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ABSTRACT

Context. The Electron Proton Helium Instrument (EPHIN) on ESA’s Solar and Heliospheric Observatory (SOHO) measures solar
energetic electrons, protons, and alpha particles with a stack of six solid-state detectors forming a telescope. The energy deposit in
these detectors must be inverted to derive the original energy of the incident particles, thus leading to the original energy spectrum
of solar energetic particles. Normal inversion techniques, such as least-squares methods, rely on fitting a known functional behavior
of the spectral dependence (normally a power law) to the measured data with some account taken for the instrument response. Such
procedures can fail to retrieve accurate particle spectra, e.g., when count rates are low and unphysical negative counts result from the
fitting procedure.

Aims. We show how regularization methods can be applied to energetic particle measurements to unambiguously derive the original
particle spectrum without any assumptions about its functional behavior, while also satisfying constraints such as non-negative counts.
Methods. Such inversion techniques still require knowledge of the instrument response function, however, it is an improvement upon
normal least-squares or maximum-likelihood fitting procedures because it does not require any a-priori knowledge of the underlying
particle spectra. Given the instrument response function in matrix form (here derived using Monte Carlo techniques), the original
Fredholm integral equations reduce to a discrete system of linear algebraic equations that can be solved by ordinary regularization
methods such as singular value decomposition (SVD) or the Tikhonov method. This procedure alone may lead to unphysical negative
results, requiring the further constraint of non-negative count rates. This technique avoids full deconvolution because it involves the
solution of ill-conditioned or singular linear systems.

Results. We analyze data from SOHO/EPHIN by full deconvolution of the measured data with the instrument response function. We
apply the SVD and Thikonov methods with and without constraints to measured data from SOHO/EPHIN.

Conclusions. The derived results agree well with those of other methods that rely on a-priori knowledge of the spectral shape of the

particle distribution function, demonstrating the power of the regularization method for more general cases.
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1. Introduction

The Electron Proton Helium Instrument (EPHIN), part of the
Comprehensive Suprathermal and Energetic Particle Analyzer
(COSTEP, Miiller-Mellin et al. 1995), on ESA’s Solar and
Heliospheric Observatory (SOHO) measures solar energetic
electrons, protons, and alpha particles in the energy range
150 keV to >5 MeV (electrons) and 4 MeV/n to >53 MeV/n
(protons and helium isotopes). It addresses energetic-particle
phenomena in the solar atmosphere as well as within the in-
terplanetary medium: energetic particle sources, acceleration,
transport, and propagation. All these phenomena affect the fi-
nal spectrum of the particle species under investigation and
may imprint a unique signature on it. However, common data-
analysis procedures involve fitting well-understood, theoreti-
cally motivated functional shapes of the particle spectra to the
data, accounting for unique instrumental characteristics, such as
detection efficiencies. These methods suffer from at least two
drawbacks: a) a pre-determined functional shape is prescribed
for the particle spectrum, possibly deleting unique process-
dependent signatures in the data, and b) unphysical negative fit-
results often appear without appropriate penalty.

Here, we show how limitations a) and b) can be overcome
by application of regularization methods which are well estab-
lished in other fields, such as image restoration (e.g. Bertero &
Bocacci 1998). We give the general mathematical and instru-
mental background in Sect. 2, a brief description of the regu-
larization and optimization methods used here in Appendix A,
as well as a discussion of the information needed for the gen-
eral inversion. Regularization methods have been used e.g. by
Prato et al. (2006) to reconstruct the differential emission mea-
sure from RHESSI-observed X-ray spectra from solar flares.
These authors used an analytical expression for the instrument
response function. Here, we use a discrete instrument-response
function of EPHIN that is derived using Monte-Carlo simula-
tions in a manner briefly described in Sect. 3. We then apply
the inversion methods described in Appendix A to data from the
EPHIN sensor in Sect. 4 and compare the results for the vari-
ous regularization methods in Sect. 5. Throughout this paper, we
restrict ourselves to analyzing electrons and protons; once the
method works for these particles, the derivation of helium iso-
tope spectra is straightforward.

Article published by EDP Sciences and available at http://www.aanda.org or http://dx.doi.org/10.1051/0004-6361:20077216



http://www.edpsciences.org
http://www.aanda.org
http://dx.doi.org/10.1051/0004-6361:20077216

674

Fig. 1. Side view of the EPHIN-sensor, a telescope consisting of 6 Si-
solid state detectors A, B, C, D, E, F (in green) surrounded by an active
anticonincidence scintillator G (in red). 10 simulated tracks of 5 MeV
electrons are shown in red as well as a pair of generated secondary
gamma rays in blue.

