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Abstract. Signal digitisation may produce significarffexts in balloon — borne or space CMB experiments, when the limited
bandwidth for downlink of data requires loss-less data compression. In fact, the data compressibility depends on the quantization
stepq applied on board by the instrument acquisition chain. In this paper we present a study of the impact of the quantization
error in CMB experiments using, as a working case, simulated data fronLancR/LFI 30 and 100 GHz channels. At TOD

level, the éfect of the quantization can be approximated as a source of nearly normally distributed noise, withd2 MS2Ns,

with deviations from normality becoming relevant for a relatively small number of repeated meblsute20. At map level,

the data quantization alters the noise distribution and the expectation of some higher order moments. We find a constant ratio,
~1/(V120/q), between the RMS of the quantization noise and RMS of the instrumental noiseer the map £0.14 for

o/q=2), while, foro-/g ~ 2, the bias on the expectation for higher order moments is comparable to their sampling variances.
Finally, we find that the quantization introduces a power exdggs,that, although related to the instrument and mission
parameters, is weakly dependent on the multigaémiddle and largé and can be quite accurately subtracted. &g ~ 2,

the residual uncertaintgC2*, implied by this subtraction is onky1-2% of the RMS uncertaint;&C?"ise, onC'jky reconstruction

due to the noise poweE;**% Only for £ < 30 the quantization removal is less accurate; in fact, fHenbise features, although
efficiently removed, increagg}®*%, AC'”¢, C&* and themA\C®; anyway, at low multipole€$ > ACI®® > ACE*. This work is

based on PANCK LFI activities.
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1. Introduction (Bennett et al. 2003). The ESA satelliteANck? (Mandolesi
al. 1998; Puget et al. 1998) is designed to measure the CMB

. . . t
Since the successful detection of CMB anisotropy at angu&ﬁisotropy with an accuracy mainly set by astrophysical limits

scalesy 2 7° by the COBEDMR experiment (Smoot et al. o) 5 ¢ frequency range (30-900 GHz) and with unprece-

1992; Bennett et al. 1996;d@ski et al. 1996), a large numberdented angular resolution and sensitivity.

of detections on smaller angular scales with increased sensitiv- . . . . . .
While space experiments benefit from unique environmen-

'leggvggt(k'egmf;sde'ggsi? :ln(i;;8”-082_ggmzrz)i(spzr:\;naes?tlsgg V_?conditions, numerous technical issues need to be addressed.
9 y ) ' ne of them is the limited bandwidth for downloading of data

Bersanelli et al. 2002 for reviews). Recent exciting results froo the Earth which often imposes strona limits on the avail
BOOMERanG (De Bernardis et al. 2000), MAXIMA-1 (Balbi wh IMPOses strong imits var-
ble telemetry rate. For this reason it is often necessary to use

et al. 2000), DASI (Pryke et al. 2002) and CBI experimenfs : : .
(Mason et al. 2001) have provided strong support to the i%iiézsagodrgfﬁ;séon methods (Maris et al. 2000a) in order to

flationary scenario for structure formation and a universe with _ ) ) _ _
Qo ~ 1. However to fully extract the wealth of cosmologi- The dficiency of the compression algorithm is determined

cal information encoded in the CMB angular power spectruffly the statistic of the observed signal, which depends on the

extreme mapping sensitivity is required. Only space missioﬂ"@itisation step applied by the instrumental acquisition chain

can provide the proper combination of full-sky view and lon board the satellite. As amply discussed in Romeo et al.
level of systematic fects that is necessary for “precision{1999), Maris et al. (2000a), Gariaga et al. (2000) and

CMB measurements (Danese et al. 1996), as demonstrdg&ft@iaga et al. (2001) in the case of CMB data, the output
by the excellent results from the NASA satellite WMAP of the acquisition chain is white-noise dominated. Taking as a
representative case.®PNCK/LFI, the best compression ratg,,
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achievable by compressing the output of the acquisition cha@xperiments based onftérential receivers, as well as to other
even in the case of an ideal compressoiCjs< 2.7, to be kinds of experiments with large quantization steps.
compared with a require@, 2 8. For RANCK/LFI the se- Using Monte Carlo simulations we estimate thHeeet of
lected strategy is to increase the data compressibility applysaftware quantization on the data considering various quantiza-
a software quantizatiowr redigitisationbefore compressién tion functions and for dferent values of the quantization step.
acting in a similar way to a higher quantization step appliatfe also discuss the impact offfdirent experimental conditions
by the acquisition chain. An optimal tradéFbetween the re- like the total number of repeated measures for sanhblethe
quired compression rate and thfeetive quantization step, white noise RMSg, the 1/ f* noise and the scanning strat-
which needs to be not too high, must be obtained in orderdgy. The impact of quantization is evaluated at thrétedint
preserve the scientific quality of the measured data. Whetherels: on time ordered data, on sky maps and their statistical
determined by ADC quantization or by a subsequent softwar®ments, and on the angular power spectrum.
quantization, the quantization noise is usually evaluated in the In Sect. 2 we describe the analytical model of signal quan-
framework of the so calledoise model for the quantizationtization and discuss the adopted numerical approach. Section 3
distortion (see Kollar 1994 and references therein), which @escribes our results in terms dfexts on TOD and maps in-
theoretically justified in Appendix B. In this framework, if thecluding their statistical properties, and on the angular power
quantization step is significantly smaller than the signal roospectrum. In Sect. 4 we present the possibility to reduce
mean square (RMSy;t, and no saturation of the quantizatiorthe dfect of quantization in the recovered power spectrum.
levels occurs then the distortion induced by the signal qudfinally, we discuss our main results and draw the conclu-
tization can be well approximated by an additive source sions in Sect. 5. To improve readability, some details re-
non-Gaussian white noise with varianeey?/12. Corrections lated to compressionfieciency and quantization are reported
to this simplified model are required whety/q < 1, which in Appendix A, more mathematical matters are reported in
depend on the kind of the total signal in input to the quantippendix B and Appendix C while in Appendix D we briefly
zation stage of the on-board acquisition chain (Kollar 1994)erify that the extra-quantization step introduced via hardware
For example, in the case of a pure white noise signal thby the analog to digital converter (ADC) quantization repre-
are exponentially damped by a factor exp{ror/q)?]. On sents a minor fect with respect to the subsequent software
the contrary, in the case of a sinusoidal signal (e.g. like th@antization extensively discussed in the paper. In Appendix E
CMB dipole), corrections may by quite large and no simplee report on statistical moments of the map adopted in the sim-
analytical expressions can be written. ulations and of several foregrounds, for comparison.

It is worth noting that, in general, the observing strategy
implies repeated observations of the same region of the sky@nanalytical model and numerical simulations
different time scales with detectors operating #tedént fre-
quencies. Therefore, considering that a sample is the resulet- Analytical model

the average o repeated observations, we have that for a N%Buring a typical CMB experiment from space, the measured
mally distributed signal witirr/q > 1 the RMS of the quan- gigna s first digitized and compressed on board and sub-

tization noise¢yg Is: sequently reconstructed on ground. Furthermore the scan-

q ning strategy usually involves multiple measurements from the
Tq ¥ m' 1) same pointing direction that are subsequently averaged during

ground data analysis. Therefore in order to assess the impact
In CMB experiments, however, the approximations of normaf the quantization error we need to consider the complete pro-
distributed signal and lowr/q are often not strictly applicable. cess, from quantization, to reconstruction and averaging. In the
In fact the astrophysical signal is in general not normally digsllowing of this paper this process will be referred to as “QRA
tributed, and it is often required to use large quantization stgp®cess”.
(i.e.o1/q ~ 1). The instrumental noise power spectrum usually Let us neglect the data compression step (that is outside
shows a 1f* spectral behaviour, with ~ 1-2 (see Burigana the scope of our paper) and consider first the on-board quan-
etal. 1997a and Séert et al. 2002), while the number of samtization. In general the instrument output will be constituted
ples is not uniformly distributed when projected onto a skyy a Time Ordered Data stream (TOD) representing the sky
map. Therefore it is apparent that the validity of Eq. (1) nee@ismperature anisotropy; in the case dfetiential receivers, for
to be assessed in the context of space CMB experiments inéxample, the TOD will contain consecutive samples of tem-
der to evaluate possible deviations from this simple formula.perature dferences (sky minus reference signal) so that the
In this paper we evaluate the impact of the quantization ¢f: sample AT;, will be quantized as (Maris et al. 2000a):
ror on CMB measurements from space and provide tools and AT, — AT,
methods to optimize the quantization step to reach the requitstf® = Q[ } , (2)
compression rate with minimal impact on the scientific output. g o
We show examples relative to tha 4Nck/LFI 30 and where@Q[x] and AT, represent the quantization operator and a
100 GHz channels. However, the formalism, tools and method© level.

developed here are general and applicable to CMB anisotrolfyThe segond stepis the_data reconstruction, i.e. the inverse of
g. (2). This second step is necessary because both the quanti

3 See Appendix A for a more detailed resume of the problem.  zation steg and the @fsetAT, will not necessarily be constant
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during the mission; this implies that Eq. (2) needs to be inverteuhnilar relation holds for the ratio between the variance of the
in order to be able to compare measurements obtained in difiantization noise and the variance of the white noise in a map:

ferent periods of observation. The data reconstruction step can o\ 2
be defined as: T antotal = Tmapwn {1 + (\/1_26) } : )
ATR = (ATiQ + Oz) “q+ AT, (3)  whereomapwn is the RMS white noise in the map introduced by

. . . the instrument. This formula holds both for the noise average
whereQ, is an dfset that depends on the considered quantiza- . . : . .
) . . ) variance on the map and for the noise variance of a given pixel
tion operator, and is defined by:

in the map.
E[AT;
0, = [ I] -

E[ATR] (4)
2.2. Numerical simulations

where E[X] represents the expectation of the random Vake anaiytical model described in the previous section allows a
ableX. . L simple, first-order estimation of the QRAfect. We have per-
The value of0, is dependent on the quantization Opergqmed numerical simulations to verify and quantify the valid-

tor and assumes the values of+l,/2, ~1/2 for the floork), v and the accuracy of the analytical model and to study ef-
ceil(x) or roundf) operators, respectively. In the case of th?ects (like the presence of the sky signal arid“Lnoise) not
trunc(x) operator the fiset depends on the statistics of the rang.counted for in the analytical approach. The simulations are
dom variableX; if X > 0 then trunck) = floor(x), if X <0, yepresentative of thetRNCK mission. In particular we con-
trunc(x) = ceil(x). sider here the 30 GHz and 100 GHz channelsiofNeK/LFI

In our analytical treatment we will neglect the Presencssuming angular resolutions=83 and 10, respectively.
of an dfset; its éfect will be discussed in the next section.

