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Abstract. In this paper we present an analysis of the differences between the Hipparcos and FKS5 catalogues. We study para-
metric and nonparametric methods with two main objectives: first, to determine whether or not there is a pure rotation between
the two catalogues, and to decide which model best represents the residuals; second, to give a practical formulation to reduce
positions between the two systems at any point on the celestial sphere.
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1. Introduction

In 1991, a decision was taken by the IAU that the celestial ref-
erence system should be materialised by a celestial reference
frame defined by the precise coordinates of extragalactic ra-
dio sources. The adoption of the ICRS as a new reference sys-
tem was decided on the TAU assembly held in Kyoto in 1997
and it came into use in January 1998. Nevertheless, the ref-
erence frame initially related to the system, the ICRF, could
not be used directly by most astronomers working in optical
or infrared wavelength. Consequently, the Hipparcos catalogue
(1997), with over 118300 stars, is still the optical material-
ization of the System today. Its positions and proper motions
contain errors around 1 mas and 1 mas/yr. After the publica-
tion of Hipparcos and its acceptance as the fundamental ref-
erence frame, the question of catalogue homogenization has
reemerged, following the IAU recommendation that the neces-
sary studies should be conducted in order to obtain as thorough
relationships as possible with other catalogues. In this respect,
some significant papers are the ones of Mignard & Froeschle
(1997, 2000), who carried out a wide study of the deviations
of the FKS5 catalogue (Fricke et al. 1988) from Hipparcos;
and the ones of Schwan who, in his paper (2001a) conducts a
global and a zonal study of the differences between the same
catalogues in the mean epoch of FK5 and following the in-
dications of IAU (1976). In further papers Schwan (2001b,
2002), extends this work to several commonly used catalogues.
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These two papers are concerned with two fundamental and re-
lated questions: a) the issue of whether or not of a pure ro-
tation exists between Hipparcos and the older FK5 catalogue.
Geometrical & Linear (2001a, henceforth GL) and Geometrical
and Vectorial Spherical Harmonics (henceforth GV) are used
to obtain the coefficients of the geometrical infinitesimal rota-
tions; b) the question of how a model of correction could be
provided, if indeed this is possible, which would be applicable
to the whole sphere. On this second question, Schwan (2001a)
provides a development in spherical harmonics (modified in or-
der to include the magnitude as a variable), while Mignard &
Froeschlé (2000), conclude that this procedure is not suitable
and provide a table to interpolate. Nevertheless, all the authors
coincide on the first question and conclude that the existence of
a pure rotation and similar values for the infinitesimal rotations
are obtained if they are computed at the same epoch. A number
of crucial points related to the model used in the adjustment
must be highlighted for two different reasons:

1) The first one is concerned with the importance of the con-
sequences derived from the applications of a determined
model. We identify at least two important objectives that
would benefit from the correct relationships between two
catalogues being obtained. The first of these is to monitor
the system adequately. To this end, we only have to con-
sider a simple relationship, such as that between GL and
their temporal variations, which are related to the differ-
ences in proper motions, but not only to them: it suffices
to remember the “dynamical” studies carried out into the
errors in the FK5S and their temporal evolution (from
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corrections to the zero-point as in Batrakov & Chernetenko
1997, Batrakov et al. 1999; Branham 1992; Branham &
Sanguin 1994; Shuygina & Yagudina 1995; Vityazev &
Yagudina 1997; Yagudina 1996, 2001), and also to be ap-
plied to the masses estimation as in (Hilton 1996; Krasinsky
et al. 2001; Rapaport & Viateau 1996; Viateau & Rapaport
1995, 1997) or even the “tentative interpretation” given by
Mignard & Froeschlé (2000) according to a variation of the
precession constant. (See also Zhu & Yang 1999, on the
same question, using the PPM and ACRS catalogues). In
short, it is of interest to determine the most suitable model,
given the fact that for the above-mentioned studies the use
of one model does not provide the same results as the use of
another. A second objective is, it may be say, static and con-
sists of being able to relate, at any given instant, a correction
to the position in one system to obtain an accurate reduction
in the other. We need a function, whether explicitly given or
not, that approximates the initial points with sufficient ac-
curancy and that is also defined over the whole sphere with
the least possible standard deviation. In a later section it will
become evident that the standard deviations obtained from
the use of rotations plus spherical developments will render
them unsuitable for this purpose.

2) The second motivation is of mathematical nature concern-
ing the methods, models and their expected properties.
This conditions the way rest of the paper is organised.
Specifically, we show that the selection of the correction
model commonly used, the GL model, is not suitable for use
bias exists in the data. We propose the use of an unbiased
model since this is the only model that provides minimum
variance when applying the least square method. We also
show that this implies a considerable change in the value of
the rotation around the z-axis. These results are confirmed
by means of two independent verifications using spherical
harmonics and regression kernels, respectively. Finally, we
conclude, with Mignard & Froeschlé (1997) that it is not ap-
propiate to apply an analytical expression to corrections on
the whole sphere and it is possible to provide a table result-
ing from a nonparametric regression method which strongly
agrees when it is only applied to the basis points.

In order to clarify all the questions that arise from the prob-
lems we are concerned with, we have included a section de-
voted to a critical discussion about the correct use of the usual
mathematical background as it is related to three specific mod-
els of correction. In further sections, we consider the selection
of the data and their properties, the GL and GV models with
a critical comment that will lead us to the introduction of the
GLAD model (GL model plus bias coefficients to the right as-
cension and declination). Furthermore, we use kernel regres-
sion and spherical harmonics adjustment to contrast the values
for the most simple models directly obtained. This is a good
property that assures the internal coherence of the results ob-
tained. The paper ends with two final sections corresponding
to the two main objectives, which are outlined in the preceding
paragraphs. The first of these provides two independent verifi-
cations of the accuracy of order of the magnitude of our ¢, value
from the GLAD model, which is independent, and this is a
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very important point, of the initial model adopted: regardless
of wether it is GL or GLAD. The second concerns the use of
mixed models for the global adjustment to be applied to the
whole sphere and we work only with parametric (GL or GLAD
with spherical harmonics adjustment) or GL or GLAD plus
non-parametric models (hence, the mixed name used). In this
section the use of a GL or GLAD model as a basis model is not
important if we only examine the final results, but this is not
the case if we also look at the contribution of both components
in the result.

