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Abstract. In this note we address the issue of hydrodynamical instabilities in Astrophysical rotating shear flows in the light
of recent publications focused on the possibility for differential rotation to trigger and sustain turbulence in the absence of a
magnetic field. We wish to present in a synthetic form the major arguments in favor of this thesis along with a simple schematic
scenario of the transition to and self-sustenance of such turbulence. We also propose that the turbulent diffusion length scale
scales as the local Rossby number of the mean flow. A new prescription for the turbulent viscosity is introduced. This viscosity
reduces to the so-called S-prescription in the case of velocity profiles with a constant Rossby number, which includes Keplerian

rotating flows.
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1. Introduction

If it is widely accepted that plane shear flows are subject to non-
linear instability, the situation concerning their rotating coun-
terpart is more controversial. Indeed, rotation alone is known
to introduce constraints that could result in the stabilization of
the flow. Differentially rotating flows are ubiquitous in astro-
physics. From stellar interiors to accretion disks, from galac-
tic rotation to planetary disks, they are met everywhere.While
in many communities it is generally accepted that differential
rotation could give rise to turbulence, the debate continues in
the accretion disk community. Since the dawn of accretion disk
modeling in the early 1970’s, and in the absence of quantified
transport properties supported by an identified physical mech-
anism, turbulence transport has been modeled with ad hoc pre-
scriptions for the anomalous viscosity (the most popular be-
ing the so-called “alpha prescription”). Differential rotation has
been proposed early as the possible source of this anomalous
transport (Shakura & Sunyaev 1973). Recent numerical sim-
ulations fail to show evidence of such instability in accretion
disks. However, whether or not these simulations are adequate
or sufficient to give a definitive answer to this issue remains
open to question (Longaretti 2002; Richard 2001, 2003). The
difficulty of studying turbulence and instabilities has been re-
flected in the lack of a detailed physical mechanism along with
dynamical and transport properties to apply in Astrophysical
models. Several relevant instabilities are currently being
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investigated in the accretion disk community (Klahr &
Bodenheimer 2003; Longaretti 2002; Balbus & Hawley 1991),
the most studied being the Magneto-Rotational Instability
(MRI) (Balbus & Hawley 1991). This instability, linear in na-
ture, is an excellent candidate as long as the disk is ionized
enough, but is more unlikely to be efficient in cold disks such
as proto-planetary nebulae (leading to the introduction of the
“dead zone” layered accretion disk model by Gammie 1996).
The issue of differential rotation has been recently addressed
with rather different approaches in several publication such
as Chagelishvili et al. (2003), Longaretti (2002), Longaretti
(2003), Richard (2003) and Tevzadze et al. (2003). It is our
purpose to try to present these different results in a synthetic
manner (Sect. 2) and to propose in their light a possible basic
coherent scenario for the development of instabilities and the
properties of the resulting turbulent state (Sect. 3).

2. Flow stability

In this section we briefly comment on various published results
concerning the stability of differentially rotating flows.

2.1. The effect of rotation

If plane shear flows are known to bear non-linear instabilities,
the picture is quite different where the constraint of rotation is
added. In a widely referred-to analysis, Balbus et al. (1996) ar-
gued that hydrodynamic turbulence would be difficult to sustain
in Keplerian flows without taking into account hydro-magnetic
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effects. Based on the equations of evolution of the turbulent
velocity fluctuations energy, they deduced that rotating flows
could not experience the turbulence due to the energy sink in-
troduced by the Coriolis acceleration. Taking a closer look,
one should note that the Coriolis force embodying the rota-
tion influence on the fluid motion does not have any effect on
the total energy equation. Its effect is to redistribute energy be-
tween the radial and azimuthal components of the motion, van-
ishing when these equations are summed. This is the natural
consequence of the fictitious character of the Coriolis force.
Therefore, the rotation merely stiffens the system, add con-
straints, but does not introduce any energy sink. The rotation
and curvature of the flow introduces fundamental differences in
comparison with plane shear flow. It does not necessary mean
that the instability mechanisms present in plane flows disap-
pear, but more likely that the stability and the characteristics
of the resulting turbulence are modified. (One can refer for ex-
ample to Longaretti (2003) for a comparative discussion on the
role of rotation, curvature and viscous dissipation in plane and
rotating shear flows).

