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Abstract. Recent numerical simulations have shown that the variations of the gas temperature in clusters of galaxies are in-
dicative of the dynamical state of these clusters. Maps of the temperature variation show complex structures with different
shapes at different spatial scales, such as hot compression regions, filaments, cooling flows, or large-scale temperature pro-
files. A new multiscale spectro-imagery algorithm for restoring the spatial temperature variations within clusters of galaxies
is presented here. It has been especially developed to work with the EPIC MOS1, MOS2 and PN spectro-imagers on board
the XMM-Newton satellite. The temperature values are fitted to an emission model that includes the source, the cosmic X-ray
background and cosmic-ray induced particle background. The spatial temperature variations are coded at different scales in the
wavelet space using the Haar wavelet and denoised by thresholding the wavelet coefficients. Our local temperature estimator
behaves asymptotically like an optimal mininum variance bound estimator. But it is highly sensitive to the instrumental and
astrophysical backgrounds, so that a good knowledge of each component of the emission model is required. Our algorithm has
been applied to a simulated 60 ks observation of a merging cluster at z = 0.1. The cluster at different stages of merging has
been provided by 3-D hydrodynamical simulations of structure formation (AMR). The multiscale approach has enabled us to
restore the faint structures within the core of the merging subgroups where the gas emissivity is high, but also the temperature
decrease at large scale in their external regions.
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1. Introduction

Within the context of the so-called Λ-Cold Dark Matter sce-
nario for hierarchical formation of structures, clusters of galax-
ies are the largest structures and consequently the last ones to
have been formed. They are supposed to have undergone re-
cently the transition between linear and non-linear regimes.
Actually, clusters of galaxies are formed by aggregation of
groups and subclusters of different masses along filamentary
over-densities, as shown by numerical simulations (Katz &
White 1993; Colberg et al. 2000; Evrard 1990; Evrard et al.
2002).

Most of the mass of clusters of galaxies is split into a dark
matter component – around 70% of the total mass – and a
gas halo component. The gas component is an optically thin
plasma heated up to 108 K and confined within the gravita-
tional potential at thermal equilibrium, which entails a thermal
bremsstrahlung emission detectable in X-rays. Since the clus-
ter accretion process is mainly driven by gravitation, observing
the X-ray emission of this gas provides a significant piece of in-
formation about the dynamical state of the cluster as a whole.
Besides, such studies are only limited by photon statistics since
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the intra-cluster gas is an extended source, whereas optical
studies using galaxy counts are limited by the galaxy distri-
bution. Recent hydrodynamic simulations (Ritchie & Thomas
2001; Ricker & Sarazin 2001; Roettiger et al. 1996; Teyssier
2002) have shown the sensibility of the gas surface bright-
ness and temperature variations to events related to post and
on-going mergers such as gas compressions, cooling flows and
cold fronts. But our understanding of the details of the merger
scenario, especially the physical processes occurring in the dis-
sipative phase, must strongly be improved by benefitting from
new observational data on nearby clusters. The new generation
of X-ray telescopes (Chandra; XMM–Newton) now provides
data with enough spatial and spectral resolution to try to detect
such variations. However, the X-ray photon statistics with its
typical emission of a few photons per second in a field of view
(FOV) of 30 arcmin in diameter leads to a much lower signal-
to-noise ratio than obtained with usual optical observations.
Consequently any analysis of X-ray spectroscopic data must
involve a spatial binning to increase the photon statistics. To
do so, while preserving the best spatial resolution, multiscale
algorithms can be applied. We introduce here such a multiscale
spectro-imagery algorithm dedicated to the optimal mapping of
temperature variations in the observed intra-cluster plasma.
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This algorithm has been especially designed to process data
from the XMM-EPIC spectro-imagers, MOS1, MOS2 and PN
cameras. Thanks to a maximum likelihood algorithm the tem-
perature of the gas inside each element of a grid covering the
field of view is computed with its signal-to-noise ratio. Several
computations are done for grids with different spatial resolution
following a dyadic scheme, in order to obtain the final temper-
ature map from significant temperature variations at different
scales. To do so a wavelet formalism is applied: a selection of
significant wavelet coefficients at different scales enables us to
reconstruct the optimal temperature map. The spectral analy-
sis is introduced in the first section while the multiscale algo-
rithm is described in the second one. Results from simulations
of EPIC-XMM data on merging clusters are discussed in the
third section. The last section is devoted to our conclusions.

2. Local temperature computation: Spectral
analysis

The EPIC spectro-imagers work in photon count mode. So, the
data to be processed are a set of photon events, composed of the
photon energy and its location on the detector surface. Given
the events within an area of the detector we get the observed
emission spectrum of the related region of the sky. By modeling
this emission into its different astrophysical and instrumental
components, the proper cluster emission can be inferred from
this spectrum and the temperature and emissivity of the gas can
be derived using an optically thin plasma emissivity model.

2.1. The emission model

The observed emission spectrum has been modelled as a com-
bination of three different emission components. The first of
these components is the proper cluster emission, the second
one is the cosmic X-ray background (CXB) and the last one is
a “particle background” which has been introduced to model
the EPIC detector response to induced particles from interac-
tions of cosmic particles with the satellite platform.

The first two components correspond to astrophysical
sources. In that case the photons have to follow the telescope
optical path before reaching the detector and the emission spec-
tra of these sources must be convolved with the spectral instru-
mental response. The EPIC XMM-Newton photon counts suf-
fer from a vignetting effect which depends both on coordinates
on the detector and on the photon energy. Considering this en-
ergy dependence, the vignetting function of each EPIC camera
is more or less flat at low energy (0.5−5 keV), but it decreases
at high energy (>5 keV), so that the net statistics are poorer at
high energy. The spatial vignetting function decreases the pho-
tons counts in the focal plane as a function of the distance to the
detector optical axis. This vignetting effect has to be taken into
account when considering the spectral instrumental response.
The convolution of the CXB and cluster emissivity component
can be done for each camera using the associated vignetting
function provided that the mean spatial location of the analyzed
events on the detector surface is known.

The cluster X-ray emission model is modelled as an op-
tically thin plasma emission (Mewe 1985, 1986). The plasma

Fig. 1. Normalized emissivity S(T, e) of the optically thin plasma as a
function of temperature, (z = 0.1, NH = 6 × 1020 cm−2). The spectra
have been convolved by the EPIC-XMM MOS1 focus instrumental
response.

is considered to be a hot (T > 106 K) and low-density one
(n � 10−3 cm−3) at the coronal limit (Sarazin 1986). Assuming
the plasma to be at the ionization equilibrium this emission
model is composed of two components. The first component
is a continuum of free-free and free-bound radiation emitted
during the Coulomb scattering of the electrons by the plasma
ions. The second one is a line radiation due to recombination
of electrons after the collision process of the different elements
of the plasma. Under these assumptions the shape of the emis-
sion spectra for the galaxy cluster only depends on the plasma
equilibrium temperature T and elements abundances. But the
optical path from the source to the detector entails three dis-
tortions of this spectral shape when observed: the redshift, the
X-ray absorption due to ionization of galactic hydrogen and
the EPIC-XMM instrumental response. So, given the element
abundances of the plasma, the redshift of the source, the hydro-
gen column density between the observer and the source and
the EPIC-XMM instrumental response, a table of normalized
emission spectra S(T, e) can be computed with temperature T
and energy e. Such a table is plotted in Fig. 1, where the emis-
sion spectra have been convolved with the EPIC-XMM MOS1
focus instrumental response, where no vignetting occurs.