2. A critical revision of mathematical models
and commonly used methods in the analysis
of a discrete set of differences on the sphere

2.1. The models

Over recent decades, a large number of papers dealing with the
relationships among different catalogues have been published.
The aim of all these papers is to obtain functional relationships
among catalogues to approximate the differences A« cosd
and A¢. They are obtained by employing different models on a
discrete set of points. Of the different models dealing only with
the complete sphere, we can highlight those that obtain a trans-
formation by means of infinitesimal rotations, those that pursue
harmonical developments for each one of the random variables
separately (Schwan 2001a; Bien et al. 1978), those that, from
spherical harmonics developments for each variable attemp
to deduce through the use of statistical methods, whether or
not a transformation by infinitesimal rotations exists (Vityazev
1997a) and also those that look for vectorial spherical harmon-
ics developments (Mignard & Froeschlé 1997, 2000). Below,
we strongly contend that different questions must be taken into
account in order to analyse the reliability of the results ob-
tained. In particular, there are several mathematical disciplines
clearly attached to the building of models and to the compu-
tation of parameters and several properties dealing with those
disciplines that play a part in this reliability. We specify them
in the following points:

la) The surface spherical harmonics developments (hence-
forth SH) are based on the hypothesis that the developed
functions have an integrable square on the sphere. In this
case, the coefficients are found according to precise for-
mulas in a simple way due to the functional orthogonality
of these harmonics. Also, this orthogonality implies that
if the truncated series of increasing orders is computed, to
better approximate the original function, the coefficients
may be used for the next orders. It is interesting to note that
the computation of the coefficients {c i J 2 0}, for a given

function f, and where a truncation order n is {Y~, Jj= O},
verify the property of minimizing the integral:

2

fsz {f(a/, ) — Z ;Y 0)| do

J=0

1)

where do is the area element in the spherical domain.
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1b) In general, a vectorial field may be linearly approximated
around the identity by means of the addition of an anti-
symmetric and a symmetrical transformation. If the field is
given by the difference X(a + Aa, 6 + Ad) — X(a, §) where
X is the unitary tridimensional vector in spherical coordi-
nates, the antisymmetric part is geometrically related with
a transformation by means of infinitesimal rotations and
the symmetrical part is related with a possible deformation
that, strictly speaking, makes no sense. Thus, we have the

expression
1 0X 0X
—(A 0) + —(Ad) = AX
cos o 6a( @ cos6) 66( )
where
0 € -¢g
A=|-€¢ 0 ¢ |. 2)
g —€ 0
Orthogonality of vectors X, ﬁ %, % with respect to the

usual scalar product leads to the fact that the following re-
lationships should be accomplished in order to obtain the
necessary and sufficient conditions for the existence of (2):

(Aa) cosd = —€,cosasind — g, sinasind + €.cosd  (3)
Ab = g sina — g, cos . %)

lIc) Still more generally, we can consider the vector field on the
unitary sphere, given by [(A@) cos 6, AS]. We know that
under certain regularity hypothesis it has a development
in vectorial spherical harmonical functions given by (5),
(Morse & Feshbach 1953)

7 —
Rn,m = TYn,m» Sn,m = rVYn,nu Tn,m

= FPxVWm )
where Y, ,, (n > 0,—n < m < m) are the usual spherical
harmonics. If we consider the truncated development:

[Cl)jﬁl,j + dl,j?I,j + el,j71,j] (6)

—

AX =

=1

where A_X) = Y(r + Ar,a + Aa, 6 + AO) — ?(r, ,0) is
approximated in first order, the compatibility of the sys-
tem must be accomplished, which implies the functional
relationships:

(A@)cosé = [epcosé — e sinasind — ey - cos asinf]

+[dy,1 cosa —dj -1 sina] @)

A6 = [e1-1 sina — ey cos ]

+[-di1sinasiné —d; _j cosasiné + dj ocosd| (8)

where it is evident that e;_1 = €, e;;; = ¢, €19 = €
with €, g, and ¢; are infinitesimal rotations around the cor-
responding axis. Hence, this model generalizes the previ-
ous one.
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2.2. The methods and their compatibility
with the various models

If we denote any of the second members of the models given
in la), 1b) and 1¢) as Model(a) and Model(9), it is also possible,
a priori, to compute the coefficients that minimize the integral
of the residuals:

f {[ (Aa) cos & — Model(@)]” +[A6 - Model(é)]z}do: )
SZ

The difference between SH, GV in one way and GL in the
other way is evident: the condition of the minimization in the
L?*(S?) norm to compute the coefficients of the model is inher-
ent to the fact that the function (SH case) or the vectorial field
(GV case), under certain regularity hypothesis, may be devel-
oped in a series (of spherical surface and vectorial harmonics
respectively). In both cases we are projecting a function on the
functional subspaces generated by all the functions with orders
equal or lower than the order of the development pursued. In
both methods it is possible to increment the order arbitrarily (at
least, theoretically. This is not so if we have a discrete set of
points, as in our case). In the GL method the order is fixed and,
in functional terms, it does not reach first order, because GV is
the only one of first order.

