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Abstract. The dark energy – dark matter interaction has recently been proposed as a solution of the CDM crisis at galactic
halo scales. We have made a study of general properties of two-fluid FLRW models with energy transfer between DE and
matter, independently of the specific mechanism of interaction. A mixture of quintessence with negative pressure (pQ = wεQ)
and matter with positive pressure (p = βεm) define the associated one-fluid model (p = γε). It is shown that, for givenw andβ,
the energy transfer definesγ and, therefore, the total gravitating mass and dynamics of the model. The behaviour of the energy
content, gravitating mass, pressure, and energy transfer are given as functions of the scale factor for interesting examples from
different two-fluid classes, defined by the presence/absence of energy transfer and by the stationarity/non-stationarity of the
equations of state. Three characteristic scalesaE, aP, aM separate periods of time in which quintessence energy, pressure and
gravitating mass dominate. Sequences of the scales define six evolution types.
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1. Introduction

In studies of cosmological models with dark energy, DE and
matter are usually viewed as independent substances so that
the energy-momenta of the partial fluids are separately con-
served. Recently the discussion of the CDM crisis at galactic
halo scales has put forward the question of interaction of CDM
particles and in particular that between CDM and DE (Peebles
& Ratra 2003; Ostriker & Steinhardt 2003; Farrar & Peebles
2003). As emphasized by Farrar & Peebles there are many
possible unexplored interaction mechanisms. Fortunately, the
parameters of FLRW models with interacting DE may be re-
stricted from observations (Teerikorpi et al. 2003).

Here we study general properties of two-fluid FLRW mod-
els in which the DE component dominates at late epochs
and there may be energy transfer between DE and matter.
Independently of specific mechanisms of interaction in the
complex dark sector, we study the behaviour of the main pa-
rameters of two-fluid models, determined by energy transfer
between DE and matter. The first attempt to consider an inter-
action of matter withΛ was made by Bronstein (1933). One
can find historical notes in Baryshev & Teerikorpi (2002) and
Peebles & Ratra (2003).

Send offprint requests to: P. Teerikorpi,
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In Sect. 2 we give a brief introduction to two-fluid interact-
ing FLRW models. In Sect. 3 we introduce a new classification
of such models and study the general case. Three particular ex-
amples of the classification are described in Sect. 4 and our
conclusions are given in Sect. 5.

2. The two-fluid model: A summary

The derivation of the FLRW equations contains the following
basic elements:
1) The Einstein equations (notations from Landau & Lifshitz
1971).

<i
k −

1
2
gi

k< =
8πG
c4

Ti
k. (1)

2) The Bianchi identity in the form:

Ti
k;i = 0. (2)

3) The RW line element in spherical comoving space coordi-
nates (χ, θ, φ) and synchronous timet:

ds2 = c2dt2 − S2(t)dχ2 − S2(t)I2
k(χ)

(
dθ2 + sin2 θdφ2

)
. (3)

4) The total energy momentum tensor in comoving coordinates
(ordinary matter, vacuum, quintessence):

Ti
k = diag(ε,−p,−p,−p). (4)
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Here Ik(χ) = (sin(χ), χ, sinh(χ)) for the curvature constant
k = (+1, 0,−1), respectively.S(t) is the scale factor,ε = ρc2 is
the energy density, andp is the pressure.

2.1. The FLRW one-fluid model

For the one-fluid model the (0, 0) and (1, 1) components of
Eq. (1) give the FLRW equations

Ṡ2

S2
+

kc2

S2
=

8πG
3c2
ε, 2

S̈
S
+

Ṡ2

S2
+

kc2

S2
= −8πG

c2
p, (5)

where =̇ d/dt. Equation (2) implies:

3
Ṡ
S
= − ε̇

ε + p
· (6)

The equation of state for the one-fluid model is

p = γ ε. (7)

The characteristic energy contenteof the sphere with the radius
equal to the proper metric distancer = S(t)χ is1:

e(r) =
∫
εdV = 4π εS3σk(χ). (8)

The gravitating massMg is defined by the equation of motion
(r̈ = −G Mg(r)/r2) from Eqs. (5):

Mg(r) =
ε + 3p

c2

r∫
0

dV =
e
c2

(3γ + 1). (9)

2.2. Time dependence of energy

Two factors cause a time dependence of energy of each partic-
ular fluid and, hence, of the associated one-fluid model: 1) the
expansion of the universe, and 2) one fluid may be converted
into another.

