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Radial mixing in protoplanetary accretion disks

VI. Mixing by large-scale radial flows
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Abstract. The presence of crystalline dust materials in the outer, cold regions of protoplanetary accretion discs requires condi-
tions for their formation, which are typical for the inner, warm regions of the disc. This suggests the existence of a mechanism
that allows an fficient, outward-directed radial transport of material in accretion discs. Higher order analytical calculations,
as well as numerical simulations reveal meridional flow structuresdiscs, which exhibit outflow of matter in regions near

the disc midplane and may play a significant role in radial mixing in protoplanetary accretion discs. We present an analytical,
isothermal model for the large-scale meridional flow pattern in-alisc, verifying the approximations which it is based on by
means of a 2-D numerical computation. The solution for the flow structure obtained is used for calculating the transport of a
tracer in accretion discs in combination witlfdsional mixing. The impact of radial flows on mixing of tracers is compared to

the height-averaged inflow solution of the standard one-zone approximation.
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1. Introduction Radial mixing processes by turbulenffdsion and anneal-

ing of amorphous dust have already been treated in our pre-
Observations of silicate bands in cometary material (e\gous papers (Papers | and 1) and by BoaeNorvan et al.
Hanner et al. 1994; Wooden et al. 1999, 2000) suggest {?®02). These model calculations showed that mixing of an-
existence of crystalline material in the cold outer regions @kaled dust by turbulent fliiision from warm inner into cool

protoplanetary accretion discs (Bouwman et al. 2000). Singgter disc regions can explain the observed fraction of crys-
there is no indication of the presence of crystalline silicatg|line dust in cometary nuclei.

dust in the interstellar medium, its origin is likely to be in the

protoplanetary disc itself. The processing of amorphous dust Since the introduction of the one-zone approximation

into crystalline silicates requires temperatures of above 800 rRodeI, which describes geometrically thin, optically thick, tur-

X . . -bulent accretion discs by averaging the vertical dependencies
which are encountered in the inner parts of protoplanetary discs, ; : . . o
of the primary variables and solving the resulting radial disc

(r £ 1...2 AU), but not in regions beyond the Jupiter or- . iy i
it where comets are thought o form (Gail 2001; wenrsefl S 18 83 RS RER 2 R0 R
& Gail 2002, henceforth called Papers | and I, respectively P 9

Therefore radial transport of processed material from the wahré]al flows (Urpin 1984; Siemiginowska 1988; Kley & Lin
inner to the cold outer regions of the protostellar discs has be&r%ifm:fé%zog ?I: ?r!.eilrgsgjlijti((!?sla;ﬁisclts,a %aggijligvi\/:;e
suggested (Nuth 1999; Nuth et al. 2000). '

o ) ) _absent from models with height averaged radial drift resulting
outer, cold regions of protostellar discs (e.g. Meeus et al. 2001)

) . : The flows resulting from the one-zone approximation are
also need high temperatures and pressures typical for inner fe- . :
. . - . irected inwards throughout the disc, whereas the large-scale
gions (Nuth & Hill 2000). Prebiotic molecules processed inthe ~~" . .
mgndlonal flows imply the occurrence of mass outflow in re-

inner regions of the disc may have been transported beyoqons close to the disc midplane, where matter gets transported
the ice-zone to be incorporated into comets and delivered3o P ’ 9 b

the Earth to allow the evolution of life (Hill et al. 2002) from the inner to the outer disc regions, and inflow in regions
' ’ high above the midplane, dominating the overall mass transport

in the accretion disc. The authors observe this phenomenon
Send gfprint requests toCh. Keller, in a large variety of disc models and usingfdient ana-
e-mail:ckeller@ita.uni-heidelberg.de lytical, semi-analytical and numerical methods, derive their
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solutions. However, since the flow-structures of numerictdr the radial velocity component
models are limited by their finite computational domain, it is
their close agreement with analytical solutions that confirnf&tr + v20ztr + vrdrty
the existence of large-scale flow structures, independent of ar-
tificial in- and outflow boundary conditions needed in numeri- v 1 1 4
. . . —_— = _8rP - arq) + — az(llazvr) + _ar(llrarvr)
cal simulations. This suggests that large-scale flows may be of r p P 3r
great importance to the radial mixing in protostellar discs. (3)

