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ABSTRACT

Aims. Based on a stochastic radiative transfer model (SRTM), which accounts for density and velocity fluctuations with a finite
correlation length, we have calculated CO cooling rates for a molecular gas at temperatures Tgas = (10−100) K and densities nH2 =

(102−106) cm−3. In particular, we are interested in how the cooling rates are modified by inhomogeneities of the density distribution
and a finite correlation length of the turbulent velocity field.
Methods. Assuming spherical symmetry, we solved the generalized radiative transfer equation simultaneously with the rate equations
(full NLTE problem). Depending on the temperature assumed, we took up to 18 rotational levels of the CO molecule into account.
Results. Our results show that the finite correlation length of the turbulent velocity field has a great influence on the CO cooling
rates. In general, the volume averaged cooling rates are noticeably decreasing with an increasing correlation length of the velocity
field except for very high CO cloumn densities. The stochastic density fluctuations, on the other side, tend to increase the CO cooling
efficiency. For an inhomogeneous stochastic density distribution, cooling by the high rotational lines of CO is substantially enhanced.
Most of the radiation is emitted from cloud regions with higher density than the average. In addition, an inhomogeneous density
field reduces the effect of photon trapping, which leads to a further increase of the cooling rate. A comparison of the SRTM results
with earlier work of Neufeld et al. (1995, ApJS, 100, 132) and Juvela et al. (2001, ApJ, 563, 853) is given. It turns out that their
predictions and findings can be reproduced rather well by choosing the parameters describing the stochastic density and velocity field
appropriately.
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1. Introduction

The temperatures of molecular clouds are determined by the
thermal balance between cooling by line emission of molecules
and atoms and various heating mechanisms like cosmic ray heat-
ing or ionization and photoelectric heating due to an incident
FUV radiation field. For a wide range of densities and gas tem-
peratures, rotational line emission of CO and its isotopomere
13CO is the dominant cooling mechanism. Cooling by less abun-
dant molecules like O2 and H2O or cooling due to collisions
between gaseous particles and the colder dust grains become
effective only at densities much higher than nH2 = 104 cm−3.
CO cooling rates have therefore been studied by a number of
authors. Goldreich & Kwan (1974) calculated CO cooling rates
based on the Sobolov or large velocity gradient (LVG) approxi-
mation for a homogeneous sphere. Goldsmith & Langer (1978),
Neufeld et al. (1995) and Visuso & Chernoff (1988) continued
the work by using updated molecular data and more precise rate
coefficients for the collisional excitation of CO. Neufeld et al.
presented cooling rates not only for the CO molecule but also for
other major coolants like H2, H2O, O2, C and O, the steady state
abundances of which were calculated using a complex chemical
network. Both Goldsmith & Langer and Neufeld et al. used a ho-
mogeneous cloud model and an escape probability formalism to
obtain the cooling rates. A model which accounts for an inhomo-
geneous density and velocity structure was presented by Juvela
et al. (2001). They obtained cooling rates for the major coolants
by solving the full NLTE radiative transfer problem with Monte

Carlo methods for three different cloud models. The spatial
variations of the density and velocity they used in each
model cloud were a result of magnetohydrodynamicsimulations.

In the present paper, we reexamine the influence of an in-
homogeneous clumpy density distribution and of a turbulent ve-
locity field on the cooling efficiency of molecular line emission
considering CO as an example. We describe both the turbulent
velocity field and the density structure by their statistical proper-
ties. Compared to other solution of the radiative transfer problem
for a deterministic density and velocity structure, for example by
means of a Monte Carlo method, a stochastic model has the ad-
vantage of an excellent computational performance, and, hence,
a greater range of cloud parameters can be studied. According to
previous work on NLTE line formation (cf. Hegmann & Kegel
2000), we assume the logarithmic density spectrum and the tur-
bulent velocity distribution to be Gaussians with exponential
spatial correlation functions. This is consistent with the assump-
tion that along each line of sight the variation of the logarith-
mic density and the turbulent velocity is governed by a Gauss
Markov process. In this stochastic radiative transfer model (in
the following referred to as SRTM), the velocity field and the
density distribution are each characterized by two parameters:
the mean quadratic turbulence velocity σv, the standard devia-
tion of the logarithmic density σn, and the correlation lengths �v
and �n. As a consequence of the stochastic nature of the under-
lying density and velocity structure, the conventional radiative
transfer equation must be replaced by a multidimensional gener-
alized radiative transfer equation of Focker Planck type.
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The present paper has two principal objectives: At first, we
examine the influence of stochastic density fluctuations and a
turbulent velocity field with finite correlation length on the cool-
ing efficiency of CO for a cold (Tgas = (10−100) K) and dense
molecular medium (nH2 = (102−106) cm−3) for a wide range
of stochastic parameters σv, σn, �v, and �n. Secondly, we com-
pare the SRTM results with the results of the other authors men-
tioned above. Since the approximations made in the frame of
the SRTM imply some simplifications, we are in particular in-
terested in whether the SRTM is able to reproduce the cool-
ing rates of Juvela and collaborators who used cloud structures
which were obtained by magnetohydrodynamic simulations.