The cosmic X-ray background (CXB) is composed of three
components. The first two components correspond to the “soft
X-ray background” due to the hot local bubble which can be
modelled as an optically thin plasma emission at 0.204 and
0.074 keV respectively. The third component is modelled us-
ing a power-law emission with index γ = 1.42 and corresponds
to the hard X-ray background (Lumb et al. 2002). As for the
cluster component, the CXB component have to be convolved
with the XMM-EPIC instrumental response. Figure 2 shows
the three X-ray background spectra convolved with the EPIC-
XMM focus instrumental response.

For each camera, the “particle background” can be mod-
elled as a flat energy response plus some fluorescence lines of
the detector in the 1.4−2 keV band (Al, Si). Contrary to the
CXB the particles background does not correspond to photons



H. Bourdin et al.: Temperature map computation for X-ray clusters of galaxies 431

Fig. 2. Three component X-ray background NBB(E). The three com-
ponents have been convolved with the EPIC-XMM MOS1 focus in-
strumental response.

following the telescope optical path but to particles impact-
ing the CCD without interacting with the telescope mirrors.
Consequently the particle background is supposed to be uni-
form on the detector surface and needs not be convolved with
the instrumental response.

Let us call P(e) and B(e) the normalized particles and as-
trophysical background components, respectively. We get an
emission spectrum with three components, where the relative
contribution of each component, i.e. S(T, e) for the cluster, B(e)
for the CXB and P(e) for the particles, can be taken into account
by means of three normalization terms, NS, NB and NP, respec-
tively. Let us call F(T, e) the normalized emission model and
NF its normalization term, we get:

NFF(T, e) = NSS(T, e) + NBB(e) + NPP(e), (1)

where the normalization terms are linked to each other:

NF = NS + NB + NP. (2)

Figure 3 shows the on focus EPIC-XMM MOS1 total emis-
sivity NFF(T, e) of a simulated isothermal cluster at 5 keV at
redshift z = 0.1 and for NH = 6 × 1020 cm−2, and the related
three components, NSS(T, e), NBB(e) and NPP(e).

2.2. The maximum likelihood function

Let us now consider a set of N events of known location on the
detector surface corresponding to a simulated or real galaxy
cluster observation. Providing that the mean background emis-
sivities NP and NB are known, the temperature T and emissiv-
ity NS of the cluster are the unknown parameters to be fitted to
the global emission model F(T, e).

The mean background emissivities NP and NB are supposed
to be known and uniform over the detector surface. Indeed,
considering that events in the 10−12 keV energy band are par-
ticles events exclusively, the value of NP can be computed by
adding all the events within the 10−12 keV range and extrapo-
lating the bolometric particle emissivity from the particle emis-
sion model. The value of NB can be estimated empirically from

Fig. 3. EPIC-XMM MOS1 total focus emissivity in the line of sight of
an isothermal cluster at 5 keV, taking into account the cluster compo-
nent, but also CXB and particle background.

the emissivity of external regions of the FOV where the CXB
emissivity overcomes the cluster emissivity. Introducing the
emissivity parameter r = N

NF
to get a bounded parameter space,

Eqs. (1) and (2) can be rewritten as:

F(r, T, e) =
[
1 − r

N

(
NB + NP

)]
S(T, e)

+
r
N

[
NBB(e) + NPP(e)

]
,

= S(T, e) +
r
N

[
NB (B(e) − S(T, e))

+NP

(
P(e) − S(T, e)

)]
. (3)

NS = NF − NB − NP,

= N

[
1
r
− 1

N

(
NB + NP

)]
. (4)

So a two parameter model fitting algorithm has to be used to
determine simultaneously r and T . A pursuit of the maximum
of the likelihood function has been chosen because, contrary
to the mean squares estimator, this estimator gives significant
results, even in cases of bad statistics. To do so, the emission
model is sampled in energy. Each event i corresponds to a pho-
ton detection in the energy bin ei, so that the logarithm of the
likelihood function (Kendall & Stuart 1973) can be written as:

ln [L(r, T )] =
∑

i

ln [F(r, T, ei)] . (5)

The maximum of ln [L(r, T )] gives the values of both param-
eters T and r. This maximum has to be searched for within a
bounded parameter space. Indeed, the emission model F(r, T )
only makes sense when both parameters r and T are positive.
Furthermore the emission spectra are modelled in a temper-
ature interval corresponding to the intra-cluster plasma usual
temperatures, while the emissivity parameter r must be close
to 1. Consequently, the parameter space is usually bounded in
temperature, from Tmin = 0.1 keV to Tmax = 30 keV, but also
in the emissivity parameter, whose bounds have been set to
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rmin = 0 and rmax = 21. In order to pursue the maximum of
ln [L(r, T )] within such a bounded parameter space a modified
conjugate gradient algorithm has been chosen for its fast con-
vergence (cf. Appendix A). Eventually, given both values of T
and r, the error-bars σT and σr are obtained from the diagonal
elements of the matrix V, deduced from the Fisher matrix FM:

V = − [FM]−1 , with FM =

[
F1 ρ
ρ F2

]
,

where:

F1 =
∂2 ln(L)
∂r2

, F2 =
∂2 ln(L)
∂T 2

, ρ =
∂2 ln(L)
∂T∂r

·

3. Global detection of temperature variations:
A multiscale algorithm

3.1. Introduction

Let us spatially sample the EPIC-XMM FOV along both axes k
and l. Given an event-list associated with the pixel k, l, but
also an emission model NFF(T, e, k, l) taking into account the
local instrumental response, the maximum likelihood method
described in the previous section enables us to define a local
estimator T̂k,l of the parameter T (k, l).

To compute the T̂k,l value with a high enough signal-to-
noise ratio the statistics may have to be enhanced by means
of a spatial binning, but this decreases the spatial resolution.
Consequently, given the requested signal-to-noise value, an op-
timal local bin size has to be computed to define T̂k,l, which en-
tails a multiscale exploration of the T̂k,l signal. A natural mul-
tiscale exploration of a given signal I(k, l) is provided by the
wavelet transform W(a, k, l) (cf. Appendix B), where the signal
I(k, l) is unfolded in the space-scale domain, with a as the scale
parameter. Let us define WT̂k,l (a) the wavelet transform of T̂k,l.

