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Abstract. The whole class of minimally coupled and massive scalar fields which may be responsible for flattening of galactic
rotation curves is found. An interesting relation with a class of scalar-tensor theories able to isotropise anisotropic models
of Universe is shown. The resulting metric is found and its stability and scalar field properties are tested with respect to the
presence of a second scalar field or a small perturbation of the rotation velocity at galactic outer radii.
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1. Introduction

One of the most fascinating cosmological problems is dark matter: 99 percent of the Universe energy density would be hidden.
A good indication of dark matter presence is given by galactic rotation curves which disagree with Kepler laws (Freeman 1970).
Particularly, spiral galaxy rotation curves seem flattened at large radii. One possible explanation is that they are made of a
luminous disk whose density exponentially decreased to adjust to a dark halo whose distribution evoivéRalsin et al.

1997).

Dark matter nature is unknown today. From WMAP observations, we know that the matter of which we are made represents 4% of
the Universe content, 23% is made of cold dark matter and73% of dark energy. These exotic types of matter could be represented
by scalar fields (Matos et al. 1999), which are predicted by unification theories (Ellis et al. 1998). Starting from this assumption,
we will study how they could be responsible for the observed flattened rotation curves. Dark matter is not the only way to explain
them (Battaner & Florido 2000). Hence, Milgrom (Milgrom 1983a,b,c), Sanders (Sanders 1990) and others have proposed to
modify newtonian theory(MOND) for galaxies outer radii and in Battaner & Florido (1995), ad hoc magnetic field are considered.

Hence, the physical framework of this paper will be the scalar tensor theories. Unification theories and particularly super-
symmetry predict the existence of scalar fields, which thus deserve be taken into account in cosmology. Most of time, only their
cosmological consequences are analysed: quintessence phenomenon (Johri 2001; Sahni 2000), isotropisation (Fay 2001) or infla-
tion for instance. However, they could also be present at galactic scale. In this work, we are going to assume that the dynamics of
galaxies at outer radii is described by a scalar tensor theory with a dust perfect fluid, neglecting the radiation. The sealar field
will be minimally coupled, massive with a Brans-Dicke function representing its coupling with the metric. It is equivalent to con-
sider that, at galactic scale, the gravitational function is a constant but the potémtiel the Brans-Dicke coupling functian
vary with ¢.

Concerning the geometrical framework, we will consider a spherical and static metric. These are reasonable assumptions
since, generally, a galaxy has a rotation axis around which turn the stars with a velocity much smaller than light speed. We thus
neglect dragging féects, justifying a static metric (Guzan’& Matos 2000). We will be interested by galactic regions where
rotation curves flatten and where most of the dark matter should be present, i.e. the galaxies outer radii. Indeed internal regions
need few or not dark matter to explain their dynamics.

Our goal will be to study the form of the metric and the scalar field properties explaining why the galactic rotation curves are
flattened. A similar work has been done in Matos et al. (2000) and Matos & &u£2@01). In the first paper, a massive scalar
tensor theory is studied with a fixedbut an unknowd. After having found the metric compatible with flat rotation curves, itis
shown that the only potential able to reproduce such a dynamics should have an exponentialfoeff, In the second paper,
with the same form fow, two massive scalar fields and a perfect fluid are considered. One of the potentials is assumed to have an
exponential form and similar results are found. In the present paper, we are going to consider a single massive scalar field with a
perfect fluid but bothw andU will be unknown functions o$. Then we will look for the metric and relations betweemandU
allowing to get the observed flat rotation curves, thus generalising the results of Matos et al. (2000) to a larger class of scalar
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tensor theories. Moreover, we will test the stability of our results by considering a small perturbation of the rotation veloc
or/and an additional scalar field.
It is important to note that other types of rotation curves exist, such as decreasing rotation curves found
Casertano & van Gorkom (1991). Moreover, it seems that bright compact galaxy rotation curves are slightly decreasing whe
low luminosity ones tend to be increasing, indicating that they have more dark matter. However in this work we will only ta
into account asymptotically flat rotation curves. Indeed, a large number of them seems to be well approximated by an Unive
Rotation Curve (Persic et al. 1996) whose formulation, adapted to spiral galaxies, tends to a constant at late times. It shows
rotation curves depend on galaxy luminosity: increasing or decreasing rotation curves would respectively correspond to lo
high galactic luminosity but should tend to a constant at outer radii. It seems to be confirmed by Swaters (Swaters 1999)
has examined a large number of dwarf galaxies and found that their rotation curves flattened over 2 disk scale lengths. M(
theories or the presence of electromagnetic fields can also predict this type of curves. Consequently, although all the rot
curves do not flatten, this type of behaviour igfigiently observed or predicted to justify a particular attention.