2
§ar(llvr) + %8(([‘0() - :1_20r + az(llarvz)

The present paper is a first attempt to investigate the impact —
of large-scale flows on the radial mixing of tracers in protoplan-
etary accretion discs in combination with turbulent mixing. In 2 2u
Sect. 2, we therefore introduce a simple, isothermal disc model ‘gar(ﬂrazvz) + gaz”Z)»
that takes into account higher order terms in the radial veloc-
ity equation and results in outflow of matter in the disc micend for the specific angular momentum
plane for a large parameter range. The flow structure is th%nv R S
compared to a numerical test calculation including all terms of ¢ * "27#¢ T e
the governing equa}tions, justifying the apprpximations made in 1. 4 . v (4)
the analytical solution. The resulting analytical expressions for —08,udvs + — 0 “udr—,
the velocity components are used in Sect. 3 to solve the tracer pr '
equation that describes the mixing of tracers in a model diseherev, is the azimuthal velocity componeri, the gravita-
and to investigate the filerences in the results produced byional potentialy = pv the viscosity cofficient, andP the gas
those models taking into account large-scale meridional floyweessure. This system of equations is closed by the ideal gas
and those which only consider height-averaged, radial accesfuation of state
tion flows. The results will be discussed in Sect. 4. 5

P=clp. (5)

In case of turbulent flows these equations are averaged accord-
ing to principles described in McComb (1994). In lowest order

2. Radial flows in accretion discs the same equations are recovered with an empirical recipe to
calculate the turbulent viscosity. For accretion discs it is stan-
2.1. An analytical model dard practice to use thedescription for the turbulent viscosity
v = aHc, (6)

2.1.1. Basic equations

. ) . . ) .. according to Shakura & Sunyaev (1973). The isothermal sound
The model equations are written in axisymmetric, cyhndncé}eed is given by

coordinates, where the independent spatial coordinates of the

position vector are the radiusand the vertical height. The _ kT )
continuity equation, describing the conservation of mass, thén  uy,my

reads in its dierential form

whereT is the gas temperaturkejs Boltzmann'’s constanf,
the mean molecular weight, ang, the proton mass.
1 The temperatur& and the isothermal sound velocityare
O + 9pv7 + Farfpvr =0. (1) assumed to be constant in the vertical direction. Model calcula-
tions in the 1 dimensional approximation show the temper-
atures to vary only slowly in the vertical direction, except near
Here,v, andvr denote the velocity components in vertical anghe outer boundary, where the temperature rapidly drops to the
radial directionp is the gas density ang represents the par- effective temperature of the disc surface (Ruden & Lin 1986).
tial derivative with respect to an independent variabléfter We also assume the validity of the thin-disc approximation
applying Eq. (1) to the equations that state the conservation@fg. Pringle 1981), i.e! ~ ¢, whereH(r) is the disc height at
momentum (e.g. Landau & Lifshitz 1959), we obtain for thg given radius, which is given by
vertical velocity component the expression c

HO = o ®)

Otv7 + V70705 + VOV = ande < 1 (typically e ~ 0.05...0.1). This is equivalent to
the assumptions < vk for the isothermal sound speed and the
Keplerian speed.

) In Sect. 2.1, we consider stationary solutions only and thus
neglect temporal derivatives. In the following we derive ap-

2 1 proximate solutions fo, correct up to ordee? andv, andv
—gaz(ﬂar(rvr)) + Far(ﬂrazvf)) ’ up to ordere. r Z

1 1/4 1
- =9,P - 0,0 + - (—82(;162122) + =0k (urorvz)
P p\3 r
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2.1.2. The azimuthal velocity component complex models, including radiativefflision approximation
and dust opacities appropriate for protoplanetary discs, result
in central temperature profiles that are closg te 1 in regions
where ice-coated dust grains dominate the opacityland.62
U; 1 1 in regions where bare dust grains dominate the opacity (e.g.
N ;c’hP - 0@ + Eaz(llazvr) (9)  Wehrstedt & Gail 2003).