In addition, when we have a finite number of points we
must use special methods to obtain solutions close to the the-
oretical ones. These methods may be “grosso modo” classified
in two kinds, the discretization methods and the statistical re-
gression methods, in particular the parametric ones. In the first
type we work with functions, while in the second, we work
with random variables. In this vein, according to the desirable
properties in each one of the procedures, the following remarks
can be made:

2a) The spatial distribution of the points over the sphere. When
the distribution in the @ and sind variables is uniform
(with discretization of differentials such as dacosddd =
dad(sin ) ~ hk with h, k constants), the discretization of
the integral using the method of rectangles provides the
same summation as that which appears statistically, if a
model originating from the truncation of a series of or-
thogonal functions is used (in surface spherical harmon-
ics or in vectorial spherical harmonics). Small variations
in this property will give small variations in the results,
and the property given in the next point must be taken into
account.

The application of a parametric regression statistical
method is based on the Gauss-Markov theorem, which
affirms that the minimum-quadratic estimator is the best
of the ones that appear when the residuals are normally
distributed with null mean and variance o2. Thus, if the
random variable is not normal with null mean, the least
squares method cannot give us the unbiased estimator of
minimum variance that we are looking for.

The difference between 2a and 2b should be noted. The
former refers to the fact that the spatial distribution of the
points (a;, 6;) on the celestial sphere is, more or less, homo-
geneous. The latter refers to the distribution of the random
variables Aa cos ¢ and A¢. It is clear that the effectiveness

2b)
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of the selected model depends on both properties and the
absence of either of them may be determinant, fundamen-
tally with the 2b property, as we shall see in the cases we
are dealing with in the present paper.

It should finally be pointed out that, in practice, we are looking
for a functional adjustment (with its previously signalled dif-
ferences and the importance for the expected results), by means
of a least squares method (When using this method the corre-
sponding properties must also be observed). The stability of the
results, a concept that must be revised for each case, will give
us qualitative information about the solution obtained, and will
thus be an index of its reliability. Below, we continue with the
data selection and the study of their properties, in the way al-
ready mentioned in 2a and 2b.

3. Choice and previous study of the data set

To carry out the present study we considered the catalogues
Hipparcos (ESA 1997) and FKS5 (Fricke et al. 1988). We agree
with Schwan in that from a methodological point of view, it
is appropiate to make the comparison between the two cata-
logues at the J2000 epoch since the proper motions from the
Hipparcos catalogue are better than those from the FK5 cat-
alogue (Schwan 2001a). However, our study is undertaken
at 1991.25 for two reasons. The first of these is of a practical
nature, because the “official” relationships given by infinitesi-
mal rotations between the two catalogues, which are included
in Vol 3 of Hipparcos, established by Mignard and Froeschlé,
and the further study published by the same authors (Mignard
& Froeschlé 2000) are made at 1991.25 The second reason is
that Schwan himself, in his previously mentioned paper, con-
cludes that the transfer of the results that he obtains from J2000
to 1991.25 give very similar results to these. Thus, our ref-
erence date will be 1991.25. In the first step, we applied the
corresponding proper motions to the FKS5 stars. Then, we se-
lected the star according to the same criterion used by Schwan
(2001a), so 1327 stars verifying the conditions (10) were se-
lected for use in the studies presented throughout the paper:

\/(Aa c0s 6)” + (Ad)* < 107 rad,

\/(Aya c0s 6)% + (Aus)? < 10 mas. (10

The characteristics of the data that we are particularly inter-
ested in are as follows: firstly, the spatial distribution of the
stars in order to see how close they come to forming an homo-
geneous sample; secondly, the statistical distribution of the ran-
dom variables Aa cos ¢ and Ad, considered as a set of numerical
data. The spatial distribution may be seen in Fig. 1 where « is
found in the abscise axis, sin ¢ in the ordinates axis and the dis-
tribution, which is practically homogeneous, was approximated
by means of the Epanechnikov kernel (Simonoff 1996) for two
variables (see Formula (12)).

From a numerical point of view, we computed the arith-
metical mean and the standard deviation of the corresponding
variables and also, by means of the Epanechnikov kernel, we
computed the expectation and the standard deviation from the

F. J. Marco et al.: A critical discussion

Fig. 1. Spatial distribution of the data.

Table 1. Means and standard deviations (results in mas).

u o El -
Aacosd 11’41 83’46 11’43 88’15
AS 46’03 89’16 —45'75 96’60

expectation of the variables, of their squares, using the well-
known formulas (11):

u=E[X]= f xfx(dx  o?=Var(X) = E[X*] - (E[X])* (11)
D

where

fx(x) = % Zn:K(x;x[), K(x) = %(1 -2
i=1

12)

where K(x) is the Epanechnikov kernel (Simonoft 1996). Due
to the discrete character of this computation (the function ap-
proached by means of a kernel regression has no exact expres-
sion) the integrals were approximated using the method of rect-
angles and the trapezoidal rule. (In both cases the same values
were obtained). The results obtained may be seen in Table 1.

Finally, the dependence of the two random variables is eas-
ily verified as the joint density function and the product of the
two individual variables differ significantly.

To summarize this paragraph, it shuold be noted that the
random variables Aa cos ¢ and A¢ are not independent, and ap-
proximately distribute as normal random variables (Figs. 2—4)
with mean not null (whose values, together with the corre-
sponding standard deviations are given in Table 1) and that they
are spatially distributed over the sphere in a sufficiently homo-
geneous way (Fig. 1).

4. Infinitesimal rotations, vectorial harmonics
models and statistical properties
of the residuals

Once a dependence between the random variables had been es-
tablished through experiment, it made sense to look for a model
of adjustment where parameters common to both of them ap-
pear. As we explained in the introduction, the most frequently
used model considers that there is a transformation by infinites-
imal rotations between the two catalogues. This model leads to
Egs. (3) and (4) has also been used recently. The model de-
duced from the development of the vectorial field of the resid-
uals in right ascension and declination by means of vectorial
spherical harmonics (Egs. (7) and (8)).
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Fig. 2. Density function for Aacosé (we used the Epanechnikov
kernel, & = 66 mas).

x10°

45

35

05F

0 »
-500  -400  -300 -200  -100 0 100 200 300 400 500

Fig. 3. Density function for A§ (we used the Epanechnikov kernel,
h = 86 mas).