Other simplifying assumptions are that the signal is quantized _ _
in equally spaced steps and tidt, is always>0. With simple 2.2.1. Simulation tools

considerations we can estimate tieeet of the QRA process Tl’%evaluate theféect of QRA process through numerical sim-

on the reconstructed maps and power spectra. We consider, fions we haves) simulated the data acquisition during the
case of typical CMB anisotropy experiments consisting of col-

lecti ¢ h based h _ Ef)ace mission (with and without signal QRA processing) pro-
ections of many TODs each one based on the averaging o\§king TODs}) produced reconstructed sky maps and power
N;s repetitions of the observation of the sastgpein the sky.

! i spectra from simulated TODs) compared the results when
Assuming that the QRA acts mainly as an added Wh'ﬁé)cluding or not the QRA process.

naise source, thefiiect of quantization on the power Spectrum ¢ gimylation of the data acquisition during the mission
can be easly estimated. L@E’Ns the white-noise induced ex- has been performed using theaRck Flight Simulator devel-
cess of power anﬁfﬁl’: the equivalent excess of power inducedped by Burigana et al. (1997b). In this code we have included
by the QRA process; then we have t% ~ K2, 02/Nsand qumerlcal_tools to 5|mulate_ data acquisition, signal quant|_za-
:Ns tion and signal reconstruction to allow the parallel generation
Cfﬁ: = K&a0d*/(12Ns), whereNs represents the number ofof a quantized data stream plus a data stream of reconstructed
times that each pixel in the sky is measured during the scandata and to perform the statistical evaluation of the quantization
a singlestripeand the pixel dependent normalization constangsror at TOD level (Maris et al. 2000b).
K2, andKZ, are determined by the scanning strategy (and the The Flight Simulator is a code that simulates the CMB mea-
processing of the data, assumed to be a linear process). Skiwement according to theNCK satellite scanning strategy.
both quantized and not-quantized signals are sampled and fliotNCK is a spinner (with the telescope observing axis nearly
cessed in the same way, in principle we expégt = K2 perpendicular to its spin axis) that will map the sky through

Therefore, for an\Ns we have: i a large set of near great circles at a spin rate of 1 r.p.m. The
cwn 5 satellite will orbit around the Lagrangian point L2 of the Sun-

N _ (@g) ] ) Earth system maintaining the spin-axis always in the anti-Sun
C?NRA q direction. The measurement strategy is to acquire data from the

_ o same sky circle for about one hour before repointing the spin
The total noise power spectrum after quantization can be wglis by approximately %', so that the same sky pixel is mea-

approximated by: sured~60 times in each scan circle.
- The main simplifying assumptions concerning the scanning
clotal = crn i1+ (\/1_22) } (6) Strategy th_at_we _have coqsidered in our simulations are: (i) no
' ' drift or variation in the spin rate (equal to 1 r.p.m. for all the

simulation), (ii) instantaneous repointing, (iii) perfect pointing
with 85° observing angle with respect to the spin axis.
The only astrophysical signal considered in the simulation
4 For example, BANCK TODs consist of about 1x10* scancircles has been a map describing the CMB fluctuations, therefore ne-
(for about 14 months of observations) each of them observed 60 tir@kgcting the &ect of the dipole and of the galactic and extra-
See also Sect. 2.2. galactic contributions. To the astrophysical signal we have also

For oo/q =~ 2 (as in the case of the LRNCK base-
line) the noise power excess will be increased=®f6. A
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added white noise representative of the 30 GHz and 100 GHz The time ordered data with and without quantization have

radiometers (with an RMS of 1.056 mK and 3.325 mK, respettien be used to produce maps and power spectra in order to

tively, corresponding to integration times of 0.03 s and 0.009 sjudy the quantization error at these other two levels.

In some simulations we also added/d tomponent to study The simulations have been carried out considering three

the dfect of correlated noise on quantization; to this aim wgistinct quantization steps, i.g. ~ 0.5, 1.0, 2.0 mK for the

considered two cases, with gflcomponent having a knee fre-30 GHz channel and = 1.2, 2.4, 4.9 mK for the 100 GHz

guency of 0.1 and 0.5 Hz, respectively. The first is represathannel. These three values gfcorrespond, for each fre-

tative of a typical worst case expected in LFI radiometers (fquency channel, to-/q ~ 2, 1 and 12, respectively. The case

which we require a knee frequengy).05 Hz) while the sec- o/q =~ 2 corresponds to the currentANcK baseline; the case

ond has been studied to enhance any possitdeteconnected o/q ~ 1/2 is representative of a case in which the noise model

to 1/f noise but is clearly non representative of expected pésr the quantization distortion is expected to fail, while the in-

formances. termediate case was chosen to evaluate possible deviations of
The code developed by Burigana et al. (1997b) and Maitiee dependence of the quantization errowg from a power

et al. (1999) has been used to generate maps from TODs. Wlv.

this code it is also possible to significantly reduce correlated

systematic fects as the Af* noise stripes from the data be-

fore generating the final maps. Power spectra have been 3bResults

tained from the generated maps usingshefast code of the

HEALPix package from @rsky et al. (1999), adopted here t

pixelize the sky.

In this section we discuss théfect of signal quantization at
Ghe three dierent levels of time ordered data, final maps and
power spectra. The results presented in this section have beer
produced considering the quantization operator figorhis
2.2.2. Numerical procedures assumption can be made without any loss of generality, as all

the quantization operators can be considered equivalent pro-

Let us now con&der the time ordered data stream producgigly j ¢ the properftset is applied in the reconstruction for-
by the Flight Simulator as an ordered sequence of measu .S‘T

temperature dierencesAT;, as in Eq. (2). If we now take 2, Eq. (3).

into account that for each pointing direction in the sky, indi-

cated by the subscripgi, on a givenstripe (i.e., a scan circle 3.1. Effect of quantization at TOD level
for PLANCK) there will beNs repeated measurements then we

can reorder the TOD according to two indices, ), the first To study the fect of quantization at the level of the time-
one 6 = 1 Ns) representing the repeated pixel measur@rdered data stream we focus on the statistical properties of the
= 4,...,Ng

ments and the second one representing the pointing directi ﬁta—stream by evaluating the various moments of the statistical

Therefore we will have thaiT; = ATsp (i © (S p). istribution of the quantization error.
Now for a single samples( p) the quantization error intro-

duced by a quantization stef,can be defined as: 3.1.1. Mean value of the quantization error distribution

AT, = ATS, — AT, (8) The first statistical quantity that we have analyzed is the mean

. - value of the quantization error to evaluate if the QRA process
where the superscript R indicates a sample that has been aygis § ces any spurious bias in the data and how this varies

tized a_md then r_e_constructed. In asimilar_way we can define e q. This is relevant in the context of space missions, in
following quantities averaged ovéls multiple measurements,iop possible variations in the noise properties of the detec-
for each directionp, in the sky: tors will require slight modifications in time af in order to
maintain constant the/q ratio required for optimal compres-
ATp = WSESATsp’ (9 sion. Therefore if any bias in the data is introduced by quanti-
zation it is reasonable to expect that this bias will vary in time

1 . ) .
ATR = L3 ATR (10) (pecause of the changegjyleading to systematic errors in the
PN sP final maps and power spectra.
1 We have calculated the mean value of the quantization error
ATE = ATR - AT, = WZSATEp- (11) (AT = mea_n[ﬁTﬁEo’p],.see Eq. (11)) for a1 year-long data
s stream, considering filerent values of the quantization stgp

OBur results show that quantization introduces a bias in the data
at a levellATg,|/q < 1072 which implies|AT§,| < 2 uK even
Sfor the largest values af. This dfset dfect is small, and in
Félddition it can be ficiently removed by destriping algorithms.
Therefore we can expect systematiteets in the time or-
dered data at a very low level and the time scales of the updat-
ing of g on board £24 hours). Furthermore thesferts can be

5 http://www.eso.org/science/healpix/ efficiently reduced by applying destriping gdodmap-making

To characterize the quantization error for the LFI signal at T
level we study the behavior of the distribution moment&®f,
ATR andATS. In particular we analyze their expectation, RM
skewness and kurtosis as a function of the quantizationgste
of the quantization functio®[:] and of the number of sam-
plesNs.
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methods to the time-ordered data and therefore they do not r
resent a concefn

3.1.2. RMS of the quantization error distribution 0

The RMS of the quantization error can be easily evaluated frc
the theoretical Eqg. (1). The validity of this relationship has be?
checked numerically by calculating the RMS of the quantizé_0
tion error (indicated bysy) for several TODs generated with
various values off andN around the reference valublg = 60
andqo = 0.305 mK/adu, equivalent tar/q = 3.462 for the
30 GHz channel and-/q = 10.902 for the 100 GHz channel.