If only radii complying with% < € are being considered,
Evolutionary timescales of protoplanetary accretion discs sugy. (12) finally reduces to
gest a turbulent-viscosity parametein the range ofr < 0.01 2 12
(Ruden & Pollack 1991; Drouart et al. 1999; Calvet et aJ% = vk (1_/1r_25 - _/1_2], (16)
2000). We can therefore safely assume tat< e and also g AT
neglect the viscous term in Eq. (9).dfexceeds some critical \ith accuracy of ordee?, where
valuea, this assumption might no longer be justified (Kley &
Lin 1992; Kluzniak & Kita 2000; Regev & Gitelman 2002). , _ 1(6_ \ \/E )
The applicability of our models depending enwill be dis- "~ 4 r
cussed in Sect. 4.

The gravitational force of a central potential exerted by
star of masdv, is given by

Neglecting terms of order higher thaf, the stationary equa-
tion for the radial velocity component reduces to

21.3. The radial velocity component

Equation (16) allows us to estimate vertical gradients contain-

GM, 3GM, [z\? . . . .
6d=—— - > 2 (—) , (10) ing the azimuthal velocity componert The stationary angu-
r r r lar momentum Eg. (4) to first-order accuracy can be written as
accurate to terms of ordef. Applying the Taylor expansion 2 [t 1 v
s . _ 3 ¢
and the definition of the Keplerian speed b= (;azllaz% + 'Eﬁrr #arT), (17)
K
o = GM, in agreement with Urpin (1984). Siemiginowska (1988) and
K= r’ Rézyczka et al. (1994, hereaft&BB), however, neglect the

vertical derivative term in their analysis.

Eq. (9) now becomes
a- () Making use of the temperature model (15) and results

3(z\? r? obtained in Sect. 2.1.2, Eq. (17) takes the form
( ) P (11)

”¢=”K(1‘z TV
. . . . . vrza[S—% —%f(r)
in accord with Urpin (1984). Using the equation of state (5) we
obtain , (18)
1 z H
322 (1 H2 - 2@-5)(2) ](—)cs
Vg = UK (1— Z(F) +(§rarlnp+r8rlncs) r_Z) (12) 2 H r
where

To further evaluate this expression, a model for the radial den- 1
sity and temperature distribution with an accuracy of the ordefyy = | 1) .
of €% is required. We can thus resort to the solutions of the R«

stationary one-zone approximation for the density (e.g. Pring{®te that all terms in Eq. (18) are of the same order with respect

1981) toe.

_ 2I(2H?) In the midplane £ = 0) this solution fory(r,2) has the
p=pc€ ' (13) following property: forr — R, the term-3 f(r) becomes large
The central density, in this model is given by and negative. Therefore, in the inner regigfn, 0) < 0, which

_ 5 means arinflow of matter in the midplane of the disc. For>
pe = M Qg (1 B \/E] 14) R the term-3 f(r) approaches zero angr, 0) > 0, provided
a V183 ¢ r) A< g Thus, in the outer disc regian(r, 0) > 0, which means

an outflowin the midplane of the disc. There exists, then, a

where we used the definitioQx = vk/r of the Keplerian stagnation radius

frequencyR, the stellar radius, and, the total radial mass

accretion rate. Fstag (9—541 2
For the radial temperature distribution we assume a simpfg, “le_51) (19)
dependency given by

def'ned by)r(rstag O) = 0.
T =T ( )‘” (15) In the disc region outside of the stagnation radius, the radial
T ’ velocity component decreases with heighintil it vanishes at

