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ABSTRACT

Aims. We propose the principle of a new solar telescope that makes it possible to observe the solar corona very close to the solar limb,
without the help of a Lyot coronagraph. The result is obtained using a strongly apodized aperture.

Methods. We obtain the theoretical form of the diffraction halo produced by the solar disk at the level of the corona for a perfect
diffraction-limited telescope, for raw and apodized apertures. The problem is first solved at one dimension for which a complete set
of analytical expressions can be derived, including the effect of the center-to-limb solar variation. Formal equations are written for the
two-dimensional case, and it is shown that the expression may take the form of a 1D integral. Nevertheless, the problem is difficult to
solve. An analytic expression can be worked out using the line spread function, which is shown to give a valid approximation of the
problem, in excellent agreement with a numerical computation that uses the exact integral.

Results. We show for the raw aperture that the diffraction halo is very strong and decreases slowly as p~'. We propose as a solution
to this problem an apodized aperture based on the generalized prolate spheroidal functions (GPSF). Such an apodized aperture may
reduce the diffraction halo enough to permit a direct observation of the solar corona very close to the solar limb. A signal-to-noise
ratio analysis is given.

Conclusions. Different strengths of apodization may be used, but very strong apodizations are indeed mandatory. A good choice
seems to be a GPSF aperture with the prolate coefficient ¢ on the order of 10. It could reduce the halo of diffraction by a factor 103 (at
the cost of an intensity throughput of 10% and a reduction in the classical resolution by a factor of about 1.6) and permit observation

of the corona very close to the solar limb.
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1. Introduction

The coronagraph of Lyot (1932) uses an elaborated experiment
to permit observation of the solar corona. It requires two di-
aphragms. The Lyot mask, set in the telescope focal plane,
suppresses the direct image of the solar photosphere. For each
point source of the solar surface, the mask induces a system
of two waves: the direct wave of the instrument and the wave
diffracted by the mask, as described by Aime et al. (2001).
Babinet theorem shows that the two waves interfere in a destruc-
tive way in the image of the pupil, therefore reducing the direct
light through the aperture image. The missing light is found out-
side the geometrical image of the aperture where a Lyot stop
suppresses it. The solar corona can be observed in the re-imaged
focal plane. To work satisfactorily, the system requires ideal ob-
serving conditions since the aberrated part of the wave cannot
be corrected by the coronagraph (Aime & Soummer 2004). It
also needs an excellent optical system over a wide field of view,
because the Lyot mask is at least equal to the angular size of
the Sun.

In the present paper, we present an alternative technique that
is much simpler. An apodized aperture is used to reduce the
wings of telescope point spread function (PSF) so that the light
diffracted by the solar disk becomes lower than the light of the
corona. No diaphragm is needed to observe the corona, and the
sunlight may be entirely conserved in the experiment. It is not
excluded, however, that the disk of the Sun be shielded to pre-
vent the saturation of the detectors.
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Apodized apertures have been extensively studied in optics,
as can be seen in the excellent review paper of Jacquinot &
Roizen-Dossier (1964). This technique has been proposed re-
cently by Nisenson & Papaliolios (2001) for detecting exoplan-
ets and further studied by several authors, among them Kasdin
et al. (2004), Vanderbei et al. (2003), and Aime (2005a). The
principal drawback of the technique is a reduction in the trans-
mitted light, a problem that is of less importance for solar studies
than for exoplanet detection.

The paper is organized as follows. After a short presenta-
tion of the problem in Sect. 2, we give a simple one-dimensional
(1D) modeling of the problem in Sect. 3. The 1D simplification
permits fully analytic expressions to be obtained that are very
similar to the two-dimensional (2D) case treated in Sect. 4. For
the 2D case, the result remains analytic if we make simplifying
assumptions. The result leads to a very surprisingly simple ex-
pression for the solar diffracted light that decreases slowly as the
inverse of the distance from the solar limb. This expression is
used in Sect. 5 to propose prolate spheroidal apodization func-
tions that are good enough to permit direct observation of the
solar corona. A signal-to-noise ratio analysis is made in Sect. 6
and conclusions given in Sect. 7.

2. Position of the problem: the light diffracted
by the solar disk

Denoting S o(a, ) the geometrical image of the solar disc, the
observed image I(a, ) in the focal plane of the telescope is
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given by the relation of convolution:
Io(@,B) = R@,B) * So(a, )

[ [ remsoa-ep-mazan ()

where = denotes the convolution and R(«, ) is the PSF. Since
the convolution is commutative, the functions S and R can be
exchanged in the integral, if necessary.

