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Abstract. We investigate the interaction of O+ ions with a one-dimensional potential well, using Hamiltonian formulation.
Heating of plasma originating in the terrestrial ionosphere plays a catalytic role in solar-driven magnetic storms, which dis-
sipate energy globally within the magnetosphere of the earth. An interesting candidate for ionospheric plasma heating is a
potential well located at auroral arcs in the high-latitude magnetosphere. We consider a potential with an exponential form,
having a characteristic length Lx. The oxygen ions drift towards the auroral arc in the presence of a constant magnetic field Bz

and a constant electric field Ey. The orbits of individual ions for different initial conditions – phase angle and kinetic energy –
are traced. Our results show that, depending upon the initial conditions, test particles can be either accelerated or decelerated.
Furthermore, we perform a parametric study for the interactions of mono-energetic and Maxwellian type of initial ion distribu-
tion – using random phase angle injection of the particles – with respect to our main model parameter, the characteristic length
of the potential Lx. We conclude that for characteristic lengths comparable to twice the ion gyroradius, the O+ population is
accelerated.
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1. Introduction

Plasma heating in planetary magnetospheres is a process of
particular astrophysical interest, since plasma systems occur
throughout the universe and plasma heating is a key astro-
physical process. While boundary conditions and scale sizes
vary significantly among different systems, the understanding
of plasma heating in one system will contribute fundamentally
to studies of other cosmic plasma systems. The sun, our nearest
star, drives mass transport, energy dissipation and accelerated
particles in the space vicinity of our planet. As a matter of fact,
the terrestrial magnetosphere is currently the only region where
in-situ measurements of particle acceleration can be made. In
the last 4 decades, a plethora of spacecraft measurements have
led to a large number of discoveries, and have permitted ex-
tensive tests of theory and comparisons of observations with
numerical simulations (e.g. Lyon et al. 1981; Baker 1999). In
the terrestrial magnetosphere, plasma acceleration is of central
importance for the two main complex phenomena, i.e. mag-
netic storms and magnetospheric substorms, which are closely
related in a yet not thoroughly clarified manner (Siscoe 1997).

A large body of literature exists on the transport and
acceleration of plasma in the coupled sun-magnetosphere-
ionosphere system (Daglis et al. 1997; Zakharov & Meister
1997). A particularly interesting case of plasma heating is
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the acceleration of relatively cold ionospheric ions (with ini-
tial energies of several tens of eV) to energies of tens of keV
in relatively short timescales (Rothwell et al. 1992; Daglis &
Axford 1996). Singly-charged oxygen ions, which originate in
the ionosphere, have been shown to be dominant during intense
magnetic storms (Daglis 1997). Furthermore, statistical studies
(e.g., Yau et al. 1984) demonstrated that the auroral ionosphere
is the major source of magnetospheric O+ ions. Accordingly,
there is a pronounced interest in efficient acceleration modes of
cold ionospheric plasma in the auroral region.

Upflowing ionospheric ions are interacting with auroral
arcs, which are elongated in the east-west direction and often
have a Gaussian – U-shape – potential structure (Akasofu 1981;
Rothwell et al. 1992). The general case of particle motion in
a homogeneous magnetic field B with an orthogonal electric
field E, which has a gradient ∇E parallel to E, has been stud-
ied by Cole (1976). By examining the analytical solutions of
the equation of motion, he argued that particle acceleration is
possible when the scale length of the potential becomes less
than the particle’s gyro-radius. Rothwell et al. (1995) exam-
ined the behavior of the analytical solutions for a general type
of potential. They found that the solutions are very sensitive to
the initial conditions and display chaotic behavior on changes
of the second derivative of the electric field.

In the present paper, we investigate the particle interactions
with a potential structure of an exponential type that was first
proposed by Rothwell et al. (1992). In their work, they argued
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that due to the presence of a hyperbolic fixed point in the phase
space, some particles are trapped by the potential and some
are not, with this effect leading to stochastic ion acceleration.
Moreover, they claimed that stochastic heating of a particle
population can occur due to the interaction with a potential
well of characteristic length comparable to the particle gyro-
diameter. In this paper, by using the Hamiltonian formalism, we
prove that there is no hyperbolic fixed point that can influence
the individual particle trajectories. Furthermore, by performing
an extensive study of the interaction of particle distributions
with the well, we conclude that the stochastic acceleration of
the ions depends upon the initial conditions and the character-
istic length of the well.