2. The stochastic radiative transfer model

2.1. Stochastic velocity field

In this section, we shortly outline the basics of the stochastic
radiative transfer model. For an in-depth discussion we refer to
Hegmann & Kegel (2000) and references therein. We describe
the turbulent velocity field in terms of its stochastic properties.
We consider the one-point distribution of v (the turbulent veloc-
ity component along the line of sight) to be a Gaussian

Wv(v) =
1√

2πσv

exp

(
− v

2

2σ2
v

)
, (1)

where σ2
v is the mean quadratic turbulent velocity. In addition,

the variation of v along each line of sight is assumed to be gov-
erned by a Markov process with an exponential two-point corre-
lation function

f (∆s) =
〈v(s)v(s + ∆s)〉

σ2
v

= exp

(
−|∆s|
�v

)
, (2)

with �v being the correlation length of the turbulent velocity
field.

Due to the stochastic nature of the underlying velocity field
the intensity becomes a stochastic variable, too. It can be shown
that Eqs. (1) and (2) together with the ordinary radiative transfer
equation

dIν
ds
= −κν (Iν − S ν) (3)

results in a Focker-Planck equation for the conditional inten-
sity qν(v) (see Gail et al. 1974):

∂qν
∂s
=

1
�v

(
−v ∂qν
∂v
+ σ2 ∂

2qν
∂v2

)
−κν (qν − S ν) . (4)

The actual expectation value of the intensity can be calculated
from qν(v) by

〈Iν〉 =
∫

qν(v) Wv(v) dv. (5)

The source function S ν(v, s) and the absorption coeffi-
cient κν(v, s) are given in the usual way by the occupation
numbers ni and n j corresponding to the particular transition
considered. This means, that in the case of NLTE, the general-
ized transfer equation has to be solved consistently with the set
of rate equations (for a detailed derivation see Gail et al. 1975):∑
j�i

(
n j(v) (Ai j +Ci j) − ni(v) (A ji +C ji)

)

+
∑
j�i

(
4 π
c

〈
J̃i j(v)

〉
(n j(v) Bi j − ni(v) B ji)

)
= 0. (6)

Ai j and Bi j are the Einstein coefficients for spontaneous and in-
duced transitions j → i, while Ci j denotes the probability for
collisional transitions. We calculated the Einstein coefficients
for the CO molecule on the basis of a rigid rotor model using a
dipole moment of µ = 0.112 Debye as given by Spitzer (1985).
The collisional rate coefficients Ci j were taken from the Leiden
Atomic and Molecular Database (Schöier et al. 2005; Flower
2001). For the solid angle average of the intensity, we use the
following approximative term introduced by Albrecht & Kegel
(1987):〈
J̃i j(v)

〉
≈ 1

4 π

∫ ∫ [
qν(v)

]
i j Φ(ν, v) dνdΩ, (7)

where Φ(ν, v) is the normalized profile of the local absorption
coefficient under the assumption of complete redistribution over
this local profile. The rate Eqs. (6) have to be solved for a number
of energy levels sufficient to ensure that all significantly popu-
lated levels have been considered. Within the temperature range
considered (T ≤ 100 K), a maximum number of 18 energy levels
is sufficient.