Fig.4. Joint distribution for Aacosd and AS (we used the
Epanechnikov kernel, 4, = 66 mas, h; = 86 mas).

Table 2 reflects the results we obtained with the GL and
GV compared with those of (Mignard & Froeschlé 2000,
henceforth MF). In numerical terms, the coefficient values are
very similar for the GL coefficients, the numerical differences
depending on the basis set of stars selected. The small differ-
ences given by MF in (1997) and (2000) can also be observed:
they obtain €, = —18.8 and —17.3, ¢, = —12.3 and —14.3,
€. = 16.8 and 16.8 mas. In spite of the fact that the differ-
ence between the methods employed by MF and Schwan is
also found in the study of the zonal residuals (this pointis dealt
with below), in the context of this section we only consider
that the pure rotations relating the two catalogues are computed
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Table 2. Results from MF and our results (GL and GV) (Results
in mas).

€ € € dio diy  di
GL -184 -148 187 - - -
GV -214 -186 204 -60.1 09 257
MF -173 -143 168 - - -

Table 3. Means of various models compared with the mean of the
sample (in mas).

Initial u  GL GV without def GV withdef MF GLD
Aacosd 114 150 14.8 14.9 13.5 15.0
AS -46.0 05 0.6 —46.8 0.5 —-46.0

from different models, as Schwan uses the GL model (Egs. (3)
and (4)) and MF use the GV model (Eq. (5)).

The values for the deformation elements of MF were not
available and thus they do not appear here. It is noticeable that,
with the exception of d;;, they cannot be neglected, but we
presume that they were not published because the zonal study
must absorb these differences. In all events, from a purely sta-
tistical point of view, we are interested in results that allow us
to study the reliability of the adjustment. In the first place, the
means (expectation) of the random variables and those from
the second members should be coincident if the model is good.
This would indicate that we have an unbiased model, which
would lead to the fact that the application of the Gauss-Markov
theorem will assure us that, in the clategory of the functional
estimators considered (which are, in fact, determined by the
parameters), the one obtained is that of the least variance. The
kernel method can be used to check whether the property is ver-
ified, but, for our purposes, it is sufficient to compute the mean
of both members on the set of 1327 selected common stars. The
“a priori” means of the differences Aa cos § and A¢ are, respec-
tively 11.4 and —46.0 mas. The second members (estimators)
provide the means listed in Table 3.

In conclusion, for the random variable Aa cos § the mean
is not reached with any of the models. For A¢ all the models
are biased, with the exception of the GV, when the deformation
terms are also considered. To maintain the most simple possi-
ble unbiased model for both random variables, we can modify
the GL by adding a constant AD in formula (4), (GLD Model,
Lopez et al. 1993). After making the adjustment the values
AD = -46.6,¢ = —-19'l, ¢, = -16'3 and ¢, = 186 are
obtained, providing the means for the adjustments that appear
in Table 3. In conclusion, we can see that the bias in decli-
nation has been absorbed in the GLD model, but not the bias
in Aa cos 6.

5. The unbiased GLAD model

Following the last section, our aim is to obtain a unbiased mod-
ified GL model for both random variables. For this reason we
include a AA in the second member of (3), as we previously
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Table 4. Parameter values for the GLAD, MF, GL and GLD methods and means and standard deviations for the residuals (in mas).

€ € €, AA AD u(resy)  p(ress) o(resy)  o(ress)
GLAD -19.1 -156 847 -562 -46.0 0.0 0.0 82.41 85.99
MF -17.3 -143 168 - - -2.1 -45.6  83.48 86.14
GL -184 -148 187 - - -3.6 -45.6  83.48 86.06
GLD -19.1 -163 186 - -46.6 -3.5 0.0 83.58 85.96

did to eliminate the bias in declination. This model is denoted
GLAD (see (13) and (14)).

It may be observed that the GLAD method absorbs the bias
for the right ascension and for the declination. This is explain-
able in terms of the unbiased properties and of the properties of
least variance: indeed, if we take the generic model:

(Aa)cosd = AA — g, cosasind — g, sinasind + €, cosd  (13)
A6 = AD + €, sina — g, cosa (14)

and we compute the values of the parameters in such a way that
they minimize

2

1 < _
N Z CD(Q’[, 55’ €x, €y, ez) - CD(Q’, o, €x, €y, Ez):i
i=1

2

N
1 -
+ {N Z:‘ Y(ai, 61 € 60 €) — P(a, 0, €1, €, @} (15)

with N = 1327 representing the number of stars and the line
over the functions denoting arithmetical mean. The results ob-
tained are from GLAD, listed in Table 4. It should be noted
that in order to apply the normal equations, the means of prod-
ucts such as cos a sin d, etc. must be previously computed. The
functions ® and ¥ are:

D(a, 9, €, €, €;) = (A) cos 0 — (—€,cosasind

—€, sina sin ¢ + € cos 6) (16)

Y(@, 0, €, €, €) = A6 — (ex sina — ¢, cos a/) .

It may be observed that the initial bias has been correctly ab-
sorbed, but the values of ¢, are quite different from those ob-
tained by other methods that only use infinitesimal rotations.

While the GLAD method absorbs the bias in Right
Ascension and in Declination, the other methods show a good
behaviour in Declination but not in Right Ascension, which
may be explained by the fact that these models contain the
term €, cos ¢. In spite of the fact that the GLAD model is the
one that best agrees with the unbiased condition, the variation
in the coefficient of the e, parameter requires an explanation
for it to be accepted or rejected. This question will be studied
below.