The aim of our algorithm is to show the significant T̂k,l varia-
tions at different scales thanks to a thresholding of the wavelet
space.

The chosen wavelet transform is based on the Haar wavelet
as will be discussed in Sect. 3.2. As a first step, successive bin-
nings of the EPIC-XMM data set at each scale and fitting of the
emission model NFF(T, e, k, l) of Eq. (2) with the maximum
likelihood algorithm enable to define successive approxima-
tions, AT̂k,l (a, k, l), of the T̂k,l distribution. Then the “first guess”
set of wavelet coefficients W(0)

T̂k,l
(a, k, l) is computed by applying

the high-pass analysis filters corresponding to the Haar wavelet
to AT̂k,l (a, k, l). Notice that this set of coefficients does not con-
stitute a real wavelet transform since the coefficients are com-
puted by means of different emission models from scale to

1 Considering an emission model with a given emissivity NF, the
number of observed counts N is expected to fluctuate like the stan-
dard deviation of the Poisson parameter NF: σNF =

√
NF, so that the

r = N
NF

values are expected to fluctuate like σr =
√

NF
NF
· Consequently

the expected r values can be bounded within the [−∆r ,+∆r] interval,
provided that ∆r > σr. The ∆r value of 1, corresponding to σr for one
photon per pixel was chosen. Indeed, σr decreases with increasing
statistics, – for instance σr = 0.32 for NF = 10 –, so that we always
get σr < ∆r .

scale. Nevertheless, it may be considered as an approximation
of the real wavelet transform WT̂k,l (a, k, l) that we are looking
for. Within the wavelet space the respective noise and signal
contribution to the signal can be easily separated at each scale.
This will be described for the chosen transform in Sect. 3.3.
The last step, developed in Sect. 3.4, consists of removing iter-
atively the noise contribution to W(0)

T̂k,l
, which leads to a new set

of denoised wavelet coefficients W(n)

T̂k,l
(a). The final set of coef-

ficients will consist of the expected WT̂k,l (a) wavelet transform.
This process is performed from the lowest to the highest res-
olution allowing us to construct in the direct space better and
better approximations of T̂k,l and to obtain the optimal temper-
ature map T̂(k, l).

3.2. Computing the W(0)

T̂k,l
(a, k, l) set of coefficients

So as to compute the set of coefficients W(0)

T̂k,l
(a, k, l) a wavelet

function has to be chosen. The 2-D Haar wavelet (Haar 1910)
which matches the square spatial sampling is the most suitable
since a square binning has been chosen. It is a compact support
square kernel with coefficients 1

2 and − 1
2 , following the ampli-

tude normalization condition of the wavelet coefficients. The
Haar wavelet is anisotropic, so that the wavelet transform re-
sults at each scale a = 2 j with j = 0, . . . ,N in a decomposition
onto three detail spaces with wavelet coefficients Wp(a, k, l)
where p = h, v, d indicates the horizontal, vertical and diago-
nal details, respectively. Their value can be computed from the
convolution of the approximation at scale a

2 , A
(

a
2 , k, l

)
, using

the high-pass analysis filter gp

(
a
2

)
(cf. Appendix B).

Let us associate with each pixel k, l of the FOV the set of
events found within a square bin of size a

2 . The fitting of this

set of events to the model NFF
(
T, e, a

2 , k, l
)
2 will enable us to

compute the set of coefficients W(0)

T̂k,l
(a, k, l)3. To do so, the ap-

proximations A(0)

T̂k,l

(
a
2 , k, l

)
with their rms values σA(0)

T̂k,l

(
a
2 , k, l

)
are first computed thanks to the maximum likelihood fitting of
the model NFF

(
T, e, a

2 , k, l
)

to the data corresponding to pixel

k, l with scale a
2 . Then the wavelet coefficients W(0)

T̂k,l
(a, k, l) are

computed by applying the high-pass analysis filters gp

(
a
2

)
(cf.

Fig. B.2). The variances
[
σW(0)

T̂k,l
(a, k, l)

]2
of the wavelet coef-

ficients W(0)

T̂k,l
(a, k, l) are computed by applying the low-pass

analysis filter h
(

a
2

)
to the variances of the smoothed plane[

σA(0)

T̂k,l

(
a
2 , k, l

)]2
.

The binning of the data has been chosen such that the
smoothed planes A(0)

T̂k,l
(a, k, l) have the same number of pixels

whatever the scale is, yielding a redundant wavelet transform.
As it will be explained in the following section the redundancy

2 The scale parameter a has now been added because
NFF
(
T, e, a

2 , k, l
)

is in fact the weighted mean of emission mod-
els corresponding to each event found within the square bin of
edge a.

3 The p index is hereafter omitted because the following processes
do not depend on the orientation of the coefficients.
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has been chosen in order to balance the usual poor statistics of
the data.

3.3. The noise contribution: The wavelet coefficients
thresholding

We get a set of coefficients W(0)

T̂k,l
(a, k, l) with zero mean value

and variances σW(0)

T̂k,l
(a, k, l). Given the signal-to-noise ratio R,

the coefficients W(0),s

T̂k,l
(a, k, l) with value overcoming R times

the local variance will be considered as significant whereas the
other ones W(0),ns

T̂k,l
(a, k, l) will be considered as non-significant:

∣∣∣∣W(0),s

T̂k,l
(a, k, l)

∣∣∣∣ > R σW(0) (a, k, l) ,∣∣∣∣W(0),ns

T̂k,l
(a, k, l)

∣∣∣∣ < R σW(0) (a, k, l) . (6)

Let us attribute the Boolean true value to regions of the wavelet
space where the W(0)

T̂k,l
(a, k, l) coefficients have been consid-

ered as statistically meaningful, and conversely the Boolean
false value to regions where they have been considered as non-
meaningful. Since the set of coefficients W(0)

T̂k,l
(a, k, l) is an ap-

proximation of the expected wavelet transform WT̂k,l (a, k, l), the
projection of this Boolean space onto the successive wavelet
planes at different scales defines an approximation of the so-
called significant masks M(a, k, l) of the genuine wavelet trans-
form WT̂k,l (a, k, l).

Notice that due to the redundancy of the algorithm, the
wavelet coefficients W(0)

T̂k,l
(a, k, l) are computed from dependent

data. A crude estimation of dependency of the coefficients of
a wavelet plane is that they are linked to each other, providing
that they are included within a region of area a2. This informa-
tion has been used to remove some false detections of signifi-
cant regions. The connected significant regions of M(a, k, l) are
kept providing that their area overcomes a2, but are considered
non-significant otherwise.