1AU
where is a free parameter arifh y equals the temperatureSOMe PoINt

at 1 AU. Vertically isothermal disc models with a temperature 6— 51— 3f(r)
equal to the surface temperature correspond to 3. More 2 = ZH: 7= ~9-51 (20)

r
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Fig. 1. The stagnation radius,gin units of the stellar radiuR, and Fig. 2.In- and outflow rated/- andM;" from the higher order approx-
as a function of the exponentof the temperature power laWe r=4;  imation at large radii > R, in units of the mean accretion raké;,
I'stag diverges ast — 1.2. Outflows will only be observed for < 1.2.  derived from standard one-zone disc models. The net mass flux rate is
M-+ M+ = M,.

Hence, one has i . .
Table 1. Numerical values of the in- and outflow rates for typical

>0 for|z <z values of1 and at large radii > R,.
(2 =0 forizd =z (21)

<0 for|Z > z. 2 1 0.75 0.62
The outward flow close to the midplane of the disc, thus, turns M; /M, -0.087 -0.250 -0.344
into an inwards flow in higher disc regions. A typical example M /M, 1.087 1.250 1.344

for this flow is shown in Fig. 4.
In the disc region inside of the stagnation radius, the ra-

dial velocity component is directed inwards for allThis re- RrB who have used Rosseland mean opacities appropriate for

Regev & Gitelman (2002), since we only consider smélk €  simulations including a flux-limited radiative flision equa-
(Sect. 2.1.2). tion.

In the limit of 1 — g the stagnation pointsig tends to
infinity and we observe inflow throughout the discif> g.
The dependence ofgon A is shown in Fig. 1. For = 1 or
A= 3 we findrsiag= 16 R, Or rsiag = 5.4 R,, respectively. The gy means of the error-function ef = foz e dt and a sym-

stagnation radius is therefore located well inside the region gty condition with respect to the equatorial plane, we obtain
dust vaporization in a protoplanetary accretion disc and at s the mass outflow rate in the disc regian< z, close to the
radii, where the assumptions made leading to Eq. (16) mightﬁ]f?dplane

2.1.4. Mass transport

longer apply.
As a result of this, there will be an outward transport of. o +2 q
matter from hot disc regions, where dust is equilibrated, inthr = =21 % pur dz

cold outer disc regions, where equilibration is impossible.
Equation (18) can be compared to the solution for the in- _ ( *]
M|1- /=
r

wards flow of the standard, height-averaged one-zone model
(e.g. Pringle 1981)

1+ f(r) erf (% ) (24)

3 (H Cs 2 2
(or) = __“(_)—’ (22) -———(9-51)z € «1/2]-
GRS TN Y Vigr
As expected, the mass inflow rate in the higher disc regions

which is shown in Fig. 5. Settingt = 1, the ratio of 12 > 7 becomes

the meridional radial flow structurg to the height-averaged

inflow (v;) is . 00 . i

M= —27Tr-2f pvrdz= M, - M, (25)
b __}+f'(5)2+ £(r) (23) “
)y 3 3\H '

which means that the net mass accretion Mtés in accord
For large radii, wherd (r) — 0 we obtain, = —%(vr) in the with the result for the one-zone approximation. Expanding the
disc midplane, which coincides with the numerical results efror-function erf (e.g. Abramowitz & Stegun 1964), we obtain
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Fig. 3. Vertical profile of the momentunp, scaled byp.cs (dashed QN
line) and the Mach numbeW, (solid line) in vertical direction, for 4 42 44 46 48 5
A =1 and large radii > R, (f(r) — 0). The vertical flow is directed r [AU]
outwards close to the equator and changes sign at the same height as
the radial velocity component. Fig. 4. Meridional flow pattern in the higher order approximation for

the parameterd = 0.75,a¢ = 0.01,R, = 35 R,, M, = 1 M,

— N o— 7
an expression of the outflow rate at large radi> R, as a | (tAY) =1000 KM, =107 Mo/yr.