For the associated one fluid the Bianchi identity is:

d
(
εS3

)
dt

+ p
d
(
S3

)
dt

= 0. (10)

Representing the total energy density and pressure as a sum of
two parts:

p = pQ + pm ε = εQ + εm (11)

one defines, following Davidson (1962), the energy trans-
fer from quintessence to matterum and from matter to
quintessenceuQ as follows:

d
(
εQ S3

)
dt

+ pQ

d
(
S3

)
dt

= −um

d
(
εm S3

)
dt

+ pm

d
(
S3

)
dt

= −uQ. (12)

1 The volume element dV = S3 I2
k (χ) sin2(θ) dχ dθ dφ. For k =

+1,0,−1:σk(χ) = χ2/2− sin 2χ/4, χ3/3, sinh 2χ/4− χ2/2.

2.3. The two-fluid model for matter and quintessence

In his pioneering work, Lemaˆıtre (1933) studied a model con-
taining dust and the cosmological constant without interaction.
Energy transfer was first applied for a two-fluid cosmology by
Davidson (1962). We also make use of the results by Chernin
(1965), Thomas & Schulz (2000), Coley & Tupper (1986b),
Amendola & Tocchini–Valentini (2001).

We study two kinds of substances: 1) a perfect fluid with
positive pressure; 2) a fluid with positive energy and negative
pressure. The equations of states are:

pm = β εm, (13)

where 0≤ β ≤ 1 andβ = εm/pm > 0, and

pQ = w εQ, (14)

where−1 ≤ w ≤ 0 andw = εQ/pQ < 0. The minimum value
for w has been usually accepted as that corresponding to the
vacuum (w = −1). In a model of phantom energy (Caldwell
2002; Caldwell et al. 2003) a value ofw < −1 was also regarded
as admissible. Our approach does not depend on the particular
value ofw. An important function

α(S) = εQ(S)/εm(S) (15)

characterizes the relative contributions to the energy density
from quintessence and matter (e.g. Wetterich 1995; see for a
different approach Coley & Wainwright 1992).

The two-fluid model is defined on two levels: 1) the level of
partial one-fluid, with interactions through the common gravity
field and by energy transfer from one fluid to the other, and
2) the level of the associated one-fluid (as termed by Coley
& Wainwright 1992). For a full description of a two-fluid one
has to study both levels simultaneously. The effective one-fluid
equation of state is not produced by particles alone, but together
with DE.

2.3.1. The associated one-fluid model

We specify the partial quantities and equations of state:

εQ = ρQc2, εm = ρmc2, ε = εQ + εm,

pQ = wεQ, pm = βεm, p = pQ + pm,

p = γε. (16)

Each fluid has an equation of state (Eq. (7)) with different co-
efficients:β(S) for matter andw(S) for quintessence. Thus the
equation of state for the associated one-fluid is:

γ =
p
ε
=
wα + β

α + 1
· (17)

For the energy ratioα ≥ 0 one finds thatw ≤ γ ≤ β. The as-
sociated one-fluid description of the two-fluid model includes
Eqs. (5)–(7) and Eq. (17). The three functions of the scale fac-
tor w(S), β(S) and α(S) are assumed given.
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2.3.2. The two-fluid model

The energy-momentum tensor of the associated one-fluid is the
sum of the partial tensors. From Eq. (2) we have

Ti
k;i = T i

(m)k;i + T i
(Q)k;i = 0 (18)

which leads to Eq. (6) withε = εQ + εm, p = pQ + pm.
Here we consider two cases in the two-fluid description.