6. Model contrast using kernel regression

It should be remembered that nonparametric adjustments by
kernels compute the conditional mean of a certain random vari-
able that depends on other variables. Thus, for example, if X is

the random variable (Aa cos¢é or Ad) the method consists of
finding

mx(a,0) = E[X|(a, )] = fxf(xla, 0)dx
D

[ fwad
" Jp fen(@, o)

where D is the spherical domain of X, f(x,a,9) is the joint
density function of the three variables and f, s (@, ) is the
marginal density (Wand & Jones 1995). Of course, all of them
may be unknown so they should be approximated in some way
and, to this end, we can proceed in the same way as in the pre-
vious section. Thus, we approximate

sind — sin ;

A7)

X — X

f(x, a,0) = I

1
- - K,
nhyhohsins ; (

f ]?(X, a@,0)cosodxdadd = 1
D Js?

a — q;

xKa( (18)

|

@ hsin6
and the condition

1
4mu(D)

must be fulfilled. The same occurs with the marginal density.
Selecting the same kernel and taking into account its proper-
ties we arrive at an expression similar to the Nadaraya-Watson
expression, but in the sphere:

sin d—sin ;
ha )Kﬁ( Fins )

() ()

This method has the following property: if we take A, — 0
and hgj,s — 0 then m(a;, ;) — x;. In other words, the lower i
is, the more abrupt the adjustment and, on the contrary, a
large h gives a smoother result. The theoretical optimum val-
ues are h, = 0.55, hgns = 0.17 which were deduced from the

1
expression H = (ﬁ Y3 7 (Simonoff 1996), where H is
the vector of the different values of %, d = 2 (dimension), n the
number of points and X the variance-covariance matrix of the
random variables of the joint spatial distribution for («, sin §)
that, as previously mentioned, has two practically uniform ran-
dom and, of course, independent variables. Despite this expres-
sion being true when a Gauss kernel is used, we experimentally
checked that the adjustment is similar to that one obtained with
the Epanechnikov kernel. Contour levels are shown in Figs. 5
and 6 for right ascension and declination respectively. In order
to verify how good the different obtained models are, we study
the mean and the variances of the random variables from the

a—q;

K(

my(a, 6) = 19)

n
WiXi, Wi =

n a—a;
i=1 J=1 KQ ho hsins
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Fig.5. Contour levels for Aacosd by means of the KNP model
(in mas).

o~

5 6

3
RA.

Fig. 6. Contour levels for Ad by means of the KNP model (in mas).

net of points built for the regression (100 per 50 cells) To this
end we apply the continuous definition. This requires numeri-
cal approximations of the integrals, and their comparison with
the initial values and with those proposed by the restriction of
the regression to the initial points.

It can be observed that the means are comparable for the
initial points, for the regression with the kernel and for the
values that this one induces for the initial points, while
the standard deviations of the regression and the regression on
the initial points decrease significantly, due to the occasional
smoothness induced by the regression method (see Table 5).
From this point, we study the values of the parameters that the
nonparametric adjustment induces on the sphere for the GL,
GLAD and GV models. This will serve as a contrast of the
models in order to study an optimal strategy of adjustment. To
this end, we take expression (9), where as Aacosd we take
its nonparametric adjustment m,(@,d) and as AJ the adjust-
ment ms(a, d). Thus, we can obtain the normal equations in a
simple way and for any given model because the coefficients
of the parameters to estimate are integrals which are easily
computed, while the two independent terms may be computed
by numerical integration from the evaluation of m,(«, §) and
ms(a, 0) on discrete points. To preserve the orthogonality and
also for convenience, we take these points equally spaced. Let
us take ¢, = —cosasind, ¢, = —sinasing, ¢, = coso, Y, =
sina, ¥, = —cosa and 1 for the identically one function. Also,
let (1,¢{) = ﬁ fsz A, 0){(a, 0) cosddadd be the usual scalar
product for the real functions on the sphere and let us apply the
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condition of minimum to the GLAD, for example. We obtain
the equations Ax = b where x' = [AA, &, €, €, AD] and:

1 0 0 7/40 (Aacosé, 1)
0230 00 (A cos 8, ¢.)+(AS, )
A=| 0 0 2/3 0 0|,b=|(Aacoss ,)+(A8y,)|.(20)
m/4 0 0 2/30 (A cosd, ¢,)
0 0 0 01 (AS, 1)

The corresponding equations for the GL model are, obviously,
a particular case of these last equations. In Table 6 we present
the values of the parameters in the GLAD and GL models, in-
duced from the nonparametric adjustment according to the op-
timal values for the & together with the means and variances
of res = (Aacoséd or Ad) — Model that have the residuals af-
ter the adjustment with the two models, taking the initial stars.
We also present the same statistical data for the residuals of the
nonparametric adjustment (henceforth KNP).

It is interesting to note that the good behaviour of KNP
for the 1327 reference stars is repeated over the complete
sphere, where E[KNP,] = 10.0, VVar(KNP,) = 47.9 and
E[KNPs] = —48.5, \/Var(KNPs) = 51.8. This data leads us to
the following conclusions about KNP:

a) The model, applied over the sphere, has mathematical ex-
pectations for Aa cos 6 and A¢ which to a large extent agree
with the expectations of the random variables computed in
Sect. 2 (see Table 1).

b) Equally, for the basis set of stars, there is an agreement be-
tween the sample mean and the mathematical expectations
that show the coherence of the distribution of the initial
points over the complete sphere.

¢) The variances decrease as a consequence of the data
smoothing process.

For these reasons the means and expectations of the residuals
res = Points — Model and res = KNP — Model would be sig-
nificant for the pruposes of our contrasts. In Tables 7 (basis
point with sample means and standard deviations of the sam-
ple) and 8 (complete sphere with mathematical expectations
and variances) these data appear for the MF, GL, GLAD di-
rect (see Table 2) and GL, GLAD induced by regression (see
Table 6) models.