function of _——————— —
) S
. . 2 1(z 1/(z A e =
M; (1) = Mz, \/jl—— Sl I 04t e T T
T 3\V2 10\ v2 e T
(26) N PERESERIBENDENERS e
6 B
_i ) }(9_ 5/1)6—25/2 , 02 feooe—e—— T .
42\+2) 3 T T e
wherez, is defined in Eq. (20). This function along with the S
inflow rate M (1) is displayed in Fig. 2. The numericalvalues? ¢ + — — — — — |
derived from Eq. (26) are listed in Table 1 for a set of typical. |~ —— = = ===
values forA: in the case oft = 1, about 9% of the net mass «—e&&&%HHHHH%&:::::::
flux rate are being carried outwards, 25% foe 2 and 34% o2 B |
for 2 = 0.62. B e
2.1.5. The vertical velocity component T S
In the stationary limit, the continuity Eq. (1) reads o T T
1 4 4.2 4.4 4.6 4.8 5
azpvz + Farrpvr =0. (27) r[AU]

This can be interpreted as an ordinarfetiential equation Fig. 5. Flow pattern of the standard, height-averaged one-zone approx-
imation (cf. Fig. 4).

dp; _
o R(2) (28)

for the vertical momenturp, = pv, and a known r.h.s.

where

H 2

1 _ ¢ (_) _)(6—52) — 2(9—
R@) = _Farrp . 29) A A [B-=)(6-52)—2(9-41)f(r)],
Applying the symmetry conditiop,(2)|.-0 = 0, Eq. (28) has a /H\2
the solution B=-, (?) (B-4)(9-51).

Z

PA(2) = f R(Z)dZ. (30) The Mach numbeM;, = v,/cs that results from the vertical ve-

0 locity componenty, is illustrated in Fig. 3 along with the ver-

With the aid of the error-function, Eq. (30) can be integratedical momentum componem, scaled by.cs. An example of
which leads to the expression for the vertical velocity compehe meridional flow pattern resulting from both velocity com-
nent ponentsy; andu, is shown in Fig. 4, which compares to the

z Z\3 flow structure of the height-averaged one-zone approximation
02(2) = [Aﬁ + B(ﬁ) ]CS (1) shownin Fig. 5.
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analytical solution

numerical solution ------- the boundaries, the analytical approximation and numerical so-
lution of the fully coupled equations coincide well. This justi-
fies the approximations introduced in determining the analyti-
cal solutions fow,, vy andv,.

S5 SRS

i, [em/s]

100
0
-100
-200
-300
-400
-500
-600
-700
-800

3. Diffusion and transport of a tracer

The results of Sect. 2 show that the accretion flow in a disc is
not simply an inwards drift of matter at all disc heights, but
2 that under conditions prevailing in real discs £ 1) the net
accretion rate results from a small but non-negligible outward
transport of matter in the disc midplane and a dominating in-
ward transport in higher disc layers. The outward transport of

0.04
0.06 008

z[AU ) 0.1 1 . . .
Al 0.12 matter in the midplane has the consequence that some materia

Fig. 6. The radial velocity component after relaxation in comparisofiom hot inner disc regions is brought into the cold outer disc
to the analytical solution. regions, which again has consequences for the composition of

the bodies formed in the outer parts of the disc, since then they
contain some fraction of material which comes from inner disc
2.2. A numerical test regions.
To verify the analytical approximations of Sect. 2.1, we com- In \{iSCOL.JS accretipn discs, wher_e turbulence is the source of
' viscosity, this advective, outward-directed transport of material

pare the resulting flow structure with a numerical hydrody- . .
L T . . . s superposed by turbulentfflisional transport of material be-
namics simulation in spherical coordinates that includes all t

e d . . .
: . . ; . een diferent disc regions. This also results in a transport of
terms in the governing equations of isothermal, axisymmet-

ric flows. Since the full underlying Navier-Stokes equations o - c fraction of matter from inner parts to the cold outer parts
i ying g the disc (e.g. Morfill 1983; Papers | and Il and references