The PSF can be written as:

1 |~(a B\
Ll
A2 A A
where P(x,y) is the transmission in complex amplitude of the
telescope aperture. We assume in this presentation that the tele-
scope is perfect and is operated outside the Earth’s atmosphere.

Each point of the solar surface contributes to a very small
amount of diffracted light outside the Sun, but the addition of all
intensities produces a halo of light bright enough to overcome
that of the corona by a large factor. To estimate its level, a precise
computation of I(e, B) is necessary, as follows.

R(a.p) =

)

3. Analytic solutions for a 1D model

For the 1D model we have derived the expressions for the images
of the solar disk obtained using a raw aperture and an apodized
one. Drawings are limited to the part of the image near or outside
the solar limb. Computations of the integrals were derived us-
ing the software Mathematica, and the reader can directly check
them using the free “Integrator” site of Mathematica (Wolfram
1999), for example.

3.1. Diffraction halo for the raw aperture

The term “halo” is used here to concisely describe the spread
of the image of the solar disk outside the limb due to diffrac-
tion, with no reference to any structure of a solar origin. For
the 1D model, we take a top-hat function of width D for the tele-
scope transmission P(x); its PSF is the square of the sine cardinal
function. We have

sinz(ﬂa)

P() = TI(5), R(@) = 3

m2a?
where we have expressed « in units of 1/D to make the mathe-
matical expressions simpler. The reader will note that the wings
of this 1D PSF decrease as 2.

We denote D = 2 Ry, as the diameter of the Sun and assume
no center-to-limb variation, so that So(@) = Il(a/Dg). Using
Eq. (1) for the 1D case, the solar image /(@) becomes

(@) = f(HD@ sin®(n&) _ sin?(na) ) Si(2ra)

T2 mla Vs
~ sin(m(De + @) Sin(Dg + @) @
72(Dg + ) P s

where Si(«) is the sine integral function, defined as the integral
of sin()/t between 0 and a. For convenience, the right limb of
the Sun is set to the position zero of the axes.

Equation (4) can be simplified if we assume that D, is very
large compared to the size of the PSF, which is the case in prac-
tice. Making D — oo, we have

.2 .
L) = sin“(wa) B Si2nra) N 1

(&)
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Fig. 1. One-dimensional simulation: the PSF of Eq. (3) for a top-hat
aperture and the corresponding image L. (x) of the solar limb as given
in Eq. (5). On that scale there is no difference between L (x) and Le(x).
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Fig. 2. Representation on a logarithmic scale of the halo profile. Curve 1
is the function /., (x) already drawn on a linear scale in Fig. 1. Curves 2
to 4 are computed for D, values of 10000, 3000, and 1000 (units
of A/D), or equivalently for apertures in the visible of about 70, 20,
and 7 centimeters, respectively. The closeness of curves 1 and 2 permits
using I.,(x) as a good approximation of /() for a large aperture.

In the linear representation of Fig. 1, there is no visible differ-
ence between I, (@) and I(@). To differentiate the curves, it is
necessary to plot them on a logarithmic scale, as in Fig. 2.

The approximation of /(@) by I (@) is very good for a large
telescope (curve 2); for a smaller telescope (curve 4), I(a) is
clearly lower than I, (@). The difference between the curves cor-
responds to the integration of Eq. (4) from a + Dy to infinity. For
a large telescope, the PSF at the distance D, is low enough for
that contribution to be negligible; this assumption is no longer
valid for a smaller telescope for which the solar diameter corre-
sponds to a lower number in units of A/D. The total extent of
the representation (5000 units of 1/D) of the figure would corre-
spond, for a 50-cm aperture, to a distance of about 20 arcmin at
600 nm. The interesting point is that /(x) is a good approx-
imation of Io(@) for a large telescope, so we may conjecture
that this will also be true for the 2D case treated in Sect. 4, for
which no analytic expression seems to be available for the finite
summation.

For high « values, I.(«) is asymptotically equal to 1/(2n%a),
or 0.05 o~ !. This measure is in units of A/D, and the larger the
telescope, the lower the level of the diffraction halo at a fixed
distance from the limb. However, since the halo is typically
a factor 10* too high, the corona detection cannot come from
an increase in the telescope size. The reader will note that the
«~! regime comes from the &~% asymptotic value of the PSF and
its integration. We will see that a similar result is obtained for
the 2D case.
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Fig. 3. Images of the solar limb obtained for a uniform Sun (upper
dashed line) and a center-to-limb variation in the intensity of the form
1 — 2a*D? (lower continuous line). The normalization is such that the
brightness is 1 at the disk center for the two curves.