The following conclusions can be drawn from this section:

1) The existence of a pure rotation between the FK5 and
Hipparcos seems to be strongly implied by the stability of
the coefficients €, and €, which were obtained by applying
all the models. The value of AD, when taken into account
by the model, is also very stable.

2) On the contrary, uncertainties appear when we have to
choose between €, and AA since they are strongly corre-
lated. This will lead us to the possibility of using, as other
authors have previously done, a mixed procedure which
may consist of a GL or GLAD in addition to a KNP or a
spherical harmonics adjustment. This question is studied
below. A contrast for the €, value is presented in a later
section.

3) However, after considering the results in Tables 7 and 8 it
seems that, given that there is a bias in the initial sample
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Table 5. Means and standard deviations for the initial points, for the complete sphere and the discrete sample points after the smoothing process

(in mas).
Ho HUs2 Us2 (1327 stars) o) T2 o2 (1327 stars)
Aa cos & 114 10.0 12.7 83.46 47.98 45.12
A6 -46.0 -48.5 -43.6 89.15 51.84 48.30
Table 6. Means and standard deviations induced by the models in the initial subset of stars (in mas).
o =033 AA AD (ra) (rs) ra) rs)
€ €, € u(re u(rs o(r, o(rs
hgns = 0.17 ! ’ ’
GLAD ind. -39.1 -48.5 -194 -13.9 62.5 0.0 -2.0 82.4 86.7
GL ind. - - -194 -15.9 16.4 0.6 2.0 82.5 86.1
KNP - - - - - -1.31 -2.4 63.40 69.4

Table 7. Means and standard deviation for Points-model on the initial discrete points (in mas).

Pts-KNP Pts-GL dr Pts-GLAD dr Pts-GL ind. Pts-GLAD ind.
u(ry) -1.3 -4.5 0.0 -2.6 0.6
o(ry) 63.40 83.63 82.41 83.64 82.47
u(rs) -2.4 -46.52 -2.4 —-46.55 2.0
o(rs) 69.44 86.05 69.44 85.96 86.07

Table 8. Means and standard deviation for Points-model on the complete sphere (in mas).

KNP-MF KNP-GL dr KNP-GLAD dr KNP-GL ind. KNP-GLAD ind.
Elr.] -32 10.0 -1.9 -2.9 0.0

Var(ry) 48.14 40.06 45.52 48.47 45.79

Elrs] -485 -485 -17 -485 0.0

Var(rs) 46.54 46.41 46.28 46.24 46.38

in Aa cosd and also in Ad, the adoption of a model such as
GLAD may be recommended.

7. Spherical harmonics adjustment

As we saw in the data analysis, the spatial distribution is prac-
tically homogeneous. This implies that the orthogonality of the
spherical harmonics in the celestial sphere is well maintained
in the discrete case from an algebraic point of view. The imme-
diate consequence will be sufficient stability in the values of the
coeflicients of the developments when we increase their degree.
In our case, we arranged the adjustments from degree 0 (where
the arithmetical mean of the corresponding random variable
should appear) to degree 5. In Tables 9 (for A cosd) and 10
(for Ad) we show the results for the different adjustments, al-
though the coefficients up to order 2 are given.

From a statistical point of view, it should be stated that all
the means of the residuals are null, while the variances are de-
creasing at the same time. Table 11 shows the standard devi-
ation of the random variables according to the orders of the
adjustments.

In spite of the decrease in the standard deviation, the in-
crement of the order of the adjustment implies two difficulties
consisting of the increment in the number of operations and,
related to this, the decrease in the stability of the calculated co-
efficients. As a consequence, we maintain the order low, equal
to or under five, and continue the analysis with them. These
orders provide an acceptable stability for the coefficients, and
it would therefore be interesting to see the values of the pa-
rameters that they induce for the GL, GV and GLAD models.
More precisely, if Adj represents a spherical harmonics adjust-
ment (for Aa cos ¢ or Ad and the order is any value between 0
and 5) and Mod is one of the models (GL, GLAD or GV) with
parameters 7;, then for each star i instead of working with the
real values of Aa cos ¢ or A¢ in the condition equations, we can
consider the following equations:

Adj(ai,éi) = MOd(ﬂ'j, a;, 6,‘) for i= 1, 1327.

Table 12 reflects the values obtained and shows how the val-
ues for each one of the different parameters correspond quite
well with those obtained directly. Bearing in mind that these
last values have been indirectly deduced from an independent
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Table 9. Coefficients for Aa cos d development in spherical harmonics
series (in mas).

Coef\Ord n=0 n=1 n=2 n=3 n=4 n=5
0,0 1141 11.89 11.22 1059 9.28 8.61

1, -1 - 3.26 2.24 2.79 3.62 3.72
1,0 - -23.77 -20.83 -17.04 -14.45 -13.15
1,1 - -38.82 -38.69 -37.08 -36.27 -36.16
2,-2 - - 9.73 9.50 9.60 9.51

2, -1 - - 0.87 0.59 0.44 0.44
2,0 - - -37.20 -41.78 -47.03 -49.03
2,1 - - -450 -563 -632 -6.84
2,2 - - -1.78 -139 -137 -147

Table 10. Coefficients for Ad development in spherical harmonics
series (in mas).

Coef\Ord n=0 n=1 n=2 n=3 n=4 n=>5
0,0 -46.03 —-48.93 -48.30 —47.79 -47.97 -46.61
1, -1 - 2741 2824 2841 2855 28.04
1,0 - 58.49 56.19 55.16 5496 49.45
1,1 - -32.12 -32.18 -32.64 -32.81 -32.66
2,-2 - - -4.05 -393 -411 -424
2, -1 - - -538 -570 -583 -5.62
2,0 - - 29.51 31.22  30.81 38.77
2,1 - - 5.11 5.35 5.35 6.16
2,2 - - 1.81 1.79 1.73 1.73

adjustment it is an acceptable verification for the accuracy of
the parameters obtained.

