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Abstract. A new theory of the motion of Phobos — a moon of Mars — has been presented. The theory is based on the problem
of two fixed gravitational centers. The analytical functions appearing in this model are expressed as a series of the third order
with respect to the J, and j—3 zonal harmonics of Mars. The interaction between Phobos and Mars is described by a potential
consisting of very many elements. The zonal harmonics of order <12 and tesseral harmonics of order <6 are taken into account.
Interactions of Phobos with the Sun, Jupiter, Deimos — another moon of Mars, and the tidal potential of the Sun are also taken

into account.
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1. Introduction

In the next two decades one should expect several missions to
the vicinity of Mars aimed mainly at a preparation for the land-
ing of humans on this planet. Therefore a precise knowledge
of the phenomena that may influence the motion of all objects
in the proximity of Mars is of particular interest and impor-
tance. In particular, a good analytical model of the motion of
the Martian satellites may be used as a starting point for a pre-
cise description of other objects, e.g. of the artificial satellites
of Mars that will be launched in the future. Recently a new
analytical model of the motion of Phobos has been developed
by the present author (Waz 1999a). The theory is based on the
problem of two fixed gravitational centers. The Hamiltonian,
apart from the integrable part describing the problem of two
fixed centers, contains perturbative terms which include pertur-
bations due to the Sun as well as perturbations connected with
zonal harmonics j; — jj» and with sectorial-tesseral harmonics
of order 6. Also the influences of the tidal interactions of the
Sun and of Jupiter and Deimos on the motion of Phobos have
been taken into account.

In the present paper the results obtained in the process of
the analytical integration of the Hamilton equations of motion
using the previously defined Hamiltonian (Wgaz 1999b) are de-
scribed. The formulae describing the secular and periodic per-
turbations in Euler’s orbit of Phobos are also presented. To es-
timate the precision of the analytical formulae, the final analyt-
ical solution has been compared with the results of numerical
integration.
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2. Disturbing function

As a consequence of an analysis of the values of the appro-
priate components of the gravitational potential of Phobos, the
Hamilton function has been constructed in the following way:

K =Ky + K, (D

where
_ xzh th S D J t pr
Ky =K, +K, +K, +K; + K, +K, + K.

Ky describes the problem of two fixed gravitational centers.
K, is the perturbational function of the analytically solvable
problem Ky. The function K, consists of the components
generated by the zonal harmonics from J4 up to Ji» (K;h),
sectorial-tesseral harmonics of order 6 (Klgh).The influence of
the Sun (K3), Deimos (KD) and Jupiter (K) are also important
factors for the motion of Phobos and have been taken into ac-
count in the theory. The tidal effects of the Sun (K;,) and the fact
that the chosen coordinate system is noninertial (Kgr) also have
been considered in the theory. Each component of the pertur-
bational function has been presented using the osculating vari-
ables of the problem of two fixed gravitational centers (a, e,
s, I, g, h). The variables describe the semi-major axis, eccen-
tricity, the sine of the inclination of the orbit to the coordinate
system, the mean anomaly, the argument of perihelium and the
longitude of the node for the Euler’s orbit (the orbit defined
for the general problem of the two fixed gravitational centers),
respectively. This orbit has been defined in the coordinate sys-
tem in which the main Oxy plane has been related to the mean
equator of date of Mars (Ry). The Ox axis has been directed to
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the breaking points of Ry; with the mean orbit of date of Mars.
The 0z axis has been chosen in such a way that the coordinate
system is righthanded (Waz 1999a). Under the conditions de-
scribed above, the Hamilton function consists of 22 000 terms:

ZCSZklso-kZV gk ek s dbe Sk L kg g+ o b+ Ky Uy

+kis Is + ks ws + kip Ip + kap Qp + kup wp + kg: Gz),
where

n=ke, kg, kay ki, kg, kn, ki, kis, kos,
kip, kop, kap, kg, ki1, ko, k3, ka,

k1+k2+k3 +k4= 1,

v—i & (4-55), ﬂ=52(1+%e2)m, 2)
2

AT T ady ®

c=r Jz—(zj—jz)z, )

g B (5)