The organization of this paper is as follows: in Sect. 2,
the Hamiltonian of the system is formulated, the equations of
motion are derived and a search for equilibrium points is per-
formed. In Sect. 3, our numerical scheme is presented and the
results of the simulations are analyzed, while in Sect. 4 our
conclusions are summarized.

2. Hamiltonian formulation

We assume the presence of an auroral arc potential structure
along the x-direction with a form

ϕ = ϕ0 exp

−
(

x
Lx

)2 (1)

where Lx is the characteristic length of the auroral arc. The
corresponding electric field is given by the relation

Ex = −dϕ
dx
=

2ϕ0

L2
x

x exp

−
(

x
Lx

)2 · (2)

Apart from that, we consider that the ions are moving un-
der the presence of a constant background magnetic field Bz

in the z-direction and a constant electric field Ey along
the y-direction. This background electric field causes that the
particles will drift in the x-direction, towards the auroral arc.
The vector potential for these settings is

A =
1
2

B × r =
1
2

(−yBzx + xBzy) . (3)

The motion of an ion with mass m and charge e in the assumed
configuration is described by the Lagrangian

L =
1
2

mv2x +
1
2

mv2y − eϕ0 exp

−
(

x
Lx

)2 + eyEy

+
e
2

(
−yvxBz + xvyBz

)
(4)

and the canonical momenta px, py are defined as

px =
∂L
∂vx
= mvx − eyBz

2
(5)

py =
∂L
∂vy
= mvy +

exBz

2
· (6)

The Hamiltonian function is also calculated from the
Lagrangian, by applying a Legendre transformation (Goldstein
1980). The result is

H = vx px + vypy − L =
1

2m

[(
px +

eyBz

2

)2

+

(
py − exBz

2

)2]

+eϕ0 exp


(

x
Lx

)2 − eyEy. (7)

Notice that the Hamiltonian does not depend explicitly on time,
and as a consequence it is the energy integral of the motion.

The above formulation provides the canonical equations of
the ion motion

dx
dt
=
∂H
∂px
=

1
m

(
px +

eyBz

2

)
(8)

dy
dt
=
∂H
∂py
=

1
m

(
py − exBz

2

)
(9)

dpx

dt
= −∂H
∂x
=

2eϕ0

L2
x

x exp

−
(

x
Lx

)2 + eBz

2m

(
py − exBz

2

)
(10)

dpy
dt
= −∂H
∂y
= eEy − eBz

2m

(
px +

eyBz

2

)
· (11)

The system of Eqs. (8)–(11) may be written in the form Ẋ =
f (X), where X is the column vector of the canonical vari-
ables (x, y, px, py) and f (X) is the vector field

f (X) =


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L2
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x exp
[
−

(
x
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)2
]
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eBz

2m

(
py − exBz

2

)

eEy − eBz

2m

(
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eyBz

2

)



. (12)

This form of the motion equations is very helpful in determin-
ing the system equilibria. If an equilibrium point Xec exists, it
must satisfy the familiar condition f (Xec) = 0 (i.e. Lichtenberg
& Lieberman 1992). This translates to the following relations
for the Xec components

1
m

(
pxec +

eyecBz

2

)
= 0 (13)

1
m

(
pyec − execBz

2

)
= 0 (14)

2eϕ0

L2
x

xec exp

−
(

xec

Lx

)2 + eBz

2m

(
pyec − execBz

2

)
= 0 (15)

eEy − eBz

2m

(
pxec +

eyecBz

2

)
= 0. (16)

By inserting Eq. (13) into Eq. (16) we obtain eEy = 0, which
is a relation that cannot be valid. Consequently, no equilibrium
points exist in the phase space of the system, because of the
electric field that causes the particle drift. This result is in con-
flict with the conclusion of Rothwell et al. (1992) that a hy-
perbolic fixed point exists near the boundaries of the potential
well. The only argument used to support the existence of the
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fixed point, namely the presence of the separatrices, in the par-
ticle motion was based on the form of the phase-space projec-
tions. These projections do not reveal the true picture of the
phase space. In addition, not even the use of Poincare surfaces
of section can be useful, as the ion motions cannot be followed
in a standard way because they have mixed transient features.