A fit of Sy with the relation:

-0.1}

-0.4F

In S = InZo + My IN(Ns/No) + my In(al/go) 12y % 10 20 3 . 20 5 50

s

yieldedZo ~ o/ Vlz',\l M~ _1_/2 andmg ~1 ,W'th an rig. 1. Kurtosis for the distribution of the random errors for the QRA
accuracy up to the third decimal figure. This confirms that i} ,cess as a function ofs. Crosses represents the kurtosis for the
our case Eq. (1) is a very good approximation of the RMS valyginal simulated samples without quantization and reconstruction,
of the quantization error distribution. but just averaging them in groups Nf. Bars represents the distribu-
tion of values of kurtosis for the quantization error for the averages of
Ns quantized and reconstructed simulated samples. Note that the real-
o ization of simulated TOD is not changed whgis changed so that the
distribution variability is just due to the QRA process. Circles represent the aver-

In the ideal case of a normally distributed random signal wiﬁfed kurtosis for the points forming the bar. The solid line represents
. . the theoretical expectation for the kurtosis aftglaverages.

o/q > 1 the QRA error will also be nearly normally dis-

tributed and the indices of skewness and kurfosis expected

to vanish. On the other handdf/q approaches 1 then it is reais beyond the scope of this work and we limit our investiga-

sonable to expect a change in the values of the higher momédif to few cases illustrative of the methods which may be ap-

of the statistical distribution for the QRA error. plied to study them and the kind of perturbation which may be
From theory, the fect on higher moments may be evale€xpected on real data. We may attempt a deeper investigation

uated from the characteristic function for the distributioff this efect as numerical tools will improve enough to allow

of the sampled values after QRA process'@g[ﬁm(w) — the generation and the analysis of a large data set of simulated

Dy, ()T, (w), Wherew is a real variabley, (w) is the char- Missions.

acteristic function for the QRA process (see Appendix C), To evaluate the departure of the averaged quantization error

HNS(‘U) is the Corresponding function for the averaged mp[fﬂom a normal distribution we have calculated the skewness

data. The expectation for central moments of ofder0 being and the kurtosis for the distribution afT ,, AT} andAT§ for

k= ()OI (w)/dw|.-0. Since the QRA error is evenvarious values off andNs.

distributed around zero expectations for its moment odd As expected, the QRA process alters the sampling skew-

are null. If the same is true for the distribution of the unprdess in the input signal, so that it has meaning to put:

cessed data then the expectations for allithevith k odd is R

null. The same does notphold for the expggtation of momen'rﬁASkeWness = (SkewnessfT] — SkewnessiT,])

with k even, in this case the QRA process may introduce a nofewnessiT ] SkewnessfT ]

null bias for some or all of them. In addition the QRA proin our simulation we observe values dhSkewness

cess randomly scatters about their expectation both odd %wnessﬂp“ up to 50% at the TOD level, comparable to
even moments. Then QRA process randomly changes the mga-random fluctuations induced by the sampling variance. It is
sured value of moments of any ordefor a given realization worth noting that this value depends bigso that the variation
respect to the values which have been measured in the casg @kewness decreases with increasing the number of samples
no-QRA. Higher order moments, at least up to the fourth ogf the same data point and that on the final map (in which each
der, are needed to full-characterize the statistical propertiespg{emi" be the result of averaging a large number of measure-
the QRA error. However the complete study of these featurgent, especially close to the ecliptic poles) the impact on the

6 Infact, the current destriping codes are able to significantly redu%:it:(zewmz"SS of the CMB distribution is even smaller (see Table 2)

the impact of much larger drifts, such as those induced by tfié 1 and var_ylng with the COIatltUde'_ .
noise or by periodic fluctuations induced by thermal fluctuations. InFig. 1 we ShOVI‘E’ the behavior of the kurtosis for the QRA

7 In what follows we will use sometimes the terms “skewness” arffT0r E[Kurtosis[AT]]) as a function ofNs. From the plot it
“kurtosis” instead of skewness and kurtosis index. These indices, cdfapparent that the expectation of the kurtosis goes to zero for
binations of the distribution statistical moments are defined by increasing values dfls. For an input signal with small expected

Skewness index us/p3'” and Kurtosis index ua/p2 — 3. kurtosis, the value of the sampling kurtosis at TOD level can be

3.1.3. Higher moments of the quantization error
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changed by the QRA process by a factor up & again compa-

rable with the sampling variance for the kurtosis in our TOD:
As for the skewness the impact on the kurtosis on maps is e\
smaller. However it is important to recall that, while skewnes
is changed randomly by the QLA, i.e. no bias is added by QR
to the skewness estimator, the same does not hold for the ku
sis. For the kurtosis, the bias48/[1 + 12(c/q)?]?, equivalent

to ~—0.001 foro/q ~ 2. However, once the quantization stef
and the scanning strategy is defined, it is a simple matter
calculate this bias and to remove it. A

A non-zero value of the kurtosis in the distribution of the 200002 m— 2.00e-02 mK
QRA error changes the statistical significance of the conf — o ; e
dence limits respect to the usual definition of “standard e
ror” for which “1o corresponds to a 68.27% confidence level'z
To recover the standard error definition we have scaled tz
variance of the quantization error by a multiplicative factoi -
an, 2 1, which decreases monotonically for increasig
whose lim an, = 1, anda; = 1.18. Appendix C describes
the computation ofy.

These results allow to safely apply the usual error propac=
tion to combine both signal plus noise and the QRA error wit§ -3
an accuracy better than som. The 1o confidence level for ~
a given temperature average, may be expressed as:

IR RN AN

the ratio of d

R R N N R AR R R R

-
+

|
-

. L L 1 L | L I 1
2 2 > -4 -2 . 0 2 4 8
~ MOAT RMS[AM(ATE
HNg £ ONg £ ONOTGN, ¥ UNg £ [0 + @ 0\ (13) (4 )T )

|
o

The first term down the square root represents tfeceof the —19- 2 The upper frame is the map of the quantization error after the
QRA process, plus destriping and map making, for a single 30 GHz

Whlte—n0|s§, while the secorjd term thigeet of the QRA error. radiometer, withr = 1,053 MK, 0/ ~ 2, finee = 0.1 Hz, N = 60.
Note that since they, correction Eqs. (6) and (7) are Va“d only‘l’he lower frame is the ratio of the histogram of the map divided by
for Ny suﬂi(z:lently large to havéan, — 1| < 1. Otherwise the e histogram of a random variable normally distributed. The zero line
(\/1_20-/q)_ has to be scaled by,z\ls in Egs. (6) and (7). In the represents the case of a quantization error normally distributeds-The
case of RANCK-LFI the measurement redundandys(~ 60) scale represents the lp@ of the ratio. As indicated even in Table 1 the
is such that the distributions of the QRA error igfiently quantization error is not completely normal distributed. However the
well approximated by a normal distribution to apply the usu/grgest deviations are for large quantization errors, in excess of twice
formula for the error propagation. the RMS of the QRA process.

3.2. Effect on the reconstructed map

In Fig. 2 (top panel) we show a map of the QRA error fosame mean and RMS, indicating that the QRA error is not
o/q~ 2 for a 30 GHz detector. The map is pixelised accordingmpletely normal distributed, with a number of error sam-
to the HEALPIix scheme (@3ki et al. 1999) with a pixel-size ples larger than @ that is less compared to a normally dis-
of about 13.7 arcmin correspondingNgige = 256 (12<N2,.is  tributed noise. These “non-Gaussian samples”, however, are
the number of pixels in the map). To generate the map we fifsbstly contained in a symmetric band at ecliptic latitudes be-
produced two TODs of the same simulation (including CMBween+15°, and owing to the larger number of samples, this
white and 1f noise) one with quantization and the other withfeature of the histogram is less large for the 100 GHz channel
out. The error map was then obtained bffetiencing the maps than the 30 GHz.
generated by the two data streams. A simple “visual” inspec- |n Table 1 we report the % noise increase determined by
tion of the map indicates the absence of evident correlate strjgantization for various values of/q. The comparison be-
tured at few K level. Although the peak-to-peak variation ofyeen the values determined by simulations with those calcu-
the quantization error on the map may appear laxg®uK)  |ated by Eq. (7) shows the departure from the simple theoretical
we must underline that quantization does not act as a correlaigsbel described in Sect. 2.1. Foyq ~ 2 Eq. (7) still repre-
systematic ffect, butis mainly an added white noise at a few %ents a good estimate of the maifeet of quantization.
level over the detector white noise (see Eq. (7). There is an interesting parallelism between what happens
In the bottom panel of Fig. 2 we show the ratio betwegg moments for a TOD of pure white noise when the QRA pro-
the QRA error distribution and a normal distribution with thgags is introduced, and what happens for the same moments
& The darker narrow band visible in the map is not due to quantiZ& the map obtained from the same TOD. To illustrate it, let

tion but to the overlapping of a subset of scan circles. In this regi¢ to denote withu mapwnora andux topwn,ora the kth mo-
the integration time is greater and, therefore, the noise level is smaltaent for the map obtained from QRA processed data and its
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Table 1. Quantization error at map level. The table compares the % variance increase determined by simmﬁgggﬁl(&fmpm —1)x100)
with the expectation derived from Eq. (7). The last two columns report the best fit parameters to estimate the RMS quantization error as a
function of the pixel colatitude.