3.2. Effect of a center-to-limb variation

It is possible to obtain analytic expressions for the solar image
by assuming a simple form of the center-to-limb variation of the
solar brightness. The curve drawn in Fig. 3 is for a parabolic
brightness intensity variation of the form 1 — 2a?D2, i.e. 1 at
the center and 0.5 at the limb. The analytic expression is a few
lines long, and we thought that it was not essential to give them
here. As can be seen in Fig. 3, the diffraction figure remains sim-
ilar to that of the model with no center-to-limb variation, but for
a constant factor due to the level of the limb. This result permits
us to be confident about the shapes derived from the simple top-
hat model for the Sun. In all cases, the light diffracted by the
solar disc produces a halo that decreases only as &~ remains
well above the 1076 level expected for the corona for more than
a solar radius and prevents its direct observation.

3.3. Diffraction halo for an apodized aperture

The term “apodized aperture” is used for an aperture with
a transmission variable from the center to the edge, chosen so
that its PSF presents the lowest possible level of diffraction feet.
Depending on the transmission, computing of the integral in
Eq. (1) may or may not lead to an analytical solution.

There is an analytical solution for an aperture transmission
following the triangle function P(x) = (1 — 2|x|/D), an apodiza-
tion function known as the Bartlett function in signal processing.
The PSF is given by the square of the PSF of the raw aperture,
because the triangle can be written as the autocorrelation func-
tion of the top-hat function. The throughput of such an apodized
aperture is reduced to 1/3 of the un-apodized one. There is a loss
of resolution that we can fix to 3/4, in terms of the Strehl ratio w
as defined by Aime (2005a) as the ratio of the spectral angular
bandwidth of the apodized aperture divided by that of the aper-
ture with a uniform transmission. These losses are the price to
pay to obtain reduction of the diffraction wings. We have

X 4 sin* (ma/2)
P =A(5), R@) = 00 ©)
The wings of the apodized PSF decrease now as the func-
tion a~*. The image of the solar limb, in the limiting case where
D¢ — o0, can be written as

cos(ma) — cos(Qna) -4 cos(na) + cos(2ra) + 3

le(@) = ma 24’
+2 sin(a) — sin(2ra) N Si(ra) — 2Si(2na) N l M
2m3a? r 2
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Fig. 4. The PSF of Eq. (6) for a transmission aperture with the form of
a triangle function and the corresponding image /,(x) of the solar limb,
as given in Eq. (7). The x-axis is in units of 1/D.
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Fig.5. Comparison on a logarithmic scale between /(@) (top curve)
and /,(a). To make the effect visible, D, is taken equal to the very low
value of 1000 units of /D, corresponding to a very small telescope.
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Fig. 6. Representation on a logarithmic scale of the images of the solar
limb given by (1) a raw aperture and (2) an apodized aperture in the
form a triangle function.

This halo profile is given in Fig. 4. The limiting expression for
large «a is %0‘3. The a3 behavior is the result of the integra-

tion of the PSF in . The analytical expression for Io(a) can
be obtained easily, but it presents a lot of terms and is of little
interest because /(@) and /(@) are almost identical for the re-
gions of interest. The difference between the curves can only be
seen at very long distances for a rather small telescope, which
is what we show in Fig. 5 where the exact curves are drawn for
the two models. The reason is that wings of the PSF of Eq. (6)
in o~ decrease fast enough so that far away point sources do not
contribute to the diffracted light.

A comparison between the apodized and non apodized cases
is shown in Fig. 6. The diffracted light for the apodized aperture
goes below 107 for a on the order of 25 1/D, i.e. very close to
the solar limb (a few arc seconds for most telescopes). Of course
this assumes perfect optics, a condition that is also mandatory
for Lyot coronagraphy.
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4. The 2D real case

Now we go back to function Iy(a, ) of two variables defined
by Eq. (1). Since So(a@,B) and R(a,B) are radial functions,
I5(a,B) is also a radial function that only depends on the dis-

tance p = +/a? + B2. It is therefore enough to compute Is(a, 8)
along a central slice such as @ = p and 8 = 0, with the form:

@@sbm=mm=ffk@m%m—ammm ®)

where, for convenience, we use the same symbol to define the
2D function and its radial cut.

4.1. The formal problem for the Airy pattern

For a perfect telescope with a circular aperture, the PSF is the
Airy pattern, of the form:

JZ
Rip) = 117 ©)
p

where p is in units of 1/D and where we make use of a normal-
ization of the PSF so that its integral equals 1.

For large p, R(p) decreases as p~>, which is much better than
the p~2 decrease of the equivalent 1D example of the previous
section, and one may think that the effect of diffraction will be
less for the 2D image than for the 1D one. In fact, as we will see,
final results are very similar because for the 2D case a 2D inte-
gration is needed.