First, the EM tensors of the partial fluids are separately con-
served:

T i
(m)k;i = 0 and T i

(Q)k;i = 0, (19)

so thatuQ = 0 andum = 0. In the second case we allow the
presence of the energy transfer, whenuQ , 0 andum , 0 but
uQ + um = 0 which is equivalent to Eq. (6). We note that in
his pioneering paper Bronstein (1933) considered the third case
when the conservation of energy is violated by a dΛ/dt term.

For two-fluid FLRW models the characteristic energy con-
tent within the sphere of a fixed comoving radiusχ is

e= 4π εS3σk(χ) = 4π (α + 1)εm S3σk(χ). (20)

The gravitating massMg is the sum

Mg(r) = Mm
g + MQ

g =
e
c2

(3γ + 1). (21)

2.4. Dimensionless equations

Below we use dimensionless quantities, as defined in Gromov
et al. (2002)2:

a(τ) = S(t)/l0, τ = t/t0,

Ei =
εi
ε0
, Pi =

pi

ε0
, Ei =

ei

e0
, Ui =

ui

ε0
t0

wherei = Q,m, and

E = EQ + Em,P = PQ + Pm,E = EQ + Em,U = UQ + Um

µ(a) = Mg(t)/M0 = 3σk(χ)(3γ + 1)a3E.
Then initial equations are rewritten as

ȧ2

a2
+

k
a2
= E, 2

ä
a
+

ȧ2

a2
+

k
a2
= −3 P, (22)

3
ȧ
a
= − Ė
E + P

, (23)

P = γ E, (24)

Ui =
1
a3

[
d
dτ

(
Ei a3

)
+ Pi

d
dτ

a3

]
. (25)

The equation for the scale factor now has the form:

a2 ä = −Ω0 µ(a), (26)

whereΩ0 is the cosmological density parameter.

2 We use ≡̇ d/dτ, andt0 = 1
H0

, l0 = c t0, ε0 = ρ0 c2 =
3H2

0
8πG .

3. General properties of two-fluid FLRW models

3.1. The classification

In a two-fluid negative pressure and gravitating components
lead to novel behaviour of the total pressure and gravitating
mass. It is useful to define four classes (Gromov et al. 2002;
Teerikorpi et al. 2003) according to two independent proper-
ties: 1) the fluids have a stationary (SES) or at least one has
a non-stationary (NSES) equation of state and 2) the pres-
ence (ET) or absence (NET) of energy transfer between the
components (Table 1 in Teerikorpi et al. 2003). Further, the be-
haviour of the functionα(a) = EQ/Em defines three kinds of
models:

1. coherent model, when

α(a) = const, (27)

which is defined by Eq. (27) at any moment of time;
2.asymptotically coherent model, when Eq. (27) is reached

at a limit of large time:

lim
a→∞α

′(a) = 0 (28)

and
3. non-coherent model(Eqs. (27) and (28) invalid).

3.2. The general solution: ET-NSES models

The ET-NSES class is the most general of two-fluid models.
There, any fluid (the associated and two particular ones) may
have a nonstationary equation of state. Here we fully describe
the two-fluid problem in terms of the associated one fluid and
two particular fluids simultaneously. This leads us to rewrite
the FLRW equations in terms of the coefficients of the three
equations of stateγ, β, w.

3.2.1. The input equations and their solution

We describe the associated one-fluid model by Eqs. (23, 24)
with γ = γ(a). The solution of these equations, with the initial
conditions stated for the present epoch, is:

E = E(1) exp

−3

a∫
1

γ + 1
x

dx

 . (29)

The two particular fluids are described by Eqs. (25) and the
equations of state:

PQ = w(a) EQ, Pm = β(a) Em. (30)

Froma3
(
Um − UQ

α

)
andUQ + Um = 0, we find:

Um

Em

α + 1
α

a3 = 3
ȧ
a

(β − w) − α̇
α

(31)

where the energy contentEi = Eia3. This leads to a general
result: the model can be coherent (α = const) only if there is
energy transfer. The critical transferUE

m which keepsα con-
stant (coherence) is:

UE
m = 3

ȧ
a
E(β − w)