The plane of this paper is the following. In Sect. 2, we look for metric form and scalar field properties allowing to get flatten
rotation curves. In Sect. 3, we discuss about these results.

2. Metric and scalar field mathematical properties

This section is divided in two parts. In the first one, we consider the presence of a single scalar field. We look for the metric :
properties of the unknown functiomsandU such that the rotation curves be flattened at galaxy outer radii. In the second one
we test our results stability by adding a second scalar field. We will use a static and spherical metric written as:

ds® = —€¥dt? + & dr? + r? (de” + sin” odg?) (1)

¢ andA being some functions of

2.1. With a single scalar field

The action for a minimally coupled and massive scalar field with a perfect fluid is given by:

S= f (R— %WW ~U+ %Lm) Vogd'x 2)

R is the Ricci scalany the scalar fieldw(y) the Brans-Dicke coupling function andl(y) the potentialLy, is the Lagrangian
describing a dust perfect fluid whose impulsion-energy tensor wiites: pu®u? with u® the 4-velocity ang the density of the
dust fluid. We get the field equations and Klein-Gordon equation by varying the action with respect to the metric functions &
scalar field:

r2 [r (1 - e‘z’\)]/ = %lp’ze‘m +1/2U +p (3)
—r2 (1 - e‘z’\) +2rlge® = %lp’ze‘z’\ -1/2U 4)
g2 (¢" + 2+ N - N /2) = —%’(p'ze‘% -1/2U (5)
ey (wy ) +2e oy (27 - A+ )+ 9[- U, =0, (6)

A prime stands for a derivative with respectrit@and ay indice, a derivative with respect to the scalar field. By subtracting
Egs. (3)—(4) and by summing (4)—(5), it comes:

(A -¢) -1+ [1-1/2(U +p)| = 0 7)
rPA (20 - 1)+ 2% (¢ + ¢%) + 4rgy’ + 2 - 26** (1 - 1?U) = O, (8)
Then, we derivéJ andp as some functions of andg:

p=1/2er2 [—2 +26M +r(A—r+2r¢)) A + 2r? (¢’2 + ¢”)] 9)
U =-1/262"2[2- 2" +1¢/(4+ 2¢') + 1PN’ (2 - 1) + 2r%¢" | (10)

We introduce these expressions in (5) to g@eas a function ofA, ¢ andy. Then putting the above forms &f, p andw in
Klein-Gordon equation yields:

N [20r=2)+r(r — 12} - 2r%¢72| - 2¢' [ =3+ 1% (92 + ¢”)| = O (11)
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which is scalar field independent. Since we are interested by flat rotation curves, we assume that rotation velocity tends to a
constant for large. However, rotation curves as seen by an observer at infinity for a spherical symmetry, are giwgn=by
\rgir/(2g4), as shown in Matos et al. (2000) where a newtonian interpretation of this last expression is given. It implies that

¢ — V2,1 and there? — r?Vix, To simplify our results below, we define the following constants:

c1 = 2(1+ V3 - 2V5))

Co=Vi -1
Ca = —2(2+ 6V3 + Vity)
Cs =2+ Vr20t
-1
Cs = —2V2, (=3 — VA, + Vi) (2+ 6V2 + Vity)

G = -3-V2, +Vi
c; = -4-12v3, —2vi,
Cg = —2-4V2, - 4Vi.

Introducingg¢’ in (11) and integrating, we find fok:
C: -1
éAz%[AO(CAr:C7)5—1] (12)

Ao is a positive integration constant. This last expression is only physically meaning for ladgere it tends to the constant

-1 . " N , L .
Co [Aocff’ - 1] as 1/r. This constant must be positive otherwéses not defined for largeand moreover, numerical integrations
seem to show that diverges for a finite value of this coordinate. Then, from (9), (10) and (12), we calculate that asymptotically:

4 (C1 + Cor) (cg,r‘1 + c4)C5 -1 12
=2-1+A
p + Ao o (cer?) (13)

(2c4 - 3)Ao[C +r(c—1)]c+cr‘1C5 _
U:Z{Cz_ 4 — 03+404r o) }(Cﬁrz)l‘ (14)

For larger, p andU vanish ag 2. This asymptotical behaviour for the perfect fluid energy density is the same as the nonsingular
isothermal profile, one of the most frequent halos. The metric describing the galaxies outer radii where the rotation curves flatten
is thus the same as in Matos et al. (2000) whatexdgConsidering a perturbatiafir) of Vo does not modify these results as

long asré’ — 0.

