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Abstract. In this paper, first solutions of the dust moment equations developed in (Woitke & Helling 2003) for the description
of dust formation and precipitation in brown dwarf and giant gas planet atmospheres are presented. We consider the special
case of a static brown dwarf atmosphere, where dust particles continuously nucleate from the gas phase, grow by the accre-
tion of molecules, settle gravitationally and re-evaporate thermally. Mixing by convective overshoot is assumed to replenish
the atmosphere with condensable elements, which is necessary to counterbalance the loss of condensable elements by dust
formation and gravitational settling (no dust without mixing). Applying a kinetic description of the relevant microphysical and
chemical processes for TiO2-grains, the model makes predictions about the large-scale stratification of dust in the atmosphere,
the depletion of molecules from the gas phase, the supersaturation of the gas in the atmosphere as well as the mean size and
the mass fraction of dust grains as function of depth. Our results suggest that the presence of relevant amounts of dust is re-
stricted to a layer, where the upper boundary (cloud deck) is related to the requirement of a minimum mixing activity (mixing
time-scale τmix ≈ 106 s) and the lower boundary (cloud base) is determined by the thermodynamical stability of the grains.
The nucleation occurs around the cloud deck where the gas is cool, strongly depleted, but nevertheless highly supersaturated
(S � 1). These particles settle gravitationally and populate the warmer layers below, where the in situ formation (nucleation) is
ineffective or even not possible. During their descent, the particles grow and reach mean radii of ≈30 µm ... 400 µm at the cloud
base, but the majority of the particles in the cloud layer remains much smaller. Finally, the dust grains sink into layers which
are sufficiently hot to cause their thermal evaporation. Hence, an effective transport mechanism for condensable elements exists
in brown dwarfs, which depletes the gas above and enriches the gas below the cloud base of a considered solid/liquid material.
The dust-to-gas mass fraction in the cloud layer results to be approximately given by the mass fraction of condensable elements
in the gas being mixed up. Only for artificially reduced mixing we find a self-regulation mechanism that approximately installs
phase equilibrium (S ≈ 1) in a limited region around the cloud base.
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1. Introduction

For ultra-cool stars and giant gas planets, the classical theory
of stellar atmospheres suffers from the lack of a reliable theory
for the formation of solid particles and fluid droplets (hence-
forth called dust) in the atmosphere with are important opacity
carriers. A standard method to predict the amount and the size
distribution of dust particles of different kinds as function of
depth, and their influence on the abundances in the atmosphere
is not yet at hand.

Static model atmosphere calculations for brown dwarfs
with frequency-dependent radiative transfer and mixing-length
theory (e.g. Allard et al. 2001; Burrows et al. 2002; Marley
et al. 2002; Tsuji 2002) have, therefore, mainly used ad hoc
assumptions for the treatment of the dust component so far.
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Depending on the purpose of the model, the dust is simply
disregarded, the dust is assumed to be fully condensed and
present or to have rained out, leaving behind a saturated, i.e.
strongly metal-deficient atmosphere. In each case, the spectral
appearance of molecular bands in the calculated spectra and the
structure of the atmosphere results to be quite different, which
underlines the necessity of a consistent modelling of the dust
component in brown dwarf atmospheres.

The formation and precipitation of dust particles has fur-
thermore been suggested to cause the observed evolutionary
sequence from L to T dwarfs, which change their J−K colour
from red to blue with increasing age (Kirkpatick et al. 1999;
Marley et al. 2002; Burgasser et al. 2002). As the brown dwarfs
evolve along their cooling trajectory, the active dust forming
regions are suggested to sink below the photospheric level due
to temperature constraints, which causes the star to emit bluer
than at earlier ages, when the effective temperature was higher.
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Thus, a strong need exists for a more profound modelling
of the dust component in ultra-cool stellar atmospheres. In par-
ticular, the dust size distribution has often been treated inat-
tentively in the models so far, e.g. using the distribution func-
tion of the interstellar medium (e.g. Allard et al. 2001). Several
works have addressed this problem (e.g. Lunine et al. 1989;
Ackermann & Marley 2001; Cooper et al. 2003) and have ar-
rived at some first-order solutions. These works are guided by
stability considerations and follow a decision tree based on the
local time-scale arguments of Rossow (1978), which are orig-
inally based on the experience with the earth’s atmosphere.
However, these works do not aim at a kinetic description of
the underlying microphysical and chemical processes.

In Woitke & Helling (2003, hereafter Paper II), a time-
dependent physical description of the dust component in brown
dwarf atmospheres has been developed by extending the clas-
sical dust moment method developed by Gail & Sedlmayr
(1988), Gauger et al. (1990) and Dominik et al. (1993) to in-
clude size-dependent particle drift. Two different systems of
partial differential equations in conservation form have been
derived for the two relevant limiting cases of small Knudsen
numbers (subsonic free molecular flow) and large Knudsen
numbers (laminar flow). These equations offer a unique method
to simultaneously model nucleation, growth, evaporation, ele-
ment consumption and gravitational settling of heterogeneous
grains.

In this paper, we aim at a first application of this method
in the frame of a static atmosphere. We are mainly interested
in the physical control mechanisms that are responsible for
the formation and the structure of a quasi-static cloud layer.
As example for refractory grains, we solve the dust moment
equations for TiO2-grains for the special case of a prescribed
plane-parallel atmospheric gas stratification, where dust parti-
cles continuously form, settle gravitationally and evaporate, i.e.
we assume that the dust component is stationary. In this sta-
tionary case, the downward directed element transfer via pre-
cipitating dust grains is balanced by an upward directed flux
of condensable elements from the deep interior of the star via
mixing by convective overshoot. This basic scenario has al-
ready been proposed by Helling et al. (2001b) and Ackerman
& Marley (2001). We summarise the extended dust moment
equations and derive their special form for the plane-parallel,
static, stationary case in Sect. 2, along with a short description
of the applied boundary and closure conditions, and our numer-
ical method to solve the resulting system of ordinary differen-
tial equations. In Sect. 3, the calculated vertical structures of
quasi-static cloud layers in brown dwarf atmospheres are pre-
sented. We discuss these results with respect to previous works
in Sect. 4. Our conclusions are outlined in Sect. 5.

2. The model of a quasi-static cloud layer

In the following, we apply the kinetic description for nucle-
ation, growth, evaporation, and gravitational settling of dust
grains as developed in Paper II to a quasi-static brown dwarf
atmosphere. We consider the subsonic, large Knudsen number
case (lKn = {Kn � 1 and |udr| � cT}, compare Paper II), be-
cause – as the results will show – the majority of dust grains

building up the cloud layer fall into this regime1. For this spe-
cial case, the following system of dust moment equations has
been derived in Paper II:
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f (V)V j/3 dV [cm j−3] ( j = 0, 1, 2, ...) is the jth mo-

ment of the grain size distribution function in volume
space f (V) [cm−6], χnet

lKn [cm/s] is the net growth speed,
ξlKn [dyn cm−3] the drag force density, nr [cm−3] the particle
density of the key species of surface reaction r in the gas phase
and S r its generalised supersaturation ratio. For more details
about Eqs. (1)–(3) please consult Paper II.

The element depletion is taken into account by evaluating
the consumption of each involved element i with relative abun-
dance to hydrogen εi by nucleation and growth
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with stoichiometric ratios of homogeneous nucleation νi,0 and
surface reactions νi,r. n〈H〉 is the total hydrogen nuclei density
(ρ = 1.427 amu n〈H〉 for solar abundances).

In the following, we assume a quasi-static atmosphere
(ugas = 0), plane-parallel geometry (er = ez), constant gravity

(g = const) and a stationary dust component ( ∂Lj

∂t = 0). In this
special case, the system of moment Eq. (1) degenerates into a
system of ordinary differential equations ( j = 0, 1, 2, ...)

V�
j/3J(V�) +

j
3
χnet

lKn ρL j−1 + ξlKn
d
dz

(
L j+1

cT

)
= 0. (5)

In the static stationary case, the element consumption equations
turn into algebraic equations for each element i
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2.1. Treatment of convective mixing

As shown in Appendix A, the coupled system of dust moment
and element consumption equations in the static stationary case

1 Small Knudsen numbers may in fact occur in the innermost layers
around the cloud base, where the gas densities are highest and the
dust grains are largest (see Sect. 4.1). According to the purpose of this
paper, we will nevertheless avoid at first the troublesome Knudsen
number fall differentiation as proposed in Paper II.
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Fig. 1. Sketch of the convective dust formation: Life cycle of dust
grains in sub-stellar atmospheres.

(Eqs. (5) and (6)) has only a trivial solution. According to this
solution, a truly static atmosphere must be completely dust-
free L j = 0 and cannot be supersaturated anywhere S r ≤ 1.
The physical interpretation of this trivial solution is that dust
grains, which have once formed in the sufficiently cool lay-
ers, have consumed all available condensable elements up to
the saturation level, and have finally left the model volume by
gravitational settling.