α

(α + 1)2
= UE

m(w, β, γ, a). (32)
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UE
m separates the behaviour of the two-fluid with different signs

of α̇(a): Eq. (31) implies that ˙α(a) > 0 requiresUm < UE
m;

α̇(a) < 0 requiresUm > UE
m. That is, the ratioEQ

Em
increases, if

Um < UE
m and decreases ifUm > UE

m.
Previously the energy transfer has been calculated for

some model of interaction between dust and radiation, i.e. for
givenw(a) andβ(a) (e.g. McIntosh 1967, 1968; Sistero 1971;
Coley & Tupper 1985, 1986a). Now we know that energy trans-
fer is inevitably required for coherence.

Substitutingȧ
a from Eq. (22) into Eq. (31) shows how the

energy transfer depends on curvature (k , 0):

Um

E
(α + 1)2

α
= ± 3

√
E − k

a2
(β − w) − α̇

α
· (33)

Using the definition ofα, Eq. (15), and its time derivate, ˙α (γ−
w)2 = (γ − w) β̇ + (β − γ) ẇ − (β − w) γ̇, Eq. (31) leads to the
expression for the energy transfer:

Um(γ, a) = E(γ, a)

√
E(γ, a) − k

a2

[
±3

(β − γ)(γ − w)
β − w

∓ a
(β − w)2

(
(γ − w) β′ + (β − γ)w′ − (β − w) γ′

)]
(34)

where ′ = d
da and E(γ, a) is defined by Eq. (29). The sign

“+” corresponds to expansion while the sign “−′′ corresponds
to collapse. Thus the energy transferUm depends onγ, β, w,
their derivates and, also, on the scale factora (as an indepen-
dent variable) and curvature. For a more realistic situation with
givenk, β(a) andw(a), Eq. (34) shows thatγ(a) is completely
defined byUm(a).

Equations (31)–(34) represent in different forms how a con-
vertion of one-fluid into another (Um , 0) affects the properties
of particular fluids (equations of state, energy transfer rates)
and the expansion of spacea(t). Equation (34) gives the depen-
dence of the energy transfer onγ anda as an independent vari-
able. Excludingγ from Eqs. (34), (29) and (26) we find that
energy transfer completely defines the gravitating mass as a
function of the scale factor. Thus,the total gravitating mass
and, consequently, the dynamics of the expansion, is deter-
mined by the energy transfer.

The general (ET-NSES) solution for particular fluids is
represented by the functionα(a) and two coefficients of the
equation of stateβ(a) andw(a):

EQ =
Eα
α + 1

, Em =
E
α + 1

,

EQ = EQ a3, Em = Em a3,

PQ = w EQ, Pm = β Em, (35)

µ = µQ + µm,

where

µQ = 3σk(χ) (3β+ 1)a3 EQ,

µm = 3σk(χ) (3w + 1)a3 Em.

3.2.2. Three characteristic scales

Depending on the initial conditions and the class of a model,
there is one (or, possibly, more) moment of time when the one-
fluid is effectively dust, i.e.γ(aed) = 0. The general expression
for the “effective dust scale”aed is:

α(aed) = −β/w. (36)

The evolution of a two-fluid from initial conditions atamin to
an asymptotic state witha → ∞ has a complex character, as
shown by the contributions of energy, pressure and gravitating
mass of each component to the total quantities. Equations (35)
give the relative contributions:

α =
EQ

Em
=

EQ

Em

P = |PQ|
Pm
=
α

αP
, M = |µQ|

µm
=
α

αM
, (37)

whereαP andαM depend ona:

αP(a) =
β(a)
|w(a)| , αM(a) =

3β(a) + 1
|3w(a) + 1| · (38)

Three characteristic scalesaE, aP andaM appear so that

a = aE implies α = 1,

a = aP implies P = 1, aP = aed,

a = aM implies M = 1, (39)

whereaed is defined by Eq. (36) These are the solutions of the
equations:

α(aE) = 1,
|w(aP)|
β(aP)

α(aP) = 1,

|3w(aM) + 1|
3β(aM) + 1

α(aM) = 1. (40)

β(a), w(a) andα(a) are model-dependent, so there is no possi-
bility to study the general case.