In this context, one may also ask for the power spectrum of
the stochastic velocity fluctuations defined by Eqs. (1) and (2).
Since the power spectrum is given by the Fourier transform of
the autocorrelation function, Eq. (2) implies the following 1D
and 3D power spectra:

P1(k) ∝ �v

1 + �2vk2
(8)

and

P3(k) ∝ �v(
1 + �2vk2

)2
· (9)

For (�vk)2 	 1, Eq. (9) can be approximated by a power law with
spectral index β = 4. A pure power law for scales within a certain
interval, which would be expected for a self-similar turbulent
energy cascade, seems to be consistent with oberservational data
(see e.g. Sun et al. 2006; Ossenkopf et al. 2006).

2.2. Stochastic density fluctuations

Equation (4) which accounts for a stochastic velocity field is
only valid for a given deterministic density distribution. Since
we are also interested in the effects of a clumpy density distri-
bution on the molecular cooling rates, a stochastic description
of the density variation similar to the turbulent velocity case is
given here (cf. Traving 1980 and Hegmann & Kegel 2000). At
first, it is convenient to transform the molecular hydrogen num-
ber density nH2 to a logarithmic scale by introducing a logarith-
mic density ñ:

ñ
def
= ln

(
nH2

nref

)
· (10)

with nref being the reference density. Analogues to Eqs. (1)
and (2), the variation of the logarithmic density is assumed to
be given by a Gauss Markov process. The one-point distribution
of ñ and the correlation function are given by:

Wn(v) =
1√

2πσn

exp

(
− ñ2

2σ2
n

)
(11)

g(∆s) =
〈ñ(s)ñ(s + ∆s)〉

σ2
n

= exp

(
−|∆s|
�n

)
, (12)
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where σn and �n are the standard deviation of the logarithmic
density distribution and the correlation length the density field.
The generalized radiative transfer equation which follows from
Eqs. (11) and (12) together with the ordinary radiative transfer
equation is given by

∂qν
∂s
=

1
�n

(
−v ∂qν
∂ñ
+ σ2

n
∂2qν
∂ñ2

)
−κν (qν − S ν) . (13)

The implications of the assumptions made in Eqs. (10)−(12)
were discussed by Hegmann & Kegel (2000). It is shown that σn
is a measure to which extent the mass of the cloud is concen-
trated in dense clumps, whereas the correlation length �n is a
length scale for the variation of the density. The clumps become
denser but smaller with increasing σn. In writing Eq. (13) we
neglected the correlations of the velocity field. This means that
the turbulent velocity enters the radiative transport in the usual
microturbulent limit only. A form of the generalized radiative
transfer equation which accounts for both density and velocity
fluctuations was given by Hegmann & Kegel (2000):

∂qν,s
∂s
=

1
�n

(
−ñ
∂qν,s
∂ñ
+ σ2

n
∂2qν,s
∂ñ2

)
+

1
�v

∂

∂v

(
−v∂qν,s
∂v
+ σ2

v
∂2qν,s
∂v2

)
−κν (qν,s − S ν

)
. (14)

However, in the present paper, we focus on the seperate study of
the influence of stochastic velocity and density fluctuations by
using Eqs. (4) and (13). This allows to identify clearly the indi-
vidual contribution of each of these stochastic fluctuations to the
cooling mechanism. Moreover, combining both effects would
not only increase the number of independent variables (from 2
to 3) and the number of free parameters (from 2 to 4), but also
the necessary computing time.

3. The cloud model

To study the different effects of density and velocity fluctua-
tions on the CO cooling rates, we perform numerical simula-
tions based on three different cloud models. In the first model A,
we assume a homogeneous sphere with a turbulent velocity field
with finite correlation length. In model B, we allow for a clumpy
stochastically distributed density. However, the turbulent veloc-
ity field in model B is described in the usual microturbulent ap-
proximation only. And finally in model C, both, velocity and
density fluctuations are accounted for. The clouds are embedded
in the cosmic background radiation in all three cases.

The radiation field for the different rotational transitions
of CO is calculated for each cloud model by solving the cou-
pled Eqs. (4), (13) or (13), (6), and (7) numerically. The gas
temperature and the relative CO abundance are considered to be
constant throughout the cloud. For the latter, we adopt a value
nCO/nH2 = 8 × 10−5 as given by Black & Willner (1984), which
is somewhat smaller than predicted by standard chemical mod-
els (e.g. Millar et al. 1997). We will consider average molec-
ular hydrogen number densities between nH2 = 102 cm−3 and
nH2 = 106 cm−3 and gas temperatures between Tgas = 10 K and
Tgas = 100 K.