. . Q
spherical coordinates are somewhat lengthy, we refer the reg %rrein)
to text books (e.g. Landau & Lifshitz 1959). The equations are . L

) . : - Additionally, turbulent dffusional mixing, as well as, to a
solved in the vertically isothermal limit, therefore the four con- . ) . L

. : uch lesser extent, advection, also acts in the vertical direction

servation equations for mass and momentum are closed by th

equation of state (5) and tledescription for the turbulent vis- and mixes matter from the inner layers close t9 the m|dp|ane,
cosity, Eq. (6). where matter flows outwards towards outer radii, to higher lev-

els, where matter flows inwards towards the central star. The

The computations have been carried out on a staggered Q/ré(rjtical mixing tends to smooth out compositiongteiiences

in spherical coordinates, using a finite volume d|scret|zat|%eto the large-scale meridional flow. It is therefore important

scheme described n detail by Stone & Norman (1_992)' ._to study the combinedects of turbulent dfusion and merid-
In a test calculation, the computational domain comprisgs. - .\ rents in two dimensions

an area of = 1to 2 AU andd = 82 to 90, which corresponds

to a vertical height of abouat= 0.15 AU at the inner and 0.3 AU

at the outer boundary. The domain was resolved by@Dgrid 3.1. The model calculation
points.

We have used the following set of parameters= 102,
My = 1 Mo, m = 7/3, Tiau = 100K, 1 = 1, andM, =
10°° Mo/yr. . ) i ognc+V-nco=V- ﬂVc (32)

Boundary conditions were derived from the stationary one- dg
zone approximation, i.e. Dirichlet boundary conditions for the . . . . . . .

axisymmetric, spherical coordinates in two dimensions,

radial and angular velocity components at the inner and outBr ts the total particle densitvth i
radii and von Neumann boundary conditions at the equator\f(vﬁIeren represents the total particle densitythe concentra-

plane. For the poloidal velocity component, we have appliéi&m’.aqﬁsdg th(_a Schmid_lfhnurgbﬁr Qgta dustt)tra_cer of IOW. de?-d
homogenous Dirichlet boundary conditions at the equator, jy In the carrier gas. The Schmidt number is approximate

plane and homogenous von Neumann boundary condition %t
the inner and outer boundary. At the upper bounday-a82 o _ ¢
we have used Dirichlet boundary conditions for all variables.

In the computation discussed here we have neglected te(see Papers | and Il and references therein). The second term
involving R, /r, which formally corresponds to a vanishingn the |.h.s. of the tracer Eq. (32) is the advection term that
stellar radius and has no significant influence on the flow strummpetes with the €usive term on the right.
ture. Ideally, Eq. (32), usually including additional gain and loss

Figure 6 shows the numerical result of the radial velocitgrms not considered here, needs to be solved for a set of dust
component after relaxation in comparison to the analytical sgpecies together with the fully coupled radiation hydrodynam-
lution. Apart from a thin zone of about 5 to 10 grid points alonis equations. This will be the subject of future work.

For this purpose, we numerically solve the time-dependent
tracer equation
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"Tracer source” at T Table 2. Set of fixed parameters used in the simulation of tracer trans-
constant Dirichlet . llar di
0.008 boundary condition. port in protostellar discs.

a R, M, T1au Mr Sdg I'src

7 Mo
001 35R, 1M, 10°K 107% 1 1AU

SOZ 105 yr
warb o HOA 102 yr —
— SOZ 10, yr
Ak HOA 10" yr
Fig. 7. lllustration of the implemented boundary conditions, designe 107} A=l
to simulate the constant production of a tracer in the equatorial pla "
at 1 AU. O 107 F Tracer concentration at
lu—]ﬂ (10 5 ) i
-~ yr and f ~ 10" yr %
. . . . . . . ".
To gain first insight into the possible impact of large-scal 10} |
flow structures on the transport of a dust tracer, we combir Al ‘;\
Eq. (32) with the stationary, analytical solutions for the flow » \
structureo(r, Z), which we insert into the advection term. That 10 [ 7o \
way we can compare the qualitativefdrences between the 1078 . , . D
result for the mean radial velocity (22) resulting from the star 0.1 1 10 100 1000
dard one-zone approximation (SOZ) and the velocity field ir r[AU]

ferred from the higher order approximation (HOA) in Sect. 2'%19.8. Tracer concentration§ for 4 = 1 (fseg ~ 0.26 AU) att =

