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ABSTRACT

Aims. To investigate the behavior of non-radial stellar p-modes with high horizontal wave numbers l, a plane layer approximation
is sufficient. In the k − ω diagram, the ridges of the p-modes are strongly influenced by the structure of the atmospheric layers. We
present a one-layer model the wave equation of which can be solved in closed form. The layer consists of a polytropic convection zone
smoothly joined by an envelope with exponentially increasing temperature. We investigate the behavior of p-modes. As the model is
convectively unstable there are no g-modes. This shortcoming is not significant as we discuss only p-modes.
Methods. The adiabatic wave equation is reduced to Whittaker’s equation. As the dispersion relation of the p-modes is a fourth order
algebraic equation in ω, the ω(k)-relation can be given in closed form.
Results. We discuss the form of the ridges of the diagnostic diagram. It is shown that the modes concentrate at the position of
the temperature minimum in the high-frequency limit. A comparision of the ridges with the ridges of a convection zone with an
isothermal atmosphere is performed. In the diagnostic diagram, below the f-mode, there is a continuous spectrum. The correspondig
waves behave as gravity waves in the range of the exponential temperature increase. It is discussed whether there are resonances in
the continuos spectrum. Solutions of the wave equation of vertically propagating waves are presented.
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1. Introduction

To study the behavior of stellar p-modes with high wave num-
bers l it is sufficient to consider only the outer layers of the star.
Non-radial oscillations with l � 1 extend only to the upper
convection zone and to the atmospheric layers. For l � 1, the
approach of these regions by a plane layer with constant grav-
ity is common. As regards the sun, Antia & Basu (1999) have
calculated adiabatic p-modes with a real solar model. Steffens
(1998) and Steffens & Schmitz (2000) have used the plane-layer
approximation. They explained the complicated behavior of the
ridges in the diagnostic diagram of the solar atmosphere by vari-
ations of the atmospheric stratification. For the interpretation
and discussion of the behavior of oscillations of real convection
zones with real atmospheres, ideal models with closed solutions
of the wave equations are helpful. Also ideal models are impor-
tant to study effects as reflections of waves, cavities, resonances,
pseudo-modes, the generation of waves and the excitation of
modes. Thereby, the assumption of adiabaticity is common.

There are only a few one-layer models. As regards the char-
acteristics of the propagation of adiabatic waves in an atmo-
sphere, the isothermal atmosphere is the simplest tool. As re-
gards the behavior of adiabatic modes of a convection zone,
the simplest model is the polytropic layer already studied by
Lamb (1932). For a parabolic temperature profile, Chiuderi &
Giovanardi (1979) have shown that vertical wave propagation
can be described in closed form. In this case the adiabatic wave
equation can be reduced to the hypergeometrical equation.

A two-layer model of the atmosphere of the earth con-
sisting of a polytropic lower layer (troposphere) and an upper
isothermal layer (stratosphere) was used by Pekeris (1948) to

study the 3-dimensional propagation of waves and pulses. The
standard model for the investigation of the linear dynamics of a
convection zone with an atmosphere is a two-layer model con-
sisting of a polytropic lower layer and an isothermal atmosphere.
This model was often used to explain effects of wave propa-
gation in the outer layers of the sun. References are given by
Schmitz & Steffens (1999). Above all, Price (1996) has pre-
sented a very extended study. In each layer there is a simple an-
alytical solution of the wave equation. However, the fitting con-
ditions do not enable a closed representation of the dispersion
relation. Price has pointed emphatically to this severe shortcom-
ing.

By use of the column mass as the independent variable,
Schmitz & Steffens (1999) finally could present a one-layer
model the adiabatic wave equation of which could be solved
in closed form with an analytically solvable dispersion relation.
This model consits of a polytropic layer with arbitray n which
is smoothly joined by an asymptotically isothermal atmosphere.
For the explanation of the meaning of the dubious “modes with
complex frequencies” Schmitz & Steffens (2000) this model was
used successfully.