3. Results

In this section we present our numerical scheme and our results
concerning the heating of the ions. We numerically integrated
the equations of motion (8)–(11) using a 4th order Runge-Kutta
algorithm with step h = 0.01 (Press et al. 1986). The integra-
tion time for each orbit was not standard. We are going to use
the term upstream to specify the region in front of the potential
well (i.e. x < 0) and the term downstream for the region behind
the well (i.e. x > 0). The ions were followed towards the po-
tential well and collected at a far distance 10 Lx downstream of
the well. The calculations were performed for a certain choice
of system parameters (see Rothwell et al. 1992): the constant
electric field was chosen Ey = 1 mV/m, while the constant
magnetic field was Bz = 144 nT and the auroral arc potential
minimum was taken φ0 = −3 kV. The characteristic length Lx

was used as a parameter and varied in the range [10−200] km.
The ion energy,

H = E =
1
2

m
(
v2x + v

2
y

)
+ eφ (x) − eyEy (17)

is constant during each step of the integration. For an accuracy
criterion of our numerical simulations, we followed the maxi-
mum error in calculating the total energy. In all integrations, it
was found to be less than 10−3 of the initial energy.

In Fig. 1 we present the orbits of three oxygen ions O+ to-
wards an auroral arc of characteristic length Lx = 50 km. The
ions are injected at the point (x, y) = (−10 Lx, 0) upstream and
have the same initial energy E0 = 200 eV, but different phase
angles (a) θ = 20◦, (b) θ = 60◦ and (c) θ = 80◦. We use the
term “phase angle” to refer to the angle formed by the initial
velocity components in the x, y plane, given by

θ = arctan

(
vy0

vx0

)
· (18)

This relation is used for calculating the initial conditions vy0, vx0

from the given values for E0, θ. Note that the spatial coordinates
are normalized to the characteristic length Lx.

From these figures, it is clear that ions are trapped by the
potential for a part of their orbit. The duration of the trap-
ping depends sensitively upon the initial conditions, namely the
phase angle. The interaction with the auroral arc causes a dis-
placement in the y-direction, either positive or negative. This
displacement is equivalent to a kinetic energy gain or loss, be-
cause the total energy is constant and so any dynamical energy
variation is reflected in the kinetic energy. This is certified by
the following relation

∆Ek = eEy∆y (19)

which is a consequence of the energy conservation law, applied
at points far upstream and downstream of the auroral arc. Thus,

Fig. 1. Ion orbit in the (x, y) plane for initial energy E0 = 200 eV and
phase angles a) θ = 20◦ b) θ = 60◦ c) θ = 80◦. The coordinates x, y
are normalized to the characteristic length Lx.

the ion with phase angle 20◦ is accelerated and the one with 60◦
is decelerated, while the ion injected with θ = 80◦ does not
show a significant energy variation.

The trapping of ions can also be deduced by visualizing the
phase-space projections (x, px) and (y, py) of the ion evolution.
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Fig. 2. Phase space projections a) (x, px) and b) (y, py) of the ion
motion for initial energy E0 = 200 eV and phase angle θ = 60◦. The
coordinates x, y are normalized to the characteristic length Lx and the
canonical momenta px, py to their initial values px0, py0.

Such projections of course do not retain all the properties of
the real phase space, but they can give a general view of the ion
kinetics. These are given in Fig. 2 for (a) (x, px) and (b) (y, py)
for an ion injected with phase angle θ = 60◦ with the rest of the
parameters being the same as above. The coordinates x, y are
normalized to the characteristic length Lx, while the canonical
momenta px, py are normalized to their initial values px0, py0.
The trapping of the ions in the region of interaction with the
potential is clearly seen in both plots.

In order to perform a more realistic investigation of the ac-
celeration mechanism we consider the interaction of ion popu-
lation with the potential. First we investigate the dependence
of the ion acceleration upon the initial phase angle, by per-
forming the following simulation. We trace the orbits of a
mono-energetic distribution of N = 10 000 ions, with initial
energy of E0 = 200 eV, injected with phase angles uniformly
distributed in (−π/2, π/2), corresponding to velocity vectors
pointing towards the well and starting at a given space point
(i.e. (x, y) = (−10 Lx, 0) ) upstream of the well. In Fig. 3, the
exit kinetic energy, normalized to initial energy, is plotted as a
function of the phase angle for Lx = 100 km.