30 GHz
o/q % variance increase % variance increase a b
(from simulations) (from Eq. (7)) (mR (MK?)
2.076 1.94 1.93 49.00+ 1.16)x 10°7 (2.105+ 0.011)x 105
1.038 7.67 7.73 {4.02+ 0.46)x 10°° (8.459+ 0.046)x 10°°
0.519 30.94 30.59 ~(L30+0.19)x 10°® (3.399+ 0.019)x 104
100 GHz
o/q % variance increase % variance increase a b
(from simulations) (from Eq. (7)) (mR (MK?)
2,724 1.13 1.12 {1436+ 0.036)x 105 (1.5061+ 0.0036)x 1074
1.362 4.55 4.49 +45.903+ 0.146)x 10>  (6.0464+ 0.0145)x 1074
0.681 17.57 17.97 2241+ 0.056)x 10* (2.3698+ 0.0055)x 10°°

Table 2. Table of sampling statistics for the quantization error maps: skewness and kurtosis for the QRA. The fifth column lists values of
|AK/K] x 100 obtained comparing the kurtosis of maps not containjifg hoise and not destriped, with and without QRA processing. The
same for the last column wher¢ ff' noise has been introduced and destriping has been applied. For other details see Table 1.

30 GHz
o/q q Skewness{) KurtosisX) |AK/K]|% |AK/K|%
[mK] (no 1/f*) (1/f* + dest.)
2.076 0.509 -0.00029069 0.370293 30.7 4.2
1.038 1.017 0.00692233 0.394023 62.8 5.9
0.519 2.035 0.00547806 0.383053 63.9 26.1
100 GHz
o/q q Skewness{) KurtosisX) |AK/K]|% |AK/K|%
(mK) (no 2/f*)  (1/f* + dest.)
2.724 1.221  0.00333290 0.257705 0.4 15
1.362 2.441 0.00031871 0.274681 3.1 5.4
0.681 4.883 —0.00492754 0.267852 14.9 8.8

corresponding TOD from which the map is obtained, and witnough other terms including(Np,) will affect the right hand
Himapwn @nd e topwn the corresponding moments obtainedide of Eq. (7). In the case oftRNCK havingNs = 60 these
for the map without quantization and the corresponding TOERrms are negligible at least upke= 4. In conclusion, from the
Looking to pixels as averages bf, samples, wherél, > 1 same reasoning leading to Eq. (7) it is possible to draw equa-
is the number of TOD samples entering a given pixéh the tions linking the variations of higher order moments on TODs
map, it is possible to classify pixels as a functio\pf If [Np] to the corresponding variations results of higher order moments
is the class of pixels averages g samplesg(Np) the parti- on maps.
tion function for the pixels over the various classes itis easy to pg anticipated in the section related to the TODs, we com-
demonstrate that, for any value N ando/q, andk = 2 the 4164 the kurtosis in a map which has been QRA processed
relation (Kurtosis|QRA]), against the kurtosis in the corresponding
HicmapwnQRA Mk TODWn.QRA original map (Kurtosis[Orig]) giving the ratio of the variation

= (14) (|AK/K]| = |Kurtosis|QRA] - Kurtosis[Orig]/Kurtosis[Orig]).

In generalAK|/K is greater for the 30 GHz channel than for
holds exactly. From this Eq. (7) may be easily derived. Ftine 100 GHz. In particular for the 30 GHz channel considering
higher order moment& (> 2) the relation in Eq. (14) holds bet-maps which does not contairi fLnoise and consequently have
ter and better aN is larger and larger. Indeed N is not large not been destriped the kurtosis may be varied even of a 30% by

Mk, mapwn Mk, TOD,wn
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the QRA process. However, comparing maps which does 1 20x10*F" ' ‘ ' T "]

contain ¥ f noise and have not been destriped with maps ori
inated from data containing/ 1 noise and destriped it is possi- |
ble to see that the relativéfect on the kurtosis is much smallel _, 15x107* A
than in the previous case. This is nothing else than the factt g ]
1/f noise and destriping increases the kurtosis of the unqui 5
tized signal given at the denominator of /K| ratio, but %
leaves practically unchanged th& difference. From Table 1) I
it is also possible to see hawK/K| scales witho-/q both for E r 1
the 30 GHz and 100 GHz maps. Comparing maps which c¢ ~ 5.0x107>- -
tains even the Af noise and have been destriped (last colun I |
of |JAK/K| £ 4.2% (15%). For both 30 GHz and 100 GHz I
maps|AK/K] increases up to a factor of about 7 decreasit O bt 0 e
0.0 0.2 0.4 0.6 0.8 1.0 1.2
o/qfrom 2 down to ¥2. sin(8)/sin(50")

The square root of the sampling variancei \/24/Noix  Fig 3 Colatitudinal distribution of the variance of the QRA error on
(see e.g. Kendal & Stuart 1977), i.6/2/Nsige in the case a sky map forr/q ~ 2 and the 100 GHz channel. The straight line
of the HEALPix scheme, over a map witNuy pixels ob- represents the best linear fit.
tained from a single receiver (radiometer for LFI). For maps
at Nsige = 256 (512) this gives 5 x 1073 (2.8 x 107%), which 1073
is equivalent to a sensitivitAK /K| ~ 30-50% (20%) over a
map from a single receiver in the case of a sky of pure CV -
fluctuations (see Table E.1 in Appendix E). WhaiK/K]| is F|
scaled to take into account that the final map is derived frc B
a combination of more radiometers, the sensitivityktam- ~__ o-5_}
proves to 0.0028 (0.00057) at 30 GHz (100 GHz), equivale% F N e,
to |AK/K]| =~ 15-25% (4%). TheAK/K] values induced by the ¥ o \\w 20x1078]- *“wamoﬁqmot :

2 rox1074 -
<1 [ 4
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QRA process (see Table 2), although not large, is not negligil 10
in the case of maps of pure CMB anisotropy plus noise, pi %“‘*%\( ¢

ticularly because it is not a statistical but a systemattiea. 7 Mg

At 30 GHz, the single receiver noise is small, and the abo 1 ; M‘*mmw;\% E
conclusion does not change significantly including also noi i T
contribution to the kurtosis, while at 100 GHz, where a sing 10~ —_— N -
receiver noise is quite large for LFI, the reference valu&of 0 2ele s 600

changes significantly including or not the noise, and the com-

parison betweeAK/K| representing the sensitivity and thafig. 4. Power spectra from maps for simulated CMB, simulated CMB

representing the QRAfkect may depend strongly on the conPlus noise, simulated CMB plus noise plus QRA processing (labeled
sidered realization. asOriginal, Not QRA QRA) for the 30 GHz channel (1 radiometer).

) . The inset is an enlargement of the power spectra for 400. For
On the other hand, the microwave sky includes fluguch power spectrum a smoothed spectrum is overlapped to the orig-
tuations also from Galactic and extragalactic foregroungsal spectrum. The/q ~ 0.5 values has been chosen to increase the
with remarkable non Gaussian distributions. In Appendix Guantization &ect. In the nominal case/q ~ 2 the dfect is about
we report the statistical moments of the most relevant niié times smaller and flicult to see in the plot.
crowave components and of composite maps. As evident,
even including Galactic cuts and removing bright sources and
Sunyaev-Zeldovichfeects (see last three lines of Table E.3)3-3- Effect on the power spectrum

foregrounds change the sky kurtosis index with respect {p Fig. 4 we show an example relative to aARCK-LFI

the case of a pure CMB anisotropy sky much more than t§8 GHz radiometer that highlights the qualitative features of
QRA process. Therefore, the foreground removal is an aspggt guantization fect on the measured power spectrum. To
much more important than QRA process for the estimation @fihance thefiect we have chosen a valugq ~ 0.5, which is
CMB anisotropy high order moments. clearly not representative of typical conditions.

Finally in Fig. 3 we show the variation with the ecliptic  The figure shows three power spectra. The first one (lower
latitude of the variance of the QRA error, which decreases aswve) is the power spectrum of the original map. The second
function of sing, whered is the pixel colatitude. The figure also(middle curve) is the power spectrum of the map “observed” by
shows that fop > 15° the variance can be well approximatedhe simulator without quantization; the power increase at high
with a + bsiné/ sin 50, where the best-fit cdigcientsa andb multipoles is due to the instrumental white noise. The third (up-
are listed in the last two columns of Table 1. This relationshger curve) is the power spectrum of the “observed” map in-
represents a useful method to estimate the RMS QRA errorchtding quantization. The inset is an enlargement of the power
a given latitude. spectrum for 40( ¢ < 767.

TR
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Fig. 5. Power excess induced by signal quantization for the 30 GHz
channel, 1 radiometer, i.e. the power spectrum for the quantization er-
ror map (paneh)) reported also in terms @fT, = (C, £(2¢ + 1)/4r)Y?
(panelb)). Ratio between the power excess induced by the QRA pro-
cess and the power spectrum of the unquantized map (noise plus sky)
(panelc)) and its square root (pand)). The approximate value of/q

for each curve is reported in par@)l(see Table 1 for the correspond-

ing exact values).