3.4. Constructing the WT̂(a, k , l ) wavelet transform

and temperature map T̂(k , l )

This splitting of the wavelet space enables us to construct a
true wavelet transform WT̂k,l (a, k, l) from W(0)

T̂k,l
(a, k, l). Since all

the available information about the variations of parameter T̂k,l

is considered as being contained within the significant domain
of the wavelet space, the wavelet transform WT̂k,l (a, k, l) can be
constructed by keeping the coefficient values of the significant
domain of W(0)

T̂k,l
(a, k, l). Conversely the coefficient values of the

non-significant domain, where information about the variations
of A(0)

T̂k,l
( a

2 , k, l) is considered as lost, will be iteratively modi-

fied. Since no variation of T̂k,l(k, l) has been detected within
this domain, a priori information will be added in place of the
lack of information: it will be supposed that the T̂k,l variations
are minimal. This condition leads to the Tikhonov smoothness
constraint or regularization, where the gradient of the smoothed

planes defined as ‖ ∂A
∂x ‖2 + ‖ ∂A∂y ‖2 have to be minimized, which

implies the following condition (cf. Bobichon & Bijaoui 1997):

L2A(n)

T̂k,l

(a
2
, k, l
)
= 0, (7)

where L2 is the 2-D Laplacian operator.
Let us call wA(n+1)

T̂k,l
(a, k, l) and wL2A(n)

T̂k,l
(a, k, l) the wavelet

coefficients computed by applying the high pass analysis fil-
ters gp( a

2 ) to the respective appproximations, A(n+1)

T̂k,l

(
a
2 , k, l

)
and

A(n)

T̂k,l

(
a
2 , k, l

)
, Eq. (7) is solved thanks to an iterative Van-Cittert

algorithm on the wavelet coefficients constructed by successive
filtering and reconstruction of the smoothed planes A(n)

T̂k,l

(
a
2 , k, l

)
at scale a

2 :

wA(n+1)

T̂k,l
(a, k, l) = wA(n)

T̂k,l
(a, k, l) − βwL2A(n)

T̂k,l
(a, k, l) . (8)

Since wA(n+1)

T̂k,l
(a, k, l) and wL2A(n)

T̂k,l
(a, k, l) correspond to the

wavelet coefficients of the temperature map T̂(k, l) at scale a,
Eq. (8) can be rewritten as:

W(n+1)

T̂k,l
(a, k, l) =W(n)

T̂k,l
(a, k, l) − βWL2A(n)

T̂k,l
(a, k, l) , (9)

where β is a fixed convergence parameter. An additional condi-
tion prevents the non-significant coefficient values from over-
coming the significance threshold. The convergence criterion
‖W(n)−W(n+1)‖ < ε, is reached in a few iterations with ε = 0.01.
This construction of the wavelet transform WT̂k,l (a, k, l) is done
from the coarsest resolution to the finest one while constructing
successive smoothed planes A(n)

T̂k,l
( a

2 , k, l). The final smoothed
plane at the finest resolution defines the final temperature map
T̂k,l(k, l) we are looking for. Notice that the final wavelet trans-
form WT̂k,l (a, k, l) is the shift invariant wavelet transform intro-
duced by Coifman & Donoho (1995).

3.5. Error map computation

We describe the coarse method we adopted to estimate the final
error on the temperature map T̂k,l(k, l). The temperature map
T̂k,l(k, l) can be considered in the direct space as a linear com-
bination of the different wavelet coefficients W(n)

T̂k,l
(a, k, l). For

each pixel k, l, the T̂k,l(k, l) standard deviation is mainly due
to the wavelet plane W(n)

T̂k,l
(a, k, l) standard deviation, where the

scale a corresponds to the highest resolution where W(n)

T̂k,l
(a, k, l)

is found significant. Consequently, we decided to estimate the
error-bar σT̂k,l (k, l) from the W(n)

T̂k,l
(a, k, l) standard deviation.

Since W(n)

T̂k,l
(a, k, l) is included within the significant domain,

the W(n)

T̂k,l
(a, k, l) standard deviation is close to the W(0)

T̂k,l
(a, k, l)

standard deviation value, σW(0)

T̂k,l
(a, k, l). We get at pixel k, l,

σT̂k,l (k, l) =

√∑
p

[
σW(0)

p,̂Tk,l
(a, k, l)

]2
, where a is the highest res-

olution of structure detection.

4. Algorithm performances against simulations

The performance and limits of the algorithm have been tested
by means of a set of simulated observations with different
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values of source temperatures and emissivities, as well as back-
ground emissivities. The spectral fitting performance will be
introduced in a first section with uniform source temperatures
and emissivities. Then the multiscale algorithm will be tested
in a second section on model EPIC-XMM observations with
non-uniform temperatures and emissivities but with only one
gas emission component F(k, l, e).

4.1. Spectral fitting

4.1.1. Introduction

The spectral fitting performance of our algorithm has been
tested against different values of the parameters of the emission
model – cf. Eq. (3) –, taking or not taking into account instru-
mental components. To do so, a cube F(k, l, e) is constructed
for different values of T (k, l) and NS(k, l), the temperature and
emissivity of the source, respectively, as well as for NB and
NP, the background emissivities. The chosen simulated camera
is the EPIC-XMM MOS1. An observation can be simulated by
drawing randomly within the Poisson distribution of parameter
F(k, l, e) a value for the number of photons at position k, l, e.
The models used hereafter are 128 × 128 square images where
the source temperature and emissivity are considered uniform,
and fixed at 3 keV and 100 photons per pixel, respectively. The
fitting is first tested without any background emissivity and
then with different particles and CXB background emissivities
values. In each case the vignetting influence was also tested by
constructing emission models with or without vignetting. Just
like for the first step of our multiscale algorithm, the fitting of
F(k, l, a) is performed at different resolutions a, leading to dif-
ferent maps T (k, l, a) ≡ A(0)

T̂k,l
(a, k, l) with a = 2 j, j = 0 . . .N.

Actually the fitting has been performed on four successive res-
olutions with two emission models at 100 and 200 photons per
pixel respectively, leading to eight maps with statistics increas-
ing by a factor of two, from 200 to 25 600 cluster photons per
pixel. The first spectral fitting test is performed without any
background. The mean, standard deviations and a selection of
six histograms of the different maps T (k, l, a) corresponding to
this spectral fitting are plotted in Fig. 4. An instrumental re-
sponse with vignetting factor was introduced for the first his-
togram, but without vignetting for the second one. The his-
tograms of Figs. 5 and 6 correspond to emission models with
particles and CXB background, respectively, where each back-
ground emissivity values have been set to 0.5 and 2 times the
value of the cluster emissivity.

4.1.2. No background vignetted emission model

Let us first consider the fitting of the isothermal emission model
F(k, l, e) at 3 keV with a null background emissivity (cf. Fig. 4).
The temperature distributions obtained from fittings with more
than 1600 cluster photons per pixel are symmetric around a
peak value at 3 keV.