4. Results

4.1. Turbulent velocity field with finite correlation length

The CO cooling rates Λ are mainly a function of three param-
eters: the density, the kinetic gas temperature, and the local ra-
diation field. Whereas the first two are assumed to be constant
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Fig. 1. Selected CO cooling rates 〈Λ〉/nH2 as a function of the CO col-
umn density for a single cloud (model A) with Tgas = 10 K, σv =
0.2 km s−1, nH2 = 500 cm−3, andM = 10Msun.

in this section, the latter depends on the spatial coordinate. In
general, the mean intensity in the CO lines increases with in-
creasing optical depth and converges slowly to the Planck func-
tion Bν(Tgas). For a single cloud withM = 10Msun, Tgas = 10 K,
nH2 = 500 cm−3, σv = 0.2 km s−1, and four different correla-
tion lengths, the velocity averaged CO cooling rates normalized
to the hydrogen number density are given as a function of the
CO column density (measured from the cloud’s edge to the cen-
ter) in Fig. 1. It can be clearly seen, that the cooling rates of the
lowest rotational transitions J = 1 → 0 and J = 2 → 1 de-
cline steeply towards the cloud center, whereas cooling by the
high rotational transition J = 4 → 3 increases at the same
time. With increasing optical depth, the escape probability for
the photons decreases and the cooling efficiency of the lower ro-
tational transitions drops. On the other hand, with an increased
line intensity towards the cloud center the occupation number
of the upper level of the respective transition rises. As a conse-
quence, the probability to excite still higher rotational states by
CO-H2 collisions is clearly larger at the cloud center than at the
cloud’s edge. So, for example, the collisional rate coefficient for
the J = 2 → 4 transition at Tgas = 10 K is about 20 times larger
than for the J = 0 → 4 transition. Due to this effect, the cooling
rates of the high rotational lines become larger with an increas-
ing optical depth of the low rotational lines. The influence of the
correlation length of the turbulent velocity field �v on the cool-
ing efficiency can be seen best for the optically thick J = 1 → 0
and J = 2 → 1 lines. In the optically thin limit, the correla-
tion length has no influence on the cooling rates at all. Hence,
the graphs for different �v converge at NCO = 0. For moderately
large CO column densities, the effective absorption coefficient
of the turbulent medium increases as the ratio of the correlation
length to the mean free path of photons decreases (cf. Albrecht
& Kegel 1987 and Kegel et al. 1993). Consequently, the outer
layers of the cloud become optically more opaque with decreas-
ing �v. This can be seen in Fig. 1 where the cooling rate for the
J = 1 → 0 and J = 2 → 1 lines are larger for the smaller
correlation length at the cloud’s edge. In contrast, the cooling
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Fig. 2. Volume and velocity averaged CO cooling rates for a large set of clouds (model A) with different masses and densities. The cooling rate is
given as a function of the cloud’s density and the CO column density along the cetral line of sight. From the left to the right, the correlation length
of the turbulent velocity field is increased. For Tgas = (10, 20) K, a turbulent velocity of σv = 0.2 km s−1 is assumed, while σv = 0.5 km s−1 for
Tgas = (40, 70) K.

rate becomes minimal for the microtutbulent case �v → 0 in the
cloud center. Here, photons escape hardly from the cloud for a
small �v. Along every line of sight there is almost certainly a tur-
bulent element with the appropriate radial velocity to reabsorb
the emitted photon.