Fig. 3. Normalized ion exit kinetic energy as a function of the phase
angle θ for characteristic length Lx = 100 km. The initial energy of the
ion is E0 = 200 eV, while θ is uniformly distributed in (−π/2, π/2).

From this figure, it becomes apparent that the ion accelera-
tion does not have a monotonic dependence on θ. The exit en-
ergy varies very rapidly in the region of values (−π/2, π/2). For
some angles the exit energy is very large, e.g. for −600 or 40◦,
but for their neighboring values the energy is much smaller.
Thus, large intervals of preferable phase angles, where accel-
eration is more intense, do not exist. For checking this further,
a Fourier transform was performed on the data; as a result, no
dominant phase angles were found to exist.

Furthermore, we trace mono-energetic distributions of ions,
with initial kinetic energy E0 = 200 eV and random phase an-
gles, for several values of the characteristic length Lx. In Fig. 4
the kinetic energy variation – the ratio of the final to the ini-
tial kinetic energy – is given as a function of Lx. The plot is
formed as follows: at each Lx value, a mono-energetic ensem-
ble of N = 1000 ions is injected at the same point in space
upstream of the well, with random phase angles, and it is col-
lected at x = 10 Lx downstream. The vertical bars of dots in
the plot correspond to the kinetic energy of individual parti-
cles, while the solid line stands for the ensemble mean of the
kinetic energy.

For characteristic lengths in the range 80 to 130 km, a large
fraction – up to 70% – of the injected particles is accelerated,
reaching energies even up to 6 or 7 times the initial energy. This
is reflected also in the mean normalized energy of the ensem-
ble, which takes values fairly larger than 1, within [1.5, 1.8].
These values indicate that the majority of the ensemble is ac-
celerated. Notice that such Lx values are approximately equal
to twice the ion gyroradius (i.e. Lx ∼ Dgyr = 2Rgyr � 114 km),
where the ion gyroradius is given from the general relation

Rgyr =
mv0
eBz
=

(2mEk0)1/2

eBz
· (20)

Our first conclusion is that acceleration is more intense when
the scale of the ion gyro-diameter is comparable to the char-
acteristic length of the auroral arc. On the contrary, in cases
where these scales are not comparable, only a small fraction of
the ensemble – around 45% – is accelerated. This is due to the
character of the ion-arc interaction for these cases: when Lx is
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Fig. 4. Kinetic energy variation Ekf/Ek0 as a function of Lx (in km).
Each Lx-bar contains the ratios of N = 1000 particles injected with
initial energy E0 = 200 eV and phase angles in (−π/2, π/2). The solid
line corresponds to the ensemble mean variation 〈Ekf/Ek0〉.

small compared to the scale of the ion gyro-diameter, the ions
are perturbed rather than trapped by the potential. On the other
hand, in cases where Lx � Dgyr, the motion is very close to
following the equipotential lines of the arc structure due to the
auroral arc being relatively wide. Apparently, from our study,
it is not certain if there will be a significant net energy gain for
the ions. This depends heavily on the initial conditions of the
ensemble, as well as on the size of the auroral arc.

In order to visualize the above in more detail, we focus on
some indicative values of Lx and form the exit kinetic energy
distribution. In Fig. 5 we present the distribution function of
the final kinetic energy for similar mono-energetic ensembles
of N = 10 000 ions. This is done for three characteristic length
cases: (a) Lx = 10 km, (b) Lx = 100 km and (c) Lx = 190 km.
Notice that these figures are not similarly scaled because of the
different magnitude of the distribution function for each case.

For Lx = 100 km, which is of the order of the ion gyro-
diameter, acceleration is intense. This is seen in Fig. 5b, where
a large part of the ensemble gains energy more than twice its
initial value. Figures 5a,c verify that for well lengths not com-
parable to the gyroradius, acceleration is of smaller magnitude.
Notice in these two cases that the exit kinetic energies reside in
a small region of values around 1.