2. Background
2.1. Instrumental background

EPHIN consists of a stack of five silicon detectors, surrounded
by an anti-coincidence shield of plastic scintillator and a sixth
silicon detector to distinguish between absorption and penetra-
tion (Fig. 1). Two passivated ion-implanted detectors (A and B)
define the large (83°) field of view with a geometric factor of
5.1 em? sr. The lithium-drifted silicon detectors C, D, and E stop
electrons up to 10 MeV and hydrogen and helium nuclei up to
53 MeV/n. In this work, we will only discuss electrons and pro-
tons. The generalization to inclusion of helium ions is straight-
forward.

The energy measurement is pulse-height analyzed on board
and sent back to Earth. On-board processing includes classifi-
cation into electron (E) and proton (P) channels, depending on
the energy deposited in detectors A—E. Thus, the E channels
measure predominantly electrons, the P channels predominantly
protons, but with cross contamination which can be apprecia-
ble, depending on the electron-to-proton ratio. The pulse-height-
analyzed data contains information on the energy loss of single
particles in detectors A-E in a total of 256 channels. For this
work, we have rebinned this energy information into 60 loga-
rithmically spaced energy intervals, sometimes even into 30 such
bins. The sensitivity of each of these energy bins has been mod-
eled as discussed in Sect. 3. Together, pulse-height words and
energy bin sensitivities allow us to reconstruct the original parti-
cle spectra'. This paper addresses a new, improved method that
relaxes the assumptions needed to reconstruct these original par-
ticle spectra without requiring a prescribed spectral shape.

! During times of high fluxes, the pulse height words need to be
weighted according to another data type, the so-called histograms.
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2.2. Mathematical background

Every experiment relates a set of “original” or “true” data, f, to
measured data, z. The influence of the measurement apparatus is
described by a function F acting on f in the most general case,

z=F(f). (1)

In other words, the measuring process F' acts on the “true” phys-
ical state described by variables f resulting in a measurement z.
In the case of particle measurements, f are the energetic parti-
cles in interplanetary space, z are instrument count rates, and F
is a description of the instrument response function. The prob-
lem of deriving z from f can be solved in two ways, directly,
or indirectly. The direct problem is the calculation of z from f,
whereas the inverse problem consists of trying to identify f from
z. Often, Eq. (1) is solved using y? or least squares methods, thus
minimizing ||z — F(f)||>. However, these methods always rely on
some underlying knowledge of the behavior of the “true” f, e.g.
a power law is normally assumed for interplanetary energetic
particle spectra. This is not necessarily satisfactory as particle
spectra are not required to follow power laws, nor do upstream
events or reconnection events. Thus, these direct methods suf-
fer from the inclusion of sometimes unwarranted and sometimes
unjustified information. On the other hand, we can consider the
inverse problems, in which the functions f and z are connected
by an operator equation

Af =2z 2)

where the operator A is the linear integral operator

b
A Af = f K(x, s)f(s)ds, 3)

where, again, z(x) are the known measurements, K(x, s) is the
kernel that describes the measurement apparatus, and f(s) is the
sought, but unknown, function. Here, we will derive K(x, s) from
Monte-Carlo simulations of the EPHIN detector, thus the ker-
nel can be considered a quantity that is known, although often
with substantial uncertainty. The usual approach to solve this in-
verse problem is the discretization and formulation as a numeri-
cal algebra problem (Hansen 1992; Neumaier 1998; Tikhonov &
Arsenin 1977). In that case, we have a system of linear algebraic
equations which is often singular,

Af =z, 4

where A € R™" is a matrix with elements aij, and f € R" is the
unknown vector with components f;, and z € R™ is the known
(measured) vector with components z;. Usually, the vector z is
the result of measurements contaminated by measurement errors
(e.g. electronic noise), moreover, we only know the elements of
the matrix A with limited accuracy. Thus, we need to solve the
system Eq. (4), but all we know about the exact system

Af =% (5)

is that |A — A|l < h and ||z — 2| < 6, where &1 > 0 and 6 > 0.
However, there are infinitely many systems with such initial data
(A, 2), and, within the framework of the error level known to us,
they are indistinguishable. Because we have only the approxi-
mate system, Eq. (4), instead of the exact system, Eq. (5), we
can only attempt to find the optimal solution.