Figure 2 summarizes the spatially averaged CO cooling rates
for a large set of clouds with varying mass and density. The to-
tal, volume averaged cooling rates of the clouds are given as a
function of their hydrogen number densities and the CO column
densities along their central lines of sight. In each single frame,
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Fig. 3. Volume and density averaged cooling rates ¯〈Λ〉/nH2 for a set of
clouds with the same density but different masses. The cooling rates
are given as a function of the normalized CO colum density along the
central lines of sight of each cloud.

the temperature, the mean quadratic turbulent velocity, and the
correlation length of the turbulent velocity field of the clouds are
kept constant, whereas from one frame to the other the correla-
tion length and the gas temperature are altered. For the assumed
CO/H2 ratio nCO/nH2 = 8 × 10−5, the masses of the clouds can
be obtained at each point in the contour plot by

M = 1
6
π

(
NCO

nCO

)3

1.2nH2µmu, (15)

where the factor 1.2 accounts for a 10% ratio of He to H atoms,
µ is the mean molecular weight and mu is the atomic mass unit.
For a small CO column density, all rotational lines of CO are
optically thin. At a certain critical column density Ncrit, the dom-
inant cooling lines become optically thick and the overall cool-
ing rate starts to drop. Due to strong deviations from LTE, Ncrit
depends on the local density: the larger nH2 is, the earlier the
decrease of the cooling efficiency sets in. The critical column
density Ncrit is also a function of the temperature and becomes
larger with increasing temperature. For the high temperature
Tgas = 70 K, more, and consequently optically thinner rota-
tional transitions of CO dominate the cooling rate than in the
Tgas = 10 K case. The influence of the correlation length on the
cooling rates becomes significant for large nH2 and NCO. Except
for rather low hydrogen number densities, nH2 < 103 cm−3, and
high column densities, the cooling efficiency is largest for the
microturbulent case �v → 0 and decreases with increasing �v.
However, this is true for the spatially averaged cooling rate only.
Locally, the dependence of the cooling rate with the correlation
length may reverse (cf. Fig. 1).

Up to now, the width σv of the turbulent velocity distribution
was kept constant at 0.2 km s−1 and 0.5 km s−1, respectively, in
all calculations. To study the influence of σv on the cooling effi-
ciency it is convenient to replace the independent variables NCO
and �v by their normalized counterparts NCO/σv and �v/σv. In
Fig. 3, a set of curves for σv = 0.2 . . .1.0 km s−1 and a con-
stant �v/σv is given as a function of NCO/σv. The cooling rates
changes only slightly with σv, whereas the greatest changes are
obtained for small σv and small NCO/σv. The deviations can be
described, at least in part, by the thermal contribution to the to-
tal velocity of the molecule which increases with decreasing σv.
For σv = 0.2 km s−1, the ratio of the mean turbulent velocity to
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Fig. 4. Volume and velocity averaged CO cooling rates for the J = 1→
0 transition as a function of the cloud’s density and the CO column
density along the cetral line of sight (model A). The turbulent velocity
is σv = 0.4 km s−1 and the gas temperature is Tgas = 70 K. The range of
critical densities for which an inversion of the J = 1→ 0 line shows up
is marked on the x-axis.

the thermal velocity takes a value of only σv/vth = 2.6, whereas
for σv = 1.0 km s−1 this ratio is 10.5.

4.2. Population inversion

With increasing gas temperature, initially suprathermal excita-
tions and eventually population inversions in the low rotational
levels of CO can be found. According to Köppen & Kegel
(1980), an inversion for the J = 1→ 0 line arises for Tgas ≥ 50 K
and H2 densities about 104 cm−3. The inversion is due to the ex-
citation of high rotational levels of CO by collisions with H2 and
the spontaneous decay rate increasing with increasing angular
momentum J, causing a “traffic jam” in the lower levels. Since
an inversion of the J = 1 → 0 transition is only present for
small CO column densities, the masers Köppen & Kegel found
on the basis of their on-the-spot model were optically thin in
all cases. This is also true for our stochastic radiative transfer
model. However, since single turbulence elements can decouple
from the rest of the cloud due to the Doppler effect for a large tur-
bulent velocity component, CO maser spots can be found within
the cloud for much larger CO column densities than in the case
of a homogeneous medium. We found negative excitation tem-
peratures for CO column densities up to NCO = 1018. Of course,
the spatial grid must be fine enough to resolve single maser
spots, and consequently the computing time steeply increases
with increasing radius of the cloud. In Fig. 4, the cooling rates
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Fig. 5. Selected CO cooling rates 〈Λ〉/nH2 as a function of the
CO column density for an inhomogeneous microturbulent cloud
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for the J = 1→ 0 transition are shown as a function of the cloud
radius and the H2 density for Tgas = 70 K. The critical range of
H2 densities for which an inversion of the J = 1→ 0 line shows
up is marked on the x-axis.