Equation (31) shows that the energy transfer is required for
coherence (α = const). One may also substituteα = αMM into
Eq. (31), and find forconstantM the critical value for energy
transfer:

UM
m =

[
3

ȧ
a

(β − w) − d lnαM
dτ

]
E MαM

(MαM + 1)2
· (41)

A similar formula may be derived for the critical energy trans-
fer UP

m producing constantP.

3.2.3. The evolution types

We study only models fully dominated 1) by matter in the very
early epoch (α < 1, P < 1, E < 1 ), while 2) by dark energy
at large times (α > 1,P > 1, E > 1 ). Then the characteristic
scales allow 6 types of nonequalities:

aE < aP < aM, EPM; aE < aM < aP, EMP

aP < aM < aE, PME; aP < aE < aM, PEM

aM < aE < aP, MEP; aM < aP < aE, MPE. (42)
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Table 1.Detailed description of the EPM evolution type.

EM > EQ

amin < a < aE PM > |PQ|
µM > |µQ|
EM < EQ

aE < a < aP PM > |PQ|
µM > |µQ|
EM < EQ

aP < a < aM PM < |PQ|
µM > |µQ|
EM < EQ

aM < a < ∞ PM < |PQ|
µM < |µQ|

Each nonequality system defines an “evolution type”: a unique
sequence of the scalesaE, aP andaM, which border the peri-
ods of time when dark energy dominates in total energy, pres-
sure and gravitating mass, respectively. The ratio between en-
ergiesEΛ andEm was used by Chernin et al. (2002) to make a
division between the growth and suppression of structure for-
mation. In Table 1 the EPM evolution type is described in de-
tail. Equation (31) leads to a dependence ofα on Um for a
givenw(a) andβ(a). Equations (37)–(40) lead to a dependence
of the evolution type onα for a givenw(a) andβ(a). So, for a
givenw(a) andβ(a) the evolution type is connected to the en-
ergy transfer (which defines the gravitating mass). Thus,there
exists a correspondence between the dynamics of a model, its
evolution type and energy transfer.

4. Classifying two-fluid FLRW models: Examples

4.1. NET-SES models

Such two-fluid models have been much studied because the in-
put equations are simple. We discuss the evolution types for
w = −1,−2/3,−1/3 , 0 andβ = 0, 1/3, 2/3, 1.

4.1.1. Input equations and their solutions

The input equations are given by Eq. (23) for each fluid:

3
ȧ
a
= − ĖQ

EQ + PQ
, PQ = w EQ, w = const.,

3
ȧ
a
= − Ėm

Em + Pm
, Pm = β Em, β = const.,

UQ = 0, Um = 0. (43)

Equation (31) is written in the form:

3
ȧ
a

(β − w) − α̇
α
= 0 (44)

and has a solution

α = α(1)a3 (β−w). (45)

Table 2.NET-SES models: (w = −1, β = 0) give a constant pressure,
(w = −1/3, β = 0) a constant gravitating mass.

w β E P µ

−1 0 Em(1)a3 + EQ(1) −Em(1) −2Em(1)a3

−1/3 0 Em(1)a+ EQ(1) −Em(1)/(3a2) EQ(1)

The solution of Eqs. (43) is well known. The interesting quan-
tities have the following dependencies ona:

EQ(a) =
EQ(1)

a3(w+1)
, Em(a) =

Em(1)
a3(β+1)

,

EQ(a) =
EQ(1)

a3w
, Em(a) =

Em(1)
a3β
,

PQ(a) = w
EQ(1)

a3 (w+1)
, Pm(a) = β

Em(1)
a3 (β+1)

, (46)

µQ(a) = 3σk(χ)EQ(1)
3w + 1

a3w

and analogously forµm(a). We comment on two models in this
class: (w = − 1

3, β = 0) has a constant total gravitating mass
and a time-dependent energy content. (w = −1, β = 0) pro-
duces a total constant pressure and variable energy content and
gravitating mass (Table 2).