Unreasonable results may appear in the solution of Eq. (4),
e.g., unphysical negative values in f in counting measurements.
To obtain a nonnegative solution of f, the problem Eq. (4) has



to be replaced by the constrained minimization problem, which
can be formulated for instance as a nonnegative least squares
(NNLS) problem

min [|Af —z]||, subjecttof >0 (6)

or a similar maximum-likelihood problem with underlying
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where
Eq+AEq  Ey+AE,
a; = f f K(Eq, Ev)dEy, dEy, (11)
Eq Ep
and
Eq+AE;
7 = f Z(Eq)dEq. (12)
Eq

Poissonian statistics. As is true with other methods, the least-
squares problem always has a solution but it is non-unique if the
rank of the matrix A is less than n, as it is in our case because
the determinant of A is zero. NNLS problems are considered in
Bjorck (1996); Calvetti et al. (2004); Lawson & Hanson (1974).
In this work, we solve the NNLS problem Eq. (6) without any
a-priori information about the unknown particle spectrum f. In
this paper we emphasize the method rather than the physics be-
hind.

3. Monte-Carlo simulations of instrument response
functions

A particle entering the instrument deposits an energy E4 in the
instrument. Because of incomplete charge collection and insen-
sitive material (such as dead layers), Eq4 is smaller than the orig-
inal energy of the particle, Ey. Because the energy deposit is
also a stochastic process, the distribution of E4 will generally
not be as well peaked as that of E},. In addition, because of the
different ionization cross sections of electrons and protons (and
of other ions), E4 not only depends on Ey, but also on parti-
cle species. Other important factors determining E4 given E}, are
angles, dead layers, detector arrangements, etc., and need to be
taken into account when simulating detector response to a beam
of particles with energy Ey, and intensity I(E},). Thus, the inten-
sity of the energy deposit, I(Ey), is given, generally, by

I(Eg) = debK(Ed’Eb)I(Eb)’ @)

which is an integral equation that needs to be solved for the un-
known quantity I(Ey). Here, K(Eq, Ey), the kernel of the inte-
gral equation, is the instrument sensitivity to measure Eq4 given a
particle of energy E},. It can be derived, e.g., from Monte-Carlo
simulations of the detector response

I(Eg) - dEy = f AF dQdEy e(x.y. 0.6, By E)dEs. (8)
The kernel, K, is then given by

K= f dF dQ e(x, y, 6, ¢, Ev, Eq), )

where € is the efficiency of detecting a particle with energy in
[Eyv, Ep + dEy] that deposits energy in the range [Eq4, Eq + dE4],
hitting the detector in the area element dF at position (x,y)
within the solid angle element dQ from the direction given by 6
and ¢. € and K need to be calculated using a Monte-Carlo simu-
lation that is described below. Here, we will assume an isotropic
angular distribution of the beam and a homogeneous (uniform)
distribution on the sensor area.

Equation (7) is a Fredholm integral equation which may also
be interpreted as an algebraic equation if the kernel, K, is known
in discrete intervals, just as Eq. (3) may be interpreted as Eq. (4),

n

Z=Af - zi:Zaij'fj, i=1,...,m,

=

(10)

As mentioned in Sect. 2.1, we used the GEANT-4 package (The
GEANT4 collaboration 2006) of the CERN program library to
simulate the detector response of EPHIN to ions and electrons.
The Monte-Carlo data were analyzed with the PAW package of
the CERN program library, and information about energy reso-
lution and triggering requirements of EPHIN were added at this
stage. The simulated response functions, A, of the geometric fac-
tors for the E- and P-channels are shown in Fig. 2. The four pan-
els show graphical representations of the matrix elements a;; in
the E channels (upper panels) for electrons (left, Ag.) and pro-
tons (right, Agp), and in the P channels (lower panels) for elec-
trons (left, Ape) and protons (right, Ap,). Results are shown for
30 logarithmic energy bins in E4 and E},. Obviously, the matrices
Ag. and Ap, are near diagonal and much larger than the matrices
Agp and Ap, that describe the crosstalk of protons in the E chan-
nel and vice-versa. However, during times of high particle fluxes,
this crosstalk may become important when the ratio of contam-
inating particles to measured particles is high. Close inspection
of the matrices A shows that they are not exactly diagonal, but
that, generally, E4 < Ep, moreover, they have tails that extend
to lower Ey. This is mainly due to insensitive material, energy
escaping in the form of neutral particles, but also a background
of energy deposit by penetrating particles.