From the form of the metric and since we have tefindetermined, we can get for larga relation betweew andU such that

the rotation curves be flattened. By summing (3) and (4) and taking into account asymptotical behaviearsddr, we find

the following three limits:

w2yt = 42 (15)
U - Ur? (16)
U’ = Uy — —2Uyr3 (17)

2=|cs -3+ andU; are some constants. We use (16) and (17) for respectively intradlace replacg’ in (15).

%
cH(Aglc,3-1)
Then, considering andk two functions ofr and rewriting (15) and (17) as respectively’?y~* — ¢(r) and Uy’ — K(r),
we have
w 2

Using (16) to replace* and introduceJ, it comes

wU? 29() 4

N S A/AVS

yu; k(r)?

Since hergy(r) = 4¢72r~2 andk(r) = —2U1r =3, we find:
yuz

Tﬁ — > #0. (18)
w
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For a given form olU (y), (16) defines a unique form fo(y). U () andr () may then be introduced in (17), defining a unique
form fory’ (). Then,r(¥) andy’ () may be introduced in (15), defining a unique formddy). Consequently, for a gived (y),
(15)—(16) defined a unique(y). The same remark applies to (18). Consequently, for a divetne system (15)—(17) or (18)
uniquely definev and thus the class of scalar tensor-theories responsible for the rotation curves flattening for given potentia
Brans-Dicke coupling function. However, only (15)—(17) uniquely defi(rd.

We have shown above thaisymptotically behaves as?. Examining the Eq. (3), we note that the scalar field energy density
shall be written a% y'?e"?A +1/2U. Knowing the asymptotical limits of each of these terms, we deduce that forrlgrgep,:

the scalar field is quintessent.

The limit (18) is doubly important. Firstlyn (Fay 2001, 2003; Fay & Luminet 2003) it has been shown that a necessary conditiol

2
for isotropisation of Bianchi models wa% — (2, ¢ being a constant in a close interval depending on the presence of curvatur
and perfect fluid. Consequently, galactic scalar field properties for tacgald match a cosmological scalar field present in the
entire Universe which would allow for its isotropisation. Secondpecifying one of the unknown functioasor U, (18) allow
determining in a unique way the other one: this limit gives a necessary #iaesut relation between these two functions such
that the galactic rotation curves for outer radii be flattened. It thus generalises the work of Matos et al. (2000) far wééca
known function of the scalar field leading to an exponential potential.
In the following section, we examine the stability of these results with respect to the presence of a second scalar field.

2.2. With 2 scalar fields

When two massive scalar fields are present, the action may take the following form:

16r
S= f( - _¢1y¢1 l,[/j (ﬂz,#w;l -U+ FLm) \/—_gd4X. (29)

They; are two scalar fields such that = w1(¥1), w2 = w2(¥2) andU = U(y1,¥2). This form of the action is not the most
general one but allows testing the results of the previous section. The field equations are:

r2[r(1-e)] = 20 L 2oy 2‘“—;21//22@2’\ +1/2U +p (20)
r2(1-e®)+2r e = 20 A 2o 205 22 y2e?h _ 120 (21)
M@+ P+ N - N [2) = 2(; yleh Z—W(pgeﬂ -1/2U (22)

e PP (wwy?), + 26wt (2t~ A+ )y + 9] - Uy, = 0 (23)
R ) + 26wyt (207 = A+ ¢ )y + ug] - Uy, = 0. (24)

Making the same calculus as in Sect. 2.1, we get an equation similar to (11), i.e. independent on the scalar fields:
4— 4 + A% + 2N ?(2¢) - 1)+ A" = 2r¢ (4 - 22" + 12A7)
42" + 2r A [6 —2r — (r — 16) ¢’ + 4r%¢p" + r2¢”] —2r3" = 0. (25)

Equations forp andU are the same as (9) and (10). Equation (25) does not depehbld on, w, or the scalar fields forms.
Moreover, we always haw# — V2 r~1 which asymptotically characterises a flat rotation curve. The solution fesued from

Eq. (25) is thus independent on the scalar fields and the unknown fungitianslU . It will be always the same, whatevidr w1,

wy andy;. In particular, if we consider the special case where one of the scalar fields is negligible, one have to recover the s
asymptotical form forA as when only one scalar field is present. Hence, the asymptotical solution for Eq. (25) should be the sa
as for (11): when 2 scalar fields are consideredends to a constant as' andA’ vanishes as=2. This is in agreement with
Matos & Guznan (2001) and implies thal andp also vanish as™2. These results are the same if we consider a perturbétion
for the rotation velocity as long a&r andsé”’r? are asymptotically vanishing.