Numerous trials by the authors to find one-layer models with
a wave equation solvable in closed form resulted in only one
model. There, in the interior, the layer becomes polytropic with
index n = 0, i.e. a linear temperature decrease joined by an expo-
nential temperature increase with the geometrical height. Thus,
the model has a temperature minimum, but no chromospere. It
represents a convection zone with a thin atmosphere and a tran-
sition layer to an arbitrarily hot corona or an envelope. Because
of n = 0 in the lower layer, the model is convectively unstable.
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As we are interested in the behavior of p-modes, the omission of
the gravity waves and the occurence of unstable modes instead,
plays no role. The adiabatic wave equation of our model can be
reduced to a confluent hypergeometrical differential equation.

The dispersion relation of the p-modes is a forth order al-
gebraic equation in ω2, thus analytically solvable. It is not the
closed solution of the wave equation but above all the closed
form of the ω(k) relation which justifies the presentation of such
a model. The structure of the layer depends only on two parame-
ters so that a fit to real atmospheres is restricted. The fact that the
wave equation can be reduced to Whittaker’s differential equa-
tion is important as this equation also describes oscillations of a
purely polytropic layer. So, from a mathematical point of view,
the cases are comparable. As regards the presentation of closed
solutions of the wave equation and above all a dispersion relation
which can be solved analytically, we think that we have reached
a limit. (The one-dimensional case with only vertical propaga-
tion of waves is different.)

We do not intend to compare our results with observational
data. We present the results in order to understand the influ-
ence of a modified atmosphere on the oscillations. Besides, the
VAL-model is controversal. Dynamical calculations by Carlson
& Stein (1995) have shown that the chromospheric temperature
rise is artificial. From our experience with the propagation of
shock waves in atmospheres (Fleck & Schmitz 1993), we share
the same opinion.

In Sect. 2 we present and discuss the structure of the equilib-
rium layer. Section 3 deals with the reduction of the wave equa-
tion to Whittaker‘s differential equation. The general solution of
this equation is considered in Sect. 4. The dispersion relation of
the modes, a fourth order algebraic equation is derived in Sect. 5.
In Sect. 6 we discuss the behavior of the dispersion curves and
the trapping of the modes in the high frequency limit. Section 7
deals with relations between the modes of the present model and
those of a model with an isothermal atmosphere. In Sect. 8 we
discuss the continuous part of the k − ω diagram and investi-
gate the existence of resonances. Section 9 deals with vertically
propagating waves.

2. The equilibrium layer

Let z be the vertical, outwards directed geometrical coordinate, g
the constant gravity, m the column mass, defined by dm = − ρ dz,
p the pressure, ρ the density, a the isothermal sound speed. The
equation of state is p = a2 ρ. The equilibrium condition reads
p = m g. We put

a2(m) = ε
m2

m − m0
with m > m0. (1)

The density is

ρ(m) =
g

ε

m − m0

m
· (2)

For m→ ∞ the density is constant, the layer becomes polytropic
with index n = 0. The geometrical height z is

z(m) = − ε
g

{
m + m0 ln

(
m − m0

m0

)}
+ z0. (3)

We have m→ m0 as z→ ∞ and m→ ∞ as z→ −∞. Further,

a2(z) = − g z as z→ −∞ (4)

and

a2(z) = ε m0 exp ( g z/εm0 ) as z→ +∞, (5)

Fig. 1. Squares of isothermal sound speeds as functions of the geomet-
rical height z. That of our model is represented by the solid curve, that
of the pure convection zone by the dashed line. Models with isothermal
atmospheres are displayed by dashed-dotted and dotted curves.

so that the sound speed increases exponentially with the geo-
metrical height z. As the layer becomes polytropic with index
n = 0 for z → −∞, convective instabilities occur. The position
of the minimum of the sound speed is at m = 2 m0, the onset
of the convection, according to the Schwarzschild condition, is
at m = (γ + 1) m0, where γ is the adiabatic exponent. The fact
that the configuration is convectively unstable plays no role, as
we are interested in the behavior of p-modes. Also in the case
of the compressible homogeneous stellar model (Pekeris 1938)
convectively unstable modes occur. As regards the non-radial p-
modes, however, this model is representative. It is the only stel-
lar model, the eigenfrequencies and eigenfunctions of non-radial
pulsations are given in closed form without Cowling’s approxi-
mation.