The maximum likelihood method used for the model fitting
should provide a consistent estimator whose variance is close to
the Rao-Cramer limit (Kendall & Stuart 1973) of the Minimum
Variance Bound (MVB) estimators. We have checked that the

variances of the temperature histograms are close to the mean
of the MVB variances values computed from the Fisher ma-
trix after each spectral fitting. They follow the statistics with
N counts, so that σ ∝ 1√

N
. The variances of distributions ob-

tained from fittings with more than 400 cluster photons per
pixel are in agreement with the MVB variance, but the vari-
ance of the distribution obtained with 200 cluster photons per
pixel is not.

The dispersion obtained with 200 cluster photons is asym-
metric and does not peak at the 3 keV value, so that a bias is
evidenced. This “low temperature bias” is due to the emissivity
of the high-energy part of the source emission spectra, with a
variation of several orders of magnitude between the high and
low temperature emission models (cf. Fig. 1), and a high rel-
ative chance fluctuation of the high-energy photons number. It
has been reduced by an histogram equalization of the energy
distribution of the photons. It is not worth fully removing this
bias since it is only important in the case of very poor statis-
tics when the temperature dispersion is high anyway. Instead
of removing it, two conditions have been added to the spectral
fitting. The result of the temperature fit of the different resolu-
tion elements is only taken into account providing that on the
one hand, the 1σ error bars values are lower than 1 keV and on
the other hand, more than about 500 photons are available so
that the statistics is considered high enough.

4.1.3. No background non-vignetted emission model

Now let us recall that due to the spatial variations of the detec-
tor response the different temperatures values are not computed
following the same process which is questionable. To get rid of
this drawback, but also to test the vignetting influence on the
spectral fitting, a model with the same source component as the
previous one but without vignetting has been built (cf. Fig. 4).
The detector response is now uniform and similar to the focus
response all over the detector surface. We get a close to MVB
estimator at each resolution with lower temperature dispersions
than the dispersions obtained when the vignetting effect occurs.
Indeed, the removal of the vignetting effect results in providing
much higher energy photons, which enhances the statistics and
reduces the “low temperature bias”.

4.1.4. Vignetted emission model with particles
background

The particles background influence on the spectral fitting is
tested thanks to a model series with vignetting and the same
source temperature and emissivities as in Sect. 4.1.1 but with
particles background emissivities of 0.5 and 2 times the clus-
ter emissivity (cf. Fig. 5). The temperature variance is larger
than in the case of null background emissivity and all the
larger since the background emissivity increases. The fitted
source temperatures are found to be still distributed around the
T = 3 keV value in the case of a cluster emissivity higher
than 3200 photons per pixels, but biased in the case of lower
statistics. The “low-temperature bias” is enhanced here since
the source high-energy photons are much less numerous than
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Fig. 4. Distribution of the results of the temperature fits for a simulated EPIC-XMM MOS1 observation of an isothermal extended source. The
source emissivity is uniform. No backgound emission is included. The histograms with increasing darkness correspond to three fixed source
emissivity NS, from NS = 200 to 25 600 photons per pixel. Left: fittings performed with uniform instrumental response simulated. Right: fittings
performed with real instrumental response simulated.

Fig. 5. Same as Fig. 4 with real instrumental response and particles background emission simulated. Left: background emissivity value of
0.5 times the cluster emissivity value. Right: Background emissivity value of two times the cluster emissivity value.

the high-energy particles. Yet despite the bias, the temperature
estimator follows the MVB variance in the case of a cluster
emissivity value higher than 400 photons per pixel.

4.1.5. Vignetted emission model with CXB

Let us now discuss the CXB influence on the spectral fitting
thanks to a model series with vignetting and CXB emissivities
of 0.5 and 2 times the cluster emissivity (cf. Fig. 6). Whatever
the CXB emissivity is, the fitted temperatures peak at 3 keV

in the case of a cluster emissivity value higher than 1600 pho-
tons per pixel, with lower dispersion and temperature bias than
for the toy-model series with particles background. Also, the
temperature estimator behaves like an MVB estimator. The vi-
gnetted CXB provides many fewer high-energy photons than
the particles background. Consequently, on the one hand the
global background emission is lowered which reduces the tem-
perature dispersion and on the other hand the lack of back-
ground low-energy photons reduces the low-temperature bias.



436 H. Bourdin et al.: Temperature map computation for X-ray clusters of galaxies

Fig. 6. Same as Fig. 4 with real instrumental response and cosmic X-ray background emission simulated. Left: background emissivity of
0.5 times the cluster emissivity value. Right: Background emissivity value of two times the cluster emissivity value.

4.1.6. Conclusion

Our temperature estimator is based on the maximum likeli-
hood function computed from the emission model F(T, e, k, l),
which provides a close to MVB estimator. Actually the Rao-
Cramer limit of MVB estimators cannot be reached, due to the
dependency between both parameters r and T in the case of
an emission model with background. The variance and bias of
the estimator cannot be estimated analytically since the emis-
sion model is a numerical model, but tests like those performed
enable us to evaluate them for different emission models. The
temperature estimator behaves like an MVB estimator in the
case of good statistics – more than about 500 photons per pixel
– and low background – less than half of the cluster emissivity
in our case. Its use in cases of low statistics or high background
level is more critical and results must be analyzed carefully.

4.2. Multiscale temperature maps of simulated
EPIC-XMM MOS1 observations

Let us now test the second step of our algorithm, i.e. the multi-
scale analysis, on non-isothermal temperature maps built from
a model. The simulated source is an EPIC-XMM MOS1 2D
model observation with emission model F(T, e, k, l). Both par-
ticles and CXB background emissivities, NP and NB, have been
set to five photons per pixel. The source is now composed of
four isothermal emitting regions: an external ring at 3 keV, two
elliptical regions at 4 and 6 keV respectively and the remain-
ing central region at 5 keV. Three emissivity models follow-
ing a 2-D Gaussian distribution with total flux of 105, 106 and
107 photons are tested. The corresponding emissivity per pixel
range from 10 photons at the edge of the images to 100, 1000
and 10 000 photons, respectively, at the centre of the image.

The images size is 128 × 128 and the wavelet analysis was
performed on six scales in order to prevent large scale edge
effects, so that details with typical width from 1 to 32 pixels
are analysed. The source temperature distribution and recon-
structed temperature maps are shown in Fig. 7. The temperature
maps have been cut in the middle of each picture so as to show
the temperature variations with error-bars in Fig. 8. As ex-
pected, the better the statistics is the better the model is repro-
duced. Due to the shape of the emissivity map of the source (cf.
top-left plot in Fig. 8), the temperature variations can only be
seen in the central regions with high statistics whereas the ex-
ternal regions with low statistics have been strongly smoothed.
The temperature variations of the central regions have been
shown at the first scale for the model with 107 photons, but
have been smoothed due to the lower statistics for both other
models. In the external regions, a large-scale mean temperature
is computed whatever the global emissivity is due to the low
statistics as well as the isothermality of the model.