Anew, we find the following limits allowing to determine if a relation exists betwegnw, andU when the rotation curves
flatten:

WYt + WPyt — 2077 (26)
U — Ur2 (27)
U’ = Uy, + Uyl — —2Uqr >, (28)

Let us put thatoiy/?y;* — gi andUy ¢ — ki. Thengs + g — 12, ky + ko > r~2 and we have

wiUZ 29i r—4
U 2

yiuZ i
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It implies that only one of thg;(or k) have to tend ta~2 (respectively—3), the second one varying as or slower than this last
limit. Moreover, Egs. (23)—(24) may be written as:

Hence, since\ — constand¢’ — 71, if gi < r2, k have to vary slower tharr3. We thus distinguish 2 possible behaviours
for g andk;:
— case 1y, — r2andk, — r—3
As previously, it comes that—4 s ‘4 and——2 vy ”2 tend to some constants.
—case2ys > r 2 go<r 2,k1—>r 3etk2<<r -3
Consequently, the dynamicaffects ofy, are asymptotically negligible in the field equations and the metric functions dy-
. . . 2 . . 2 . .
namics does not depend on it. We find tlﬁ% tends to a non vanishing constant e}f\@% diverges or vanishes.

We conclude that the scalar fielgs which are not asymptotically negligible are such thq}”— tend to some non vanishing
constants. Hence, the results of the previous section are not modified by the introduction of a second scalar field. Anew, we note
that the scalar fields energy density which shalkBes;?e " + 52 z//ze‘z’\ + 1/2U asymptotically tends to~? and behaves as

the one of the dust fluid. It means that the two (or the domrnant) scalar fields are (respectively is) quintessent.

3. Discussion

In this work, we have looked for the characteristics of the metric functions and scalar field such that galactic rotation curves
flatten for outer radii. For the metric we have got the following result:

Let us consider a minimally coupled and massive scalar field defined by a potential U and a Brans-Dicke coupling func-
tion w with a spherically static metric. When, at outer radii, the galactic rotation curves flatten, the metric is asymptotically
defined byds? = —r2Vidt2 + A,dr? + r2(d6? + sin?6dg?), A1 being a constant, whatever the form of the potential or Brans-Dicke
coupling function.

This result is stable related to a small perturbationf the rotation velocity such thaty’ — 0 or if we consider a sec-
ond scalar field as defined by the Lagrangian (19). In this last case the perturbation must be suth émats”r? vanish for
larger. It is in accordance with the asymptotical form of the metric found in Matos & Guez(@001) where an exponential
potential was found to explain the flattening of the rotation curves. Here, this property is generalized to any funatidns
potentialU with the following characteristics:

Let us consider a minimally coupled and massive scalar field defined by a potential U and a Brans-Dicke coupling func-
tion w with a spherically static metric. When, at outer radii, the galactic rotation curves flatten, the energy densities of the
perfect fluid and scalar field vanish as’r the scalar field is asymptotically quintessent. Moreoweand U are asymptotically

2
related by the relatioﬁ:tj—w2 — ¢2, £? being a constant, and U vanishes as.r

Hence the energy density of the scalar field shows that we are using an isothermal profile which decaymihfit the

flat galactic rotation curves quite well and not a Navarro-Frenk-White (Navarro et al. 1997) profile where the density goes
like r=2 in the asymptotic region and whose corresponding metric and rotation velocity has been recently determined in Matos &
NUfez (2003). When 2 scalar fields are present, again their energy density behaves as the one of the perfect fluid. Consequently,
at least one of them is quintessent. The presence of quintessent scalar fields in spiral galaxies have been examined in Matos
& Guzman (2000) where the agreement with the observed rotation curves is shown. Moreover, the scalar fields which are not

negligible are such thaty; e ”' tends to a constant, leaving the above last result unchanged for these scalar fields.