We note that the parameter ε can be eliminated by introduc-
ing new variables ε m, ε z and new parameters ε m0, g/ε. We,
however, shall not make use of this possibility.

For the illustrations, the parameters ε and m0 are fitted to
the temperature minimum of the VAL-C-atmosphere (Vernazza
et al. 1981). With g = 2.74×104 g cm/s2, we obtain ε = 2.5×1012

and m0 = 0.025 in cgs-units. Figure 1 shows the square of the
isothermal sound speed as a function of the geometrical height.
The model has no chromosphere. The steep increase of the sound
speed with z may be interpreted as a transition layer. For z →
+∞ we have p = m0 g, i.e. a finite pressure at infinity. This is
quite natural in the case of an exponential temperature increase.

For a pressure stratification p(m) = g (m − m0), the square
of the sound speed would increase linearly with the geometrical
height:

a2(z) = g z as z→ +∞. (6)

In this case the stratification becomes asymptotically polytropic
with n = 0. The wave equation cannot be solved in closed form.

The stratification (1) is a special case of the stratification

a2(m) = ε
m2

(m − m0)α
with m > m0, (7)

z(m) = − ε
g

1
(1 − α)(2 − α)

(m − m0)1−α ( m(1 − α) + m0 ). (8)
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Fig. 2. Squares of isothermal sound speeds as functions of the geomet-
rical height z. Displayed by solid, dashed-dotted, and dotted curves.

Here, α is related to the polytropic index n by

α = 2 − 1
1 + n

· (9)

For 0 ≤ n < ∞ we have 1 ≤ α < 2.
Figure 2 shows stratifications a2(z) for n = 0, n = 3/2, and

n = 3. Here, the mass of the minimum of the sound speeds a and
the minimum value amin are fixed. The values of m0 and ε are
calculated. We have m0 = 1/2 (2 − α) mmin.

Layers with n = 3/2 or n = 3 are more realistic than a layer
with n = 0. However, to present a wave equation with exact
solutions, we have no option but n = 0.

3. The reduction of the adiabatic wave equation

Let ∆p(z, t) be the Lagrangian pressure perturbation, c the adia-
batic sound speed. The frequency is denoted byω, the horizontal
wave number by k. We study adiabatic waves with time depen-
dence exp (±iωt). The time-independent wave equation of the
Lagrangian pressure perturbation ∆p is

ω2 c2

[
d2∆p
dz2

− 1
ρ

dρ
dz

d∆p
dz

]

−
[

k2 g

[
g +

c2

ρ

dρ
dz

]
+ ω2 ( c2 k2 − ω2 )

]
∆p = 0. (10)

(Schmitz & Fleck 1994, Eq. (5). The reason for preferring the
Lagrangian pressure perturbation is explained there.) Instead of
the geometrical height z we use the column mass m as the inde-
pendent variable. For the classical ideal gas with p = a2 ρ and
c2 = γ a2 , where γ is the adiabatic exponent, the wave equation
takes the form (cf. Schmitz & Steffens 1999)

m2 d2∆p
dm2

+
∆p
γω2 g2

·
[
[ω4 − k2g2(1−γ)] a2 − ω2γa4k2 − k2g2γm

d a2

d m

]
= 0. (11)

For a2(m) given by Eq. (1) we obtain

d2∆p
dm2

+

( A
m − m0

+
B

(m − m0)2
+

C m
(m − m0)2

+
D m2

(m − m0)2

)
∆p = 0, (12)

with the coefficients

A = ε
ω4 − k2 g2 (1 − γ)

γω2 g2
, (13)

B =
2 ε m0 k2

ω2
, C = − ε k2

ω2
, D = − ε2 k2

g2
· (14)

This differential equation can be reduced to Whittaker‘s equa-
tion. Introducing a new independent variable ξ by

ξ = m − m0, (15)

some decompositions lead to the equation

d2∆p
dξ2

+

(
− ε2 k2

g2
+

A + C + 2 m0 D
ξ

+
B+C m0+D m2

0

ξ2

)
∆p = 0. (16)