A Sun of uniform brightness corresponds to the function

T1( /&2 + 172/ D). The 2D integral of Eq. (8) takes the form:

+Dg, +h 2 2 2
= [ {f ﬁfﬁiﬂﬁm}@
é=a n

10
- T(E+1P) (10

where h = \/(g —a)(De + a — &), assuming the origins of the
axes on the solar limb. An illustration of this integral is schema-
tized in Fig. 7 where the circle, not at all to scale, represents
the Sun and the domain of integration. The real size of the Sun
can be estimated from a limb contour (almost linear) drawn in
the figure.

It is possible to take advantage of the radial shape of the PSF
to reduce the 2D integral to a 1D one. Indeed the values of the
PSF are the same along circular arcs, such as AMB of Fig. 7.
Denoting p the distance OM, the length of the arc becomes

_ 1%
AMB = 2parcsin(—) (11D
P
where A’ is equal to
2
\/4(Ro + %% = ((Ro + @)2 — RS + p?)
W= : (12)

2(Ro + @)

The reader should note that the quantities /# and /4’ indeed corre-
spond to the same length HB of Fig. 7, one written as a function
of ¢ in Cartesian coordinates, the other as a function of p in polar
coordinates.

The double integral then reduces to a simple integral:

2 a+Dg _12 Pe )%
Io(@) = —f L) arcsin(—)dp.
7 Jo p p

13)
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Fig.7. Schematic illustration of the integral of Eq. (10) giving Iy(a).
The Airy pattern must be integrated over a circle of the Sun surface.
Of course the circle drawn in the figure is not at all to scale (diame-
ter 151/D). The strong, almost vertical line corresponds to the edge of
a circle with size (30004/D). The length of the arc AMB appears in
Eq. (11).

Unfortunately, not one of these integrals leads to an analyti-
cal solution, as far as the author has tried, even using its ap-
proximate cosine form for the Bessel function. Nevertheless the
two expressions may be useful. As we see below, we can de-
rive an approximate analytical solution for the diffraction pattern
from the expression of the 2D integral, which is in perfect agree-
ment with a numerical approach to the problem made using the
1D integration.

4.2. Approximate solution via the line spread function

It is possible to obtain an approximation for the integral between
braces of Eq. (10) for the limit 2 and Dy — oo, as the line spread
function (LSF) of the circular aperture. The computations made
for the 1D case have shown that this approximate result is a good
approximation of the exact one. This can be done as follows.

We recall that the telescope modulation transfer function
(MTF) is defined as the Fourier transform of the PSF, of
the form:

M(u,v) = ffR(a/,ﬂ) exp(—2in(au + Pv))dadp. (14)
Making v = 0, we have:

M(u,0) = f{fR(a/,ﬂ)dﬂ }exp(—chm)da, or (15)
fR(a,,B)d,B = fM(u, 0) exp(Rurau)du (16)

so that L., (£) can be computed as the Fourier transform of the cut
of the telescope MTF. This function is also the aperture autocor-
relation function. For the circular aperture, it is a radial function
of the form
2
M(u) = = (arccos(u) - u V1 - 12). (17)
bis
Since M(u) is an even function, the Fourier transform reduces to
its cosine term, and we can write

H,(2n¢)

e (18)

1
L) = 2f M(u) cos(2néu)du =
0
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Fig. 8. Comparison between the Airy pattern (bottom curve) and the
line spread function of Eq. (18). The curve drawn in dashed lines corre-
sponds to the approximation in &2 of Eq. (20).

0

Fig. 9. Cuts of the Airy pattern and the halo given by Eq. (21).

where H(z) is the Struve function. Using for this function the
approximation (Aarts & Weisstein 2004):

(12-2) (1 - cos() (& -5)sin) »
+

H\(z)~ 3 +——Jo) (19)

Z <

we can obtain an asymptotic form for L(¢) for high & values:

3
422

L&) ~ (20)

The reader will note that the behavior of the LSF in @2 is that
of the simple 1D model of Eq. (3). A representation of L(£) in
Eq. (18) and its approximation in Eq. (20) is given in Fig. 8,
where L(£) is smoother and higher than the Airy pattern that is
also represented in the figure.

Substituting the expression of L(£) of Eq. (18) into the inte-
gral between braces of Eq. (10), we have:

+d
H\(2n¢)
Io(@) = i ngzdf
1 8 1 335
:___F_l.___._22 21
> 3.2 3(2, oy AT 21
where the function ,Fy(ay, ..., ap; bi, ..., by; x) is the generalized

hypergeometric function, which is given by a hypergeomet-
ric series (see for example Weisstein 2003). It can be numeri-
cally computed using Mathematica. The halo corresponding to
Eq. (21) is represented in Fig. 9, together with a cut of the Airy
pattern.