2
Let us make some remarks on the quangi%%. Firstly, any necessary condition expressed with the unknown funttisns
a scalar tensor theory such that the metric converge toward a determined form must be invariant with respect to a scalar field
transformation Indeed, considering (U, w), a necessary condition such thaf éilways tends to a determined form, since a
transformationy = T(P) of the scalar field keeps the metric, it must be the same for the necessary coRdifies). One can

easily check it is the case f(grj Particularly there is a scalar field transformation which allows to rewrite the metric under the
form

1
S= f(R— Y- U+ ng) V=gd*x

1 i.e.w andU for the present case.
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corresponding to the one of Matos et al. (2000) and leading to their results. However, for madanhefions, this transformation

is not defined or analyticaly workable and thus the results of Matos et al. (2000) can not be arbitrarily applied to any for
of couple (,U) whereas it could be important to keep bathandU as depending on the scalar field. As instance, if the
potential vanishes, thus mimicing a vanishing cosmological constant, compatibility of the theory with PPN parameters requ
thatw — o0 andwsw2 — 0 (Nordvedt 1968; Wagoner 1970), which does not fit with a constagut after field redefinition.
Indeed, it recovers the general problem of finding a metric whose dynamics is agreed with the observations and whose pote
is in accordance with, as instance, particle physics predictions for the form of the potential: for this, it is necessary to keep
freedom of choosing a form fas(¢). Keepingw as an undetermined function of the scalar field thus allows finding the set of all
scalar tensor theories able to produce flat rotation curvesfpiorms ofw andU, even when the above scalar field redefinition
can not be anatically performed.

2
The part of the results concerning the convergencé%ﬁf to a constant seems strangely correlated to isotropisation of
homogeneous models which also needs this condition (Fay 2001, 2003; Fay & Luminet 2003). It shows that the properties
galactic scalar field allowing the flattening of rotation curves could match those of a cosmological scalar field favouring Unive
isotropisation.

2
Starting from the form of the potential, the propefr)t%'g — (2 allows recovering the Brans-Dicke coupling function such that
the rotation curves could flatten and vice-versa. Let us examine some of the most studied potentials. Hence, if we conside
exponential potentid) = €, we find thatw = k?¢-2y, in accordance with the results of Matos et al. (2000) as a particular
case of the class of theories we have found, @énd Inr. If we takeU = yX, the Brans-Dicke coupling function should be
w = K22yt andy « r", Thus, we see that considering two unknown functianandU instead of a single one leads
to an important generalisation of Matos et al. (2000). Indeed, assuming asymptotically flat rotation curves fix the behaviou
one of the metric function, i.et. Consequently, in Matos et al. (2000), singés chosen, the potential is uniquely determined
whereas in this paper we can find it dependsupothus explaining the asymptotical relation betwaeandU. It follows that an

exponential potential is not the only one allowing to get flat rotation curves but a whole class of scalar tensor theories such
2

Z—Bé — (2 leads to this property. We remark that a cosmological constant can not explain why the rotation curves flatten sil

the potential must evolve a@s?. This is in agreement with the theories which try to solve the cosmological constant problem b
considering it as a variable function rather than a true constant.

The interpretation of scalar fields properties found in this work may be done at cosmological or galactic scales. Phenon
giving birth to scalar fields probably have a cosmological nature and are related to particle physics theories. To our knowled:
does not exist any way to generate them by galactic process. Their properties based on rotation curves observations are co
with their usual cosmological picture i.e. their quintessent nature and their role in the Universe isotropisation. However, if
consider an asymptotically increasing rotation curve, it could meawthatreased faster than'. It would come from Egs. (10)
and (9) that the quantity/p could diverge. If such rotation curves were observed (it is the case but some doubts subsist on t
fact that they could asymptotically flatten, Persic et al. 1996), it would mean that scalar fields, at least at galactic scale, wc
not be quintessent. Then the quintessence properties would only be valid for some types of galaxies. In Casertano & van Go
(1991), decreasing, increasing or flattening rotation curves are studied. Observations seem to show that the first ones appt
bright galaxies and the second ones for faint galaxies. A possible interpretation would be that flat rotation curves would be
outcome of an equivalent mixing between luminous and dark matter, the decreasing or increasing rotation curves resulting
respectively luminous matter or dark matter domination. This flat rotation curves interpretation is coherent with the scalar fi
quintessence property found in this paper.

To conclude, this work generalises those of Matos et al. (2000) and Matos &&BuU@001). The metric got in these papers
and the quintessent nature of the scalar fields have been generalised for any fard adlation betweetd andw has been
found and allows getting easily one of these quantities from the other. It selects the class of scalar tensor theories which cou
in agreement with flat rotation curves and shows that an exponential potential is not the only one able to produce such a dyna
Moreover, we have remarked that this class is also in agreement with Universe isotropisation. The stability of these results
respect to a small perturbation of rotation velocity or the presence of a second scalar field have been tested. A next step wot
to consider a non minimally coupled scalar tensor theory, i.e. with a variable gravitational congadtaomagnetic field that
could play a fundamental role at a galactic scale.
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