This picture changes, however, if we take into account a
mixing of the atmosphere caused by the convection. This mix-
ing leads to an ongoing replenishment of the gas with fresh,
uncondensed matter from the deep interior of the brown dwarf,
which can counterbalance the loss of condensable elements
via the formation and gravitational settling of dust grains.
Thus, a convective mixing can maintain the stationary situation
sketched in Fig. 1: Seed particles nucleate in metal-rich, i.e.
supersaturated upwinds. Dust particles grow on top of these
nuclei by the accretion of molecules and rain out as soon as
they have reached a certain size. The sinking grains will finally
reach deeper atmospheric layers which are hot enough to cause
their thermal evaporation, which completes the life cycle of a
dust grain in a brown dwarf atmosphere.

We therefore enlarge our model by a simple description of
the convective mixing
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According to this approach, the gas/dust mixture in the atmo-
sphere is continuously replaced by dust-free gas of solar abun-
dances on a depth-dependent mixing time-scale τmix(z), which
can be adapted to a convection model. εi is the actual abundance
of element i in the gas phase and ε0i its solar value (Anders &
Grevesse 1989). We have chosen this simple description of the
mixing in accordance with the purpose of this paper to concen-
trate on the dust processes responsible for the formation and

structure of quasi-static cloud layers. A more sophisticated de-
scription for the mixing, assuming a quasi-diffusive character,
is discussed in Sect. 4.2.

Brown dwarfs are known to be almost fully convective
(Chabrier & Baraffe 1997), but the outermost layers of the
atmosphere with T <∼ 2000 K are radiative (e.g. Tsuji 2002).
Therefore, at a first glance, the existence of dust seems impos-
sible in brown dwarf atmospheres, since the convectively un-
stable regions are too hot and the cooler regions above are not
mixed. However, the hydrodynamic motions excited in the con-
vectively unstable zone do not stop abruptly at its outer bound-
ary. Driven by their inertia, ascending bubbles penetrate much
higher into the radiative layers, a phenomenon commonly de-
noted as overshooting. This overshooting leads to a strongly re-
duced but non-vanishing mixing even a few scale heights above
the convection zone (e.g. Freytag et al. 1996).

In order to determine τmix(z) we adopt the horizontally and
time-averaged results of 3D dynamical simulations of the sur-
face convection by Ludwig et al. (2002). These models show
that, generally speaking, the convectively excited hydrodynam-
ical motions – and thereby the mixing – decay only moderately
with increasing height above the convectively unstable zone. In
consideration of M-dwarfs, Ludwig et al. (2002) have proposed
to fit this behaviour by an exponential decrease of the mass ex-
change frequency fexchange in the radiative zone. We follow their
approach and use the following rough description of the mixing

log τmix(z) = log τmin
mix + β ·max

{
0 , log p0 − log p(z)

}
. (9)

p0 is the pressure at the upper edge of the convectively un-
stable zone (defined by the Schwarzschild criterion), τmin

mix the
minimum value of the mixing time-scale occurring in the con-
vectively unstable region and β = ∆ log fexchange/∆ log p ≈ 2.2
the logarithmic slope as measured from Fig. 16 of Ludwig
et al. (2002), which roughly scales as β ∝ g1/2 for M-type at-
mospheres (Ludwig 2003). Preliminary results from hydrody-
namical models of lower effective temperatures show a com-
parable degree of overshoot (Ludwig 2003, priv. comm.). In
order to determine the minimum mixing time-scale, we as-
sume τmin

mix = const.Hp/v
max
cnv and adopt the maximum convec-

tive velocities derived from mixing length theory by Tsuji
(2002): vmax

cnv ≈ 40 m s−1, 30 m s−1, 20 m s−1 for log g = 5
and Teff = 1800 K, 1400 K, 1000 K, respectively2. The pro-
portionality constant const is calculated from the results of
Ludwig et al. (2002): τmin

mix ≈ 100 s for vmax
cnv ≈ 200 m s−1,

log g = 5 and Teff = 2790 K. This procedure leads to val-
ues τmin

mix = 320 s, 330 s, 360 s for log g = 5 and Teff =

1800 K, 1400 K, 1000 K, respectively. In order to keep our
models as simple and comparable as possible, we simply adopt
a unique value here: τmin

mix = 300 s.
In Eqs. (7) and (8), we have furthermore replaced J(V�)

by the nucleation rate J�. While both terms are in fact nearly
equal in the supersaturated case S >1 (Gail & Sedlmayr 1988),
this is an approximation in the undersaturated case, where all

2 In comparison to the Ludwig et al. models, these values are rather
small. Ludwig et al. (2002) note that rather large values for the mixing
length parameter αmust be used to fit the convective velocities in their
dynamical models.
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particles evaporate. Here, J(V�) = f (V�) dV
dt

∣∣∣
V=V�

should be cal-
culated from the actual cluster size distribution function at the
lower boundary f (V�) and its volume decrement dV

dt

∣∣∣
V=V�

< 0.

Unfortunately, f (V�) is not known3, so we use J(V�) = J� as a
simplifying approximation which underestimates the influence
of evaporation on the dust moments. However, as the results
will show, the gravitationally settling dust grains evaporate very
quickly, which affects only a thin layer below the cloud base.

2.2. Application to TiO2

Only one example dust species will be considered in the fol-
lowing, i.e. we assume that the dust particles are composed of
a unique material, again to keep the model as transparent as
possible. The following complications would arise if different
kinds of condensates were considered simultaneously: (i) Dust
grains of different kinds may condensate independently, com-
peting for the remaining condensable elements in the gas phase.
(ii) One solid species may provide the seed particles for another
solid species to condense at its surface (core-mantle grains).
(iii) Two or more solid species may condense simultaneously
on the same surface to form dirty grains. These details, which
would considerably complicate the understanding of the sta-
tionary behaviour of the dust component, are disregarded here,
but will be addressed in a future paper4.

As exemplary solid species, typical for refractory grains,
we choose rutile TiO2[s] because (i) it is among the thermo-
dynamically most stable solid materials known and (ii) the
monomer (the TiO2 molecule) is abundant in the gas phase
according to chemical equilibrium (e.g. Allard et al. 2001).
Therefore, the formation of TiO2 seed particles from the gas
phase can be assumed to proceed via a stepwise addition of
TiO2 molecules to (TiO2)N clusters (Jeong 2000), usually de-
nominated as homogeneous nucleation. Therefore, classical
nucleation theory can be applied to calculate the nucleation
rate J�. In contrast, other high temperature condensates like
corundum (Al2O3[s]) often have no stable monomer in the gas
phase (Patzer et al. 1998) and the nucleation of such species
seems questionable since three or more body collisions would
be required to form small clusters of that kind in the gas phase.
It seems more likely, that the condensation of materials like
Al2O3 already requires the existence of some surface, e.g. the
presence of seed particles provided by homogeneously nucle-
ating species, as for example TiO2.

For the growth and evaporation of macroscopic rutile dust
particles, the following two chemical surface reactions are
considered

TiO2 + (TiO2[s])N � (TiO2[s])N+1 (r = 1)

TiO + H2O + (TiO2[s])N � (TiO2[s])N+1 + H2 (r = 2).
(10)

3 The numerical scheme proposed by Gauger et al. (1990) to recon-
struct the size distribution function from the history of J� and χnet

lKn in
each gas element, cannot be applied here, since position coupling is
not valid.

4 Eqs. (1)–(3) are formulated for dirty grains, i.e. it is possible to
discuss these questions by means of these equations.

The key species for reaction r = 1 is obviously n1 = nTiO2 .
Because of the small titanium abundance, the rate of reaction
r = 2 is limited by the TiO number density in the gas phase
and hence its key species is identified as n2 = nTiO. Since both
reactions transform one unit of the solid material, the volume
increment is∆V1=∆V2=∆VTiO2 and we assume S 1=S 2=S TiO2

(see Paper II). Furthermore, we have R = 2, i = 1 for titanium
and i=2 for oxygen, ν1,0=ν1,1=ν1,2=1 and ν2,0=ν2,1=ν2,2=2.

The homogeneous nucleation rate J� of (TiO2)N clusters
is calculated by applying modified classical nucleation theory
according to the scheme of Gail et al. (1984) with parameters
σTiO2 = 620 erg/cm2 and NTiO2

f = 0 (Jeong 2000). These pa-
rameters, including the “surface tension” σ, result from a fit to
quantum mechanical ab initio calculations (density functional
theory) for small TiO2 clusters (Jeong et al. 2000), which differ
from the properties of the bulk phase.