4.1.2. The condition of coherence

Assuming coherence (see Eq. (27)) Eq. (45) leads to

ȧ
a

(β − w) = 0, (47)

which for the non-static solution reduces to the simplest case
of a one-fluid dust model:

β = w = 0. (48)

Assuming asymptotic coherence (Eq. (28)) Eq. (45) gives

α′ = 3α
β − w

a
= 3α(1) (β − w) a3 (β−w)−1, (49)

so, lima→∞ α′ = 0 only forβ − w < 1
3 ·

4.1.3. Asymptotic behaviour and evolution type

Substituting (45) into (17) one findsγ(a):

γ(a) = β − β − w
1+ 1

α(a)

, (50)

which has the following asymptotical properties:

lim
a→0
γ(a) = β, lim

a→∞ γ(a) = w, (51)

so,any matter-quintessence NET-SES model is effectively mat-
ter at early times and quintessence at later times.

The unique moment when the total pressure= 0 and the
associated one-fluid is dust-like defines the scaleaed:

aed =

[−w
β

EQ(1)

Em(1)

] 1
3 (β−w)

· (52)
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Table 3. Evolution types for NET-SES models with various values
of w andβ. The numbers are given by Eqs. (39) and (40) forEQ(1) =
0.7 andEm(1) = 0.3 (ME ) meansαM = αE etc.

w = −1 w = −2/3 w = −1/3
β = 0 aE = 0.754 aE = 0.655 aE = 0.429

aP = 0.00 aP = 0.00 aP = 0.00
aM = 0.598 aM = 0.655 aM = ∞

PME P(ME ) PEM
aed = ∞ aed = ∞ aed = ∞

β = 1/3 aE = 0.809 aE = 0.754 aE = 0.655
aP = 0.615 aP = 0.598 aP = 0.655
aM = 0.809 aM = 0.949 aM = ∞

P(ME ) PEM (PE)M
aed = 1.07 aed = 0.950 aed = 0.655

β = 2/3 aE = 0.844 aE = 0.809 aE = 0.754
aP = 0.778 aP = 0.809 aP = 0.949
aM = 0.915 aM = 1.07 aM = ∞

PEM (PE)M EPM
aed = 0.915 aed = 0.809 aed = 0.598

β = 1 aE = 0.868 aE = 0.844 aE = 0.809
aP = 0.868 aP = 0.915 aP = 1.07
aM = 0.975 aM = 1.11 aM = ∞

(PE)M EPM EPM
aed = 0.868 aed = 0.778 aed = 0.615

To find the evolution types of NET-SES models, we use the
functionα to calculate two functionsP andM:

α(a) =
EQ(1)

Em(1)
a3 (β−w),

P(a) =
|w|
β
α(a), M(a) =

|3w + 1|
3β + 1

α(a)· (53)

The characteristic scales (Eq. (39)) are simply calculated:

aE =
(Em(1)
EQ(1)

) 1
3 (β−w)

, aP =
(
β

|w|
Em(1)
EQ(1)

) 1
3 (β−w)

,

aM =
(

3β + 1
|3w + 1|

Em(1)
EQ(1)

) 1
3 (β−w)

. (54)

Table 3 illustrates the complex evolution from the matter-
dominated model to quintessence-dominance. Different phys-
ical quantities pass through “boundaries” (α = 1; P = 1;
M = 1) between the matter and quintessence stages at different
times. Note thataed cannot fully define the evolution type and
dynamics.

4.1.4. The time dependence of the gravitating mass

The total gravitating mass in any NET-SES model has its
extremum at

a∗ =
(
β

−w
3β + 1
3w + 1

) 1
3 (β−w)

. (55)

As a∗ should be real, so−1/3 < w < 0. The requirement of
positiveµ′′(a∗) is reduced toβ > w (always valid). So, in NET-
SES the gravitating mass has a minimum for−1/3 < w < 0.
No extrema exist for−1 ≤ w ≤ −1/3.