Egs. (18).and (31). _ . 10° yr andt = 1CP yr. The results using the higher order approximation
For this computation we assume that the disc structure d@gg (HOA) hardly difers from the result of the standard one-zone
not evolve. This is not strictly true (Wehrstedt & Gail 2003)pproximation (SOZ).

but should be dticiently accurate for the present type of ex-
plorative test calculations.

We solve Eq‘ (32) on_ a _staggered, radial Io_garlthmlc_ gr{g such an extent that theffirences in the advective flows be-
of 100x 80 grid points distributed over a domain spanning

radius from 0.1 to 200 AU and an angle fraim= 80 to 90, filveen the models SOZ and HOA become nearly negligible.

using a fully implicit, backward Euler time-integration schemt?heIn Figs. 9 and 10 the results far = 0.75 are plotted for

To simulate the constant production of a dust tracer at,a “T“e levels = 10° yr andt = 10° yr, respegtlvely. Here, .
. . . . . ; the diferences between the models become increasingly vis-
certain radiusg in the disc midplane, we have implemented

oint source Dirichlet boundary condition for the primar vari'ffble' Whereas at = 10 yr, the surface concentratia at
P y b yVarl: _ 100 AU computed with the HOA model exceeds the re-

able (nc)_at this position, whereas all other grid points along ths%lt obtained with the SOZ by a factor of about 5¢ at10° yr

equatorrc_ll_ bound_ary obey homoge_nous von Ne_ur_nann _bou%e- HOA concentratiol© ~ 4.3 x 107> at 100 AU is about
ary conditions. With a constant particle dengifyhis is equiv- 13 times larger than the valueZ 10°° of a SOZ calculation
alent to a constant concentration= 0.01 atrg (Fig. 7). ’

Furthermore, homogenous Dirichlet conditions have been aps For 4 = 0.62 the results of the HOA and the SOZ models
. . : iffer the most. The tracer concentratidhstt = 10° yr for
plied to the inner and outer boundaries and a homogenous von

" . ach model is displayed in Fig. 11. A& 100 AU, C computed
Neumann condition at the upper boundary of our disc mOdevf'evith the HOA model exceeds the result obtained with the SOZ

by a factor of about 68.
3.2. Results Correspondingly, applying the flow structure of the HOA
arr]odel, to reach a concentration 6f = 10 at 10 AU, for
eraged surface concentration = 0751t only takes about a factor of 0.6 of the time required
in the SOZ, i.e. 2L x 10* yr instead of 34 x 10* yr. ForA =
2 0 0.62 the time needed to reach= 10™* at 20 AU is about a
C= mfo ncadz (33) factor 0.5 shorter in the HOA model then in the SOZ model,
- i.e. 14 x 10* yr instead of 28 x 10* yr.
and for a set of fixed parameters (Table 2) are presented in According to the model calculations, a temperature profile
Figs. 8-10. The tracer concentrations are plotted fiérdint (1 = 1) corresponding to the central, radial temperature distri-
time levels, comparing the results of the models SOZ and H®#Ation with dust opacities adequate for ice-coated grains, which
for the parameterg = 0.62, 1 = 0.75 anda = 1. prevail in a large portion of protostellar discs, results in no sig-
Figure 8 shows the results far= 1. Neither at = 10° yr, nificant diference between the tracer mixing obtained from the
nor att = 10° yr significant diferences in the tracer distributiontwo models SOZ and HOA. This suggests that the tracer mix-
at large radii are noted. Busion dominates the tracer transpoting in the SOZ in this case yields adequate results. On the other