The following data completes the problem. The monomer
volume ∆VTiO2 = 3.135× 10−23 cm−3 results from the rutile
density ρd = 4.23 g cm−3 and its monomer weight mTiO2 =

79.90 amu. αr = 1 and N� = 1000 are assumed. The saturation
vapour pressure pvap

TiO2
(T ) has been fitted to the J-tables

(1985, electronic version) such that the supersaturation ratio of
rutile can be expressed by

S TiO2 =
nTiO2kT

[
dyn cm−2

]
exp(35.8027− 74734.7/T )

· (11)

2.3. Prescribed atmospheric structure

As underlying atmospheric gas stratification, T (p) and ρ(p),
we adopt three model structures for brown dwarf atmospheres
for log g= 5 and effective temperatures Teff = 1000 K, 1400 K
and 1800 K, kindly provided by T . Tsuji (2002). p is the ther-
mal gas pressure. These reference models have been calcu-
lated by means of the standard assumptions of classical stellar
atmospheres (planparallel geometry, hydrostatic equilibrium,
frequency-dependent radiative transfer, mixing length theory,
micro-turbulence broadening). We adopt his “case A”-models,
where dust formation is ignored. Although obviously relevant,
the properties of the calculated TiO2 dust particles have, techni-
cally speaking, no influence on the adopted atmospheric struc-
ture in this paper. A consistent treatment of atmosphere and
cloud structure would be advisable (certainly possible by si-
multaneously solving the equations for hydrostatic equilib-
rium, radiative transfer, convection and dust-chemistry), but is
not carried out in this paper.

2.4. Numerical methods

2.4.1. Closure condition

The system of moment equations (Eq. (7)) is not closed,
since L0 appears on the r.h.s., whereas the equations are
solved for L j+1 ( j = 0, 1, 2, ...) only. A solution of such an
open moment system is only possible if a physically rea-
sonable and numerically stable closure condition of the form
F (L0, L1, L2, L3, ...) = 0 can be provided. For numerical
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reasons, this closure conditions should be fast, e.g. preferably
analytical and invertible concerning L0.

We have tested seven different approaches for this clo-
sure condition, including the scheme of (Deuflhard & Wulkow
1989; Wulkow 1992) in application to different weight func-
tions Ψα(V) (see Paper II). In general, the solutions obtained
with different approaches are very similar, but the convergence
of the model may fail for certain choices of the closure condi-
tion, in particular regarding the undersaturated layers below the
cloud base. In the following, we only describe a very simple but
stable scheme, which is based on the experience that the dust
moments can reasonably well be approximated by a power-law
as function of the index j in most cases,

y( j) = A jB with y( j) =
L j

L j−1
· (12)

Given the moments L j for j∈{1, 2, 3}, the coefficient A and the
exponent B can be expressed by

A =
L2

L1 2 B
and B =

log
(
L1L3/L2

2

)
log(3/2)

, (13)

and the desired equation for the 0th dust moment reads

L0 =
L1

A
· (14)

This closure condition has proven to be most successful.
Since L0 is expressed in terms of L1, L2 and L3 via Eqs. (13)
and (14), the dust moment equations (Eq. (7)) only need to be
solved for j = 0, 1, 2.

2.4.2. Boundary condition

The negative sign on the l.h.s. of Eq. (7) suggests an inward
rather than an outward integration, naturally tracing the drift
motion of the grains. We therefore integrate Eq. (7) inward,
starting from an outer boundary zmax, for which boundary con-
ditions must be fixed. We assume that the atmosphere is dust-
free at the outer boundary

L j(z = zmax) = 0, (15)

which is true for vanishing mixing high above the convection
zone (see Appendix A). The numerical solutions are found to
be only marginally affected by the position of the outer bound-
ary, as long as it is located well above (typically 10 scale
heights above) the P = 1 bar level.

2.4.3. Algebraic equations and chemical equilibrium

The element consumption equations (Eq. (8)) are algebraic
auxiliary conditions for each element i, which are coupled to
the calculation of the molecular concentrations, the supersat-
uration ratio and the nucleation rate, and depend on the to-
tal surface area of the dust component (∝ρL2). In our exam-
ple, two equations have to be solved for i = 1 (titanium) and
i = 2 (oxygen).

This system of non-linear algebraic equations is solved by
iteration in each layer z prior to the evaluation of the r.h.s.

terms of the differential equations (Eq. (7)). Given n〈H〉(z), T (z),
τmix(z) and L2(z), the unknowns ε′i (z) are estimated and all
particle densities nk(z) (atoms, electrons, ions and molecules)
are calculated in chemical equilibrium. Elements other than Ti
and O are assumed to have solar abundances. We use 14 el-
ements (H, He, C, N, O, Si, Mg, Al, Fe, S, Na, K, Ti, Ca)
and 155 molecules in our chemical equilibrium code with equi-
librium constants fitted to the thermodynamical molecular data
from the electronic version of the JANAF tables (Chase et al.
1985). First ionisation states of all elements are sufficient to cal-
culate reliable molecular concentrations also at higher tempera-
tures (see discussion in Helling et al. 2000). From these particle
densities, the supersaturation ratio S TiO2 (z) and the nucleation
rate J�(z) are calculated, and the remaining errors in the aux-
iliary conditions (Eq. (8)) are quantified. A Newton-Raphson
iteration is finally applied to find the root εi(z) of Eq. (8).

2.4.4. Numerical integration

The dust moment equations (Eq. (7)) for j = 0, 1, 2, com-
pleted by the equation of hydrostatic equilibrium dp/dz = −ρg,
form a system of four ordinary differential equations of first
order which can be solved by standard numerical methods.
The differential equations are integrated inward by means of
the variable transformation z′ = zmax − z using the R 5 –
solver for stiff ordinary differential equations (Hairer & Wanner
1991). The integration is stopped as soon as one of the dust
moments becomes negative, indicating that the dust has com-
pletely evaporated.

3. Results

The calculated structures of the TiO2 dust layer in brown dwarf
atmospheres with log g = 5 are depicted in Figs. 2 and 3, con-
sidering a sequence of models with increasing effective temper-
ature Teff = 1000 K, 1400 K and 1800 K. In each case, the 1st
panel shows the adopted static model structure (temperature
and mixing time-scale) and panels 2–5 depict the calculated
dust and gas properties which result from the consistent solu-
tion of the dust moment and element conservation equations.

Before we discuss these structures in detail, some general
features of the models (see Table 1) shall be described first.
The dust particles result to be present mainly in a restricted
layer with smooth boundaries. Applying a 1σ-criterion for the
degree of condensation,

cloud layer ⇐⇒ f Ti
cond =

εdust
Ti

ε0Ti

>
1
e
, (16)

the layers have a geometrical thickness between 3 Hp

and 4.5 Hp. εdust
Ti = ρL3/(n〈H〉∆VTiO2 ) is the Ti abundance con-

tained in the solid phase and ε0Ti the Ti abundance in the gas
being mixed up (solar value).

The upper boundary of the cloud layer, hereafter called
cloud deck, is defined by the f Ti

cond = 1/e – criterion. It is found
to be physically related to the necessity of a sufficiently vivid
mixing in all models (τmix ≈ 10 6 s).

The lower end of the cloud layer has a more complex struc-
ture. Phase equilibrium (S = 1) is achieved around 2000 K,
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Fig. 2. Calculated TiO2 cloud structures for models with log g = 5 and different effective temperatures (l.h.s.: 1000 K – r.h.s.: 1400 K). Note the
scaling of the partly logarithmic and partly linear p-axis. 1st panel: prescribed gas temperature T (solid), according to Tsuji (2002), and mixing
time-scale τmix (dashed). 2nd panel: nucleation rate J� (solid) and supersaturation ratio S TiO2 (dashed). 3rd panel: Ti abundance in the dust
phase εdust

Ti (solid) and in the gas phase εTi (dashed-dotted). The solar value ε0Ti is additionally indicated by a thin straight line. The dashed line
shows the growth velocity χnet

lKn. 4th panel: mean particle size 〈a〉 = 3√3/(4π) L1/L0 (solid) and mean drift velocity 〈vdr〉 = √πgρd〈a〉 / (2ρcT )
(dashed, see Eq. (66) in Paper II). 5th panel: molecular particle densities of TiO (solid) and TiO2 (dashed). For comparison, the hypothetical
total titanium nuclei density for solar abundances n〈H〉ε0Ti is depicted by a thin solid line. Parameters: τmin

mix = 300 s and β = 2.2.

hereafter called the cloud base. However, εdust
Ti already starts

to deviate from ε0Ti above the cloud base, when the dust parti-
cles have reached a certain critical size. We refer to this level,
where again f Ti

cond = 1/e, as the rain edge in the following.
Interestingly, the cloud stretches even below its thermodynam-
ically defined base5, where the undersaturated gas is populated
by evaporating grains which rain in from above.

According to our working definition (Eq. (16)), the cloud
layer is featured by an almost maximum degree of condensa-
tion, εdust

Ti
<∼ ε0Ti, and stretches from the cloud deck to the rain

edge. In contrast, the amount of Ti left in the gas phase εTi

depends strongly on the altitude above the rain edge. The gas
becomes more and more depleted (metal-poor) with increasing
altitude.