2.2. Finite amplitude perturbations and transition
to turbulence

In contrast with their linear counterpart, non-linear instabili-
ties require the presence of finite (non-infinitesimal) amplitude
perturbations to be triggered. Chagelishvili et al. (2003) (and
sequel Tevzadze et al. 2003) proposed the mechanism of tran-
sient growth and bypass mechanism (used for many years in
the aerodynamics community) to provide the required ampli-
tudes. Even in a linearly stable flow, the linear operator can pro-
vide transient amplification of perturbations. The results from
Chagelishvili et al. (2003) show that the initial perturbation am-
plitude can be greatly amplified. This amplification can intro-
duce into the flow perturbations of amplitudes sufficient so that
their non-linear interactions can no longer be neglected.

Richard (2003) recently proposed a simple model describ-
ing the necessary conditions for self-sustained turbulence in
differentially rotating flows, where it can be seen that the en-
ergy extraction is directly proportional to the shear present in
the base flow (a classical result for shear flows). It also implies
that there is a critical Rossby number (Ro = rd,Q/2Q, where r
is the local radius and Q is the mean rotation) above which
the energy extraction is sufficient to compensate for the stiff-
ness introduced in the system by the mean rotation. It has to
be pointed (as Chagelishvili et al. 2003 also suggested) that the
non-linear interactions (also referred to as turbulent diffusion)
do not participate in the energy extraction, but only redistribute
it and counteract the effects of rotation. In this scenario, once
the critical Rossby number has been reached (Richard 2003)
and the critical amplitude is present, the flow can then undergo
a transition from its laminar state to a state where non-linear
shear turbulence is developed.

3. Turbulent flow properties

Richard (2003) focused on the stability properties of differen-
tially rotating flows. Using a similar approach, we wish here

D. Richard and S. S. Davis: A note on differentially rotating flows

to address the properties of the turbulent state of the bifurcated
flow, in particular the turbulent transport and scale properties.

3.1. Rossby number and turbulent scaling

Rotation has a known tendency to constrain larger scales in
a two-dimensional state while efficient turbulent diffusion is
achieved by three-dimensional motions. Typical geophysical
rotating flows exhibit both two-dimensional (at large scales)
and three-dimensional (at smaller scales) structures. Within this
picture, the relevant scale determining the turbulent diffusion
should be the larger scale for which the turbulence can achieve
to be three-dimensional. Baroud et al. (2003) performed lab-
oratory experiments on a rotating annulus, and have shown
that low Rossby numbers are associated with two-dimensional
turbulence whereas higher Rossby numbers (of order unity in
their experiments) are associated with three-dimensional turbu-
lent structures. The Rossby number for the mean flow can be
re-written as

1 r
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where it appears as the ratio of local radius over the charac-
teristic length scale of the shear. It can also be linked to a
quantity more often referred to in astrophysics, the epicyclic
frequency w, through the relation

2
% = (1 + Ro). )
The Rossby number of a turbulent structure of characteristic
length scale A and velocity u (“turbulent Rossby number” here-
after), rotating with mean flow velocity, can be approximated
by Ro, o« ru/2A°Q: the denominator of the Rossby number is
twice the rotation experienced by the turbulent structure, i.e.
2(Q + u/r) =~ 2Q; the numerator is the derivative with re-
spect to the radius of the turnover time, i.e. 70,Q + rd,(u/) ~
r0,Q + ru/ A% ~ ru/ A2, where we have used the relation

u/Ad o< rod,Q, 3)

from Richard (2003), and the condition 4 < r. We can then
write, from Eq. (3) that

p
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Hence, the ratio of the characteristic turbulent length scale over
the local radius writes as
A Ro

T 22

r R0,1

5)