4.3. Stochastic density fluctuations

In this section, we investigate how the cooling by CO is affected
by an inhomogeneous stochastic density distribution. For this,
we use model B which accounts for density fluctuations but de-
scribes the turbulent Doppler broadening by a conservative mi-
croturbulent approximation which implies complete redistribu-
tion of photons over the whole line profile (thermal + turbulent).
This is in cotrast to model A, where only complete redistribution
over the thermal profile is assumed, while the redistribution in
frequency caused by the turbulent velocity is partial (see Kegel
et al. 1993). Figures 5 and 6 show the local cooling rates for two
different rotational transitions as a function of the distance from
the cloud edge for a cloud with M = 10Msun, Tgas = 10 K,
and

〈
nH2

〉
= 500 cm−3. Whereas σn is kept constant and �n is

varied in Fig. 5, in Fig. 6, σn adopts four different values and �n
is kept constant. The density fluctuations act upon the cooling
rates by essentially two mechanisms. On the one hand, radiative
transfer itself is affected. To describe the optical properties of a
medium with stochastic density fluctuations an effective absorp-
tion coefficient κeff can be introduced, if the occupation numbers
are given by a Boltzmann distribution. As has been shown by
Hegmann & Kegel (2003), κeff decreases with both, an increas-
ing standard deviation of the logarithmic density distribution σn
and increasing correlation length �n. As a result, the local cool-
ing rates are - compared to the homogeneous case - decreased at
the cloud’s edge and increased in the cloud center for strong den-
sity fluctuations with a large correlation length. This effect can
be clearly seen for the transition J = 1 → 0 in Figs. 5 and 6
which is effected much less by NLTE effects than the higher
rotational transitions.
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Fig. 6. Selected CO cooling rates 〈Λ〉/nH2 as a function of the
CO column density for an inhomogeneous microturbulent cloud
model (model B) with Tgas = 10 K, σv = 0.2 km s−1, 〈nH2 〉 = 500 cm−3,
�n = 1017cm andM = 10Msun.

On the other hand, density fluctuations affect directly the lo-
cal occupation numbers of the CO molecule. Since the transition
rates due to CO-H2 collisions depend on the square of the den-
sity, the mean collisional rates depend not only on the mean den-
sity but also on the second momentσ2

n of the logarithmic density
distribution. As a result, the mean collisional rates are strongly
enhanced for large values of σn. The influence on the cooling
rates by this effect can be seen best for the high J = 4→ 3 tran-
sition in Fig. 6: although the mean density stays constant, the
average cooling rate is dramatically increased with σn becoming
larger. In Fig. 7, the conditional expectation value λ(ñ, s) of the
local cooling rate is given as a function of the distance from the
cloud’s edge and the local density for σn = 1.0 and �n = 1016 cm
(1019 cm). The conditional expectation value λ(ñ, s) denotes the
expectation value of the cooling rate at point s for a given log-
arithmic density ñ. The actual expectation value 〈Λ(s)〉 of the
cooling rate can be calculated from λ(ñ, s) by

〈Λ(s)〉 =
∫
λ(ñ, s) Wn(ñ) dñ. (16)

It can be seen, that λ(ñ, s) increases strongly with an increas-
ing density. This means, that most of the cooling power in inho-
mogeneous clouds comes from regions denser than the average.
However, as the dense regions become optically opaque to most
of the cooling lines, the increase of λ(ñ, s) with the local den-
sity flattens. Since the size of the dense clumps scales with the
correlation length �n, the flattening becomes pronounced for a
large �n.

Figure 8 summarizes the spatially averaged CO cooling rates
for a large number of cloud models with different mean hydro-
gen number densities and radii. NCO denotes hereby the mean
CO column densities along the central lines of sight. The other
parameters – σv, σn, �n, Tgas – are kept constant within each sin-
gle frame. From the left to the right the Gaussian width of the
logarithmic density distribution is increased form σn = 0.5 to
σn = 2.0. It can be clearly seen that for a small mean hydrogen
density the mean cooling rates are increased dramatically for an
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Fig. 7. Conditional expectation value of the local cooling rate as a
function of the distance from the clooud’s edge and the local den-
sity for an inhomogeneous microturbulent cloud model (model B) with
Tgas = 10 K, σv = 0.2 km s−1, 〈nH2 〉 = 500 cm−3, σn = 1.0 and
M = 10Msun.

increased strength of the density fluctuations. Most of the energy
is radiated away from dense regions where the occupation num-
bers of the CO molecule are almost thermalized. However for a
large value of 〈nH2〉, the dependence of the cooling efficiency on
σn reverses, because photon trapping reduces the cooling rates
inside the dense clumps. Again, the effect becomes more pro-
nounced for the larger correlation length.