For « values higher than 6 or so, the hypergeometric func-

tion , F3 (% 1; % % %; —azﬂz) is difficult to compute with enough

precision. In that case it is easier to use the expression derived

A/D

-2.5

10 20 30 40 50

Fig. 10. Numerical vs. analytical curves of the halo. The analytic curve
is drawn using Eq. (22). The noisy curve corresponds to a numerical
computation of Eq. (13).
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Fig. 11. Representation of the diffracted halo given in Eq. (21) with its
simple approximation in a~! of Eq. (23).

from the approximation of the Struve function given in Eq. (19)
for I,(a). We obtain

27z'2a2+7z'—3—(71'—3)1F2(_%;_%’%;_ﬂ2a,2)
Io(@) ~ —=
1F2(‘%§%,1;—7r2a2)
ma
(16_57T)1F2 _l;l’é;_ﬂ.zaz 1
+ (22 2°2 )+_ (22)
T 2

which involves only hypergeometric functions with p = 1 and
q = 2, which can in turn be computed for high values of «a.
In the range were the two expressions can both be computed
numerically (i.e. for example between —5 and +5), there is no
difference between Eqs. (21) and (22).

Moreover, it is possible to compare the analytic model with
the numerical computation of the 1D integral of Eq. (13). The
result is given in Fig. 10. Although the numerical expression re-
mains noisy, there is excellent agreement between the two ap-
proaches. In fact, the halo is very soon (a few 1/D) represented
well by a surprisingly simple expression

Iof@) ~ =, (23)
mp

which takes the same form as the halo in the 1D model (to a fac-
tor 4/m). This expression can be derived as the limit of Eq. (22)
for a large. The comparison given in Fig. 11 between this simple
model and the exact one of Eq. (21) shows the closeness of the
approximation. The approximation, which is fair even for @ val-
ues of a few 1/D, becomes very good for high values.

The conclusion for the 2D case is the same as for the 1D one.
The diffraction halo due to the solar disk decreases very slowly
and prevents detection of the corona. To give numbers, it requires
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Fig. 12. Examples of generalized prolate apodization functions for cir-
cular apertures: radial cuts of the transmission in amplitude, for a tele-
scope with a diameter of unity. The curves are drawn for the prolate
parameters ¢ equal to 6 (broadest curve), 10, and 15 (narrowest curve).

a distance of more than 6.4 X 10* units of 1/D to fall below 1075,
or more than 8 solar radii for a 1-m telescope. A way to solve the
problem is to use an apodized aperture, which we describe in the
next section.

5. Apodization functions for a circular aperture

Many functions can be utilized for the apodization of a circular
aperture, some of which have been studied in the literature (see
for example the review paper of Jacquinot & Roizen-Dossier
1964). Most of the apodizations tend to change the p~> behavior
of the Airy pattern into a deeper decrease of the wings, in a way
similar to the example shown for the 1D case. For example, the
transmission 1 — p?, known as the Welsh apodization, will pro-
duce a PSF with a p~ behavior. A transmission function with
the form of the 2D aperture autocorrelation function of Eq. (11)
is similar to the triangle function in the 1 D case and, mutatis
mutandis, this will lead to a p‘6 behavior.

In fact we will propose a very particular kind of transmis-
sion curves for the aperture: the generalized prolate spheroidal
function (GPSF). Prolate functions and GPSFs were discovered
by Slepian & Pollak (1961) and Slepian (1964); the term “gener-
alized” applies to the 2D form of these functions that were first
derived for 1D signals. In fact we could have used them in our
1D analysis. The application of GPSFs to optics was reviewed
by Frieden (1971), and their particular interest for stellar coron-
agraphy was shown by Aime et al. (2001 and 2002) for rectan-
gular and circular apertures. In the present analysis the GPSFs
of interest are the prolate functions @ (c, p).

Prolate functions present many interesting properties. They
may be considered as the best apodizers since they maximize
the encircled energy. They are the only functions invariant to
a finite Fourier transform (Gaussian curves have this property in
the infinite case). They allow a family of apertures with different
apodization strengths depending of the prolate parameter ¢ in
a continuous way. The larger ¢, the more apodized the function.