We now carry out a statistical study, similar to that detailed
in the previous section. Table 13 the references are the spherical
harmonics (for the SH, with n = 2, 3, or 4 representing the
order, we refer to the initial points) or KNP (we refer to the
sphere)

The following consequences are presented:

1) The means of the residuals between KNP and SHn (for n =
2,3, 4) are null (evaluated in the complete sphere) and at the
same time the standard deviation of the residuals are very
similar to the deviations of the spherical harmonics with re-
spect to the basis points in such a way that, with respect
to the significance of the parameters, the models seem, in
principle, to be adequate.

2) Nevertheless, if we observe the means and deviations of SH
with respect to its induced models GL and GLAD, the first
is biased in Aa cosé and GLAD is practically unbiased for
both variables and also has relatively lower deviations than
those corresponding to KNP with the basis points, although
they are comparable to them in the complete sphere.
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8. Two independent estimations for the ¢, value

The first main aim of this paper concerns the fact that the dif-
ference between our GLAD model and the GL, lies in the dif-
ference between their corresponding €, values. The main in-
trinsic difference between them rests on whether or not a value
for AA is chosen. This is because there is a certain correlation
between this value and €, because of the factor cos d that con-
tains the latter: where cos ¢ is the sum of the unity and an in-
finite development with sin® § as a variable. All the even order
harmonics contribute something to the development, including
the unity function itself. Thus, we need an independent method
that gives us an idea of the true magnitude order of this param-
eter and to this end we can proceed in the following way: the
KNP method consists of smoothing the data, which indicates
that its calculation does not vary the rotations intrinsically con-
tained in the initial data. In addition, we have spherical harmon-
ics developments, also deduced from the initial data and ex-
posed in Table 9 for the random variable Aa cos 6. Where cos §
is the €, coefficient, it is functionally dependent on the even
harmonics and among these, the order 2 harmonic is indepen-
dent of the coeflicient of AA in the GLAD model, and it is also
orthogonal to the coefficient functions of €, and ¢,. Thus, it is
particularly suitable to estimate the order of the magnitude ¢,
which gives (KNP, Yx0) = €, (cos 6, Yao). The calculations pro-
vide us an approximate value of 85.13 mas, which is in rela-
tively strong agreement with those obtained with the (direct or
induced) GLAD models.

Alternatively, it is possible to consider the harmonical de-
velopment of order 3 and after obtaining the scalar product,
c20 (Yoo, Ya0) = € (cos 6, Ya), with ¢cp9 = 31.22. From this, we
obtain an estimation of 63.62 mas, in this case which once more
is better than the orders provided by the GLAD models. It is of
interest to reiterate the independence of whether or not a value
for AA is considered, which strengthens the viability of the best
modelization of data obtained with the GLAD model induced
by the optimal KNP.

9. Mixed adjustments

We now turn to our second goal; to decide what the best combi-
nation of an initial model could be, such as GL or GLAD, plus
another complementary which may be a spherical harmonics
adjustment (such as those proposed by Schwan) or a nonpara-
metric adjustment by kernels to build a net of points with their
associated values and proposing a table (in the same line as that
recommended by Mignard & Froeschle 2000). In the following
subsections we deal with these questions more precisely.

9.1. Basic model given by the surface spherical
harmonics

It is well known that in theory, the spherical harmonics de-
velopments may be obtained with as high a degree as desired.
Hence, the variances decrease. In practice, the increase in the
order implies, in addition to a large amount of calculations, an
unavoidable increment in the instability of the coefficients.
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Table 11. Standard deviations for the different orders of the adjustments in spherical harmonics (in mas).
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n 2 3 4 5 6 7 8 9 10 15

o(resy) 75.91 72.71 70.1 68.57 66.53 64.86 63.29 62.32 61.19 56.08

o(ress) 77.57 77.07 76.18 72.56 71.6 70.59 69.34 67.98 66.95 62.36

Table 12. Induced parameters for the different models from spherical harmonics developments (in mas).
AA AD €, € €, dio dy dy -

GL,n=2 - - —-18.74 —-14.40 18.33 - - -
GLAD,n=2 -52.07 —46.53 —-19.45 -14.74 79.44 - - -
GV,n=2 - - —-19.64 -17.19 18.06 -59.42 -1.91 22.61
GL,n=3 - - —-18.95 -14.72 18.33 - - -
GLAD,n =3 -50.16 —46.56 -19.84 -15.47 77.05 - - -
GV,n=3 - - —-19.85 -17.52 18.06 —-59.38 -1.84 22.71
GL,n=4 - - -18.89 -14.73 18.32 - - -
GLAD,n =4 -57.82 —46.55 -19.51 -15.37 86.85 - - -
GV,n=4 - - —-19.82 -17.51 18.08 -59.03 -2.56 22.44
GL,n=5 - - —-18.57 -15.11 18.33 - - -
GLAD,n=5 -57.65 —46.56 —-19.30 -15.86 86.45 - - -
GV,n=5 - - -19.48 -17.91 18.07 -59.26 -2.30 22.79

Table 13. Statistical values for the differences between KNP and different SHs (complete sphere) and SHs minus GL and GLAD inducted
models (basis points, in mas).

