-
mention a possible caveat of this particular law, which mighider (25 < t < 6.3 Myr) lies between —10 mag and -9 mag:
possibly imply a bias in the method used to derive this lagherefore, their analysis could possibly fEeated by the sam-
We have performed fOMonte Carlo simulations of clusterspling effects and the bias we are discussing.
with 10% stars M = 2 x 10° M), which have a mean mass
roughly %10 that of the simulated clusters discussed up to now.
Given the mass distribution law assumed, we have multipliéldl'

each bin by 100, to reproduce the expected number of cluS-jear example of a skewed distribution is given by the
ters with this mass compared with clusters with mass ten t'moeémple of Globular Clusters (GCs) by (Gebhardt & Kissler-
larger. Patig 1999), a fact suggesting that the properties of these ob-
The dotted histogram in Fig. 5 shows the distribution gécts might be fiected by sampling feects. This statement
those of such clusters that also fulfill the conditldf{s > LY. might seem surprising, for GCs are the paradigm of well-
Note that the histogram peaks arouti{ K)°US = 4.2, i.e. populated objects; stars in GCs occupy the most populated
these clusters have extremely red colors; these behavior is quert of the IMF, so one would naively conclude that they
sistent with the interpretation of being affect of sampling, cannot be possibly fiected by sampling feects. However,

The distribution of Globular Clusters
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the importance of samplingfects does not only depend on the & [— T T T T
. . NGC 5128
absolute number of stars in a given mass range, but also on the
. . . L Lg > 30 x Ly
evolutionary time scale considered: indeed, globular clusters 10 x LU < 1, < 30 x Lot

also contain bright stars in low-populated evolutionary phases; [ s 5x L < o< 10x L o7
such as the RGB and AGB phases. Hence sampliiegts may he< o xke i
also show up at old ages. . W4 :

Let us illustrate the problem by the application of the LLL, ™
to GCs in NGC 5128. Rejkuba (2001) presents detailed php-
tometry of GCs in NGC 5128. We have used the result from_[ — :
this author because her plots can be easily reproduced with the o %

= Sk

LLL

o> ¢

data and the indications given in the paper. She compares the
position of the GCs in color-color diagrams with the results of o [ - e
synthesis models, and notices that the clusters lie slightly to the
right and below the model lines in the-K vs.U -V plane. She
mentions two possible explanations: (i) dfdience between L. s x s s
observations and SSP models, particularly significabt Vv,
which has been hypothesized by Barmy & Huchra (2000) as a
consequence of problems in the atmosphere libraries usedFigy6. Color-color diagram for Globular Clusters in NGC 1528.
synthesis models (see also Buser & Kurucz 1978); (ii) an ad@irosses correspond to clusters witf's/Li"" > 30 ¢ = 1 Gyr);
tional offset may arise from the fierence between the Bessellriangles toLg"/Li € [10,30]; stars toLg*/Lit € [5,10]; and
and the Johnsad-band transmission curves. These facts mighfuares ta*/Lit < 5. Small asterisks corresponds to Worthey
explain the dfsets between SSP models and the mean color{gP94) models for all the ages and metallicities quoted by the author.
the observations, but they do not explain neither the observed

dispersion nor the shape of the distribution. Let us now stugly e from sSSP models than luminous clusters, as can be ex-
these discrepancies when the LLL is taken into account. pected when samplingfects are present.

Following Rejkuba (2001), we have assumed a distance
modulus of 27.8 and we have corrected for extinction the ob-
served photometric bands with a me&(B — V) = 0.1 us- 5. Caveats about self-consistency and limitations
ing Ay = 440,Ay = 3.1, Ax = 0.38, according to the val-
ues quoted in the ADPS project (Moro & Munari 2080)\We
have grouped the GCs according to the§“s luminosities:
Lous/LEM < 5, LEUs/LEM e [5,10], LYUS/LE e [10,30], and

(V=K)q

In the present work we have established a luminosity limit,
the LLL, for the application of synthesis models to observed
clusters. The definition we chose for the LLL might raise ob-
jections, in at least two fferent ways. First, the LLL is im-

clus/y LLL LL

L™/l g 30. n\:}{]e Eave used thbkh Valu? atl Glyr, th?t plicitly defined by the isochrones and the atmosphere libraries
corresponds tMy™ = —8.5 mag. The resulting color-colory s meq in the code; a natural doubt is therefore whether as-

diagram is shown in Fig. 6. The resuits of SSP models fro%ﬂming diterent input libraries in the code would change our