An example of GPSFs for the aperture transmission in am-
plitude is given in Fig. 12. The curves are drawn for the prolate
parameter ¢ equal to 6, 10, and 15. The GPSFs do not go to zero
at the edge of the aperture (which would be the case of many
others apodizing functions), even for the strongest apodizations.
The transmission of the curves of Fig. 12 at the edge of the aper-
ture are 0.028, 0.00069, and 5.7 x 107°. This is also an inter-
esting point, since Jacquinot & Roizen-Dossier (1964) pointed
out in another context that a variable transmission going contin-
uously to a zero transmission at some point of the diaphragm
cannot be realized in practice by means of absorbing screens.

C. Aime: Apodized apertures for solar coronagraphy
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Fig. 13. Central part of the PSFs for the prolate transmissions of Fig. 12
and the raw aperture. From the narrowest curve to the broadest: the Airy
pattern, the prolate apodized curves with parameters c¢ of 6 (narrowest
curve), 10, and 15 (broadest curve). Due to basic Fourier properties,
widths are in the inverse order of the transmissions in Fig. 12.

0 5

Fig. 14. Representation on a logarithmic scale of the diffraction patterns
in the focal plane. From top to bottom, the Airy pattern and the GPSF
apodized apertures for the parameter ¢ equal to 6, 10, and 15 (same as
in Fig. 13). All curves are normalized to 1 at the origin. Envelopes have
the form p—3. See Table 1 for attenuation values.

More details on the interest of GPSFs as apodizers for stellar
coronagraphy can be found in Aime (2005a) and papers cited in
this reference. The numerical computation of GPSFs is non triv-
ial, and we used a special program written by Falloon (Falloon
et al. 2003) in Mathematica (Wolfram 1999).

Corresponding PSFs are given on a linear scale in Fig. 13
and on a logarithmic scale in Fig. 14. The reader will note that
GPSFs have a particularity of great interest for the present study.
They behave differently from the other apodizations. The rate
of attenuation of the wings remains r~* as for the Airy pattern,
while starting at a much lower level. We denote the attenuation
factor as «(c) (see Table 1).

This property permits us to directly use the results derived
for the raw aperture for prolate apodized apertures. Indeed, as
soon as « becomes larger than the core of the PSF, we can just
multiply the Airy pattern with x(c) in Eq. (10) to obtain the result
for the GPSFs. Since the integration is linear, Eq. (23) can then
be rewritten as

2
Io(a,c) ~ K(C)E' (24)

We have represented a set of curves I(a, ¢) in Fig. 15 for the
values ¢ equal to 4, 6, 8, and 10, indicating the throughput in
intensity ®@;(c) of the corresponding aperture. For comparison,
the result for the raw un-apodized telescope is also represented.
It clearly appears that, to be efficient, the apodization must be
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Table 1. Attenuation «(c), throughput ®@,(c) and resolution v@(c) func-
tion of the prolate parameter c.

c Kk(c) D;(c)  ~Nw(co)
0 1 1 1
1 0.9 0.88 0.99
2 0.6 0.64 0.99
3 0.29 0.43 0.95
4 0.105 0.30 0.89
5 0.03 0.229 0.83
6 0.007 0.185 0.77
7 0.0016 0.155 0.72
8 0.00033 0.13 0.68
9 6.4%x107 0.118 0.64
10 | 1.2x10° 0.105 0.61
11 | 23x10° 0.095 0.58
12 | 3.8x1077 0.087 0.56
13| 70x10°® 0.080 0.54
14 | 12x10% 0074 0.52
15 20%x10"° 0.069 0.50
0
_2 “\
- \ o 30 %
K I 18 %
-6
\
3%
- AD 10 %

0 50 100 150 200 250 300

Fig. 15. Representation of Iy(a, c) of Eq. (24) for different values of
the parameter c; the throughput of the aperture is indicated in percent.
The dashed line curve corresponds to the clear aperture with transmis-
sion 100%.

strong. This is a result that was already obtained for the detection
of exoplanets (Aime 2005a). Indeed, increasing the strength of
apodization, i.e. increasing c, there is first a strong decrease in
throughput without a very significative reduction of the wings
level. Indeed, up to ¢ ~ 4, the transmission goes down to 30%
for a gain of a factor 10.

The apodization corresponding to ¢ = 6, with a throughput
of 18.5% (see Table 1) starts to give a rejection factor that is
sufficient for seeing the solar corona, but not very close to the
solar limb (below 107 at 460 1/D). The curve corresponding to
¢ = 10, with a throughput of about 10%, should permit the obser-
vation of the corona down to the solar limb. The loss in classical
resolution of GPSF apodized apertures is not very much. For the
critter @w(c) based on the equivalent solid angle (angular surface)
proposed in Aime (2005a), the resolution for that apodization is
down to 0.36. In terms of the usual linear resolution vw@(c), it is
only a loss of 1.6 times. The main drawback of apodization may
be the reduction in throughput, and not the loss in resolution.