Fromthe inset it is evident that the QRA process introduces
a power excess in the spectrum. A closer look reveals that most

QRA
Table 3. Values of Cg,

30 GHz
o/q q fnee prec. Cr?[Reg
(MK) (Hz) (10°mK?)
2076 0509 0.1 no 0.331 + 0.020
1.038 1.017 0.1 no 1.323 + 0.081
0519 2035 0.1 no 5410+ 0.350
100 GHz
a/q q fnee  prec. CthReg
(mK) (Hz) (10°mK?)
2724 1221 0.1 no 0.561 + 0.027
1.362 2441 0.1 no 2242 + 0.110
0.681 4.883 0.1 no 8.877 + 0.470
30 GHz
a/q q fnee  prec. ChQ/RG%
(mK)  (Hz) (10°mK?)
1.038 1.017 05 no 1.323 + 0.076
0.519 2035 0.1 yes 5.820+ 0.350

785

obtained from simulations for a single
30 GHz and 100 GHz horn. Errors represents dispersion ofC,
about the average. The last subtable reports fizeteof a change of
funee fOr the baseline scanning strategy and for a scanning strategy
which includes a precession of the spin axis.

of the features of the original power spectrum are preserved. A fit of the data obtained by simulations with
At multipoles larger than a critical val@i¢f > ¢ this power Ed. (6) yielded a residual log-log correlation 6oeent

excess approaches a val@% 60’

dependent oiNs (we use herdls = 60). The valueC 2 can
be used as a convenient estimator of the quantizatiecteon

the power spectrum at large multipoles and can be quite V\,@ERA =C

estimated by the average of the power excess for.:

max() CQRA
QRA _ E=Lerit £,60

= v B 15
h¢,60 max() — ferit + 1 (15)

il
&1 Ns q

The normalization facto€,;

tained by replacin@

QRA
01

QRA

RA nearly independent ahand |1 = Fiog-logl < 10°°, which indicates an excellent agreement
with the expected? dependence. This allows to parametttze

(16)

can be easily determined from
the above-mentioned best-fit; a good approximation can be ob-
with Ky /Npix, whereNix represents

the number of pixels on the map aKg is a normalization fac-

tor 0.72 < K; < 1 that depends on details such as: the scanning
where max{) ~ 750 and 1500 respectively for the 30 andtrategy, the pixelization scheme and the geometry of the in-

100 GHz frequency channels.
The power spectra of absolute and relative quantization er-

ror maps, in terms of bot€, andsT, are shown in Fig. 5 for cQRA

different values of-/g. The power excess varies roughly as a'
power law ofo-/q, in good agreement with Eq. (6).

~

o2 (o-
12N3Npix q

strument. A further approximatiag; = 1 yields:

)—2
A which is a useful relationship to estimate upper limits to the
Table 3 givesC2 for three quantization steps for a sinquantization ffect on the recovered power spectrum.

(17)

gle radiometer at the 30 and 100 GHz frequency channels. TheFinally we can determine the ratiigz,,/Ka, defined in

simulations from whictCZ; are derived assuming the sam
nominal R.ANCK scanning strategy and/f noise knee fre-
guency. In addition we report two cases obtained changing {He
knee frequency and the scanning strategy, which will be dfs-

cussed at the end of this section.

}/leldsK\,Zvn/K

gqra

Bq. (5) by fitting logC

QRA
¢,60

versus log \/1_20-/q)_2 and taking

e ratio with the power spectra on the unquantized noise. This
= 1.024, that represents a good approximation
of the ideal valueK,, /K3, = 1. This is a further confirmation

10 |n this work we have not studied numerically (because of compu-

9 ¢ ~ 70 for the 100 GHz channel arg; ~ 30 for the 30 GHz tation time limits) the dependence 8" on Ns. So the 1N, depen-

channel.

dence of Eq. (5£2%* as a function ofr, o/, Ns has been assumed.
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- QRA
Table 4. Results of the fit of log, C 5,

included in the fit.

versus log, o /q for the data in Table 3. Only the data in the first and the second subframes have beel

Frequency B A A ch Ky
channel (log, mK?) (log;p MK?) (mK?)
30GHz +0.015+0.022 -8.8425+0.0013 -8.8903+0.0156 (07724+0.0120)x 107  0.7241+ 0.0113
100 GHz -0.008+0.023 -8.3834+0.0018 -9.4257+0.0125 (02251+0.0028)x 10" 0.8364+ 0.0105

that Eqg. (5) and Eg. (6) well describe the quantizatifieet multipoles the noise power spectrum is much smaller. The es-
on the power spectrum. From these simulations the total povienation of the sky power spectrum can be derived from the

excess due to white noise plus the QRA processing is: power spectrum obtained from the observed map by subtract-
>, ing the sum of the expected noise power spectrum and of the
(C¥) = (Cron) [1 + (3.552) } (18) expected QRA power spectrum:
a C3Y = CObs_ E[cpoise| - E[C™]. (19)

On the other hand, as evident in Fig. 4 referring to realistig,e 4ccuracy of the subtraction of the QRfeet is determined
simul_at_ions incl_uding the Af noise and the applicgtion of theby the accuracy of the model f@?RAand by the dispersion
e o e e o ool he e vl oE”*aiou hi expecaton. The pica
o/q~ 2 t,he deviation from a constant DOWer excess at;kimv accuracy of this subtraction at larfieas evaluated from the last
q~ P c?lumn of Table 3, is of about 5% (6%) for the 100 (30) GHz

not large. For example, for the 30 GHz channel it is equivale . . . .

: channel, leaving a residual (i.e. after subtraction) QRA error

to £16% increase of the power excess (50% for the 100 GHZ). ". . o
duivalent to an unsubtracted QRA error with a quantization

N g e eiiE QRA
For o/q ~ 1 the deviation is significant up to.5C; at step at least four times smaller than that really used.

30 GHz and 1BC;™* at 100 GHz. Although It is not easy  Thg RMS of the expected QRA power spectrum decreases
to parametrize thisfiect, C2~* may be well described by aith ¢, analogously to the case of the RMS of white noise that
second or third order polynomial of Idgn the log-log space exhibits a typical 1 V¢ dependence. We expect then that the
(MariS 20023.) for > 1, which for¢ > 70 well fits the constant accuracy of the subtraction of the QRﬁ‘@t imprOVES with
power excess previously assumed. However the results of {Rigreasing’. For example, tests with the simulated power spec-
fit can not be easily generalized as in the previous case, sifgereported in Sect. 3 show that the RMS of the QRA power
details such as the polynomial degree are related not onlys;ggctrum ranges betweed 01! mK2 and~few x 10710 mK?2
the mission parameters but also to the assumptions implicitirfoy ~ 1500 (750) for the 100 (30) GHz channel wheiiq
the destriping procedure and the parameters of fHenbise. ranges between 2 ang?1 As a consequence, the power excess
This is supported by the comparison of simulations obtaingdreduced up to a factor 45 (34) for the 100 (30) GHz chan-
for different values offinee (se€ Table 4 for the 30 GHz fre-ne| at very large, equivalent to an unsubtracted QRA error
quency channel). No significantftérences appear fér> 30 with a quantization step reduced by a facté-7. On the con-
by changingfinee from 0.1 Hz to 0.5 Hz, while af < 30 the trary, at¢ of few tens the RMS of the expected QRA power
power excess changes up to a factor of two. spectrum is of the same order of magnitude of the power spec-
A change in the scanning strategy instedtkets the power trum itself, C2%". For example at ~ 15 it ranges between

excess at both low and largeln Table 4 is shown what hap-gomex 10rlo|’?%Kz and somex 108 mK2 for the 100 GHz

pens allowing for a precession of the spin axis during the mi 10 K2 8 mK2
sion. C2** increases by about 7.6% at highand as much Enannel, and between few10 % mK® and fewx 10°® mik

o es by : for the 30 GHz channel. Compared with the averaged power
as 82% at low. Since the same sequence of random noiggcess forr < 30 this is equivalent to a reduction of a power
samples has been used for both the precessed and un-precgssefs petween50% and a factor of two.
scanning strategy, these changes are due to ffegeht weight-  \we searched for possible improvements of the removal pro-
ing of the samples in the sky induced by the precession of theyre with a polynomial fit of |0@|QG%A versus log. We find

Spin axis. that the best fitting relation depends on the frequency channel,
the valueo/q, the scanning strategy and the beam position so
that a proper fit for each receiver and scanning strategy would
be required. However, our simulations show thatdgg ~ 2

the values ofC%" are very dispersed around the mean for
We have seen that quantizatiofiexts on the power spectrumé¢ < 30, while for¢ > 70 the goodness of fit does not depend
are significantly smaller than the noise and that they are wsigjnificantly on the degree of the polynomial. Therefore a sim-
represented by few parameters. Here we discuss the possjiié-linear fit is adequate.

ity to remove quantization excess noise in the data analysis In order to evaluate the final impact of the accuracy of the
from the final estimated power spectrum. Of course, this is sifibtraction of the QRA quantizatiorffect in the final estima-
particular interest at middle and large multipoles while at lotion of the sky power spectrum itis crucial to compare the RMS