4.4. Combined density and velocity fluctuations

In this section, the effects of combined density and velocity fluc-
tuations are demonstrated on the basis of model C by solving
Eq. (14). Figures 10a and 10b give the total, volume, density
and velocity averaged CO cooling rate for a series of clouds as a
function of the CO column density along the central line of sight.
Along each single curve, the cloud radius is increased, whereas
the other physical paramters are kept constant. In Fig. 10a, the
dependence of the cooling efficiency on the correlation length
of the turbulent velocity field is examined. As in the case of
pure velocity fluctuations (model A), an increasing correlation

length tends to result in a decreasing cooling rate. Only for
large CO column densities and H2 densites not larger than a
few 103 cm−3, the cooling efficiency has a maximum for a finite
�v � 0. However, the dependence of the cooling efficiency is
rather weak for this parameter regime. In Fig. 10b, the Gaussian
width of the logarithmic density distribution is varied for other-
wise constant parameters of the density and velocity field. The
cooling rate is again increasing with increasing σn, the largest
differences occuring for small column densities.

5. Comparison with earlier work

In this section, the cooling rates obtained from the stochastic ra-
diative transfer model are compared to earlier results by Neufeld
et al. (1995) and Juvela et al. (2001). The cooling rates by
Neufeld et al. are based on a large velocity gradient approxima-
tion and apply to clouds with a continuous and smooth density
distribution. In particular, the density gradient has to be small on
the scale length of the mean free path of photons. Their cool-
ing rates are given as a function of a column density measure,
i.e. the number density of CO divided by the velocity gradient:
Ñ = GnCO/ |dv/dx|. The quantity G is a dimensionless geometric
scaling factor, which can be used to adapt the results of Neufeld
et al. to different geometries. According to Neufeld & Kaufmann
(1993), Ñ can be approximated by 2nCOr/(27∆v) for a static
sphere of radius r and volume averaged cooling rates. We iden-
tify the velocity dispersion ∆v of the Neufeld model with the
square root of the mean quadratic turbulent velocity σ2

v of the
stochastic radiative transfer model in the following. In Figs. 11
and 12, the results obtained for model A (turbulent velocity field
with finite correlation length and a homogeneous density dis-
tribution) are compared with the results as given by Neufeld
and collaborators. In general, the cooling rates obtained from
model A are smaller than the predictions from Neufeld et al.,
but the differences become much smaller with decreasing cor-
relation length �n. The different cooling rates which exist at
Tgas = 100 K even for an optically thin cloud can be explained
by the different collisional rate coefficients used in both models
(Flower & Launay 1985; Flower 2001).

Juvela et al. (2001) computed CO cooling rates for inho-
mogeneous model clouds, the density and velocity structure of
which are based on supersonic magnetohydrodynamic turbu-
lence simulations by Padoa & Nordlund (1999). In order to
study the cooling rates for clouds with varying mean densities
and temperatures, the original MHD data was scaled to differ-
ent temperature and density regimes. In the following, we com-
pare our model C results (combined density and velocity fluc-
tuations) with the original unscaled cloud model. In accordance
with our findings they concluded that an inhomogeneous den-
sity field reduces photon trapping. Further, Juvela et al. found
that most of the cooling at low-to-intermediate densities is pro-
vided by clumps above the average gas density. In Fig. 13, the
local cooling rates according to the model B of Juvela et al.
(dotted line) are plotted as a function of the local density. In
their model B, the rms velocity is approximately 2.1 km s−1 at
Tgas = 10 K. The mean density and the linear size of the cubical
cloud model are

〈
nH2

〉
= 320 cm−3 and L = 6.3 pc, respec-

tively. It can be seen, that the cooling rate strongly increases
with the local density at first. For very high densities, how-
ever, the curve flattens, because the dense clumps become op-
tically opaque. In the same figure, the spatially and velocity av-
eraged conditional expectation value of the local cooling rate
¯〈λ〉(n) for our model C (solid and dashed lines) is also shown.