6. Signal-to-noise ratio considerations

As seen above, increasing the parameter ¢ (i.e. the apodization)
strongly reduces the level of diffracted light. Is there an op-
timal value for ¢? One may think that once the background
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Fig. 16. The x-axis corresponds to minus the logarithm of «(c), i.e. the
logarithm of the gain in dynamic. The continuous line curve corre-
sponds to v@(c), or the loss in resolution. The dashed line curve is the
throughput ®;(c) of the apodized aperture. See Table 1 for numerical
values.

due to the halo of diffraction has become much lower than the
intensity of the corona, there is no need to reduce it further, since
by doing so we also lose in throughput. A way to quantify that
limit is to perform a signal-to-noise ratio (SNR) analysis. We
follow a procedure similar to that of Aime (2005a); the quanti-
ties called “intensity” thereafter must be expressed in number of
photons. We are interested in comparing SNRs in a relative sense
for apodized vs. un-apodized apertures.

Let us denote as C(p) the intensity of the corona ob-
served with a clear un-apodized aperture. All things being equal
and neglecting the difference in resolution, the intensity for
the apodized aperture is C.(p) = C(p) X ®;(c), where we
recall that ®;(c) represents the reduction in throughput due
to apodization.

This signal is seen superimposed to the background due es-
sentially to the diffraction halo, with the form I5(0)/s (@) X
®;(c), where I(0) is the Sun brightness at the disk center,
plus other unwanted noisy contributions. Their modeling is dif-
ficult, so to simplify our notations, we write them in the form
~&ls(0)D(c), a model that can easily be modified if necessary.

These quantities represent a bias term that must be subtracted
as much as possible in a pre-processing of the image. One might
imagine that an un-apodized aperture might permit observation
of the solar corona if that subtraction could be done perfectly.
For practical reasons (dynamic of detectors, flat-field problem,
etc.) that will be impossible. But let us assume that it can be
done for the SNR analysis. The bias might be suppressed, but the
fluctuations of the background remain uncorrected and consti-
tute the noisy term, to which we must add the fluctuations of the
number of photons for the signal of the corona itself to be com-
plete. For a Poisson process, the variance equals the mean, and
the resulting overall variance is simply the sum of all the contri-
butions, regardless of origin. Making use of Eq. (24), we have

2
o= (DI(C)(IG(O)K(C)E +&l5(0) + C(p)). (25)

Writing the SNR as the ratio of the signal divided by o, we have
) _ CONGD
T JIOx()E + elo(0) + Clp)

(26)

The exact expression of the SNR will depend on the number of
photons collected by the experiment and the value of all terms.



324

ol >

-0.5+ prolate parameter c
0 2 4 6 8 10 12 14

Fig.17. Representation as a function of ¢ of the SNR(c,p, e) loga-
rithm of Eq. (27), p values of 10 (top) and 1000 (bottom) A/D, and
different values of & indicated in the figure. Points correspond to the
limit (®;(c)/k(c))* for e = 0.

A simplified expression can be obtained by comparing the SNR
of the apodized aperture to that of the clear one in a relative way.
If we assume that C(p) is small compared to the other sources
of noise, we can suppress it in the denominator, and we obtain
the expression of the relative SNVR that characterizes the effect of
apodization. We have

2 +enp

SNR(c,p, &) ~ VP;(c) | s

2k(c) + endp @7

When ¢ = 0, the quantity equals the root square of the ratio of
®,(c) over «(c), which increases with the apodization strength
(neglecting the term C(p) as already indicated). In practice, the
SNR will be strongly limited by the term &, which means that
a strong effort to limit the terms of diffusion is mandatory, which
is not surprising.

An illustration of the results is given in Figs. 17 and 18 that
give different representations of the normalized SNR logarithm
of Eq. (27). Interpreting these SNR curves is not straightforward.
The value log(SNR) = 0 means that the SNRs are the same for
the apodized and clear aperture. Even there, there is a fundamen-
tal interest in using an apodized aperture since the computation
on the SNR is based on a variance analysis that assumes a sup-
pression of biases for the clear aperture, which we know to be
very difficult to realize in practice.

In the SNR of Eq. (27), € and p play the same role. This is
clearly illustrated in Figs. 17 and 18. A GPSF apodized aperture
will be very efficient for seeing the solar corona very close to the
solar limb. Considering the various results of this section and
the former one, a GPSF apodized aperture of parameter ¢ on the
order of 10 appears to be a good compromise.
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Fig. 18. Representation of the logarithm of SNR(c, p, &) in Eq. (27) as
a function of p for ¢ = 10 and various values of €. The horizontal dashed
line corresponds to the limit (®;(c)/«(c))®> for & = 0.