4. Removing the effect of the QRA error
in the power spectrum estimation
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of the power spectrum of QRA quantization error with the RMS. Conclusions
of the noise power spectrum that sets the fundamental uncer-

tainty in the sky power spectrum recovery. An unprecedented amount of high qu_ality data are expected
We require that from the new generation of CMB experiments designed for ex-
mA _ tended, high resolution imaging of the microwave sky. These
RMS[CI%O ] < RMS[C,”O'S"] /4, (20) data sets will be analyzed to measure the angular power spec-

where the constant has to be set large enough to reduce tHEM to high precision, and also to search for low amplitude
residual QRA quantization error to an acceptable level (for eXiatistical properties of the CMB distribution, such as non-
ample,A > 5 implies a residual QRA quantization error lesgaussianity or high-order autocorrelation functions. It is there-
than 2'0% of the unsubtractable instrumental noise). fore of interest to accurately consider thEeet of instrumental

After having applied the destriping algorithm, the instr,Systematics that could significantly perturb the statistical prop-

mental noise is essentially white noise dominated and we &ff§€s ©f the noise and signal distribution both in the map and

then assume in the angular povv_er_spectrum recovery.
noise wn wn) /7 For a space mission, the need of minimizing the telemetry
RMS[CI = RMS[CI ] = E[Cl ]/ ¢ (21)  rate requires that the signal digitisation in terms of dtye ra-

As discussed beforeCQR? depends on the considered ret_io be as low as possible. On the other hand, a poor signal

1,60 - : ; :
ceiver and scanning strategy; of course, the same holds §8P!iNg. combined with the adopted scanning strategy, may

RMSIC 4. Itis then impossible to rewrite in general the conProduce subtle féects impacting the statistics. In this paper
dition (20) in terms ofr/q. we have analyzed the impact of signal digitisation, reconstruc-

To circumvent this problem we have searched for a lafiP" @nd averaging of a full-sky CMB survey. Thefeet of the
U,, which gives at eaclf the maximum among the ratiosQRA process has been analyzed at the level of data streams,

RMSIC24]/C 2 found for the set of simulations considered2PS and power spectra, both by analytical approximations
; ] and numerical simulations. We have simulated tieat for

here. We find that the approximate law .
057 the case of the ANCK/LFI experiment, but the methods pre-
U, =093 (22) sented here and the main conclusions can be applied to any

is a quite good approximation for the whole range of multipol€$her experiment. The simulated signal includes white grfd 1
relevant here. type noise and a realization of CMB anisotropy, while the ef-

The condition expressed by Eq. (20) is then satisfied pr§<St of QRA process on high order statistics has been compared
vided that with that from main Galactic and extragalactic foregrounds.

g Because the signal is dominated by white noise,diq
0.93¢ 0‘57E[CI(?6F:)A] < E[C]/ Ve a. (23) ratio is the main parameter describing the QRA scheme. At the
At middle and large multipoles the ratio between the variancleyel of data streams we studied the distribution of QRA errors
of the white noise and of the quantization error equals that & a function otr-/q and of the numbeNs = 3, 4,.. ., 60 of
tween the two corresponding power spectra. By using Eq. (®peated pixel observations obtained by the PLANCK scanning
the condition (23) can be then easily rewritten in terms of tisdrategy. As expected, whéy is large the QRA error is well

o/qratio as: approximated by a normally distributed random variable, and
2 03 standard error propagation may be applied.
(%) 2 ﬁf—o‘%. (24) For largeNs most of the numerical results at the data-

stream level may be well approximated by analytical formulae.
At ¢ 2 30 (500) this condition is clearly satisfied even foAt map andC, level this is not always true, since thfext
A2 4,16 0r 65 (5, 20, 80) respectively foryg~ 1/2,10r 2.  of the scanning strategy combined with destriping and map-
In conclusion, this analysis demonstrates that it is possilteaking algorithms can not be modeled in a simple way. For
to subtract the quantization error impact in the sky power spehese cases, we have derived semi-analytical relations whose
trum estimation from PANCK data at a level of accuracy whichparameters are calibrated through simulations.
makes its residualfiect very small and significantly smaller  The QRA process increases the RMS noise per pixel at the
that the intrinsic unsubtractable uncertainty due to the noisejevel~1% foro-/q ~ 2. The distribution of the RMS induced by
However it should be noted that these results are obtainfd QRA process depends on the scanning law and resembles
with the assumption of stationary noise. In particular the agve distribution of white noise in the map. At low and middle
plication of this correction requires to consider every changesliptical latitudes, for PANCK/LFI the RMS decreases toward
in the detector calibration whichffectsq along the mission. the ecliptical poles scaling approximate|ym whered is
Moreover, the previous result about the sensitivitC8F” on  the ecliptical colatitude. The details of the distribution of the
the scanning strategy imposes to consider that the ﬁﬁﬁﬁ QRA additional noise on the map depend on the frequency
to be subtracted from the power spectrum shall be evaluatgdhnnel, the location of the horn inside the focal plane and the
by numerical simulations to take into account the real scannisganning law. We have derived the parameters that characterize
strategy. This is particularly relevant for a multi-horn instruthis dependence fortRNCK/LFI. We find that the skewness
ment like RANCK, where a full evaluation OC?RA shall be and the kurtosis measured all over the map are modified up to
obtained only with a full simulation of the mission with eacta few percent for-/q ~ 2 when the 1f® noise is subtracted
horn observing somewhatftirently the sky. with destriping algorithms. Although not large, thi$ect is not
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negligible compared to the sensitivity of the kurtosis index ref values accepted by the ADC in input. Bdtlis and [Tyin,
covery for a pure CMB sky. On the other hand, it is much le3$,,,] are subject to constraints as the complexity of the hard-
relevant than residual foreground contamination which acoware which may be hosted by the spacecraft and the need to
rate modeling turns to set the fundamental uncertainty on t#nid overflow or underflow of the ADC in a wide set of op-
recovery CMB anisotropy high order moments. erative scenarios including failures and diagnostic operations.
Finally, we find that the quantization introduces a power e%0 the combination of requirements from hardware and mis-
cessCy%, that, although related to the instrument and missiamon operations limit the set of possible valuesiabc fixing
parameters, is weakly dependent on the multigadé middle the entropy of the quantized signal generated by the ADC and
and large’ and can be quite accurately subtracted.d&ar~ 2, its compressibility. For example, in the case @fARCK/LFI
the residual uncertaintpC*, implied by this subtraction is of the signal in output to thetlRNCK/LFI ADC has a typical en-
only ~1-2% of the RMS uncertainpC'™¢, on C:¥ recon- tropy H ~ 5.9 bits corresponding to@; < 2.7 to be compared
struction due to the noise pOWQ?oise. with the requiredC, 2 8 (Maris et al. 2000a). The domina-
Only for £ < 30 the quantization removal is less accuratéon of the noise over the signal prevents dfeetive use of

in fact, the ¥ f noise features, althouglffieiently removed, in- @ny general purposeféizrential scheme where onlyftérences
creaseClo%e, ACTO®e, C* and them\CS. Anyway, at low mul- between samples are sent to the receiving station. More elabo-

drated schemes may in principle circumvent this limitation, but it
'%hard to apply them under realistic conditions when constrains
rom mission operations and hardware capabilities are taken in
account (Gaztaaga et al. 2001). Alternatively, lossy compres-
Acknowledgementsie gratefully acknowledge K.M. @%ki and all sion methods may be considered as well. In these schemes only
the people involved in the realization of the tools of HEALPix pixelithe most significant bits of each code-word in output to the
sation. The map of the thermal S#ect has been downloaded fromacquisition chain are sent, eventually after loss-less compres-
the websitehttp://planck.MPA-Garching.MPG.DE/SimData/, sion. Least significant bits instead are discarded or, just their
we warmly acknowledge the authors for having provided them to tkeatistical moments are sent to the receiving station. Again, the
Community. We Warmly thank G. De Zotti and L. ffolatti for num- Characteristi(S/N < 1 for CMB data and the need to have
berless discussions on foregrounds. A number of people within thegyrict control of any source of noise and systematic errors
PLANCK community help us in clarifying particular aspects of thig, 4 the application of these methods. The most practical al-
subject. Between them we have to acknowledge for valuable discyisz e is 1o use a loss-less compression scheme, for exam-
sions and suggestions Steve Levin, Mikeftget and Roger Hoyland. . . .

ple for PlanckLFI the adaptive — arithmetic lossless compres-

sion has been selected (Maris et al. 2000a), but applying it after
Appendix A: Lossless compression efficiency data are processed bysaftware quantizatioor redigitisation

and quantization stage which reduces the entrodyof the data flow generated

. ) ) . by the acquisition chain. Indeed, the combination of software
Resuming what discussed in Romeo et al. (1999), Maris et &uantization plus loss-less compression acts as a sort of lossy

(ZOOOa), Gaziadga et.al. (,2000)' and .Gazltsg.a etal. (2001) compression, in the sense that software quantization leads to
and using the formalism introduced in Maris et al. (200083ymeg |oss of information increasing the already existing noise.
the maximum compression rat€;, achievable by any 10Ss- 5 ever, this scheme has been selected famek/LFI since

less compression method for any digitized signal represenefl more flexible than standard lossy compression methods,
by integers ofNuis bits and with Shannon’s entropi is  510wing a continuous tuning of the quantization step for the
(Nelson & Gailly 1996) software quantization and a precise evaluation and control of
the digitisation noise.

tipolesC¥ > ACI™Se > AC® and the uncertainty introduce
by the QRA dfect is therefore in any case much less than t
unavoidable uncertainty due the cosmic variance.