Next, we examine what happens to a group of ions injected
with a Maxwellian kinetic energy distribution upstream of the
potential well (solid curve in Fig. 6). Figure 6 shows the kinetic
energy distribution, of N = 10 000 O+ ions which are injected
with initial thermal energy Eth0 = 200 eV and random phase
angles, for the three cases (a) Lx = 10 km (b) Lx = 100 (c) Lx =

190 km. All other system parameters remain the same.
The results resemble to the ones found during the study of

the mono-energetic ensemble interactions. In cases (a) and (c),
corresponding to characteristic lengths Lx clearly smaller or
greater than Dgyr, no significant heating is observed. The ini-
tial and final distributions are very close; especially for the
high-energy part of the initial distribution – values above 4
– we notice that it appears almost the same as before. This
happens because ions with high energies do not get affected

Fig. 5. Kinetic energy distribution of N = 10 000 ions of initial en-
ergy E0 = 200 eV for a) Lx = 10 km, b) Lx = 100 km c) Lx = 190 km.
The kinetic energy values are normalized to E0.

considerably by the potential, as their gyro-radii are too big
or too small compared to the characteristic length Lx. On the
contrary, for Lx = 100 km significant heating occurs, at least
as seen from Fig. 6b. The final distribution is approximately
Maxwellian but it is shifted to high energies. This is an indica-
tion of a shift in the thermal equilibrium of the system.
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Fig. 6. Distribution of N = 10 000 ions of initial thermal energy Eth0 =

200 eV for a) Lx = 10 b) Lx = 100 c) Lx = 190 km. The initial
distribution is the solid curve. The energies are normalized to 2Eth0/3.

In order to certify these aspects quantitatively, we fit with
the probability density function of the Maxwell distribution,

f (E) =

(
6E
πEth

)1/2

exp

(
− 3E

2Eth

)
(21)

with the only parameter the thermal energy. The result for Lx =

10 km was Eth = 216.2 eV, or 1.08 in terms of the ratio of

Fig. 7. Ratio of – initially Maxwell-distributed – ions with exit kinetic
energies larger than kEth0 vs. ions with initial kinetic energies larger
than k · Eth0 as a function of Lx for k = 2 (I) and k = 3 (II). The ions
used are N = 10 000 of thermal energy Eth0 = 200 eV with random
initial phases. The energy values are normalized to 2Eth0/3.

the new to the old thermal energy, while for Lx = 190 km
it was Eth = 199.8 eV (a ratio 0.9). These values for the fi-
nal thermal energy correspond to insignificant heating. For the
case Lx = 100 km, the fitting gave for the thermal energy a
result Eth = 375.5 eV, or 1.87 for the ratio of the new and old
thermal energies, which corresponds to heating of the ensem-
ble. This value is in agreement with the mean energy variation
calculated in forming Fig. 4.

Considering these facts, we could say that for Lx ∼ Dgyr the
ion population is heated during its passage through the well.
This heating is the result of the stochastic acceleration that af-
fects a part of the ion ensemble due to its interaction with the
auroral arc structure. In order to understand the ion heating in
more detail, we extended our study of the potential interac-
tion with Maxwell distributions by using a scheme analogous
to the one presented in Fig. 4. We calculate the ratio of ions
with exit kinetic energies Ekf larger than k times the ensem-
ble thermal energy Eth0 versus ions with initial kinetic energies
larger than k · Eth0 for various values of Lx. In Fig. 7 the results
are presented for two cases of k, k = 2 and k = 3. A num-
ber of N = 10 000 test particles are used. Their thermal energy
is Eth0 = 200 eV and they are injected with uniformly ran-
dom initial phases. The kinetic energy values are normalized
to 2Eth0/3.

In both cases, the calculated ratio is maximum in the area of
characteristic lengths [100−130] km, comparable to Dgyr. That
was expected according to the analysis made above, both for
mono-energetic as well as for Maxwellian ion injections. The
ratios of the k = 3 case are larger than the ones for k = 2,
even reaching up to values near 8. That happens because the
particles having initial energies larger than 3Eth0 are less than
the ones with Ek0 > 2Eth0, while the respective numbers for the
final kinetic energies are comparable. Consequently, the ratios
of the case k = 3 have smaller denominators than the ones
of k = 2, while the numerators are of similar magnitude, and
so the former ratios take larger values.
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4. Summary and conclusions

In this paper, the nonlinear interaction of oxygen ions with an
auroral arc has been studied, using the Hamiltonian formula-
tion. The potential was of an exponential type with charac-
teristic length Lx. In this system, the ions are drifting due to
two constant background fields, a magnetic Bz and an elec-
tric Ey. The equations of motion were derived by the means
of the Hamiltonian function. The Hamiltonian is a constant of
motion – the energy integral – as no explicit time-dependence
exists.