3.1. Structure of a quasi-static cloud layer

The vertical structure of the cloud layer results from a com-
petition between the four relevant physical processes: mixing,

5 The size of this region may be overestimated because of the
J(V�) ≈ J� approximation, see Sect. 2.1.

nucleation, growth/evaporation and drift. Following the cloud
structures inward (from the left to the right in Figs. 2 and 3),
roughly five different regions can be distinguished, marked by
the Roman digits, which are characterised by different leading
processes concerning the dust component. The following phys-
ical characterisation is consistent with the classification out-
lined in Paper II.

0. Dust-poor depleted gas: High above the convection zone,
the mixing time-scale is large and the elemental replenish-
ment of the gas is too slow to allow for considerable amounts
of dust to be present in the atmosphere. The few particles
forming here are very small 〈a〉 < 10−2.5 µm 6 and have drift
velocities 〈vdr〉 ≈ 1 mm/s to 1 cm/s. These drift velocities, how-
ever, are sufficient to make the time-scale for gravitational set-
tling τsink = Hp/vdr shorter than the mixing time-scale τmix,
which causes these atmospheric layers to become dust-poor.
The gas phase is strongly depleted in condensable elements.
The Ti abundance in the gas phase εTi is reduced by a factor

6 This size in fact corresponds to the parameter N� describing the
minimum size of clusters regarded as “dust”.
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Fig. 3. Same as Fig. 2, but for Teff = 1800 K.

between 105 and 107 from its solar value. However, phase equi-
librium (S = 1) is not achieved because even the very small dis-
turbance of the atmosphere by mixing is sufficient to produce a
solution which differs significantly from the trivial solution in
the truly static case as discussed in Appendix A.

I. Region of efficient nucleation: Nucleation takes place
mainly in the upper parts of the cloud layer, where the temper-
atures are sufficiently low and the elemental replenishment by
mixing is sufficiently effective. Although the gas is strongly
depleted in heavy elements in these layers, it is nevertheless
highly supersaturated (S > 1000) such that homogeneous
nucleation can take place efficiently7. Since very many seed
particles are produced in this way, the dust grains remain

7 To our surprise, the details of the applied nucleation theory have
almost no effect on the resulting cloud structures. We have calcu-
lated test models with an arbitrarily modified value of the surface
tension σTiO2 = 500 erg/cm2, which did not result in any noticeable
changes. An explanation can be found via Eq. (8): As long as the to-
tal surface area of the dust particles (∝ρL2) is negligible, the nucle-
ation rate must equal J� ≈ n〈H〉ε0i /(νi,0 N� τmix), provided that εi � ε0i .
Consequently, a change of σTiO2 results in a change of εTi, but does
not affect J� significantly.

Table 1. Properties of the calculated TiO2 cloud layers. The first three
rows characterise the atmospheric gas stratification adopted from Tsuji
(2002), the other quantities are obtained from our model calculations.

model for Teff = 1000 K 1400 K 1800 K

p (τR=1) 2.8 bar 4.5 bar 2.2 bar

Schwarzschild stability 25 bar 13 bar 3.2 bar

boundary p0

cloud layer [bar]1 0.38−30 0.24−6.9 0.09−2.0

(cloud deck – rain edge)

thermal stability of 2030 K 1975 K 1910 K

TiO2 grains, i.e. S =1 (40 bar) (9.4 bar) (2.7 bar)

(cloud base)

complete evaporation 45 bar 10.4 bar 3.1 bar

log τmix [s] 6.5 6.2 5.9

at cloud deck

〈a〉 at τR=1 0.008 µm 3 µm 25 µm

〈a〉 at rain edge 21 µm 51 µm 13 µm

〈a〉 at cloud base 373 µm 91 µm 28 µm

max{〈udr〉} 68 cm s−1 71 cm s−1 76 cm s−1

geometrical thickness of
evap. region IV

900 m 1000 m 1100 m

Ti gas depletion 10−5.2 10−1.4 0.9

factor at τR=1

1 Definition see Eq. (16).

small 〈a〉 < 0.01 µm and have small mean drift velocities
〈vdr〉 ≈ 0.1 mm s−1 ... 1 mm s−1, which are even smaller than in
region 0 because of the higher gas densities.

II. Dust growth region: With the inward increasing tempera-
ture, the supersaturation ratio S decreases exponentially which
leads to a drastic decrease of the nucleation rate J� (see e.g.
Eqs. (18) and (22) in Helling et al. 2001a). Consequently, nu-
cleation becomes unimportant at some point, i.e. the in situ for-
mation of dust particles becomes inefficient in region II. Here,
the condensable elements mixed up by convective overshoot
are mainly consumed by the growth of already existing parti-
cles, which have formed in region I and have drifted into re-
gion II. The gas is still strongly supersaturated S � 1, in-
dicating that the growth process remains incomplete, i.e. the
condensable elements provided by the mixing are not exhaus-
tively consumed by growth. The dust component in region II
is characterised by an almost constant degree of condensation
(∝εdust

Ti ∝ L3 ≈ const.), while the mean particle size 〈a〉 and the
mean drift velocity 〈vdr〉 increase inward. Consequently, the to-
tal number of dust particles per mass (L0) and their total surface
per mass (∝L2) decrease.

III. Drift dominated region: With the decreasing total surface
of the dust particles (∝L2), the consumption of condensable el-
ements from the gas phase via dust growth becomes less effec-
tive. At the same time, due to the increase of the mean particle
size 〈a〉, the drift velocities increase. When the dust particles
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have reached a certain critical size, 〈a〉cr ≈ 15 µm to 50 µm
(see entry “〈a〉 in cloud layer” in Table 1), the drift becomes
more important than the growth, and the qualitative behaviour
of the dust component changes. This happens at the borderline
between region II and III, which we denote by rain edge. It
is sometimes accompanied by a step-like increase of 〈a〉. The
degree of condensation (∝εdust

Ti ), and thereby the dust opacity,
exponentially decreases inward in region III. We therefore ex-
pect that the optical appearance of the cloud layer possesses
a relatively sharp lower edge at a particular altitude located
in region III. Although the gas is still highly supersaturated
S ≈ 1 ... 10, the in situ formation of dust grains is ineffective
as in region II. The depletion of the gas phase vanishes in re-
gion III, i.e. the gas abundances approach close-to-solar values.
The grains reach their maximum radii at the lower boundary of
region III (the cloud base): 〈a〉 ≈ 30 µm to 400 µm at maxi-
mum drift velocities of about 70 cm/s, depending on Teff (see
Table 1). Since the residence time-scale of the settling grains
is limited, the particles do not grow much further in region III,
i.e. 〈a〉 increases slower than in region II.

IV. Evaporating grains: The gravitationally settling dust par-
ticles finally cross the cloud base and sink into the undersat-
urated gas situated below, where S < 1 and χnet

lKn < 0. Here,
the dust grains raining in from above evaporate thermally. The
evaporation of these dust particles, however, does not take
place instantaneously, but produces a spatially extended evapo-
ration region IV with a thickness of about 1 km. With decreas-
ing altitude, the particles get smaller d〈a〉/dz < 0 and slower
d〈vdr〉/dz < 0. Consequently, their residence times increase,
and a run-away process sets in which finally produces a very
steep decrease of the degree of condensation, terminated by the
point where even the biggest particles have evaporated com-
pletely. We note that region IV, in particular, cannot be under-
stood by stability arguments, but requires a kinetic treatment of
the dust complex.

3.2. Influence of effective temperature

In general, the resulting cloud structures (Figs. 2 and 3) are sim-
ilar for different values of the effective temperature, but their
location with respect to the optical depth scale is different. For
lower Teff, the active dust formation regions are situated deeper
inside (note the different scaling of the p-axis) and the gas in
the observable layers above the τR = 1 level becomes more
metal-deficient. The latter result, an increasingly metal-poor
gas for lower Teff, has been suggested as explanation for the
disappearance of certain molecular features (like TiO and FeH)
in the observed spectra of L dwarfs in comparison to M dwarfs
(e.g. Leggett et al. 2001). We furthermore observe that the dust
particles result to be larger for lower Teff: 〈a〉max ≈ 30 µm for
Teff = 1800 K, 〈a〉max ≈ 400 µm for Teff = 1000 K. However,
this tendency is reverse if the layer around τR = 1 is considered
(see Table 1). The geometrical thickness ∆z of the dust layer is
found to increase slightly with decreasing Teff: ∆z ≈ 3.1 Hp for
Teff = 1800 K, ∆z ≈ 4.4 Hp for Teff = 1000 K.