25\ (& )2

ro is the equatorial radius of the central mass, Iy is the mean
anomaly of Jupiter, /g is the mean anomaly of Mars, ws = wyv—
Om — O + 180° (wwm — the longitude of the perihelion of Mars,
Qp — the longitude of the ascending node of the Mars orbit, Q
— the angle between Ox axis and the line connecting the center
of the reference frame with the point where the ecliptic crosses
with the Mars orbit), Ip, wp and Qp are the mean anomaly,
the longitude of the node and the argument of the pericentre
of the Deimos orbit. G; is the sidereal time defined for Mars.
The coefficients ke, ks, ku, k], ky, kh, k]], le» ka: le, ka, kQD,
kg, are the numerical values depending on the accuracy of the
expanding perturbational function (see Waz 1999a). The values
describing the orbits of Phobos and Deimos have been taken
from Emelianov et al. (1993) and the parameters related to the
orbit of Mars and Jupiter from Bretagnon (1982). The values
of the particular components of the gravitational field of Mars
have been taken from Konopliv & Sjogren (1995).

3. Averaging of the equations of motion

After the construction of the Hamilton function, the next step
is solving the system of equations describing the motion of
Phobos:

d 9K dg 9K dh 0K
dt~ oL’ dr oG’ A oH’
dL 9K dG 9K dH 9K
dr 80 At 8g° At o

The system of these differential equations is nonintegrable.
To solve the analytical problem the method of Lie-Hori, al-
gorithmized by Mersman (1970), has been used. In this ap-
proach a new set of variables is defined. The relations be-
tween the new variables ¢, p (¢ = (q1, g2, ..., qn),
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p = (p1, p2, ..., pn) and the old ones x, y (x =
(x1, x2, ...y X), Yy = (Y1, Y2, ..., yn)) are described by
a system of differential equations

dx; oW(x,y) dy; oWx,y) .

_= —_— =, l=1,2,...,n

dr y; dr Ox;

with the initial conditions

xXi=¢qi, yi=pi, for =0,

where W is the generating function of the transformation and
the independent variable 7 takes values in the interval <0, e>.

An arbitrary function F(x,y) dependent on the old vari-
ables, after the transformation to the new ones, may be eval-
uated using the relation:

=0 =g B) =

:|m

€ is an auxiliary parameter to determine which of the compo-
nents has to be taken into account when a specific order of the
Poisson bracket is evaluated.

The Lie operator D is defined as

D'F=F,
D'"'F =DD'F, n=1,2,3...,
where
~ (OF OW  OF oW
DF = {F,W)} = —_— - —
{ } ;(6% ox; 0x; 6yl~)

In the new variables the Hamilton function £ depends on nei-
ther the angular variables nor on the time. Using the averaged
equations one can obtain the secular perturbations using the el-
ements ', g’, h':

ar__oE
dr =~ oL
dg’ B OE
dr =~ 8G”
dh' _ OE
dt =~ OH

Taking the values used to cut the series of the perturbational
functions, one can express the secular changes in degrees per
year. The results are collected in Tables 1 and 2.

Jja — Jji2 are the differences between the true zonal harmon-
ics of Mars (J4 — Ji2) and values of zonal harmonics created
by the potential of two fixed gravitational centers.

The values of the secular perturbations which result from j;
and from js harmonics' are particularly interesting. These val-
ues are of a similar order of magnitude as the perturbations
caused by ji;, by the influence of Deimos and by the tidal ef-
fects of the Sun. The first-order perturbational function van-
ishes. However, this does not imply that there are no first-order
terms in the secular perturbations. Simply the first-order terms

! It is the combination of js and of a term proportional to J3/J,.
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Table 1. Secular perturbations connected to appropriate parts of the perturbational function (all values are in degrees per year).

part of K, dijdr dg/dr dh/dt

Sun ~1.1463006017044 10T 9.816816540467 x102  —4.911475140914 x10~2
Js -5.79638508 X106 6.4502793982957 x10"!  —3.2261644032716 x10""!
js 34581041880 10~ —6.9298586158 x10~* 3.4756297072 x 10~
Je 1.066785850750 X102 —6.414029270089 X102 3.210311858491 x10~2
Jr 4.176573126 x10°5 ~8.385050563 X107 4.214447247 X107
Js ~1.22792672086 X103 4.92764469606 1073 —2.46884614696 x10~3
Jo 8.09601805 x107° ~1.629375365 X107 8.21187001 x107°
jio 8.1450458110 X107 —2.72788657345 x 107> 1.36851428880 x1073
jin ~1.94681243 x107 3.93012459 x10~° ~1.98734613 107
ji2 ~1.1762943455 x10~ 35520395270 x10~* ~1.7848397333 10~
K 0 0 1.76674629326 x1073
K 1.530976715 x10°5 3.059290224 x 1075 ~1.530931493 x10°5
K ~1.0117760802 x10~* 2.0242008603 x10~* ~1.0125542534 X107
K ~3.29522891 x1076 2.82173118 x107° ~1.41004052 X107