The quality of the result can been checked by comparing
the temperature profiles along the dashed lines of Fig. 7 with
the model temperature values (cf. Fig. 8). Notice that such a
comparison is not straightforward due to the spatial rebinning
of the restored temperature maps. That is why the tempera-
ture profile of each restored map needs to be compared with
the profile of a “rebinned” model map. The rebinned model
maps are computed by applying the wavelet algorithm to the
model temperature map with same thresholding of the coeffi-
cients as applied for each restored map. To do so, the tempera-
ture values are averaged within grids at different scales instead
of fitting the data. Two rebinned model map are compared with
each restored map. The first one is obtained by computing the
arithmetical mean of the temperatures of the model map within
the different bins. The second one is obtained by computing a
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Fig. 7. Temperature maps of simulated
EPIC-XMM MOS1 observations, – temper-
atures coded in keV –. Top-left: tempera-
ture model. Top-right: reconstructed tem-
perature map for a global lemissivity of
105 photons. Bottom left and right: recon-
structed temperature map for a global emis-
sivity of 106 and 107 photons, respectively.
The dashed line on the reconstructed maps
corresponds to profiles displayed in Fig. 8.

temperature mean which has been weighted by the cluster
emissivity. The temperature profile of both rebinned model
maps are superimposed to each restored map by means of dot-
ted and dashed lines, respectively. Both cuts are closer to the
cuts of the restored temperature maps than the cut of the non-
rebinned temperature model. The cut computed from weighted
means of the temperature model is in agreement with the re-
stored temperature maps, since it is included within the corre-
sponding error-bars.

To conclude about these simulated observations, the multi-
scale algorithm has enabled us to adapt the spatial resolution to
the local available statistics. The significance of the result has
been checked thanks to a multiscale unfolding of the model
temperature map. The agreement between the rebinned model
map and restored map shows that the spectral fitting is satis-
factory whatever the scale or position where it is performed,
despite the spatial variation of the likelihood function.

5. Temperature maps of numerically simulated
merging clusters

5.1. Hydrodynamic simulation of a merging cluster

In order to test the ability of our algorithm to detect the
temperature variations expected within merging clusters, the
observation of a cluster at different stages of merging have
been simulated. This cluster has been obtained from adaptive
mesh refinement 3-D hydrodynamical simulations of structures
formation (for a complete description of the numerical simu-
lation code, see Teyssier 2002). In order to simulate a merg-
ing cluster in a realistic cosmological environment, a low res-
olution (Npart = 1283) large scale (Lbox = 400 h−1 Mpc)

Λ-CDM simulation was first performed. More than 100 large
clusters of galaxies formed in this run. One cluster undergo-
ing a violent merger was selected. Then, the exact same uni-
verse was re-simulated, adding many more particles and mesh
points in the region surrounding the cluster. The same original
box (400 h−1 Mpc aside) is now described with 400 000 par-
ticles and 4 times more mesh points within the cluster virial
radius. The mesh spacing in the cluster core has gone down to
6 h−1 kpc, corresponding to a formal resolution of 655363. This
“zoom” simulation lasted more than 100 CPU h on the Fujitsu
VPP 5000 at CEA Grenoble. For this work, the cluster is al-
ways at the same comoving distance of z = 0.1. Just the time
has increased from z � 0.13, z � 0.09, up to z � 0.0. This
allows us to keep the same scale for all the images which is
a square of 26.5 arcmin aside, i.e. a full EPIC-XMM Newton
field of view. The projected gas emissivity and temperature of
the merging cluster at each time are shown in Fig 9.

The map of averaged gas temperatures corresponding to the
early stage of merging (z � 0.13) shows hot filaments and sub-
structures (T � 4 keV) superimposed on a temperature back-
ground at 0.5 keV. The processes of gas heating and shock-
ing are balanced by gas relaxation within each subgroup at
z � 0.09, leading to two isothermal subgroups at respective
temperature of 2 and 4 keV, where the hottest subgroup is the
most massive. Eventually both subgroups have merged leading
to a hot single one at z = 0. This merging cluster begins to reach
its equilibrium temperature of 4 keV, with hot shocked regions
superimposed from 5 to 6 keV. The temperature discontinuity
between the central regions of the cluster and the background
has increased during the merging process, since the central re-
gions of the cluster have been heated whereas the background
temperature remained constant.
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Fig. 8. Temperature profiles across the central region of simulated EPIC-XMM MOS1 observations, – temperatures coded in keV –. Top-left:
emissivity profiles of the three emission models corresponding to global emissivities of 105, 106 and 107 photons. Top-right: temperature
profile with error-bars for a global emissivity value of 105 photons. Bottom left and right: temperature profiles with error-bars for respective
global emissivity values of 106 and 107 photons. Bold line: temperature cuts, with grey shaded 3σ significance region superimposed. Thin line:
temperature model. Dotted line: temperature model with the same wavelet thresholding as the temperature maps. Dashed line: temperature
model with the same wavelet thresholding as the temperature maps and emissivity weighted mean temperature per bin.

5.2. Simulation of an EPIC-XMM MOS1 observation

The 3-D temperature T (k, l,m) at pixel k, l, m, and emissiv-
ity NC(k, l,m) distributions of the intra-cluster plasma being
known, an EPIC-XMM MOS1 observation can be simulated.
To do so, the emitted photons are randomly drawn among dif-
ferent temperatures from the emission model of Poisson pa-
rameter T (k, l,m) and have to follow the optical path from the
source to the EPIC-XMM MOS1 focal plane. The different

distortions of the signal that would occur for a real cluster at
z = 0.1 are taken into account: redshift, galactic absorption
and instrumental response including the PSF, vignetting and
energy response of the CCD detectors. The cluster and parti-
cle background emissivities correspond to standard emissivi-
ties for a real 5 keV cluster at z = 0.1 observed during 60 ks,
yielding a background emissivity of NP = 0.67. The CXB has
not been taken into account. The simulated EPIC-XMM count
maps with restored temperature maps are shown in Fig. 10.



H. Bourdin et al.: Temperature map computation for X-ray clusters of galaxies 439

Fig. 9. Simulated merging cluster at z � 0.13, z � 0.09 and z � 0.0 from left to right. Top: emissivity maps, with emissivity color code in
ergs s−1 cm−2. Bottom: maps of the mean gas temperature averaged along the line of sight, with temperature colors coded in keV. The width of
the field of view is 26.5 arcmin.

Fig. 10. Simulated merging cluster at z � 0.13, z � 0.09 and z � 0.0 respectively. Top: simulated EPIC-XMM MOS1 photons counts maps, with
emissivity coded in counts. Bottom: temperature maps with logarithmic emissivity contours superimposed, the temperatures are coded in keV.
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5.3. Temperature restoration

The temperature maps of Fig. 10 have been restored with a 1σ
significant threshold. This simulated observation is closer to
the observation of a real cluster than the models of the previous
section. Indeed the instrumental components are supposed to
be similar, but the source emission is no longer a single com-
ponent model due to projection effects. We consequently must
bear in mind that the spectral fitting of each resolution element
is not as accurate as described in Sect. 4.1. Let us neverthe-
less compare the restored temperature maps of Fig. 10 with the
maps of averaged gas temperatures of Fig. 9.