3.3. Influence of mixing

The models discussed in Sects. 3.1 and 3.2 reveal an important
influence of the mixing by convective overshoot on the result-
ing properties of the dust particles and the cloud layers. Since
the description of this mixing is very simple in this paper, and
the determination of the mixing by convective overshoot, in
general, is a matter of debate in the frame of 1D models, we
will systematically study the influence of the two introduced
parameters, τmin

mix and β (see Eq. (9)), in this section.
Larger values for the minimum mixing timescale τmin

mix sim-
ulate an overall less efficient mixing, which means a slower
elemental replenishment of the atmosphere. An increase
of τmin

mix, therefore, leads to reduced concentrations of TiO and
TiO2 molecules, in particular with regard to region II which
is mainly responsible for the growth of the dust particles.
Consequently, less matter condenses on the surface of the par-
ticles during their descent through the atmosphere, the par-
ticles remain smaller and obtain smaller drift velocities for
larger τmin

mix.
These altered particle properties result in considerable

structural changes. Figure 4 demonstrates that, if τmin
mix is in-

creased from 300 s to 2000 s (l.h.s.), the resulting cloud layer
starts to adjust to a qualitatively different structure, now char-
acterised by the regions I′ to IV′:

1) The nucleation region I′ is now situated above the cloud
layer as defined by Eq. (16)8.

2) The drift velocities of the smaller particles remain sub-
critical, which does not allow for the occurrence of a drift
dominated region III as in the τmin

mix = 300 s – models.
Instead, a new region III′ develops which is charac-
terised by an almost saturated gas (S >∼ 1), indicat-
ing that the growth becomes exhaustive in region III′. A
self-regulation mechanism takes control which approxi-
mately installs phase equilibrium around the cloud base (re-
gions III′ and IV′).

3) The dust layer physically now stretches even below the
thermodynamically defined cloud base. Together with
point (1), this causes the cloud layer to be situated deeper
in the atmosphere.

4) If τmin
mix is increased to 10 7 s (r.h.s. of Fig. 4), full con-

densation is not achieved anywhere in the atmosphere,
and the dust layer virtually disappears. The solution fi-
nally becomes similar to the trivial solution discussed in
Appendix A, namely a saturated gas (S → 1) without dust
(εdust

Ti → 0) for τmin
mix → ∞.

The Ti gas abundance εTi in fact crosses the ε0Ti-line at the cloud
base (barely visible in Figs. 2 and 3). The release of condens-
able matter from the surface of the evaporating grains enriches
the gas below the cloud base with heavy elements εTi > ε

0
Ti in

region IV/IV′. If τmix is sufficiently large, as assumed in Fig. 4,
this enrichment leads to a noticeable increase of the supersat-
uration ratio S↗1 in region IV′. For more vivid mixing, as as-
sumed in Figs. 2 and 3, the enrichment is “mixed away” in
region IV.

8 In fact, in the τmin
mix = 300 s – models, the nucleation region I is

always a part of the cloud layer.
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Fig. 4. Same as Fig. 2, but for two enlarged values of the minimum mixing timescale τmin
mix (see Eq. (9)), as indicated by the top labels. Other

parameters: Teff = 1400 K and β = 2.2.

The models depicted in Figs. 2, 3 and on the l.h.s. of Fig. 4
are featured by an almost constant, maximum value of εdust

Ti in
the cloud layer, which results to be approximately equal to the
Ti abundance in the gas being mixed up (here ε0Ti). This is a
natural result of an undisturbed, complete condensation pro-
cess. Evidently, the disturbance of the dust formation by rain-
out and mixing is usually small in our models, in agreement
with the time-scale discussion of Paper II, where it was shown
that the drift motion of dust grains in brown dwarf atmospheres
usually operates on much longer time-scales than nucleation
and growth.

However, if the elemental replenishment by convective
mixing becomes too ineffective, εdust

Ti does not reach ε0Ti any-
more (see r.h.s. of Fig. 4), the cloud layer disappears and the
atmosphere becomes apparently dust-free. Figure 5 shows that
the maximum value of εdust

Ti achieved in the atmosphere starts
to deviate from ε0Ti around τmin

mix ≈ 10 6 s. In this case, the loss of
condensable elements from a fully condensed gas via rain-out
is larger than the gain of condensable elements by mixing, even
if the dust particles are very small.

Figure 6 demonstrates the influence of the logarithmic
slope β, the second parameter introduced to describe the mix-
ing by convective overshoot. An enlargement of this parame-
ter simulates a steeper increase of τmix with increasing height

above the convectively unstable zone. The main effect of an in-
crease of β is a narrowing of the cloud layer, but the existence of
the cloud layer is not affected. Noteworthy, the value of log τmix

at the cloud deck is relatively constant, ranging in 5.5 to 6.3 for
all models with Teff = 1400 K, τmin

mix = 300 s and varying β
(compare also Table 1). We conclude that all layers of brown
dwarf atmospheres that are cool enough to ensure the thermo-
dynamical stability of dust grains should in fact be dusty as
long as the convective mixing time-scale τmix is shorter than
about 10 6 s ≈ 10 days9.

4. Discussion and outlook

4.1. Validity of the Kn� 1 approximation

In this paper, we have focused on the Kn� 1 case, which en-
abled us to use an unique system of dust moment equations
throughout the atmosphere10. However, Fig. 7 shows that the
Knudsen numbers may actually fall short of unity in the deeper
layers, e.g. below p ≈ 3 bar in the Teff = 1400 K-model which
approximately coincides with the τR = 1 – level. This means

9 Except for the drift dominated region III (if present), see Sect. 3.1.
10 A different system of dust moment equations for the opposite case

Kn � 1 has been derived in Paper II.
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Fig. 5. Maximum of the Ti abundance in the solid phase εmax
dust =

maxz{ρ(z)L3(z)/(n〈H〉(z)∆VTiO2 )} as function of the minimum mixing
time-scale τmin

mix. The circles indicate the calculated models for Teff =

1400 K and β = 2.2. In comparison, the solar titanium abundance ε0Ti
is shown as dashed line.

Fig. 6. Location of the cloud layer as function of convective overshoot
parameter β (see Eq. (9)) for Teff = 1400 K and τmin

mix = 300 s. The full
circles denote the model with β = 2.2 depicted in detail on the r.h.s. of
Fig. 2.

that the mean free path of a gas particle becomes smaller than a
typical grain diameter. The physical description of the growth
and the frictional force are different in this case, i.e. our model
can only provide a possibly quite rough picture from these lay-
ers. Here, the true drift velocities are probably larger and the
true growth velocities are probably smaller as compared to our
results, i.e. we expect that 〈a〉 remains smaller in the deeper
layers as compared to Figs. 2 and 3.

However, Fig. 7 also demonstrates that the higher atmo-
spheric layers can very well be treated in the Kn � 1 limiting
case. Since the problem is formulated in terms of first order dif-
ferential equations which are integrated inward, the solution in

Fig. 7. Mean Knudsen number of the dust component, derived
from 〈a〉, as function of the gas pressure for the Teff = 1000 K, 1400 K
and 1800 K models. The small arrows at the bottom indicate the atmo-
spheric layers where the Rosseland optical depths approaches unity.
The dashed lines indicate the critical Knudsen numbers for friction
and growth, respectively (compare Paper II).

the outer regions does not depend on the uncertainties concern-
ing the deeper layers. Therefore, we conclude that our results
are appropriate for the upper layers, approximately down to the
τR = 1 level, which are most interesting from an observational
point of view. This restriction is more critical for models with
larger Teff.

A more realistic description of the deeper layers could be
achieved by performing a Knudsen number fall differentiation
with respect to 〈Kn〉, i.e. to start with the Kn�1 moment equa-
tions in the outer layers as outlined in this paper, but then to
switch to the Kn� 1 moment equations (see Paper II) as soon
as 〈Kn〉 has dropped below a certain critical value, e.g. 0.3.
However, such a procedure is problematic anyway, since all
dust particles in the size distribution function would be treated
in the same Knudsen number limiting case. A more profound
solution would require the integration over the size distribution,
which could approximately be determined from the calculated
dust moments (see Sect. 6.5 in Paper II).

4.2. Convective mixing

The results presented in Sect. 3 have been obtained by assum-
ing a depth-dependent replenishment of the atmosphere with
dust-free gas of solar abundances (from the deep interior of
the brown dwarf) on a prescribed time-scale τmix(z). Although
this approach is certainly a poor description of the true con-
vective mixing occurring in these atmospheres, it has allowed
for a first detailed study of the cloud structures in brown dwarf
atmospheres, simple enough to investigate the influence of the
convective mixing on the dust formation in a systematic way.

However, considering a convectively ascending bubble of
gas from the deep interior, which is dust-free at first, the
temperature / density conditions will change gradually in this
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element. Hence, the key process of nucleation and the dust
growth can already occur during the ascent of this element, i.e.
well before the element has reached the upper atmospheric lay-
ers, where it finally disperses in the surrounding gas.