Worthe.y (1994) have glso been pI_otted for comparison. !\'qt@sults. Second, there are evolutionary phases that are char-
that a rigorous comparison should include the c_onfldence 'm_ﬁE'terized by extremely high luminosities and short lifetimes.
vals for the results of SSP. models_; however, this wou!d r‘:“qulf\%cording to our definition, it is these phases that determine
knoyvled_g_e of th? correlation cigients between the fierent the value of the LLL, at the ages they occur; nevertheless, they
luminosities, which, unfortunately, have only been evaluatgd, e 5 yery small probability of being observed in real clusters.
for th_? case of young stellar populations (see Gen2003d; rperefore we face the apparent oddity of setting a limit much
Cervifio et al. 2002b). more restrictive than necessary.

The figure shows several interesting results. First of all, the This section is devoted to clarify these points and to con-
cluster sample tends to have K colors redder than the predic-yince the reader that our definition of the LLL is operationally
tions of SSP models, as is expected from a luminosity Iimit%od and, to a satisfactory extent, physically based. We will
survey. Second, there is a statistical trend of the position in 8o discuss its residual degree of arbitrariness, and the limi-
plane with thek value: (i) the first bin of clusters, the one withtations it implies. Finally, we will also explain why, by virtue

Lg'S/Lg™- < 5, contains five of the 23 clusters plotted, and ong jts limited reach, the exact definition of the LLL is not very
of them is the cluster that disagree the most with the SSP gepcial in practice.

sults. (i) Of the twelve clusters with$'S/LE e [5,10], five

disagree with the results of synthesis models. (iii) There are ] )
four clusters with_9us/LLLL ¢ [10,30], and only one of them 5-1. Dependence on input isochrones and model

falls far from the results of SSP models. (iv) The two clusters ~atmospheres
i clus/y LLL
with Li™/Li™ > 30 are reproduced reasonably well by SSR ,qsipje objection to our definition of the LLL is that it de-

models. In summary, clusters with lowek tend to deviate pends on the input libraries (isochrones and atmosphere mod-
els) assumed by the synthesis code, suggesting that it is not
11 Available athttp://ulisse.pd.astro.it/Astro/ADPS/ physically grounded. For example, the LLL can be lowered if
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some stages of stellar evolution are not included in the coskhould these rapid phases be included in isochrones: but users
putations of the synthesis code, as is often the case for tiesynthesis models should always take the elementary caution
Asymptotic Giant Branch (AGB) phase, which is neglectedf documenting themselves about the properties, assumptions,
e.g., in starburst-oriented codes such as the code byrievi~ and limitations of the models they use.
Mas-Hesse (1994) arstARBURST99'? (Leitherer et al. 1999). Second, it is not easy finding cufccriteria alternative to
Obviously, the results of evolutionary synthesis models be LLL and equally easy to apply, to discriminate systems with
come intrinsically incomplete at the ages where the evolutiopeor statistics from systems with good or unknown statistics.
ary stages neglected are relevant; in the case of the AGB pha#sealternative definition could be based, for example, on the
ages older than 50 Myr. Therefore, under these circumstancemparison of the cluster luminosity with tiseimof the lu-
the concept of LLL cannot be applied, not because it is iltninosities of all the individual stars included in the isochrone
defined, but rather because the code should not be used in(tather than the most luminous one alone, as in our defini-
first place. tion). Unfortunately, such criterion depends on the mass reso-
Furthermore, the agreement shown in Fig. 4 betwedstion —the number of points — of the isochrone, which in turn
the trend of our predictions foM™" and the Migy val- depends on the individual, idiosyncratic interpolation philoso-
ues by various authors, which have been obtained with difhy of each code. Therefore, such definition would yield pro-
ferent isochrones and atmosphere libraries, suggests thatfchndly different results for dierent codes, even if the same
LLL value does not substantially depend on the input librarieet of isochrones and atmosphere libraries were adopted. Still
assumed — provided they include the same evolutionary stagag®ther definition could rely on theneyy emitted by a star
This conclusion should not surprise too much, since the resultging a particular phase, rather than its luminosity, in order to
of different theoretical models in the fields of stellar evolutioavoid the problem that arises with very luminous but short stel-
and atmosphere modeling are substantially converging. It mlat phases. However, it can be seen that in this case the limit
be noted, however, that it should not be of great concern evdgpends on how evolutionary phases are defined. For example,
if this were not the case, since at the LLL level one must oniyo possible alternatives would be either (i) “standard” evolu-
worry about self-consistency, i.e. that the LLL is taken from tH®nary phases (e.g., Wolf-Rayet, RSG, AGB stars, and so on),
same input libraries that enter the synthesis code; the judgmenfii) the interval around each point on the isochrone. In ei-
on the input data quality has already been made with the choibber case, the numerical result would depend on the adopted
of the synthesis code. Stated otherwise, the choice of a syntthefinition of evolutionary phase, hence on an arbitrary choice.
sis model is logically prior to the computation of the LLL, and As a final remark, it should be emphasized that neither
it already implies trusting the input data the model is based dhe LLL nor M™" define the statistics and the confidence lev-
els of synthesis models, which are defined, for example, by
the N formalism. In this sense, the LLL is just a two-state
switch that indicates whether in each given case a statistical
approach is mandatory; if it is not, it is still possible that sam-