To give a comparison to the results of Juvela et al. (2001), the
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following set of model parameters was used:
〈
nH2

〉
= 320 cm−3,

Tgas = 10 K, σv = 2.1 km s−1, R = 3.9 pc, nCO/nH2 = 5 × 10−5.
The radius R of our model cloud was taken such that its volume
equals L3. The values σn, �n, and �v characterizing the turbu-
lent velocity and density field were varied until the stochastic
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Fig. 13. Comparison of the model C results (density and velocity fluc-
tuations) with those of Juvela et al. (2001). The lines give the cooling
rates as a function of the local density, whereas the square and the cir-
cles represent the volume and density averaged cooling rates. The cloud
parameters are: Tgas = 10 K, σv = 2.1 km s−1, 〈nH2 〉 = 320 cm−3, and
σn = 1.5.

radiative transfer results matched the results from Juvela et al.
as closely as possible. We found best agreement between the
two models for σn = 1.5, �n = 5 × 1018 cm, and �v = 1019 cm
(solid line). The conditional expectation value of the cooling rate
rises steeply with increasing density but the curve flattens around
nH2
>∼ 500 cm−3. For comparison, the conditional expectation

value of the cooling rate is also given for a set of smaller corre-
lation lengths in Fig. 13: �n = 1017 cm and �v = 1017 cm (dashed
line). For smaller correlation lengths, the discrepancy between
the two models increases. Since the mean clump size decreases
with decreasing �n, much higher densities must be reached, be-
fore the high density regions become optically opaque. As a con-
sequence, the flattening of the dashed curve in Fig. 13 sets in at
higher densities than for the solid curve. In addition to the local
cooling rates, Fig. 13 gives also the overallexpectation value of
the cooling rate, i.e. the density, velocity, and volume averaged
cooling rate. For σn = 1.5 and �n = 1019 cm, almost the same
average value for the cooling rate is obtained for our stochas-
tic radiative transfer model and the model of Juvela et al. Such
large values for σn = 1.5 and �n are not unexpected. In the MHD
simulations of Padoa & Nordlund (1999), the medium fragments
rapidly into filaments, approximately aligned with the magnetic
field, and clumps with very large density contrast. Since these fil-
aments are extremely elongated, large correlation lengths �n and
�v in direction of the the magnetic field lines can be expected.

6. Summary

Based on a stochastic radiative transfer model (SRTM) which
accounts for density and velocity fluctuations with a finite cor-
relation length, we have obtained CO cooling rates for a molec-
ular gas at temperatures Tgas = (10−100) K and densities nH2 =

(102−106) cm−3. We find the following results:

1. A finite correlation length of the turbulent velocity field tends
to decrease the CO cooling efficiency. Except for a low den-
sity medium, nH2 < 103 cm−3, and high column densities,
the mean CO cooling rates are largest for the microturbulent
case �v → 0 and decrease with increasing correlation length
of the velocity field.
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2. The results of our model A (turbulent velocity field with
finite correlation length, homogeneous density distribution)
were compared to the results of Neufeld et al. (1995), which
have been obtained from an escape probability formalism.
Best agreement for the volume averaged cooling rates is
achieved for a small correlation length. With increasing cor-
relation length our cooling efficiency starts to drop and the
difference between the two models become substantially.

3. Stochastic density fluctuations tend to increase the CO cool-
ing efficiency noticeably. For an inhomogeneous stochastic
density distribution, cooling by the high rotational lines of
CO is substantially enhanced. Most of the radiation is emit-
ted from regions in the cloud being denser than the average.
In addition, an inhomogeneous density field reduces photon
trapping which leads to a further increase of the cooling rate.

4. The results of our model C (combined stochastic density
and velocity fluctuations) were compared with the results of
Juvela et al. (2001), which were also based on an inhomo-
geneous clumpy cloud model. We found satisfactory agree-
ment between the two models for rather large correlation
lengths of the density and velocity field. For a small corre-
lation length of the density field we found CO cooling rates
much larger than predicted by Juvela at al. (2001).
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