Therefore, a quasi-diffusive approach for the mixing may
be more appropriate11. In this case, the local net gain of
species k can be quantified by −∇ j mix

k where the mean con-
vective flux of species k is given by

j mix
k = −Dmix ρ∇ck. (17)

ck is the mass concentration of species k and Dmix(z) the dif-
fusion constant for convective mixing, which can be adapted
to the results obtained from a convection theory, e.g. mixing
length theory or the theory developed by Kuhfuß (1987), see
e.g. Wuchterl & Tscharnuter (2003). The determination of Dmix

for radiative layers (mixing by convective overshooting) is dis-
cussed by Freytag et al. (1996). Adopting this approach to our
problem, the mixing terms ∇·

(
Dmix ρ∇L j

)
and ∇·(Dmix n〈H〉∇εi)

could be used instead of −ρL j/τmix and n〈H〉(ε0i − εi)/τmix in
Eqs. (7) and (8), respectively. In that case, the equation system
to be solved becomes a system of second order partial differen-
tial equations with the need to specify inner and outer boundary
conditions, a problem which requires a more careful numerical
treatment.

In return, the dust formation may also have an important
influence on the convection, e.g. via the release of the heat of
condensation during the grain growth process or via opacity
effects. For example, Helling et al. (2001a) have shown that
the increase of the opacity due to dust formation will cause
a transition from an almost adiabatic to an almost isothermal
behaviour of the dust/gas mixture. Thus, a consistent treatment
of convection and dust formation is required to come to more
definite conclusions.

However, one-dimensional approaches for the convection
can only provide a rough description of the underlying hydro-
dynamical processes by considering temporal and spatial aver-
ages. A more direct approach was a 3D dynamical simulation,
where a description of the large-scale mixing becomes obso-
lete. We want to emphasise, however, that even in such models
(e.g. L E S) the true mixing down to the
Kolmogoroff-scale requires a sub-grid modelling, because the
smaller scales cannot be resolved on the typically large-scale
computational grids (see e.g. Menevean & Katz 2000; Pijpers
& Habing 1989). Furthermore, structure formation processes
are often seeded in the small scale regime, as e.g. known from
combustion engineering.

4.3. Spectral appearance of cloud layers

The calculation of optical depths across the cloud layers pro-
vides a simple estimate for the influence of the dust on the
spectral appearance of brown dwarfs. For consistency reasons,

11 We note, however, that the character of the convective mixing
can, at least partly, also be large-scale, i.e. it seems possible that an
uncondensed bubble of gas from the interior reaches upper layers
and disperses before it cools and condenses, where our simple ansatz
with τmix seems appropriate.

Table 2. Optical depths of the calculated TiO2 cloud layers.

Teff 1000 K 1400 K 1800 K

∆τRoss 1.6 × 10−3 3.5 × 10−4 1.0 × 10−4

∆τPl 8.1 × 10−2 1.6 × 10−2 4.9 × 10−3

∆τ1.25 µm 1.3 × 10−3 3.1 × 10−4 9.0 × 10−5

∆τ2.2 µm 1.4 × 10−3 3.2 × 10−4 9.4 × 10−5

∆τ13.3 µm 19 4.3 1.3

we will at first consider the TiO2 cloud layers as resulting from
our model, before we will comment on this topic in a more
general way.

In the small particle limit (SPL) of Mie theory12, the total
extinction coefficient of the dust particles can be determined
from

κdust
λ,ext =

3
4

Q′(λ) ρL3, (18)

because the scaled extinction efficiency Q′(λ) = Qext(a, λ)/a
becomes size-independent (Gail et al. 1984). Appendix B pro-
vides fit-formulae for the Planck and Rosseland mean, Q′Pl(T )
and Q′Ross(T ), as calculated from the optical constants of ru-
tile (Th. Posch 1999, priv. comm.). The increase of e.g. the
Rosseland mean optical depth τRoss across the cloud layer is

∆τRoss =

∫
3
4

Q′Ross(T ) ρL3 dz. (19)

The calculated values of∆τ (Rosseland mean, Planck mean and
monochromatic) are listed in Table 2.

These results show that the calculated TiO2 cloud layers are
basically optically thin and should have no important direct in-
fluence on the spectra in the optical and near IR spectral region.
This is a consequence of both the low Ti abundance and, in par-
ticular, the glassy character of the crystalline TiO2 extinction.
These grains are transparent in the optical and near IR whereas
they are opaque around 10 µm−30 µm (see Fig. 2 in Woitke
1999). Thus, optical and near IR spectroscopy can probably
neither confirm nor exclude the existence of glassy, crystalline
grains like TiO2 in the photospheres of brown dwarfs. Direct
observational evidence for such grains is rather achievable by
mid IR spectroscopy, where the main vibrational modes of the
solid lattice structure are situated and where characteristic dust
absorption features can be expected.

Nevertheless, the formation of solid TiO2 can be expected
to have an important indirect influence on the spectra via the
consumption of molecular absorbers, here in particular TiO.
Table 1 (last row) shows how the photospheric layers with
τRoss < 1 become increasingly Ti-depleted with decreasing Teff ,
which should result in a vanishing of the TiO-bands and could
possibly cause a bluening of the spectra with decreasing Teff as
observed.

However, TiO2 is only an example species chosen for
practical reasons according to the purpose of this paper (see
Sect. 2.2). If the resulting dust structures for TiO2 are simply

12 Larger but fewer dust particles (at constant dust mass) generally
produce smaller total dust opacities.
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scaled up to certain types of silicates which are opaque in the
near IR (e.g. iron containing grains like MgFeSiO4 with 2–3 or-
ders of magnitude higher extinction efficiencies in the near IR,
assuming SPL) and have potentially 2.5 orders of magnitude
higher abundance, the silicate cloud layers were optically thick
throughout substantial parts of the photosphere. This generali-
sation is possibly in conflict with current semi-empirical mod-
els of T dwarfs (e.g. Allard et al. 2001; Tsuji 2002) which pre-
dict geometrically thin dust layers.

This apparent discrepancy between our model and current
semi-empirical models in case of T dwarfs may be caused by
several factors. Various assumptions in our model may need
to be revisited, in particular the description of the chemical
and physical processes involved in the dust formation, but also
the treatment of the convective mixing and the missing consis-
tency between dust formation, turbulence, convection and ra-
diative transfer. Last but not least, already the assumption of a
1D static atmosphere may be questionable and may enforce a
best-fitting solution which is not in agreement with current dust
formation theory (e.g. a thin dust layer instead of an extended
but clumpy dust distribution). More elaborate, maybe multi-
dimensional models must be developed to investigate this point
further, where detailed comparisons to observations are essen-
tial to improve the models.

4.4. Comparison to other models

According to our present knowledge, we have presented the
first model calculations for brown dwarf atmospheres where
the coupled problem of dust formation, precipitation and ele-
ment consumption has been solved on the basis of a kinetic
description of the underlying physical and chemical processes.
A consistent incorporation of this description into classical stel-
lar atmosphere models (to account for the important feedbacks
of the dust on the atmospheric structure via radiative transfer
effects and the convection) has not yet been performed.

So far, other works have mainly focused on the conse-
quences of the presence of dust on the spectral appearance of
brown dwarfs, thereby treating the dust complex in a much
more simplified way. These approaches have in common that
the possible existence and the properties of the dust particles
are completely deduced from local arguments and consider-
ations. A possible connection between the site of formation
(nucleation) of a dust grain and its occurrence in another place
(via winds or gravitational settling) has not been considered in
any other model.

Allard et al. (2001) have relied on the assumption of chemi-
cal and phase equilibrium between the molecules in the gas
and a huge collection of solid and liquid materials. If a solid
material is found to be thermodynamically stable, the respec-
tive elements are depleted from the gas phase down to the
S = 1 – level and the amount of dust present in the atmosphere
is either given by element conservation constraints (the case
of complete condensation) or is assumed to be zero (the case
of complete gravitational settling, see also Burrows & Sharp
1999). Each condensate is assumed to be present in form of

homogeneous spherical particles, i.e. no dirty or core-mantle
grains. The size distribution known from the interstellar
medium is utilised.

According to our model, phase equilibrium (S = 1) is
strictly valid only at the cloud base (by definition). All other
regions are in phase non-equilibrium because of incomplete
growth or evaporation. However, the self-regulation mecha-
nism characteristic for region III′ (see Sect. 3.3) can lead to a
considerably extended, approximately saturated layer (S ≈ 1)
around the cloud base. Thus, the assumption of phase equilib-
rium may in fact be reasonable in certain parts of the atmo-
sphere. The location and thickness of this region, however, de-
pends on the condensate and, in particular, on the strength of
the convective mixing. The mixing by convective overshoot as
adopted from Ludwig et al. (2002) results to be too vivid in all
layers to allow for the occurrence of a S ≈ 1 – region. Only if
this mixing is artificially reduced by a factor ∼10, an extended
region with approximate phase equilibrium appears.