Now we introduce the independent variable x by

x =
2 ε k
g
ξ, (17)

where now k � 0. Finally, we obtain the equation

d2∆p
dx2

+

(
−1

4
+
g

2 ε k
A + C + 2 m0 D

x
+

B +C m0+D m2
0

x2

)
∆p = 0. (18)

This is Whittaker’s differential equation

d2∆p
dx2

+

⎛⎜⎜⎜⎜⎝−1
4
+
κ

x
+

1
4 − µ2

x2

⎞⎟⎟⎟⎟⎠ ∆p = 0, (19)

where the coefficients κ and µ are given by

κ =
ω4 − 2 εm0γ k2 ω2 − k2 g2

2 k g γω2
, (20)

µ = ± 1
2ωg

√
( g2 + 4 ε2 m2

0 k2)ω2 − 4 εm0 k2 g2. (21)

The parameters ε and m0 occur in the coefficients κ and µ as a
product ε m0. For real ω2, the coefficient κ is real, µ is real or
imaginary. For µ = 0 we obtain a relation ω(k) The correspond-
ing curve is a boundary line of the k − ω-diagram.
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4. The solutions of the wave equation

Two independent solutions of Whittaker’s equation are
(Abramowitz & Stegun 1965)

∆p1(x) = p∗ 1 e−x/2x+ µ+
1
2 M

(
1
2
+ µ − κ, 1 + 2µ, x

)
, (22)

∆p2(x) = p∗ 2 e−x/2x− µ+
1
2 M

(
1
2
− µ − κ, 1 − 2µ, x

)
, (23)

where now

x =
2ε k
g

(m − m0). (24)

M(α, β, x) is a confluent hypergeometric function, p∗ 1 and p∗ 2
are arbitray constant pressures. When µ is imaginary, ∆p1 and
∆p2 are complex conjugate. In this case, together with the fac-
tors exp (±iωt) they represent travelling waves. When µ is real,
we may assume that µ > 0. The solution must fulfill certain
boundary conditions. We demand that the pressure perturbation
∆p vanishes at infinity:

∆p → 0 as z→ ∞, (25)

which is equivalent to

∆p → 0 for m→ m0 or x→ 0. (26)

For z → −∞ we require vanishing pressure perturbations. This
assumption is common. It corresponds to the condition of van-
ishing non-radial pressure perturbations in the center of a star.
Therefore,

∆p → 0 as z→ −∞, (27)

which is equivalent to

∆p → 0 as m→ ∞ or x→ ∞. (28)

We have M(α, β, x) = 1 at x = 0. Thus, the first solution ∆p1 is
appropriate. We get

∆p1(x) = p∗ 1 xµ+
1
2 → 0 for x→ 0. (29)

The second solution behaves as

∆p2(x) = p∗ 2 x− µ+1/2 for x → 0. (30)

It diverges when µ > 1/2. One can show that the case µ < 1/2
does not occur in the k−ω region of the p-modes. Therefore, we
have to take the first solution. In this case the pressure perturba-
tion behaves as

∆p1(z) = p∗ exp

[
− g

ε m0

(
1
2
+ µ

)
z

]
as z→ ∞. (31)

When z → −∞ or x → ∞ the asymptotic behavior of M is
(Abramowitz & Stegun 1965)

M(α, β, x) =
Γ(β)
Γ(α)

ex xα−β as x→ ∞. (32)

We obtain

∆p1(x) = p∗ 1
Γ(1 + 2µ)

Γ( 1
2 + µ − κ)

x−κ ex/2 as x→ ∞. (33)

As Γ(y)→ ∞ for y→ 0,−1,−2, ..., the condition of convergence
of ∆p1(x) at x→ ∞ is:

1
2
+ µ − κ = − j, j = 0, 1, 2, 3... (34)

In this case, the function M reduces to a polynomial of degree
j, a generalized Laguerre-polynomial, and the pressure pertur-
bation ∆p1 decays exponentially for x→ ∞.