4.2. A NET-NSES case: Generalizing Chernin (1965)

Chernin (1965) obtained the solution for radiation plus dust,
which we use as the matter component. For quintessence we
takew = const. A new property due to complex matter is that
the effective equation of state is non-stationary. The input equa-
tions are given by Eq. (23):

3
ȧ
a
= − ĖQ

EQ + PQ
, PQ = w EQ, w = const.,

3
ȧ
a
= − ĖR

ER + PR
, PR =

ER

3
,

3
ȧ
a
= −ĖD

ED
, PD = 0,

Em = ER + ED Pm = PD + PR = PR,

UQ = 0, UR = 0, UD = 0. (56)

The solutions of Eqs. (56) are well-known .We write:

EQ =
EQ(1)

a3(w+1)
, ED =

ED(1)
a3
, ER =

ER(1)
a4
,

EQ =
EQ(1)

a3w
, ED = ED(1), ER =

ER(1)
a
,

PQ = w
EQ(1)

a3 (w+1)
, PD = 0, PR =

1
3
ER(1)

a4
,

µQ = EQ(1)
3w + 1

a3w
, µD = ED(1), µR =

2ER(1)
a
· (57)

Forα andβ = Pm/Em we find:

α(a) =
EQ(1)a1−3w

ED(1)a+ ER(1)
, β(a) =

ER(1)
ED(1)a+ ER(1)

(58)

Eq. (31) has the form:

3
ȧ
a

(β(a) − w) − α̇
α
= 0. (59)

4.2.1. The conditions of coherence

From Eqs. (28), (58) and (59) we find

α′ =
3ER(1)

a
a1−3w

Em(1)a+ EQ(1)
· (60)

lim
a→∞α

′ = −3w
ER(1)
Em(1)

a−(3w+1) = 0, for w > −1
3

= −3w
ER(1)
Em(1)

, for w = −1
3

= ∞ for w ≤ −1
3
· (61)

4.2.2. The asymptotic behaviour and evolution types

Equations (58) and (17) give the effective coefficientγ(a):

γ(a) =
EQ(1)w + ER(1)

3 a3w−1

EQ(1)+ ED(1)a3w + ER(1)a3w−1
· (62)
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Table 4. The numbers are obtained from Eqs. (39) and (65) with
EQ(1) = 0.7 andEm(1) = 0.3; hereED = 0.05,ER = 0.25.

w = −1 w = −2/3 w = −1/3
aE = 0.803 aE = 0.743 aE = 0.634
aP = 0.587 aP = 0.563 aP = 0.598
aM = 0.788 aM = 0.921 aM = ∞

PME PEM PEM
aed = 0.587 aed = 0.563 aed = 0.598

Becauseβ − w > 0, the associated one-fluid model has the
following asymptotic properties:

lim
a→0
γ(a) = 1/3, lim

a→∞ γ(a) = w. (63)

So the one-fluid model, associated with the considered
NET-NSES two-fluid is effectively radiation at early times and
quintessence at late times. Its effective dust scale is

aed =
[−3wEQ(1)/ER(1)

] 1
3w−1 . (64)

The evolution types are given by functionsα, P & M:

P = 3w
ER(1)

(ED(1)a+ ER(1)) α(a),

M = EQ(1) (3w + 1)

ED(1)a+ 2ER(1)
a1−3w = (3w + 1) α(a). (65)

In Table 4 three characteristic scales represent two evolution
types for this model: PME and PEM.

For−1/3 < w < 0 the total gravitating mass has a unique
minimum at a scalea∗

a∗ =
(
3
2

EQ(1)

ER(1)
(−w) (3w + 1)

) 1
3w−1

. (66)

4.3. An ET-SES example: Coherence

ET-SES models allow coherence. An important class of dark
energy models is the coupled quintessence (e.g. Wetterich
1995; Amendola 2000), where the total energy momentum
tensor is conserved. For coupled quintessence, a stationary
DE model was found (Amendola & Tocchini-Valentini 2001)
which predicts coherent behaviour of matter and DE at late
cosmic epochs. Such a relation was independently studied by
Baryshev et al. (2001) to solve the problem of the smooth lo-
cal Hubble flow. Teerikorpi et al. (2003) discussed the Hubble
relation for coherent models. The coherence (α = const), pro-
duced by energy transfer, impliesγ = const and the model is
much simplified.