Tsuji (2002) has suggested that condensates in cool dwarf at-
mospheres are present in form of layers with strict inner and
outer boundaries. The inner boundary, associated with a cer-
tain temperature denoted by Tcond, is related to the thermody-
namical stability of the dust particles in the surrounding gas of
solar abundances. The upper boundary, parameterised by Tcr,
is related to the assumption, that the dust particles must remain
extremely small (of the order of the critical cluster size acr), be-
cause they would grow too large and start to settle gravitation-
ally otherwise. For Tcond > T > Tcr, the particles are assumed
to be constantly forming and re-evaporating, thereby circum-
venting the problem of the gravitational settling.

Our results confirm that the dust is mainly present in form
of a layer and that the lower boundary of this layer is related to
the thermodynamical stability of the dust particles. However,
our model suggests a different physical explanation for the up-
per boundary. According to our results, the (smooth) cloud
deck is related to the requirement of a sufficient elemental re-
plenishment by convective mixing. Already a very slow mixing
of the atmosphere (characteristic time-scale τmix ≈ 10 6 s) can
maintain an ongoing cycle of nucleation→ growth→ precipi-
tation→ evaporation→ mixing. Therefore, we think that there
is no need to circumvent the dust precipitation. Convective
overshoot can easily provide such a mixing activity even a few
scale heights above the convectively unstable layers.

We also disagree with the chemical argumentation of Tsuji
(2002), because the critical cluster corresponds to an unsta-
ble equilibrium (the critical cluster is the most unstable clus-
ter on the most efficient chemical pathway to dust, see e.g.
Feder et al. 1966). It will be difficult to maintain a system like
a brown dwarf atmosphere in such a fine-tuned unstable equi-
librium state. According to our results, the upper atmospheric
regions in fact contain many very small dust particles, but the
size of these particles is a kinetic consequence of the large nu-
cleation rates in these layers and cannot be deduced from sta-
bility arguments.
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Cooper et al. (2003) utilise the chemical and phase equilib-
rium code of Burrows & Sharp (1999) to determine whether
dust particles of a certain kind are thermodynamically stable in
a solar composition gas. If stability is assured, the mean size of
the particles is deduced from local time-scale arguments based
on Rossow (1978), considering growth, coagulation (partly de-
noted by coalescence), precipitation and convective mixing.
The amount of dust is prescribed by introducing a free pa-
rameter S max ≈ 0.01, the so-called maximum supersaturation.
Thereby, the supersaturation ratio of the gas (denoted by S in
our paper) is fixed throughout the atmosphere and the mass of
dust present in the atmosphere scales with the saturation vapour
pressure psat(T ), which decreases exponentially with decreas-
ing temperature. Consequently, the vertical structure of the dust
also results to be a layer with a strict lower boundary and an ex-
ponentially decreasing dust-to-gas ratio above the cloud base.

Noteworthy, Cooper et al. (2003) derive “modal” particle
sizes (5 µm . . . 300 µm) that are comparable to our maximum
values of 〈a〉, although the physical description, e.g. of the
dust growth, is very different. We find, however, that the mean
size of the dust particles 〈a〉 is often much smaller than the
maximum particle size amax as derived from local time-scale
arguments (see Paper II), in particular regarding the upper at-
mospheric layers. Therefore, we think that local time-scale ar-
guments are not sufficient – the problem requires a kinetic
treatment. We furthermore remark that, in contrast to Cooper
et al. (2003), our results suggest that the supersaturation ratio S
varies strongly with altitude, in particular regarding the higher
atmospheric layers. The supersaturation ratio S is strongly af-
fected by the convective mixing.

In the Cooper et al. model, the “modal” particle size is
a function of depth and condensate. The largest particles oc-
cur at the cloud base, which is in agreement with our results.
Sengupta & Krishan (2001) have suggested that polarisation
measurements provide a possibility to deduce the mean size of
dust particles in brown dwarf atmospheres. The degree of po-
larisation increases strongly with increasing particle size and
multiple scattering can even amplify this effect. According to
Sengupta (2003), the observed degree of polarisation of the
brown dwarf DENIS-P J0255–4700 (Teff ≈ 1400 K, log g ≈ 5)
suggests particle radii of about 5 µm, if single scattering of
spherical particles is considered. This lies well in the range of
mean sizes derived from our model for Teff = 1400 K in the
layers around τR = 1 (see r.h.s. of Fig. 2).

Helling et al. (2001a) have studied the onset of the dust for-
mation process in small ascending convective gas elements un-
der turbulent conditions typical for brown dwarf atmospheres.
The same physical description of nucleation and dust growth
is applied as in this paper, except for the evaporation and
the particle drift which have been neglected. The convection
is assumed to energise turbulence, which creates a strongly
varying velocity field and fluctuations of all thermodynamical
quantities on various length scales, down to the Kolmogoroff-
scale (η ≈ 10−2 cm). Acoustic waves are shown to be capa-
ble to initiate the dust formation process via nucleation events
caused by the superposition of two or more expansion waves,

even in layers which are usually too hot for nucleation. The
refractory elements in the gas phase soon condense on the sur-
face of these first seed particles. When a considerable fraction
of the condensable elements is consumed, the increasing dust
opacity reinforces radiative cooling and causes the thermody-
namical behaviour of the gas-dust-mixture to change from al-
most adiabatic to almost isothermal (fast radiative relaxation),
which in return might affect the convective stability of the
atmosphere. The dust component results to be spatially very
inhomogeneous.

We want to clarify that the effect of turbulent small-scale
fluctuations on the dust formation has been neglected in the
current paper – although it may be important. The aim of this
paper is to understand the large-scale structure of a cloud layer
in brown dwarf atmospheres. Accordingly, we have developed
a model for the largest scales where the small-scale processes
can principally not be resolved. In order to include such effects
approximately, appropriate sub-grid closure terms for the dust
moment equations must be developed.

5. Summary and conclusions

In this paper, first model calculations for cloud layers in quasi-
static brown dwarf atmospheres have been presented which are
based on a kinetic description of the underlying microphysical
and chemical processes: nucleation, growth, evaporation, ele-
ment depletion, sedimentation and mixing. We have used a sys-
tem of differential equations for the moments of the dust size
distribution function, which has been developed in Paper II,
in the stationary case for large Knudsen numbers. The con-
sumption of condensable elements is an essential part of this
description and, therefore, the depletion of the gas phase from
condensable elements is a consistent part of the results. The
model calculations are restricted to one exemplary refractory
dust species (TiO2) which is enough to study the control mech-
anisms for the dust formation and the general structure of cloud
layers in brown dwarf atmospheres.

According to our model, an ongoing cycle of nucleation→
growth→ precipitation→ evaporation characterises the large-
scale structure of a cloud layer, related to the life cycle of dust
grains in brown dwarf atmospheres. This cycle is maintained
by convective mixing. Without mixing, all dust particles would
settle gravitationally, leaving behind a saturated (i.e. strongly
metal-deficient) dust-free atmosphere above the cloud base.
However, cool dwarf stars (M, L, T) are almost fully convec-
tive, which leads to a replenishment of the atmosphere with
condensable elements from the deep interior of the star. This
convective mixing is extended into the upper, radiative parts
of the atmosphere via overshooting, which results to be suf-
ficient to initiate the dust formation process even a few scale
heights above the convectively unstable zone. Thus, the con-
vection triggers the formation and resultant properties of the
emergent dust particles.

The vertical structure of the atmospheric dust stratification
is found to be an almost fully condensed layer with smooth
boundaries. The upper boundary (cloud deck) is related to the
requirement of a minimum mixing activity (mixing time-scale
τmix ≈ 10 6 s). The location of this cloud deck depends on the
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assumptions about the decrease of the mixing efficiency by
convective overshoot with increasing height above the con-
vectively unstable zone. The lower boundary (cloud base) is
mainly determined by the thermodynamical stability of the
grains (S = 1). However, if the mean size of the dust parti-
cles exceeds a certain critical value in the cloud layer (15 µm
to 50 µm), the particles start to rain out efficiently. This oc-
curs below a certain level in the atmosphere (rain edge) which
is usually located above the thermodynamically defined cloud
base. The rain-out leads to a dynamic dilution of the dust com-
ponent, i.e. a considerable decrease of the dust-to-gas ratio be-
low the rain edge.

Five different regions can be distinguished, ordered by the
leading physical process for the dust component, which corre-
spond to a particular height in a quasi-static model:

0) The uppermost parts of the atmosphere are strongly
depleted (metal-poor) and almost dust-free, because
the elemental replenishment by convective overshoot is
insufficient.

I) Nucleation: The formation of seed particles mainly occurs
around the cloud deck where the gas is cool enough
(e.g. T ≈ 1000 K to 1400 K for TiO2) and the elemental
replenishment is sufficiently effective. As a result, the gas
is strongly depleted (metal-poor), but nevertheless highly
supersaturated13.

II) Growth: The particles formed in region I drift into the
warmer regions below, where the in situ formation (nu-
cleation) is ineffective. The particles grow substantially in
this layer, thereby consuming the condensable elements
which are constantly replenished by the convective mixing.
However, the growth process remains incomplete, i.e. the
gas is still highly supersaturated.