5. The dispersion relation of the modes

Taking the square of

µ = κ − j − 1
2
, (35)

where j = 0, 1, 2, ... is the vertical wave number, inserting the
coefficients κ and µ as given by Eqs. (20) and (21), and putting

y =
ω2

k g
and k0 =

g

4 γ ε m0
, (36)

we finally obtain the dispersion relation, a fourth order equation
for ω2:

y4 −
{

2 γ(1 + 2 j) +
k
k0

}
y3

−
{

2 (1 − 2γ2 j( j + 1)) − γ (1 + 2 j)
k
k0

}
y2

+

{
2 γ (1 + 2 j) + (1 + γ)

k
k0

}
y + 1 = 0. (37)

For j = 0, a solution is y = −1. Separating this solution, for
j = 0, the dispersion relation can immediately be reduced to an
equation of third order:

y3 −
{

(2γ + 1) +
k
k0

}
y2

+

{
(2γ − 1) + (γ + 1)

k
k0

}
y + 1 = 0. (38)

For m→ ∞ or z→ −∞ the structure of our equilibrium config-
uration approaches the structure of a polytropic layer with index
n = 0. For a polytropic convection zone without an overlying
atmosphere we have

a2(z) = − g z
1 + n

with − ∞ < z ≤ 0. (39)

The modes of the polytropic layer were investigated by Lamb
(1932). In this case, by the boundary conditions

∆p = 0 at z→ −∞ and z = 0 (40)

one obtains a dispersion relation from which in the case n = 0

ω2 = k g

(
γ( j + 1) +

√
[γ( j + 1)]2 + 1

)
(41)

for the frequencies of the stable p-modes. This relation can also
be obtained from Eq. (37) for k0 → ∞.

6. Discussion of the dispersion relations

The dispersion relation (37) is an equation of the fourth degree
in ω2. Therefore, we need not go into details of the calculation.
For each vertical wave number j we obtain two branches ω2(k).
There are stable p-modes and unstable convective modes. We
now put γ = 5/3. The gravity g and the parameters ε and m0 are
given in Sect. 2. Figure 3 shows the ridges of the p-modes for
j = 0, 1, 2, 3 and the p-modes of the corresponding pure convec-
tion zone. The qualitative behavior of the p-modes is indepen-
dent of the parameters ε and m0. We find that the curvature of
the pi-ridges with i = 1, 2, 3, ... is monotonous. Only the ridge
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Fig. 3. p-modes of the model (solid lines) and of the pure convection
zone (dashed lines). Further, the f-mode (dotted line) and the limiting
curve of the continuum (dashed-dotted).

of the p0-modes has an inflection point at k ≈ 18.6 Mm−1. Here,
this ridge bends. This effect is poorely distinct, but interesting
for the following reason. Steffens & Schmitz (2000) have inves-
tigated the behavior of the p-modes of a series of modified VAL-
C-models of the solar atmosphere. They find bending of the
ridges when a (hot or cool) chromosphere is present. The case
of an isothermal atmosphere with a height of 600 km (Fig. 3b of
Steffens & Schmitz) shows the beginning of the bending of the
p0-mode.

For higher wave numbers k, the dispersion curves become
linear. In the limit, we have:

ω = c∗ k as k → ∞, (42)

with a fixed adiabatic sound speed c∗. For k → ∞, the dispersion
relation (37) reduces to

y4 − k
k0
y3 + γ (2 j + 1)

k
k0
y2 + (γ + 1)

k
k0
y + 1 = 0. (43)

Inserting ω = c∗ k, we see that the first two terms are the leading
ones when k → ∞. We obtain

c∗ = cmin =
√

4 ε γm0, (44)

where cmin is the minimum of the adiabatic sound speed at the
position m = 2 m0. So for high wavenumbers the modes ∆p(z)
should concentrate to the position of the minimum. For k → ∞,
the Exponent µ as given by Eq. (21) is

µ =
ε m0

g
k. (45)

As can be shown readily, the amplitude of the pressure perturba-
tion ∆p1 becomes peak-like at 2 m0:

e−x/2xµ+1/2 ∝ exp (− 2 εm k/g ) (m − m0) 2 εm0 k/g (46)

as k → ∞. This function is maximum at m = 2 m0. In the limit,
the modes concentrate at the position of the minimum.