The associated one-fluid model is described by

3
ȧ
a
= − Ė
E + P

, P = γ E, γ = const. (67)

Separating its solutions (e.g.E = E(1)/a3(γ+1)) into matter and
quintessence we find:

EQ =
E(1)

a3 (γ+1)

α

α + 1
, EQ =

E(1)
a3γ

α

α + 1
,

PQ =
E(1)w
a3 (γ+1)

α

α + 1
, (68)

µQ = 3σk(χ) E(1)
α

α + 1
3w + 1

a3γ

Em =
E(1)

a3 (γ+1)

1
α + 1

, Em =
E(1)
a3γ

1
α + 1

,

Pm =
E(1)β
a3 (γ+1)

1
α + 1

, (69)

µm = 3σk(χ) E(1)
1
α + 1

3β + 1
a3γ

·
From Eq. (31) we find the energy transfer

Um = 3
α

(α + 1)2
E(1)

a3(γ+1)

ȧ
a

(β − w). (70)

The asymptotic behaviour much depends on the sign and value
of γ. The functions usually defining evolution type (α =
EQ/Em = const,P = (|w|/β)α = const,M = [(|3w + 1|)/(3β +
1)]α = const) are now fixed ratios. Which component domi-
nates during evolution depends on the value ofα.

For the Amendola & Tocchini-Valentini (2001) solution,
reached at late times (w = −0.7, β = 0, α = 7/3), the
equation of state of an associated one-fluid is given byγ =
(wα + β)/(α + 1) = −49/100≈ −1/2, which gives

E = E(1)
a153/100

≈ E(1)
a3/2
, E = E(1)a147/100≈ E(1)a3/2

P = − 49
100

E(1)
a153/100

≈ −1
2
E(1)
a3/2

µ = − 47
100
E(1)a147/100≈ −1

2
E(1)a3/2. (71)

The energy transfer for the flat (k = 0) model is:

Um = 3
α

(α + 1)2
E3/2(1)
a9/2 (γ+1)

(β − w). (72)

This gives for the Amendola & Tocchini-Valentini solution

Um =
441
1000

E3/2(1)
a459/200

≈ 2
5
E3/2(1)

a2.3
· (73)

Thus this model is asymptotically NET-SES.

5. Conclusions

In studies of FLRW models withΛ, Λ and matter are usually
viewed as independent substances so that the energy momen-
tum tensors of the partial fluids are separately conserved.

As a solution of the CDM crisis at galactic halo scales,
Peebles & Ratra (2003) and Ostriker & Steinhardt (2003) sug-
gested an interaction between dark energy and matter. One
may find in the literature several models of DE-DM interac-
tion, but the complexity of the dark sector still leaves a huge
unexplored area.

This makes it necessary to study on a phenomenological
level the general case when a one-fluid converts into another
and the equations of state may be non-stationary. This is pos-
sible thanks to the remarkable fact that the FLWR models are
defined at the level of the total energy-momentum conservation
and are not directly sensitive to the specific mechanism pro-
ducing the energy transfer. This is one reason why the internal
physics of CDM and dark energy are still largely unknown.
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We analyzed four classes of models defined by the pres-
ence/absence of energy transfer and by the stationarity/non-
stationarity of the equations of state.

The equations of state withβ for positive andw for neg-
ative pressure components andγ for the associated one-fluid,
together with the energy transfer (a fluid converts into another),
determine the type of evolution of the model depending on the
class of the model. From the behaviour of the energy content,
gravitating mass, and pressure versus the scale factor, we de-
fined three characteristic scales,aE, aP andaM. These border
time intervals when quintessence energy, pressure and gravitat-
ing mass dominate. Sequences of the scales define 6 evolution-
ary types. It was shown that

• for givenw andβ, energy transfer definesγ and, hence, the
total gravitating mass and dynamics of the model.
• a model can be coherent only if there is energy transfer.
• the dynamics of a model, its evolution type and energy

transfer are interrelated.
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