KNP-SH2 KNP-SH3 KNP-SH4 SH2,3,4-GL ind. SH2,3,4-GLAD ind.
u(rq) -1.7 -0.7 0.7 14.7 0.5
o(ry) 35.53 27.11 24.08 10.54, 10.67, 10.66 32.53,39.31, 43.05
u(rs) 1.0 0.4 0.5 0.5 -0.5
o(rs) 29.04 27.63 26.31 16.58, 16.83, 16.81 37.35, 38.11, 39.90

Although the distribution of points is close to uniform (see
Sect. 2) it is clear that it is not so in a strict sense, and there is
therefore a potential instability in the parameters of the devel-
opment that is to be obtained. Taking into account that we want
this distribution to be representative of the sample (which it is,
since it deduces from it immediately) in the whole sphere, the
zero order coefficients should approach the mean of the sample
as closely as possible, in such a way that the estimator model
has a very similar expectation to this mean. To clarify this sim-
ple question, all the parameters for each adjustment have been
set free instead of increasing the order and maintaining the pa-
rameters with high reliability. As we saw in Tables 9 and 10,
from order 4 on the variation of the main coefficient is notori-
ous, and consequently an adjustment of order 3 was taken as a
starting point. The values of the mean and standard deviation
of the residuals over the basis points are given in Table 11 and
to compute the corresponding expectation and standard devi-
ation over the sphere, the adjustment KNP was used in auxil-
iary form, instead of the basis points, computed on the nodes
of 100 per 50 cells. The results are presented in Table 13. The
same table provides the statistical results for the differences,
for the initial points, between this adjustment and the GL

inducted and GLAD inducted models. We can see that GLAD
is unbiased, while variances are lower for GL.

It is immediate to check that, for a given set of data, there
is no difference between beginning with a GL and applying a
spherical harmonics adjustment to the rest, or beginning with
a GLAD and continuing with the spherical harmonics adjust-
ment. Only the appearance of the expression and not the values
of the final adjustment vary. Moreover, in both cases the means
are null and the variances change with the order in the same
way as indicated in Table 11. We can conclude, in agreement
with MF, that it is not possible to significantly deduce the stan-
dard deviations of the residuals by means of an increment in
the order of the development. This does not mean that it is not
of interest to obtain as good a development as possible. In all
events, we must point out that when considering the functions
over the sphere, the behaviour of both developments is different
(we must not forget that in the discrete case, they are identical).
The expectations are null for the GLAD and not for the GL. The
variances are also lower for the GLAD. For example, for the
right ascension it varies from 45.88 for the 3rd degree to 44.62
for the 15th, in the GL model, while in the GLAD model, it
varies from 43.44 to 42.17 for the same orders. Therefore
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considered as a whole, it turns out that from a statistical point
of view the adjustment obtained by summing up GLAD and the
spherical harmonics for the differences is slightly better in the
discrete and continuous case.

9.2. Use of GLAD plus kernel nonparametric
adjustment

We have seen that the GLAD method is an unbiased method of
minimum variance and it adapts perfectly with small variations,
from a continuous point of view and also from a basis points
point of view. The best complement for this method will be the
KNP of the resulting residuals, with the optimal values for &
already used.

In particular, we have taken the GLAD model induced by
the KNP found with the optimal values of the different / for
the initial differences. A new KNP was applied to the differ-
ences between these and the ones given by the application of
the model, evaluated in such a way that 100 per 50 cells were
built, with a value on each one of the nodes. From this, the
following statistics were obtained for the resulting final resid-
uals: for the complete sphere, the expectation for both random
variable is —2.99 and 0, while the standard deviations are 3.87
and 0.65 respectively. The statistics corresponding to the ba-
sic initial points are —0.4 and —0.92 for the arithmetical means
and 12.07, 12.91 for the deviations. The final residuals are
very close to the zero value. The results, taking as a basis the
GL model, are similar or even better at the end, due to the fact
that the model itself improves very slightly when compared
with the initial errors (or its KNP adjustment) so in this case
there is an improvement of the contribution of the model itself.
It may be said that in the case of taking the GL model as a ba-
sis, almost all the correction is given by the nonparametric part.
From this point of view, this slight statistical superiority (better
expectation and final variance) is less interesting.

10. Conclusions

1) There is a bias in Aacosd and also in Ad. The former is
more delicate to deal with.

2) The usually employed models search for infinitesimal rota-
tions by means of the least squares method, but they do not
remove the bias.

3) For any of the methods used, direct or indirect, there is a
clear evidence of the existence of rotations. The ¢, ¢, ro-
tations and the displacement AD are very stable. The ex-
istence of the bias in Aacosd makes the introduction of
a AA coefficient in the adjustment cause a noticeable varia-
tion in the €, value.

4) While we are interested in a global adjustment for the whole
sphere and we also want, as far as possible, this adjustment
to be determined by certain parameters that will allow us to
decide whether or not there is a pure rotation between the
two catalogues.

5) The SH and KNP models do not make any supposition
about dependence on right ascension and declination resid-
uals. Therefore, we can use them in three ways: first, to see
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the GL and GLAD coefficient values that they imply; sec-
ond, to decide on the ¢, value for two independent methods;
third, to complete a basic GL or GLAD method in order to
remove the remaining zonal errors.

6) All these difficulties led us to conduct a study that from the
outset took into account the global point of view of the ad-
justment that we are prusuing. Thus, discussion of the mod-
els followed by the study of the mathematical methods and
their compatibility with them, was required as a previous
condition to finding the earlier conclusions.

7) The final conclusion on the most appropriate model to mod-
elize Hipparcos-FKS5 residuals is the GLAD model, not only
for its statistical properties for the basis points, but also be-
cause these properties are extended to the whole sphere.
However, a further possibility would be consider an ¢, value
depending on zones in declination. This aim is beyond the
scope of this work, in which we have prefered to focus on
global values for the coefficients in the same vein as the pa-
pers of (Mignard & Froeschlé 2000; Schwan 2001a)

8) As for the second goal of the paper, despite having math-
ematical security that bias and rotations between the sys-
tems exists, neither the models with rotations nor the mod-
els with rotations plus deformations seem enough to explain
the zonal errors. A mixed model must be used which com-
bines a basic one, such as GL or GLAD, and a KNP adjust-
ment to build a net of points with their associated values to
provide a numerical table.
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