The counts vary by several orders of magnitude between
high and low density regions (cf. count maps of Fig. 10). As
expected from a multiscale algorithm, the resolution of the
temperature maps is better in regions with high emissivity and
statistics, than in regions with poor statistics. For instance, the
closer to the core of the subgroups, the better resolved are the
details of the hot substructures of the early stage of merger
(z � 0.13). Likewise the hot shocked regions in the central
region of the cluster at z = 0 are well restored despite the light
smoothing applied, whereas both subgroups at z � 0.09 and
the single cluster at z = 0 have been detected at large scale as
isothermal structures because of low statistics in the external
regions.

These results on a simulated merging cluster at z = 0.1 al-
low us to conclude that our multiscale algorithm applied to real
EPIC-XMM Newton observation of merging clusters should
enable us to detect the expected temperature variations if they
exist. Nevertheless the main building blocks of our algorithm,
i.e. the spectral fitting and the multiscale temperature restora-
tion, may still be improved. The spectral fitting uses a single
component temperature model and a spectral modelling of pro-
jection effects with a multicomponent emission model might
improve the detection of temperature variations. Also, the mul-
tiscale algorithm relies on a Haar wavelet which matches the
square sampling of the data but leads to square patterns on
the restored image, despite the regularization. Future improve-
ments of the algorithm will include the use of other wavelets in
order to better match the shape of the sources.

6. Conclusion

To take advantage of the spatial resolution of the new X-ray
spectro-imagers, a new spectro-imagery algorithm has been in-
troduced. This algorithm has been especially designed for the
EPIC-XMM Newton cameras in order to restore the gas tem-
perature variations within clusters of galaxies. The algorithm
consists of two parts. First, an emission model of the source
is fitted around each pixel of the detector surface, using re-
gions of different areas, leading to a set of temperatures with
error-bars at different scales. Then, the temperature variations
are coded and thresholded in the wavelet space according to a
significance criterion, and the wavelet transform of the optimal
temperature map is obtained by regularizing the non-significant
wavelet coefficients.

For the spectral fitting step, an emission model is fitted
using a maximum likelihood method. The source emission

spectrum, the astrophysical and instrumental backgrounds, but
also the instrumental response and especially the vignetting
factor are taken into account within the emission model. As
far as the vignetting is concerned, this approach is different
from the usual solution, where the vignetting is taken into ac-
count by modifying the data instead of the emission model,
e.g. the “weight method” described in Arnaud et al. (2001).
The spectral fitting with full instrumental response modelling
is more accurate in regions with very poor statistics and enables
us therefore to reduce significantly the error bars in external
regions of the FOV where the vignetting factor is important.
However a temperature bias has been revealed in cases of poor
statistics. This bias is enhanced in the case of high emissivity
of the background with regard to the source emissivity, due to
degeneracy effects in the shape of the emission spectra of each
component. This result has to be kept in mind for sources like
compact groups with low emissivities with regard to the back-
ground emissivity in the central region of the focal plane.

Our multiscale algorithm enables us to adapt the spatial res-
olution to the local statistics. In our test on a numerical simu-
lation of a merging cluster at z = 0.1, the multiscale algorithm
has enabled us to reveal not only faint temperature variations
in the core of the merging subgroups, but also a large-scale
temperature decrease in their external regions. The multiscale
approach provides much more information than other methods
using square or ring kernels. Nevertheless the results have still
to be interpreted carefully. The final map has indeed been com-
puted from a linear combination of spatially rebinned informa-
tions, and the knowledge of the area used for spectral fitting is
not straightforward. Also, the chosen Haar wavelet transform
is well suited to match the square spatial sampling but is not
the best one since it implies block effects. Other wavelets that
better match the temperature structures shape should be inves-
tigated.

Due to the spatial variation of the instrumental response,
the different temperatures within different spatial bins are first
computed from spectral fittings using different emission mod-
els. Thus, the wavelet transform of the expected temperature
map is not computed linearly from the data. But a real wavelet
transform is a linear process. This wavelet transform of the
searched temperature map is obtained iteratively by regular-
izing the non-significant wavelet coefficients, which is ques-
tionable due to the non-linearity of the process. Yet this pro-
cess has been tested on simulations and seems to perform well.
The good behavior of the algorithm is due to the low spa-
tial variations of the emission model, and especially to the
low relative spatial variations of temperatures within the intra-
cluster plasma. Consequently such an algorithm is well suited
for restoring spatial variations of temperature within extended
sources like clusters of galaxies but would not work for sources
with high local variations of the emission model such as super-
novae remnants.

The current spectro-imagery algorithm will be applied to
a sample of merging clusters at different phases. Future devel-
opments are considered. The spectral fitting process could in-
clude spatial variations of the emission model in order to take
into account projection effects. Moreover variations of other
parameters such as the gas metalicity could be measured.
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Appendix A: The maximum likelihood pursuit:
A modified conjugate gradient method

The model fitting algorithm is based on the pursuit of the max-
imum of the likelihood function L (r, T ) – cf. Eq. (5) – over the
2-D space with parameters r and T . To do so, a 2-D minimiza-
tion algorithm is required. The conjugate gradient method was
chosen for its fast convergence, but adapted to a bounded pa-
rameter space with possibility of multiple maxima of the like-
lihood function.

Let us recall the general method of minimizationalgo-
rithms. Considering a n-D function S(X). The function S(X)
and its gradient can be developed over the initial position X0:

S(X) = S(X0) + [X − X0]t∇0S(X0)

+
1
2

[X − X0]t H0[X − X0], (A.1)

∇S(X) = ∇0S(X0) + H0[X − X0], (A.2)

where H and ∇ are the respective Hessian and gradient opera-
tors and H0 and ∇0 their value at position X0.

The minimization is obtained for ∇S(X) = 0. Since S(X) is
usually non-linear S has to be developed iteratively over suc-
cessive positions Xi. Minimization are usually performed over
1-D cuts of S(X). The successive directions of the cuts depend-
ing on the algorithms. In case of the conjugate gradient algo-
rithm, a given position Xi corresponds to a minima in direc-
tion Pi. Then the next direction Pi+1 is chosen to be a conjugate
direction from Pi. Contrary to the simple gradient algorithm
where Pi+1 is normal to Pi, here Pi+1 is chosen so that ∇S stays
as far as possible normal to direction Pi, i.e. Pt

iδ[∇S(X)] = 0.
This condition prevents successive explorations in the same di-
rection. By differentiation of Eq. (A.2) and by taking into ac-
count that Pt

i+1δX = 0 at this iteration, we get:

δ[∇S(X)] = H0δX, (A.3)

Pt
i H0 Pi+1 = 0. (A.4)

Let us now describe the adaptation of this standard algorithm
to our case with a 2-D bounded parameter space (cf. Fig. A.1)
with possibility of multiple maxima. At iteration i, starting
from Xi−1, a maximum of L (r, T ), Xi, is fetched along the
conjugate direction from Pi−1: Pi. We are looking for the max-
imum of the 1-D cut of L (r, T ): L1 (x) with origin x = 0 at
point Xi−1. To do so we define a bounded exploration support
[xmin, xmax] of L1 (x).