Fig. 4. p-modes of the present model (solid), of the pure convection
zone (dashed), and of a convection zone with an isothermal atmosphere
(dashed-dotted).

7. Relations to the modes of a polytropic layer
with an overlying isothermal atmosphere

Schmitz & Steffens (1999) have studied the behavior of waves
in a plane layer with

a2(m) = ε mλ + a2
0. (47)

This stratification represents a polytropic layer smoothly joined
by an asymptotically isothermal atmosphere. The exponent λ is
given by λ = 1/(1 + n). As in the case of the present paper, the
adiabatic wave equation can be reduced to Whittaker’s equation,
and the dispersion relation of the modes is a fourth order alge-
braic equation in ω2/g k. For n = 0 we have

a2(m) = ε m + a2
0. (48)

For m → ∞ both the stratifications (1) and (48) approach the
limit a2 = ε m. In the case of the stratification (48) the indepen-
dent variable is ξ = m instead of ξ = m − m0. The coefficient
κ belonging to the stratification (48) reads (Schmitz & Steffens
1999, Eq. (22))

κ =
ω4 − 2 γ a2

0 ω
2k2 − k2 g2

2 k g γω2
· (49)

The coefficients (20) and (49) are equal when ε m0 = a2
0. Figure 1

shows the corresponding function a2(z). By varying the sound
speed a0 one can show that the case ε m0 = a2

0 gives the best
approximation of the stratification (48) to the stratification (1)
below the minimum. For example, Fig. 1 also displays the case
a2

0 = 4 ε m0, where the sound speed of the isothermal atmosphere
is equal to the minimum sound speed of the stratification (1).
Figure 4 shows dispersion curves of the pure convection zone,
the present model and of the stratification (48) with a2

0 = ε m0.
All ridges of the layer with the isothermal atmosphere lie below
the ridges of the pure convection zone. This behavior is inde-
pendent of the numerical value of a0. The p-mode ridges of the
present model, however, are above the corresponding ridges of
the pure convection zone.
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8. The continuous spectrum

For real frequencies ω, the coefficient µ defined by Eq. (21) is
real or imaginary. For µ = 0 we obtain a relation ω = ω0(k) with

ω0(k) = 2 k g

√
ε m0

g2 + 4ε2m2
0 k2
· (50)

For ω < ω0, the coefficient µ is imaginary, so that the spectrum
becomes continous. The solutions (22) and (23) represent the
amplitudes of propagating waves. Besides the p-modes, Fig. 3
shows the f-mode ω2 = k g und the limiting curve ω0(k). The
f-mode touches the curve ω0(k) at k = g/2 εm0.

The function ω0(k) can be obtained from the asymptotic
form of the wave equation. By use of the height z, with ρ =
γ p/c2, the wave equation (10) reads

ω2c2 d2∆p
dz2

+ ω2

(
γg +

dc2

dz

)
d∆p
dz

(51)

+

{
k2g

(
g(γ − 1) +

dc2

dz

)
− ω2(c2k2 − ω2)

}
∆p = 0.

For z → ∞, a2 is given by Eq. (5), so that c2(z) → c2
0 e z/h with

h = ε m0/g and c2
0 = γ ε m0. For fixed ω and z → ∞ we obtain

the equation

ω2 d2∆p
dz2

+
ω2

h
d∆p
dz
+

(
g k2

h
− k2ω2

)
∆p = 0, (52)

the solutions of which reads

∆p(z) = exp
(
− z

2 h

)
exp (±i K z ), (53)

where

K =

√
g

h
k2

ω2
− k2 − 1

4 h2
· (54)

For K = 0 we obtain the relation (50). The pressure perturba-
tion (53) is independent of γ. That means the waves which are
acoustic in the convection zone turn into gravity waves in the
range of the exponential temperature increase.