Some readers may have noted that our definition does not@{Dg &fects do play a role. In epidemiological terms, the LLL
volve stellar lifetimes, but just their luminosities. Such a deffriterionis extremely specific, but not very sensitive: it does not
nition might seem too restrictive in those evolutionary phas@¥/€ false positives (*good” clusters with rich statistics misun-
characterized by very luminous but short-lived objects: s@erstood for “bad” clusters with poor statistics), but it might
pernovae (SNe), luminosity peaks of Luminous Blue Variabf@Ve many false negatives (“bad” clusters with poor statistics
stars, and recurrent He-shell flashes in TP-AGB stars are cdd@ldentified). As such, it gives a much more basic information
in point. Due to their short duration, the probability of obseri1@nA, hence itis not too worrisome whether its definition has
ing such phases in real clusters is vanishingly small, and tHgyertain degree of arbitrariness. Ideally, the predictions per-
do not usually contribute to the observed luminosities. YéPrmed by any synthesis code should be accompanied by a sta-
from a theoretical standpoint these phases provide the maigtical analysis of the system under study, bypassing the need
mum luminosity: hence they determine the LLL value at tH@ resort to coarse indicators like the LLL.
corresponding ages. Therefore, it may seem that our definition
is at risk of giving too much weight to luminous, short-liveds, Summary and conclusions
evolutionary phases; if this were the case, the definition would ) . N
be too restrictive, and it would mistakenly ban the applicatidR this paper, we have drawn the attention to a basic condition
of synthesis models to cases where they would otherwise {pat must be fulfilled in orqlerto interpret observed stellar clus-
applicable. Although correct in principle, this conclusion dod§"S by means of synthesis model$e total luminosity of the
not hold in practice, as we will make clear in the following. ~cluster modeled must be larger than the individual contribution
First, very short evolutionary phases are not usually iQf @ny of the stars included in the model _ .
cluded in isochrones, due to the same reason for which they !N Particular, the luminosity of the most luminous star in-
should not determine the LLL: they are not expected to 5&ded in the model defines a Lowest Luminosity Limit be-

observed. Of course, this argument would no longer be valfy Which a cluster sffiers from severe samplingdfects, and
it cannot be modeled by an analytical synthesis code. We

12 Available athttp://www.stsci.edu/science/ have emphasized that, although our method does not recog-
starburst99/ nizeall the clusters fiected by samplingfects, by virtue of its

5.2. Dependence on short, very luminous evolutionary
phases




156 M. Cerviio and V. Luridiana: The Lowest Luminosity Limit

simplicity it can be used to separate out the most critical cadesth theoreticians and observers, to move in this direction and
from large surveys without the need to perform a sophisticatexplore the implications of samplindtects in the analysis of
and time-consuming statistical analysis. Transient events min& integrated light from clusters. In particular, we urge all the
be considered in the LLL only if they are included in the resulteodel makers to include a proper statistical treatment in their
of SSP computations; if they are not included, the definition obde, and all the model users to take into account ffects

the LLL is fully meaningful, under the assumption that sucbf sampling in the interpretation of the data. Current synthesis
events are not present in the observations. Although this asdels are an optimum tool for the interpretation of the aver-
sumption might seem, at first glance, a very restrictive one aige properties of stellar systems, but they need to be updated to
does not in fact limit the application of synthesis models, sin&eep pace with the new observational data.

the SSP results themselves are also only valid under the same o )
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