Table 2. Secular perturbations connected to appropriate orders of perturbations (all values are in degrees per year).

order of

the perturbation di/dt dg/dt dh/dt

zero 412310.3265038 317.9067883 —158.9673155
first 0 0 0
second -1.03967998048 x10~!  6.79055812533 x10~'  —3.39628073151 x107!
third —-2.26489288 x10~* 2.001596798 x1073 7.65887648 x 10~
total 412310.2223093 318.5878458 -159.3061777

related to the mean orbit are included in the zero-order part of
the Hamiltonian.

For an estimation of the periodic perturbations, the trans-
formation function W has been used. Using this function the
relations between the variables describing the real motion (/, g,
h, L, G, H) and the averaged variables (', ¢’, ', L', G’, H")
have been found. The Poincaré coordinates have been intro-
duced into the procedure for the estimation of the dependence
on the average variables:

D =1L, di=1l+g+h,
Dy = V2(L - G)cos(g + h), dy = —V2(L — G)sin(g + h),

D3

V2(G = Hycos(h),  ds = —V2(G — H)sin(h).

These coordinates have been chosen because they are nonsin-
gular if the eccentricities and inclinations are small. The canon-
ical transformation is described by the relations:

p=x+x1(x,y) + x2(x,y) + x3(x,y) + -+

q=y+yi(x,y) +y2(x,y) + x3(x,y) + - -,

where

x; ={x, Wi},

yl = {y7 Wl}y
1

X2 = 5{{x’ Wl}’W1}+ {x’ Wz},
1

Yz = E {{y’ W]},W1}+ {y’ Wz},

x5 = 10w Wil Wa), Wil + 5 (i, Wal, W)
+% {{x, Wi}, Wa} + {x, W3},

s = ¢ llly, Wil Wil W+ 3 L1y, Wal, W)
3 (ly, Wi} Wal + (g, Ws),

y = (D1, D;, D3) and x = (d, d», d3) are the series describing
the periodic changes in the elements dy, d;, d3, Dy, D>, Ds.
Wi, W,, W5 are the generating functions of the transformations
of order one, two and three respectively. The spectra of the pe-
riodic changes of the Poincaré coordinates are shown in Fig. 1.
The abscissae are equal to the derivatives of the argument of
the appropriate trigonometric function 7' (expressed in the fig-
ures in radians per days) and the coordinates are equal to the
logarithm of the corresponding amplitude A expressed in the
units of the theory (ry denotes the radius of Mars).

As one can see, the major part of the spectrum of Dj is
located in the area of short periods. The changes of this variable
correspond to the changes of the semi-major axis. The largest
amplitudes are multiplied by the trigonometrical functions with
arguments [ + g+ h — g, 21+ 2h + 29 — 2g,, 31 + 2h + 2g — 2g,,
31+3g+3h—3g, and 4l+4g+4h—4g;. The elements responsible
for the perturbations due to Deimos are located in the left-most
part of the spectrum.

The changes of d; are the ones in the mean longitude.
Particularly large amplitudes are connected to the arguments of
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Fig. 1. Spectra of the periodic perturbations of the variables: a) Dy, b) dy, ¢) D,, d) d,, e) D5, ) ds.

the function equal to 21+2g+2h—2g;, Im, 2Im +2&s, 3 +2@s,
2g + 2h — 2l — 2ds, I+ g + hand h + Iy.

The spectra of D, and d, together present the periodic
changes of the eccentricity and of the longitude of the pericen-
trum (defined for the problem of two fixed gravitational cen-
ters). In these variables the dominant amplitudes are connected
to the sine and cosine function arguments equal to: [+g+h—2g,,
31+3g+3h—-2g,,g+h -2l — 20s.

The changes of the inclination and of the longitude of the
node are connected to D3 and dsz. The elements connected to the
influence of the Sun generate in these coordinates the highest
amplitudes. The arguments of these terms are equal to Iy, 2l +
2ds and 3y + 2ds.