N .
C = l’_’;‘s. (A1)
If the signal to be compressed can be represented in terms 6fpendix B: Noise model for the quantization

stationary white noise, and provided thatdtss much greater error
than the quantization stepthen theC; for any loss-less com- s \orth to discuss in some detail how theise modefor the
pression algorithm is & function of the/q ratio since quantization error is obtained for the case> q without sat-
o uration. As anticipated in the main text, for digitisation in uni-
H =~ log, ( m—)' (A.2) form steps of widthy the noise model assumes that the quan-
d tization and reconstruction process induces an etrahich
In the simplest acquisition scheme where the signal is acquiisdiniformly distributed within the quantization intervald/2,
directly through an Analog-to-Digital-Converter (ADC) andrq/2] and which is uncorrelated with the input signali.e.
sent to the loss-less compressor, the maximum achievable carhese moments do not dependn
pression rate is fixed by signal statistics and hardware setup. AsLet us assume, as an example, tkat a normally dis-
widely discussed in the above works, in the case of CMB datebuted random variable with null mean and variancg and
the output of the acquisition chain is dominated by the instrlet denote withX the samples of the discretized signal. The
mental noise. While the digitisation step (for a linear ADC) iquantization error is defined @& = X — x. Then the sam-
gaoc = (Tmax — Tmin)/2Ms, where [Tmin, Tmax] iS the range ples of measured signals are the sum of two random variables
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© 4 as expected from the noise model. Note that this argument may
2 ! ! ! be generalized to any other continuous distribution.
EN I | |
: | Appendix C: Calculation of  an,
The ay, codiicient in Eq. (13) is defined as the ratio between
the standard error for the QRA process aftgraveragesy,
! ! ... NoiseModel - and the RMS for the same process:
! . | 5
! : | an, = %, (C.1)
| : : ONs
where o, is the RMS of the QRA error distribution after
X ! ! Ns averagesun,(X), oy, is obtained from the definition of
: : ] = Standard error:
I X=0 I X=1 I X . SNs
-g/2 +9/2 +30/2 INS((SNS) — ) dt uNs(t)
Fig. B.1.Sketch of the distribution for the quantization error (full line) ~ONs
in two consecutive quantization interval$ € 0, X = 1) for a normal _ 1 +1 _2/2
distributed random variablz in the case otr < g. The horizontal T \2rJda dte™ " ~ 0.6827 (C.2)

dotted line represents the distribution expected in the case of the noise

model. The p.d.f. for the quantization error is normalized to unit ard3le are interested in determine the central moments and the
in each quantization interval. integral ofun,(Sn,) i.e. to determine the characteristic function
of un,(dn,), from the characteristic function f&y, = Nson,.
Where,Sy, represents the distribution of tsaminstead of the
averageof Ns random variables. Taking in account that both
distributions are even and fods = 1 they coincide with the
top-hat distributionu(x) = 1, for|x| < 1/2, or O for|x| > 1/2,

it is possible to demonstrate that the characteristic function of

X = x + 4. Itis evident that since the distribution &fin any
guantization intervalX — q/2, X + q/2] is normal, the distri-
bution of § within each interval is a function of, i.e. ofx, as
sketched in Fig. B.1 for the case< g. The most general p.d.f.

for Xis: U () is:
f(X,0.0) = o\
f ds f dx (% PO, 6 % P)5(X = X—6), (B.1) q’”s("’)z[sync(z_Ns)] ©9

where syncf) = sin(x)/x. From Eq. (C.3) it is immediate

where g(x.0) is the normal p.d.f. with null mean andto recover the central moments af_(6n,). In particular it
0,0, X, o) is the p.d.f. for the quantization error. Decreasing. S\ONsJ- .
Q3,9 % ) P q ng s relevant to note that all the odd moments are null, while:

the distribution of the quantization errors within a given quanﬂ-
zation interval will be more and more uniform for akyands - O-IZ\IS/qz = 1/(12Ns) andmy = (5Ns — 2)/(240N5%) =
will be less correlated to the values ®f Then if g is much kurtosigq®. .

smaller thano the p.d.f. for the quantization errdp is no The evaluation oby, requires to solve Eq. (C.2). This is
longer a function ofk, and it may be approximated by a boobtained by the following formula:

function with Q(¢, q) ~ 1/q, for |6] < g/2 or Q(¢, g) = 0 other- L

wise. So in the limitr > g Eq. (B.1) may be approximated bles(éNs) = Rlwma)

45N max ~
xiq/2 1 +— fm syng(wdn, )
f(X,o-,q)zf dxag(x,rf). (B.2) 7 Jo
X

-a/2

Ns
w
sync(z—Ns)} dw, (C.4)

where wmax represents a cutfoin an otherwise indefinitely
Moments of orderK for the discrete random variable are extended integration range. The residi{tvmay) iS upper
Mk = X« fogx). Wheno > g the summation may bg ré-pounded byR(wma) < 4(2NNs/ (ﬂNswm%x) which allows to
placed by an integral solved by Taylor expandy(@, o) in geterminewmay ONce the absolute accuracy of integratiois
Eg. (B.2) aboutX and truncating it. The resulting momentg;jyen:

for X are the sum of moments for plus higher order terms 4 1N

which are just function ofj. For example, folK = 2 the wmax= 2Ns[ ]

Taylor expansion has to be extended up to the second order

in g giving* Note that it would be also possible to solve Eq. (C.2) through
direct integration ofun (dn,), but this is not a satisfactory

_ 2 2 s s

Mz = 0" +0q7/12 (B-3) method since the integral converges slowly Kgr> 10.

11 The term at first order in the expansion, as any odd term, gives Values ofan, asa func_tign ofNs from Egs. (C.1) and (C.2)

null contribution to the integral due to the symmetric nature of th@re tabulated, with four digits of accuracy and far= 1, 2, 3,

quantization process considered here. 4,5,6, 10,15, 30, 60, in the last column of Table C.1. While the

C5
meNg (C.5)
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Table C.1.Table of values of)“NS, o, anday, as a function oN. whereoy is the RMS of the software quantization error. This
relation is substantially correct at the level of TODs as well
as at the level of the maps, since the repeated observation of

Ns o

. - o the sky pixels and the averaging determined by the scanning
1 03414 02887 1.1825 strategy operate in the same way in the case of détetad
2 0.2183 0.2041 1.0696 by software quantization alone or by hardware plus software
3 04726 0.1667 1.0359 quantizatio_n, analogously to the considerations of Sect. 2.1.
Clearly,o, is larger than the expected QRA error reported by
4 01482 0.1443 1.0269 Eq. (1) which represents a very good approximation in the limit
5 01321 0.1291 1.0230 d > gapc andor for large values oRNj.
6 04205 01179 1.0227 In prdgr to unde_rstand th.e. conditions under which the ADC
quantization fect is not critical compared to the software
10 0.0930 0.0913 1.0187 quantization &ect we focus on the impact on the angular power
15 0.0753 00745 1.0108 spectrum estimation. At middle and large multipoles the power

spectrum of the global and the software quantization errors are

30 0.0529 0.0527 1.0033 proportional to the square of the corresponding RMS quantiza-

60 0.0373 0.0373 1.0017 tion error, i.e.:
gQRA,g CRA ;2 _ 2
values of6N , andory, are tabulated in the second and the thir oRA t 9 - a. (D.2)
columns of the table respectively. FNg > 30 the following C; 94

relation holds: . . .
By following an approach analogous the that described in the

logyg(an, — 1) = —0.923359 log,, Ns — 1.129003 (C.6) second part of Sect. 4, we require that
with an accuracy compatible with the accuracy of the tabulatedQ RA oRA ORA
values. Co-c" 1 Rms[c?™] (D.3)
QRA ~ 7 QRA :
C, 1 C,

Appendix D: The ADC quantization problem _ _ _
) ) _ Difterently from the case discussed in Sect. 4, we have now
In this papel’ we have eXtenS|Ve|y discussed tfiece of the to search for a |avvl_€, which g|ves at eaclf the minimum

software quantization of the data before lossless compressigflue among the ratios RMSE: ]/CIQG%A found for the set of

This quantization is only the last step for the on-board datgmulations considered here. We find that the approximate law
processing which mayfiect the data quality, being the data

acquired by the on-board computer by an analog to digital ~ 0.46¢7%° (D.4)
converter (ADC) which introduces at least three sources of
noise:i) the intrinsic ADC quantization noise proportional tds a quite good approximation for the whole range of multipoles
the ADC quantization stepapc; ii) the read-out noiseron; relevant here.
iii ) non linearities due to residualftérences imapc as a func- By using the above relation betweery and oy and this
tion of the input value seen by the ADC. Detailed analysis ekpression fot, the above condition is satisfied provided that
these problems are outside the scope of this paper and will be
addressed in forthcoming works. However, in the context of (Qapc 2 - 0.23£%5
this study on the signal digitisatiorffect it is relevant to dis- N_h( q ) 1
cuss the conditions under which the ADC quantizatified is
not critical compared to the software quantizatitieet. In the case of PANCK/LFI, N, ~ 50 and even in the worst case
The impact of the ADC quantization depends on the stefsd = 0.5 mK andgapc ~ 1.2 mK, this condition is satis-
of the on-board data processing. Assumiajt¢ acquire sepa- fied atf 2 30 with a value oft ~ 20, which corresponds to
rately the sky and the reference signal with an ideal ADC (i.@.deviation from the value of expectation of the angular power
considering negligible the sources of noiandii)), (b) to SPectrum of pure software quantization error of only few per
have a perfectly balanced radiometer (i.e. both the sky and It of its RMS. Of course, given an accurate description of
detectors have the same weight), the software quantization, the ADC quantization we can easily include it in the data analy-
and then the total QRA error, to be independent from the ADS- Anyway, this estimate shows that itéeet is typically very
quantization, andd) to haveN, ADC samples that are aver-small.
aged to obtain a given instrumental sample (i.e.lhelware Finally, it is worth to note that just replacing/®, with
sampling rate i\, times higher than theoftwaresampling 1/Nn in Eq. (D.1) accounts for a fierent conceptual acquisi-
rate), then the global RMS quantization errey, including tion scheme where the sky and reference signals &ereinced
both hardware and software quantization, is given by: before to perform the ADC quantization. This scheme has a
better propagation of the quantization error than the scheme
dapc 2 assumed in Eq. (D.1), implying that the above condition can be
79 = 7a\N, (T) *+1 (®-1) " satisfied with a value of two times larger.