From Eq. (4), it follows that (for a given Rossby number as-
sociated with the mean flow) the turbulent Rossby number in-
creases when going to smaller scales along the turbulent cas-
cade. Remembering that high (resp. low) Rossby number are
associated with three- (resp. two-) dimensional motions, this
result is coherent with the classic picture of a turbulent spec-
trum showing two-dimensional structures at large scales and
three-dimensional ones at smaller scales.
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3.2. Turbulent diffusion

From an Astrophysical point of view, the main interest in study-
ing turbulence might well be to characterize the turbulent trans-
port of angular momentum or mass, by deriving the relevant
model for the turbulent viscosity, which is classically written as

viecu- A, (6)

where A, stand for the largest turbulent scale participating in the
diffusion process and u its associated velocity. From Eqgs. (3)
and (5), it derives that
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Two of the results from Richard & Zahn (1999), derived from

experimental data from Wendt (1933) and Taylor (1936), are:

— the ratio A,/r is constant. From Eq. (5) it follows that
(Ro/Ro,,) is a constant;

— the turbulent viscosity scales as v, = 8- r°9,Q, where
is a numerical constant. This result combined with Eq. (7),
implies that 8 o« (Ro/Ro,,)>.

Experiments from Taylor (1936) used by Richard & Zahn
(1999) to derive the 8 formulation of turbulent viscosity in ro-
tating flows, all had the same maximum Ro. The reason is that
the Rossby number within a laminar Couette-Taylor flow when
the inner cylinder is at rest is given by Ro = R;/r, where R; is
the radius of the inner cylinder and r is the local radius. It fol-
lows that the absolute value of the Rossby number is maximum
at the inner boundary of the flow and decreasing outward. In his
classic experiments, Taylor modified the aspect ratio of his ap-
paratus by changing the radius of the outer cylinder, hence did
not modify the maximum Rossby number value in the flow. It
follows that in Eq. (7), Ro is to be treated as a constant for this
set of experiments. We conclude that both the apparent scal-
ing of A, and the constant value of the S parameter derived in
Richard & Zahn (1999), can be explained if we postulate that
there exists a critical (transitional) Ro,, in the turbulent cas-
cade above which the turbulence is three-dimensional and un-
der which it is two-dimensional, and that its value is a constant
that does not depend on the flow itself. Concluding on the form
of the turbulent viscosity, in the general case (from Eq. (7))
it writes

1 (0,7
VIR 8
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In the particular case of Keplerian flows, it reduces to
Vi oc Qg - 12, )

where Qg = 4/GM/r? is the Keplerian angular velocity. This
form is similar to the 8-viscosity prescription, first introduced
by Lynden-Bell & Pringle (1974) and more recently reintro-
duced by Richard & Zahn (1999) (based on laboratory fluid
experiment data) and Duschl et al. (2000), and applied by
Huré et al. (2001), Davis (2003), Wehrstedt & Gail (2003) and
Lachaume et al. (2003).
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4. Discussion

Based on recent developments, we have proposed a simple
scheme for the transition and self-sustenance of turbulence in
non-magnetic differentially rotating flows. In this scenario, ini-
tial velocity fluctuations are amplified by their interaction with
the mean shear (provided by the linear operator in the equations
of motion). While this coupling between perturbations and av-
eraged flow can not by itself destabilize the flow (due to its
linearly stable nature) it can provide transient growth introduc-
ing finite amplitude fluctuations. These fluctuations in turn feed
the non-linear interactions and trigger the instability, under the
condition that the Rossby number of the mean flow has reached
a critical value sufficient for the non-linear energy transfer to
overcome the stiffness introduced by the mean rotation. We
conjecture that once the flow has become unstable, two- and
three-dimensional turbulence coexist at different scales. The bi-
or three-dimensional character of the motions is dictated by the
value of the Rossby number at a given scale. Finally we have
introduced a new formulation for the turbulent viscosity of such
turbulence, which reduces to the 8 prescription in the case of
constant Rossby number flows, including Keplerian rotation.
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