7. Conclusion

In this paper we have studied the theoretical form of the diffrac-
tion halo produced by the solar disk at the level of the corona
using a perfect diffraction-limited telescope. The computation
is first made for a 1D model of the problem that permits us to
obtain complete analytical expressions for the halo and check
the effect of the center-to-limb solar variation. We find that the
halo diffracted by the Sun outside the limb /(@) can be approx-
imated well by a slow decrease in a~ !, where « denotes the dis-
tance from the limb. Using apodized apertures makes it possible
to obtain steeper decreases of the halo. We treat the example of
a triangle apodization giving a decrease in 3.

Formal equations are written for the 2D case, and it is shown
that, for a Sun of uniform brightness, the expression may take the
form of a 1D integral. Nevertheless, the problem is difficult to
solve. An analytic expression can be worked out using the LSF,
which is shown to give a valid approximation to the problem.
The expression is found in excellent agreement with a numerical
computation that uses the exact integral.

As for the 1D case, the diffraction halo for a 2D circular
telescope can be approximated well by a simple law in power
minus one of the distance (approximately 0.0645 p~! in units
of 4/D), which makes any direct observation of the solar corona
impossible.

As an alternative to the classical Lyot coronagraphy, the use
of an apodized entrance aperture may be the solution for imag-
ing the corona. We have proposed to use GPSFs for apodizing
functions. These functions are the optimal apodizers in terms of
light concentration. They are similar to the Airy pattern, mak-
ing the analytical approach simpler. For a perfect experiment,
the diffraction halo is lowered by a factor «(c) that can give the
required reducing factor, as shown in Table 1. To be efficient, the
apodization must be strong, and we may expect a factor 10° for
an apodized aperture of throughput 10%.

The performances given in this paper are for a perfect
apodized aperture. In our signal-to-noise analysis, we estimated
the effect of a constant background, due for example to a diffu-
sion by the surfaces of the optics. Numerical simulations could
be made to check the effects of departure for the ideal condition
of all the optical system (apodization and optics). The best way
to test the final performances of the instrument would be to real-
ize a demonstrator, a project that we are now considering in our
laboratory.

A difficult point will certainly be to realize the apodization
itself. One possibility is to use an entrance window reflecting the
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light so that the telescope aperture matches the required prolate
transmission. A mandatory point is that the apodizing window
be the first one the light encounters. Re-imaging the aperture for
apodization is unsatisfactory. Indeed, as we have seen, an un-
apodized aperture produces a huge diffraction halo. An imaging
system will necessarily truncate it, and cause other sources of
unwanted diffraction. Moreover that will reduce the advantage
of apodization alone compared to Lyot coronagraphy, i.e. that
apodization does not require optics with a large field of view.
This is certainly a very important point for coronagraphs with
large entrance apertures.

The drawbacks of apodization are the poor aperture trans-
mission, in the 10% range, and a loss of resolution, roughly
a factor 1.6 compared to the theoretical diffraction limit of
the telescope. These points may be compensated for by using
a larger aperture, if necessary. Nevertheless, we have shown that
GPSF apertures give better SNRs than do clear apertures for
imaging the corona.

Now it would be very interesting to compare apodization
techniques to the classical Lyot coronagraph. A formal compar-
ison between the two techniques remains to be done, and we
intend to study that in a future work. A precise determination
of the effect of Lyot coronagraphy is much more difficult to ob-
tain than the results reported in the present paper. For each point
source of the solar disk we will have to express the remaining in-
tensity through the Lyot coronagraph and sum all contributions
coming from the entire disk, as we have done here. The prob-
lem is to derive an analytical expression for Lyot coronagraphy,
in the conditions of a huge Lyot mask not centered on the point
source, a problem never treated in the exoplanet domain. One
can predict that the residual contributions will come primarily
from the edge close to the Sun.

The question of using a Prolate Apodized Lyot Coronagraph
(PALC), i.e. a Lyot coronagraph with an entrance apodized
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aperture, may also be considered. We might think in the direc-
tion of that technique, but with a negative a priori. Indeed, in the
PALC technique, the aperture apodization parameter ¢ and the
Lyot mask must match. Relation (5) of Aime (2005b) shows that
the parameter c is 7/2 times the angular Lyot mask diameter di-
vided by 4/D, which would correspond to unreasonable ¢ values
and related apodizations.
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