(D.5)
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Table E.1. Statistical moments (RMS, skewness and kurtosis indices) of simulated maps, component by component (maps expressed in terms
of antenna temperature in mK units).

CMB
Not convolved Convolved
Nsige RMS skew kurt RMS skew kurt
1024 0.0994 0.0138 0.0683 0.0744 0.0259 0.0728
512  0.0982 0.0149 0.0137 0.0748  0.0254 0.0202
256 0.0930 0.0179 0.0116 0.0743  0.0259 0.0176

Galactic dust
Not convolved Convolved
Nsige RMS skew kurt RMS skew kurt
1024 0.0135 50.5199 4856.6387 0.0112 27.5733 1439.6084
512 0.0133 47.1236 4258.4253 0.0112 27.3251 1417.4308
256 0.0128 41.5666  3382.7876 0.0112 26.7408 1357.6565

Galactic synchrotron

Not convolved Convolved
Nsige RMS skew kurt RMS skew kurt
1024 0.1149 5.7031 43.5534 0.1147 5.6796 43.1066
512 0.1189 5.3191 38.9364 0.1187  5.3008 38.5514
256 0.1190 5.2726 38.7467 0.1188 5.2529 38.3544
Thermal SZ
Not convolved Convolved
Nsige RMS skew kurt RMS skew kurt
1024 0.0289 —2.4063 11.5482 0.0038 -1.9015 4.3527
512 0.0165 —1.2956 3.2362 0.0037 -1.2614 3.4428
256 0.0097 -1.0981 2.6870 0.0036 -1.2332 3.3694

Extragalactic sources
Not convolved Convolved
Nsige RMS skew kurt RMS skew kurt
1024 0.2877 142.7467 32287.1797 0.0343 31.0366 1803.6383
512 0.2064 119.9874 23013.3711 0.0342 30.1208 1728.2690
256 0.1116 63.1182 6254.4443 0.0334 28.8417 1591.0974

Appendix E: Statistical moments of simulated sky Maino et al. (2002), that of extragalactic source fluctuations ac-
maps cording to the model by Tolatti et al. (1998), while for ther-
mal Sunyaev-Zeldovichfiects (SZ) from clusters of galaxies
ﬂvéi have used the template available at the MPI websites

We report here a comprehensive tabulation of the statistig act interesting to compare the modification on the statistical

moments of _the cMB s!m_ulated map adopte_d in this wor, oments of a pure CMB anisotropy sky due to the digisation
compared with the statistical moments of simulated ma

: . gﬁ’ect with that due to the foreground contamination.
of the most relevant Galactic and extragalactic foregrounds.

Our maps of Galactic foregrounds are simulated according # http://planck.MPA-Garching.MPG.DE/SimData/
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Table E.2. Statistical moments (RMS, skewness and kurtosis indices) of simulated maps, component by component. Several “masks’
considered: simple Galactic cuts in the case of Galactic foregroungljpping thresholds in the case of extragalactic foregrounds to exclude
high signal pixels (maps expressed in terms of antenna temperature in mK units).

Galactic dustjb| > 30°
Not convolved Convolved
Nsiee  RMS skew kurt RMS skew kurt
1024 0.0003 119.5806 40805.9648 0.0003 18.3523 1182.7938
512 0.0003 95.2859 27483.1035 0.0003 18.0818 1152.1223
256 0.0003 59.3470 10995.2607 0.0003 17.4658 1075.4803

Galactic synchrotrorip| > 30°

Not convolved Convolved
Nsiee  RMS skew kurt RMS skew kurt
1024 0.0231 1.7020 4.6648 0.0228 1.7550 4.8509
512 0.0232 1.6361 45589 0.0229 1.6856 47311
256 0.0232 1.6407 4.5924 0.0229 1.6798 4.7297

Thermal SZ, 5—clipping

Not convolved Convolved
Nsige RMS skew kurt RMS skew kurt
1024 0.0289  -2.3803 11.0141 0.0038 -1.9015 4.3527
512 0.0165 -1.2956 3.2362 0.0037 -1.2614 3.4428
256 0.0097 —-1.0981 2.6870 0.0036 —-1.2332 3.3694

Extragalactic sourcesg5-clipping

Not convolved Convolved
Nsige  RMS skew kurt RMS skew kurt
1024 0.0351 7.0355 63.6241 0.0197  7.9949 89.2986
512 0.0332 6.5662 57.6648 0.0199 7.4744 83.2827
256 0.0307 6.8692 64.2773 0.0198 7.4770 84.4513

The HEALPix scheme (Grski et al. 1998) is here adoptedsignificantly contaminated by SZffects or extragalactic
and diferent resolutions, identified by the parameMyye sources have to be previously detected and removed. More pre-
(12x stide is the number of pixels in the map), are consideredisely, for uniformity reasons, we apply the same-&8ipping

We consider here maps with and without beam convolutighreshold o~ being the RMS of CMB fluctuations at the con-
(FWHM of 33 as appropriate to the LFI 30 GHz channelsgidered resolution for the corresponding case (including or not
The input maps have been first simulatedNgte = 1024 with- beam convolution), independently of the considered kind of
out beam convolution. Convolution and, possibly, degradatif#ap composition.
are then applied. Note that, while in the cases of unconvolved maps with

We report the statistical moments referring separately lerge skewness and kurtosis indices the convolution decreases
each component and to combination of CMB and foregroubdth these estimators, in the cases of unconvolved maps with
maps, by including or not masks to exclude regions at lowoderate or small skewness and kurtosis indices the convolu-
Galactic latitudes andr high signal pixels, as indicated intion may produce a weak increase of these estimators because
the tables. In fact, the regions at low Galactic latitudes hathee higher order moments are relatively less reduced than the
to be avoided in CMB anisotropy analysis as well as pixelariance.
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Table E.3. Statistical moments (RMS, skewness and kurtosis indices) of compositions of simulated maps. Several “masks” are considered:
simple Galactic cuts arior o-clipping thresholds (maps expressed in terms of antenna temperature in mK units).

CMB + Galactic dust and synchrotron

Not convolved Convolved
Nsiee  RMS skew kurt RMS skew kurt
1024 0.1613 2.9300 20.0627 0.1471 3.7471 26.2175
512 0.1620 2.8617 19.5551 0.1486 3.5949 25.1637
256 0.1590 3.0031 20.7307 0.1485 3.5886 25.2111
CMB + Galactic dust and synchrotraj| > 30°
Not convolved Convolved
Nsiee RMS skew kurt RMS skew kurt
1024 0.1029 0.0304 0.0566 0.0786 0.0676  0.1280
512 0.1012 0.0331 0.0437 0.0787 0.0677 0.1107
256 0.0962 0.0400 0.0518 0.0782 0.0692  0.1128
CMB + SZ and extragalactic sources
Not convolved Convolved
Nsige  RMS skew kurt RMS skew kurt

1024 0.3004 125.3678 27163.9629 0.0817 2.3212 55.4750
512 0.2290 87.9838 15230.6826 0.0823 2.2019 51.8950
256 0.1457 28.4538 2166.2129 0.0815 2.0211 45.2755

CMB + SZ and extragalactic sourcesr-5clipping

Not convolved Convolved
Nsige  RMS skew kurt RMS skew kurt
1024 0.1090 0.1633 0.5535 0.0767 0.1281 0.3061
512 0.1048 0.1917 0.4495 0.0773 0.1258 0.2467
256 0.0982 0.1912 0.4427 0.0768 0.1248 0.2411
CMB + all foregrounds
Not convolved Convolved
Nsige  RMS skew kurt RMS skew kurt

1024 0.3257 98.6301 19666.8828 0.1508 3.8517 28.4794
512 0.2628 58.8482 8779.2510 0.1525 3.6713 26.9822
256 0.1946 13.5666 688.5937 0.1523 3.6406 26.4542

CMB + all foregrounds, &—clipping andb| > 30°

Not convolved Convolved
Nsige  RMS skew kurt RMS skew kurt
1024 0.1128 0.2045 0.6126 0.0812 0.1791 0.4069
512 0.1081 0.2308 0.5769 0.0814 0.1781 0.3875
256 0.1016 0.2304 0.5608 0.0809 0.1808 0.3966
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