A search for phase-space equilibrium points was per-
formed; the conclusion was that no such points exist, due to
the existence of the drift-causing electric field Ey. This result
is in conflict with the work of Rothwell et al. (1992), where it
was claimed that a hyperbolic fixed point exists near the bound-
aries of the potential well. The arguments used to support the
existence of the fixed point were mainly based on the form of
phase-space projections. For systems with more than one di-
mension, as in our case, projections do not reveal the true na-
ture of the system phase space.

The orbits of individual ions for different initial conditions
– phase angle and kinetic energy – were traced. It was found
that, depending upon the initial conditions, the ions are trapped
by the potential well for small or large parts of their motion.
After the interaction with the auroral arc, the ions appear dis-
placed in the y-direction. This displacement is equivalent to a
kinetic energy variation, because the total energy is constant.
Based on these results, we can conclude that the acceleration
process of ions exhibits a stochastic nature, due to its strong
dependence upon the initial conditions.

Furthermore, we performed a parametric study for the in-
teractions of mono-energetic and Maxwellian type of ion distri-
butions with respect to our model parameter Lx, using random
phase angle injection of the particles. The final distributions of
the mono-energetic ensembles show that, for Lx values compa-
rable to the ion gyro-diameter, the ion acceleration is intense. A
large fraction of the ensemble reaches final values more than 2
times its initial energy. This is seen also in the mean normalized
energy of the particles, which is fairly larger than 1. When the
scales Lx,Dgyr are not comparable, only a small fraction of the
ions is accelerated. This is due to the nature of the interaction
for these cases: when Lx 	 Dgyr, the ions are trapped by the po-
tential for less that a gyro-period. Reversely, when Lx � Dgyr,
the ions follow the equipotential lines of the arc structure.

The possibility of the heating of the ions was examined by
following ions injected with Maxwellian kinetic energy distri-
butions. Significant heating was observed only for Lx compara-
ble to the ion gyro-diameter. In the cases where the characteris-
tic length is not comparable to Dgyr, no significant heating was
found. This behavior was verified quantitatively, by estimating
the distribution function after the interaction.

Considering these facts, we conclude that for Lx ∼ Dgyr

the ion population is accelerated during its interaction with the
potential well. This acceleration is of a stochastic nature, de-
pending upon the initial conditions of the injected distribution
and leads to heating of the particle population.

Our results contribute to the understanding of the chang-
ing flow of energy and matter from the Sun to planetary en-
vironments and of its effects. In particular, they contribute to
the understanding of the response of Earths magnetosphere
to solar drivers, as they relate to the chain of action/reaction
processes that regulate solar energy transfer into and through
the magnetosphere-ionosphere system. As already mentioned,
ionospheric-origin O+ ions dominate the inner magnetosphere
during intense magnetic storms. Mass loading of the plasma
sheet due to the high abundance of O+ ions can regulate in-
stability growth and the unloading of energy in the geospace
environment, especially in the case of substorm series.

Since the ionospheric ions are initially rather cold, the ques-
tion of efficient acceleration of the ionospheric ions and asso-
ciated extraction into the magnetosphere is of central interest.
Presumably, a variety of successive acceleration mechanisms
act on the ionospheric ions to raise the particle energy from
about an eV to tens of keV (Daglis & Axford 1996). To
comprehensively understand the solar wind-magnetosphere-
ionosphere coupling, we have to investigate the acceleration
of ionospheric ions in full detail. We know that electric fields
in the magnetosphere depend on the solar wind-magnetosphere
coupling through the dayside magnetic field merging and the
subsequent magnetospheric convection on the nightside. The
next step in our work will be to relate high-latitude electric
fields and the associated ion acceleration to solar and inter-
planetary magnetic field parameters, in order to find the most
effective solar and solar wind drivers for delivering ionospheric
plasma to the inner magnetosphere.
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