The results of the numerical computations for the vertically



1184
10 2 ;
S0Z ———
HOA ——
04
A=0.75
10 ¢ .
o Tracer concentration at
t~10°yr
TRA
-10
L .
L L

0.1 1 10 100

r [AU]

Fig. 9. Tracer concentration€ for 4 = 0.75 (fsiag ® 0.09 AU) at

1000

Ch. Keller and H.-P. Gail: Radial mixing in protoplanetary accretion disks

-2

10

A=0.62

104t
Tracer concentration at

t~10%yr

10 -6 |
4+ I'stag

0.1 1 10
r [AU]

1000

100

Fig.11. Tracer concentration§ for 1 = 0.62 (rs;g = 0.07 AU) at

t = 10° yr. At 100 AU C computed with the model using the HOAt = 1(° yr. At 100 AU C computed with the model using the HOA

exceeds the result of the SOZ by a factor of about 14.

10° T ;

107 -

10
A=0.75

Tracer concentration at

£~10%yr
105 +

+— Fstag

0.1 1 10
 [AU]

100

Fig. 10. Tracer concentrations for = 0.75 att = 10° yr. At 100 AU
C computed with the model using the HOA exceeds the result of tB? e

SOZ by a factor of about 20.

hand, for a temperature profile appropriate for bare dust gra
(1 = 0.62), the results for tracer mixing obtained from the SO
and HOA models are significantly feiérent from each other.
This shows that much more sophisticated numerical models g
necessary, before quantitative conclusions for the transporﬁﬁ

tracers in large-scale disc flows can be drawn.

4. Discussion

1000

exceeds the result of the SOZ by a factor of about 63.

Both velocity components are directly proportionaldo
Formally, in this model the velocity field retains its qualitative
structure for any adequately small valueaofAlso, since for
both models SOZ and HOA discussed in Sect. 3, the advection
term and the dfusion term of the tracer Eq. (32) are propor-
tional to @, the same is true for the timescale of the mixing of
a tracer, whereas the resultingfdrences when comparing the
two models, are independentaf

In an analytical estimate, including the verticatfdsion
term which we neglected in Eq. (9), Kley & Lin (1992) find a
critical o above which the disc flow is directed inwards for all
heightsz. For a disc around a white dwarf, they fing ~ 0.06,
in good agreement with their simulation of a disc model com-
prising a region interior to 3B,. Using the opacity parameters
and equation of state taken from their protostellar disc modelin
the estimate of Kley & Lin (1992), RBB find a theoretical value
~ 0.12. Nevertheless, they do not observe a reversal of
the equatorial outflow in their simulations even for values up to
a = 0.25.

In a semi-analytical computation including the Eddington
ﬁ,%oroximation for the temperature distribution and electron

attering, respectively a Kramers opacity law, Regev &
itelman (2002) obtain the stagnation radigggas a function
F . They definen. as the value, whergy.g — oo and find
2 0.7 in good agreement with the analytical result obtained
y Kluzniak & Kita (2000) using a polytropic equation of state.
This critical value fora is undoubtedly drastically above the
value one expects in protostellar discs. The authors conclude
that the flow pattern is due to dynamical, rather than thermal
processes. This is supported by our analysis, as well as the ob-

The thin-disc approximation in the isothermal limit and the aservation made by Regev & Gitelman (2002) that, while the
sumption of a sfficiently small value for the turbulentftii- disc structure depends somewhat on the opacity law, the merid-
sion parameter that allowed us to neglect theffiisive termin ional flow pattern and the stagnation radius are quite insensitive
Eq. (9), results in the velocity field given by Egs. (18) and (31p it. We are therefore confident that, although we obtained our
which shows an outflow in the equatorial plane for a large paesults from a rather crude thermal model describing the tem-
of the disc, depending on the radial temperature profile givparature profile in the disc, the flow pattern observed is real and
in Eq. (15). of a universal nature.
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