In any case, both bounds xmin, xmax must be included within
the bounded parameter space, so that the exploration support
[xmin, xmax] must be included within the [x̃min, x̃max] interval
where x̃min and x̃max are the parameter space bounds along the
direction Pi−1 (cf. Fig. A.1). In case of good statistics the like-
lihood function L (r, T ) has only one maximum within the pa-
rameter space and the conditions xmin = x̃min, xmax = x̃max are
enough. But in the case of bad statistics, some multiple max-
ima events can appear, so that a choice has to be made among
the possible solutions. We observed in simulations of obser-
vations that the good one is generally the closest to the cen-
ter of the parameter space. Indeed two kinds of false maxima

xmax
~

xmin
~

Xi−1

Xi−2

Xi

r max

r min

TmaxTmin

r

T

Pi−1Pi

Fig. A.1. The bounded parameter space. At iteration i the minimum
is obtained from Xi−1 over direction Pi along the bounded segment
[x̃min, x̃max].

can appear on the T -axis. The first ones concern the low tem-
peratures (T < 1 keV) in case of degenerescence due to the
similar shape of the emission-lines complex and CXB emis-
sion in the soft band . The second ones concern the high tem-
peratures (T > 10 keV) in case of degenerescence between
the bremsstrahlung part of the cluster emission and CXB emis-
sion in the hard band. Consequently, the closest solution to the
center of the parameter space,– where the algorithm starts its
pursuit–, is chosen in the case of multiple maxima. To do so, a
new constraint is added to the exploration support [xmin, xmax]
at iteration i: the right solution must be the closest to the start-
ing point x = 0, so that xmin and xmax are randomly drawn in
the respective [x̃min, 0], and [0, x̃max] intervals up to get values
where dL1(xmin)

dx > 0 and dL1(xmax)
dx < 0. In case of bad statistics

where no support [xmin, xmax] can match the previous condition,
the undefined value is returned for both parameters.

This local pursuit of function L1 (x) is performed at each
iteration of the standard conjugate gradient algorithm. In case
of good statistics where a maximum is found, the convergence
criterion ‖∇L (r, T )‖ < ε is obtained in a few iterations with
ε = 1 × e−6.

Appendix B: The 2-D Haar wavelet transform

The wavelet transform of a 2-D signal I(k, l) is based on a
wavelet function which can be dilated and translated. The 2-
D wavelet leads to functions with compact support depending
on three parameters: the “scale” or dilation factor a and both
space coordinates k, l. In our case, for geometrical and com-
putational reasons, the chosen wavelet is the Haar wavelet (cf.
Fig. B.1).

Since the I(k, l) distribution is sampled in the direct space
a discrete wavelet transform W(a, k, l) can be associated to
I(k, l) while preserving all the signal information. To do so
the scale axis can be sampled within a dyadic scheme so that
a = 2 j with j = 0, . . . ,N. The wavelet transform can be redun-
dant within the space axes, such as in the so called “a trous”
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a

x

Fig. B.1. The 1-D Haar wavelet and its characteristic parameters
scale (a) and location (x).

algorithm (Holschneider 1989), or non-redundant , such as in
the Mallat multi-resolution algorithm (Mallat 1989).

On the one hand, the computation of the wavelet trans-
form W(a, k, l) can be performed from the 2-D signal I(k, l).
Given a scale a, “smoothed planes” A(a, k, l) and wavelet coef-
ficients W(a, k, l) can be defined, both being computed from the
smoothed plane A

(
a
2 , k, l

)
by applying low-pass h

(
a
2

)
and high-

pass g
(

a
2

)
analysis filters, respectively. The smoothed plane

A(a, k, l) corresponds to the smoothing of I(k, l) with a kernel of
width a, whereas the wavelet coefficients W(a, k, l) corresponds
to the information lost between I(k, l) and A(a, k, l). Starting at
scale a = 1, the first smoothed plane A(1, k, l) ≡ I(k, l) can be
defined, and the coefficients W(a, k, l) and planes A(a, k, l) can
be computed iteratively from scale to scale.

The wavelet transform using the anisotropic 2-D Haar
wavelet is composed of three kinds of coefficients, the hori-
zontal, vertical and diagonal coefficents, Wh(a, k, l), Wv(a, k, l),
Wd(a, k, l), respectively. According to the redundant shift in-
variant wavelet transform (Coifman & Donoho 1995), they are
computed by applying the corresponding, horizontal, vertical
and diagonal analysis filters, of Fig. B.2, following the analysis
equations:

A(a, k, l) = H
(a
2

)
A
(a
2
, k, l
)
, (B.1)

Wh(a, k, l) = Gh

(a
2

)
A
(a
2
, k, l
)
, (B.2)

Wv(a, k, l) = Gv
(a
2

)
A
(a
2
, k, l
)
, (B.3)

Wd(a, k, l) = Gd

(a
2

)
A
(a
2
, k, l
)
. (B.4)

On the other hand the computation of the 2-D signal I(k, l) can
be performed from its wavelet transform W(a, k, l). According
to the biorthogonal wavelet formalism, the so-called wavelet
reconstruction is performed by applying at higher and higher
resolution the respective low-pass h̃

(
a
2

)
and high-pass g̃

(
a
2

)
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Fig. B.2. The two dimensional analysis filters at scale 2 j. The low-
pass h(2 j) and the three high-pass gh, v, d(2 j) filters associated to the
horizontal, vertical and diagonal details respectively.
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Fig. B.3. The two dimensional synthesis filters at scale 2 j. The low-
pass h̃(2 j) and the three high-pass g̃h, v, d(2 j) filters associated to the
horizontal, vertical and diagonal details respectively.

synthesis filters to the wavelet coefficients W(a, k, l) and
smoothed planes A(a, k, l). The filtered wavelet and smoothed
planes are added, and the right renormalization leads to a new
smoothed plane A

(
a
2 , k, l

)
, and so on at higher and higher res-

olution. The last smoothed plane at the highest resolution con-
stitutes the 2-D signal I(k, l).

In the case of the 2-D Haar wavelet transform, the
smoothed plane A

(
a
2 , k, l

)
at scale a

2 , is computed from a linear
combination of the smoothed plane A(a, k, l) and the wavelet
coefficients Wh,v,d(a, k, l), following the synthesis equation:

A
(a
2
, k, l
)
=
[
H̃A (a, k, l) + G̃hWh (a, k, l)

+G̃vWv (a, k, l) + G̃dWd (a, k, l)
]
. (B.5)
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