In conclusion, let us discuss whether there are resonances in
the continous region. Here, the solution U of Whittaker’s equa-
tion is appropriate:

∆p(x) = p∗ e−x/2xµ+
1
2 U

(
1
2
+ µ − κ, 1 + 2µ, x

)
. (55)

When z → −∞ or x → ∞, the asymptotic behavior of U is
(Abramowitz & Stegun 1965)

U(a, b, x) = x− a as x→ ∞, (56)

so that

∆p → p∗ e− x/2 xκ as x→ ∞. (57)

For real ω, the coefficient κ is real. The pressure perturbation ∆p
decays for x → ∞ or m → ∞. As a function of ω, ∆p is smooth
and non-oscillatory for x→ ∞.

Let us now discuss the behavior of the solution for z → ∞.
For x → 0 where

U(x) =
Γ(−2µ)

Γ( 1
2 − κ − µ)

+
Γ(+2µ)

Γ( 1
2 − κ + µ)

x− 2µ (58)

(Abramowitz & Stegun 1965) we have:

∆p = p∗ x1/2
[
Γ(−2iα)

Γ( 1
2−κ−iα)

xiα +
Γ(+2iα)

Γ( 1
2−κ+iα)

x− iα
]
. (59)

with µ = iα. The amplitude of the pressure perturbation is

|∆|p ∝ x1/2

∣∣∣∣∣∣∣ Γ(2 iα)

Γ( 1
2 − κ + iα)

∣∣∣∣∣∣∣ · (60)

The identity |Γ(i y)|2 = π/y sinh(π y) shows that |Γ(2 iα)| is a
smooth function of α, and thus of ω. We finally are left with the
part

|∆p| ∝ 1∣∣∣Γ( 1
2−κ+iα)

∣∣∣ · (61)

Because of the poles of the Γ-function at 0,−1,−2, ..., the func-
tion

∣∣∣Γ( 1
2 − κ + iα)

∣∣∣ varies essentially only for κ > 1/2 and
|α| 	 1. If strong variations are present, then for |α| 	 1,
that means, at and below the curve ω0(k). However, κ is nega-
tive at and directely below this curve, as can be shown readily.
Therefore, there are no significant variations and thus no reso-
nances.

9. Vertically propagating waves

As this case is not very interesting, we shall be brief. For k = 0,
the wave Eq. (11) reduces to the equation

m2 d2∆p
dm2

+
ω2 a2(m)
γ g2

∆p = 0. (62)

For the more general function a2(m) given by Eq. (7) we obtain:

d2∆p
dm2

+
ω2 ε

γ g2
(m − m0)−α ∆p = 0. (63)

The solution fulfilling the condition ∆p = 0 at m = m0 is a
standing wave

∆p = p∗
√

m − m0 J1/ν

(
2
ω

g

√
ε

γ

1
ν

(m − m0)ν/2
)

(64)

where J1/ν is a Bessel function of the first kind, and ν = 2−α so
that 0 ≤ ν < 1 if α ≤ 1 < 2. We have ∆p ∝ m − m0 for m→ m0.
In terms of the mass m, ∆p behaves as the pressure perturbation
of the pure convection zone with m0 = 0. For a2(m) given by
Eq. (1) we obtain ν = 1.

10. Conclusions

We have dealt with the behavior of p-modes of a plane layer
with constant gravity. The layer consists of a polytropic convec-
tion zone with polytropic index n = 0 smoothly joined by a hot
envelope. The fact that the convection zone is convectively un-
stable is not essential as we study only p-modes. Besides, the
behavior of the p-modes of a pure convection zone is qualita-
tively independent of the polytropic index. We have ω2 ∝ g k.
All results, the form of the modes and the dispersion relation are
given in closed form. We discussed the deviations of the ridges
from the ridges of a pure convection zone. Also a comparison
of the ridges with those of a convection zone with a smoothly
joined isothermal atmosphere was performed. In the k − ω dia-
gram, there is a continuum below the f-mode ω2 = g k. The cor-
responding waves are propagating gravity waves. A study of the
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amplitudes of these waves by asymtotic representations showed
that there are no resonances in the continuum. The case of purely
vertical wave propagation is very simple. The solution was pre-
sented for a more general temperature stratification, namely for
a convection zone with arbitrary positive index. We did not in-
vestigate convectively unstable modes. A study of such modes
could give information about the influence of a hot envelope on
the behavior of the convection.
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