III) Drift: With increasing particle size, the drift motion
becomes the leading physical process below a certain
atmospheric level (rain edge). The dust particles mainly
drift through the region below the rain edge without
much further growth. Maximum sizes between 30 µm
and 400 µm are reached and the depletion of the gas phase,
being still supersaturated, vanishes.

IV) Evaporation: The dust particles finally cross the cloud
base (defined by S = 1, here at T ≈ 2000 K for TiO2)
and populate the undersaturated gas below, down to the
point where the dust particles shrink, decelerate and vanish.
The evaporation of these dust particles can create a metal-
enriched region below the cloud base.

This stratification cannot be understood by stability argu-
ments, but requires a kinetic treatment of the dust complex.

13 It is important to note that the formation of high-temperature con-
densates (with sublimation temperatures of the order of 2000 K) re-
quires to overcome the nucleation barrier. The pre-existence of some
seed particles in the condensing gas of another unidentified kind (in
analogy to the aerosols in the Earth atmosphere) seems questionable
here, because the temperature difference nucleation-stability (here
600 K to 1000 K) is large compared to the difference of the sublima-
tion temperatures among the different high-temperature condensates.

According to our results, the atmosphere is generally in phase-
non-equilibrium (S � 1), except for the cloud base, where the
element abundances coincide with those of the uncondensed
gas being mixed up. Consequently, the application of numeri-
cal codes which assume chemical and phase equilibrium, sim-
ply including liquid and solid phases as additional specimen,
seems questionable. However, a self-regulation mechanism ex-
ists for artificially reduced mixing which leads to the formation
of a restricted layer around the cloud base where phase equi-
librium is approximately valid (S ≈ 1). The existence, location
and spatial extension of this layer depends on the material, the
stellar parameters and, in particular, on the convective mixing.

From an observational point of view, it is important to note
that the gas becomes more and more depleted in the upper at-
mosphere. The maximum degree of depletion of Ti with re-
spect to the cloud base results to be 5 to 7 orders of magni-
tude in our model, reached in the upper atmospheric layers,
which are mainly responsible for the observational molecular
features. The degree of gas depletion decreases inward down
to the rain edge, where the Ti element abundance reaches its
solar values.

The mean particle size 〈a〉 is generally found to decrease
by several orders of magnitude from a maximum value present
at the cloud base with increasing height. This maximum size
ranges in 30 µm to 400 µm, which is consistent with the quan-
tity amax defined in Paper II. However, the particles gener-
ally remain much smaller than amax high above the cloud base
and/or in case of weak convective mixing.

A lower effective temperature Teff of the brown dwarf
mainly results in a shift of the active dust formation zone
into deeper layers. The basic structure of the cloud layer and
the resultant properties of the dust particles remain similar
with respect to the cloud base. However, if only the results at
τR = 1 are considered, the properties of the cloud layer de-
pend strongly on Teff. In particular, the dust particles are much
smaller (but more numerous) and the gas is more depleted for
lower Teff at the τR = 1 – level.

Generally speaking, the formation of solid particles and
fluid droplets in the atmospheres of very cool dwarfs unfolds
a gap in the current status of standard stellar atmosphere the-
ory. A kinetic description of nucleation, net growth, element
depletion and sedimentation of the dust particles by means of
differential equations seems capable to fill this gap. Local ar-
guments and considerations, which have been mainly used so
far, are not sufficient because they cannot account for the spa-
tial (and temporal) coupling between the different atmospheric
layers due to the drift motion of the particles. A more physical
description of the formation and gravitational settling of dust
particles seems likely to provide a better understanding of the
spectral appearance and the evolutionary sequence from cool
M-dwarfs over L-dwarfs to T-dwarfs.

Beside an extension of our preliminary models to more
than one dust species (which involves the problem of core-
mantle and possibly dirty grains), the development of tur-
bulent closure terms for small-scale fluctuations and a more
general treatment of small and large Knudsen numbers, the
remaining uncertainties of our model are mainly introduced
by the current treatment of convective mixing. A fine-tuned
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counterbalance between the upward directed flux of condens-
able elements via convection and the downward transport of
condensable elements via the formation, gravitational settling
and thermal evaporation of dust grains is responsible for the
vertical structure of refractory elements in the atmosphere.
Moreover, since the dust formation may even have an impor-
tant feedback on the convection itself (via the release of the
latent heat of condensation and via opacity effects), a simulta-
neous treatment of convection and dust formation, consistently
coupled to a frequency-dependent radiative transfer, is required
for more realistic models of brown dwarf atmospheres.
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Appendix A: The static solution without mixing

In order to discuss the possible existence of dust particles in
a truly static atmosphere, we consider the dust moment and
element consumption equations in the static stationary case
(Eqs. (5) and (6)), i.e. without mixing. Concerning Eq. (6), both
terms on the l.h.s. are negative in case of supersaturation and
positive in case of undersaturation14. Since their sum is zero,
each term must be zero, i.e.

J(V�) = 0 and
{
S = 1 or L2 = 0

}
. (A.1)

From the definition of the dust moments as integrals over a
strictly positive size distribution function f (V) ≥ 0, multiplied
by some power of the positive volume V j ≥ 0, it is clear that
L2 = 0 implies L j = 0 for all j. Furthermore, S = 1 implies
that χnet

lKn = 0 according to Eq. (2). Consequently, Eq. (A.1) is
equivalent to

J(V�) = 0 and
{
χnet

lKn = 0 or L j = 0
}
. (A.2)

Thus, the following conclusions can be drawn:

S < 1: According to Eq. (2), undersaturation implies χnet
lKn < 0.

We can hence conclude from Eq. (A.2) that the gas must be
dust-free L j = 0. This is the usual case of “normal” stellar
atmospheres, where the gas is too hot for saturation and
all dust particles have disappeared (if ever existed) due to
evaporation.

S = 1: Saturation implies J(V�) = 0 and χnet
lKn = 0 according

to Eq. (2). Inserting this result into the static dust moment
equations (Eq. (5)), we can deduce that d

dz (dL j/cT) = 0 for
all j or

L j = const j · cT = const j ·
√

2kT/µ̄. (A.3)

14 As argued in Paper II, S r = S (mr) is valid for simple types of
growth reactions, where mr denotes the number of monomers of the
solid compound created by that reaction. Therefore, e.g. S > 1 is
equivalent to S r > 1 for all r.

This solution describes the pure effect of drift on the dust
moments, i.e. dust particles which drift through the atmo-
sphere without changing their properties. However, at some
depth in the atmosphere the gas must become undersatu-
rated because of the inward increasing temperature. A con-
tinuous transition to the S < 1 case is hence only possible
if const j = 0 for all j. Physically speaking, the dust par-
ticles cannot simply disappear at the borderline to S < 1,
but have to evaporate there which would constantly enrich
this layer with condensable elements – in contradiction to
the assumption of a static atmosphere. We conclude that the
gas must be dust-free also for S = 1.

S > 1: This case contradicts the J(V�) = 0 condition, because
supersaturation always implies a possibly very small but in
any case non-vanishing nucleation rate.

Consequently, the gas cannot be supersaturated (S ≤ 1) and
must be dust-free (L j = 0) in a truly static atmosphere. This
solution is designated as trivial solution.

Appendix B: TiO2 mean extinction efficiencies

Scaled extinction efficiencies Q′(λ) = Qext(a, λ)/a for solid
TiO2 (rutile) have been calculated from the complex refractory
index mλ in the small particle limit via

Q′(λ) =
8π
λ

Im

 m2
λ − 1

m2
λ + 2

 , (B.1)

based on the optical constants kindly provided by Th. Posch
(1999, priv. comm.). Monochromatic values of Q′(λ) used for
the ∆τ-estimations in Table 2 at λ = 1.25 µm, 2.2 µm and
13.3 µm are 5.5 cm−1, 5.7 cm−1 and 75000 cm−1, respectively.

From these data, we have calculated Planck and Rosseland
means, Q′Pl(T ) and Q′Ross(T ) [cm−1]. The results as function of
temperature T [K] can be fitted by

x = log T (B.2)

log Q′Pl(T ) =
5∑

i=0

cix
i (B.3)

log Q′Ross(T ) =
(
1 − Γ(x)

) 3∑
i=0

aix
i + Γ(x)

3∑
i=0

bix
i (B.4)

Γ(x) = 1
/ (

exp
[
d1 · (x − d0)

]
+ 1

)
(B.5)

with the fit coefficients shown in Table B.1.

Table B.1. Fit coefficients for the TiO2 mean dust opacities. The fits
are valid between 50 K and 3000 K.

i di ai bi ci

0 2.356980 35.090799 −2.647117 77.824722
1 12.297591 −30.181877 1.998290 −182.476022
2 8.856967 −0.104436 159.611494
3 −0.867332 0.052844 −64.837441
4 12.516761
5 −0.935180
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