As can be seen from the figures, the same terms that are the
most important in the perturbational function are also domi-
nant in the spectra. The most important are the terms connected
to Jy; and the perturbations due to the Sun. In all the spectra,
except the coordinates D and dj, one can find a term with a
long period (1.33 x 10~®rad d™!). This period corresponds to
the time derivative for the argument g + 2h.

4. Test of accuracy of the theory

A comparison of the solutions derived in the analytical way
with the ones obtained by a numerical integration of the equa-
tions of the motion is a good test of accuracy of the analytical
theory. The main part of the numerical integration code consti-
tutes the procedure RA15 (Everhart 1974). The code performs
the integration of six differential equations for the rectangu-
lar components of the positions and velocities of Phobos. The
coordinate system of the analytical theory has been used. All
forces that have been taken into account in the analytical the-
ory are also included in the numerical calculations. The inter-
val of time of the integration is 2000 days. This time interval
corresponds to two periods of the smallest angular variable de-
scribing the motion of Phobos.

The initial conditions have been derived from the expan-
sions obtained using the analytical theory. 500 osculating ele-
ments, uniformly described along the Phobos orbit have been
determined at the considered integral interval (using the nu-
merical method). These values have been compared with the
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Fig. 2. Differences between the analytical theory and numerical integration for components of the position vectors (xy, y, zx) and for velocities
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osculating elements predicted by the analytical theory. The an-
alytical osculating elements (a, e, i, ly, go, ho) have been calcu-
lated as sums of the mean values for a given time (a©, @, i©,
l(oo), g(()o), h(oo)) and of the periodic terms (da, de, di, 81, dg, 6h)
which depend on these mean values.

a=d"+6a, Iy= IE)O) + 0,
e=e?+6e, go= g(()o) + dg,
i=i9+6i, ho=h +06h.

For a given moment of time da, de, di, 61, g, 6h are evaluated
and, as a consequence, the perturbed elements of the interme-
diate orbit can be determined.

Finally, using the relations between the elements of the
Euler orbit and the Cartesian coordinates (Aksenov et al. 1988)
the Cartesian coordinates and the respective components of the
velocities for a given moment of time are determined.

A direct comparison of the positions and velocities ob-
tained by numerical integration and derived from the analyt-
ical expressions does not give any real information about the
accuracy of the theory. This is because the analytical formu-
lae always introduce a small error in the coordinates and in
the velocities. This error influences the values of the mean

motion. The difference between the mean motions derived from
the analytical and from the numerical formulae introduces a
secular deviation in the longitude which increases with in-
creasing difference t — fy. Therefore, another comparison of
the two kinds of data must be used. Namely, the positions
and the velocities derived from the numerical integration are
treated as observational data. The coordinates and the veloc-
ities are (known) functions of the elements of the mean or-
bit (Aksenov 1977). The elements of the mean orbit derived
in the analytical way are treated as a set of approximate ele-
ments. Using the data obtained from the numerical integration,
the elements of the mean orbit are corrected. Consequently, the
new starting values a are found. In the next step, the positions
and the velocities are found analytically, for each time point,
using the new initial values. The Levenberg-Marquardt proce-
dure (Press et al. 1992) has been used to correct the elements
of the mean orbit.

The accuracy of the solutions has been tested for the period
of 2000 days. This interval of time has been divided to 500
equally-spaced time points which cover the orbit of Phobos in
a uniform way. The results of this procedure are displayed in
Figs. 2 and 3.



1192

30 T T T
e 20 [ ‘
g M\‘ |
g 15 {\ I
10 H

5 1 1 1

0 500 1000 1500 2000
Time [d]

Fig. 3. Differences between the analytical theory and numerical inte-
gration for the vectors of the positions.

The differences between the position vectors derived from
the numerical integration and the ones obtained from the ana-
lytical formulae are not larger than 30 m. The error defined by
the equation

5 AR
=\ ©)
s m+1"°
where

A= J =02+ (4 — g + @~ k=0,..m

is not larger than 15 m.

P. Waz: Analytical theory of the motion of Phobos: A comparison with numerical integration

One should remember that these values do not describe the
absolute accuracy of the analytical formulae. They have been
obtained for given moments of time and a given time interval.
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