The normally used geometric factors are projections of the
matrices shown in Fig. 2 onto the E},-axis. We show these classi-
cal EPHIN histogram geometry factors for the electron and pro-
ton histograms in the upper half of Fig. 3 and the projections
onto E4 in the lower half. Figure 3 shows the projections of the
matrices Age + Ag, (left-hand side) and Ap, + Ap (right-hand
side) onto Ey, (upper panel) and E4 (lower panel). Two contri-
butions are shown in each geometry factor. The main contribu-
tion to the E-channels (left-hand panels) comes from electrons
(marked e) and from protons (marked p) to the proton channels
(right-hand panels). The smaller contributions at higher energies
in the electron channels and the lower energies in the proton
channels come from the contaminating protons (for E-channels)
and electrons (for P-channels) and are marked by p and e. The
vertical lines show the statistical uncertainties resulting from
the Monte-Carlo simulations of the geometry factors. Obviously,
they are larger for the contaminating particles than for the princi-
pal ones. Substantial differences in the Ey, and Eq4 projections can
be seen at low energies for electrons. The divide between elec-
trons and contaminating protons visible in the projection onto
E\, is smeared out in the projection onto E4 and complicates the
analysis.

Using the geometry factors discussed above, the intensity, /,
of particles is calculated by

Ix(Ev) = Hx(Eq)/gx(Ep), where X = E,P. (13)

Here, H is the measured number of counts with Ey4 per unit time,
and g is the geometry factor (shown in Fig. 3). Because of the
limitations just mentioned, this “classical” inversion method is
not robust, especially at low and high energies.

The deficiency discussed above can be addressed by includ-
ing all information available, i.e., by also including the infor-
mation from the crosstalk channels. Both electrons and protons
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Fig. 2. Geometric factors Ag., Agy, Ape, and Ap, as derived from the Monte-Carlo simulation of the EPHIN instrument response discussed in
Sect. 3. Note the different scales for the values of the geometry factor (z-axis). We have applied logarithmic binning to the geometry factors to
account for the power-law particle spectra that are expected in particle acceleration processes. Ag. and Ap, are near diagonal along Eq = Ey, with
some leakage towards lower energy deposits due to insensitive material and other losses. The cross-talk channels Ag, and Ap. are much smaller

than Ag. and Ap, and considerably less diagonal.

contribute to the measured counts in the electron and proton
channels. Formally, this can be written as the algebraic system
2%k

k
- Zage]ﬁ;Jr Z arfff.(i=1,...k),
=1 J=k+1
k 2k
Fo= ) dfs o+ Z alfl, (i=k+1,....2k=n),
1

= 1

(14)

5)

or, in matrix form,

) [ A Agp \[ f°
ZP - Ape APp f P
where f° and fP are the electron and proton spectra, and zF
and zF are the measured count rates in the E- and P-channels.
This, then, is the mathematical problem that needs to be solved.
Nevertheless, it is useful to consider some limiting cases. The

easiest is, obviously, the case where there is no crosstalk; it
results in two independent equations,

E p
2" = Agfy, and 2 = Apyfy,

(16)

a7

where f7 and fé’ are the spectra for electrons and protons.

Most instruments exhibit crosstalk between P- and
E-channels (protons contribute to the E-channels and electrons
to the P-channels), and, hence, we will not treat this idealized
case, but will solve the following cases, as well as the full
Eq. (16). Formally, the electron and proton spectra may be com-
bined into one vector describing a “combined” electron-proton
spectrum, f°P

fP=r+/" (18)

With this combined spectrum, Eq. (16) may be simplified,
E
2\ _[Ape A | rep _ [AE | rop
(ZP)_(APe+APp)fe | Ap .

On the other hand, both lines of Eq. (19) can be considered
separately, leading to two separate equations,

(AEe + AEp) flep = ZE (20)
Ap. + Ap fep = ZP. (21)
( o)

19)

Because both electrons and protons contribute to the
E- (Electron) and P- (Proton) channels, the solutions of
Egs. (19), (20) and (21) should agree approximately

~ P o fCP
feprl ~f2

in the sense that the accuracy differs due to the widely varying
geometrical factors in the covered energy range (Fig. 3): Eq. (20)
describes the E-channel and f;” with poor information on pro-
tons, Eq. (21) describes the P-channel and f;p with poor infor-
mation on electrons. In the following, we will solve Eqgs. (16)
and (19), as well as Eqgs. (20) and (21) and check their solutions
for consistency and compare them with results from other inver-
sion methods.

(22)

4. Application of regularization methods to EPHIN
data

We chose data from three time periods around a solar particle
event that occurred on days 353 and 354 in 2002. Figure 4 shows
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Fig. 3. Projections of the summed geometric factors shown in Fig. 2 onto the E,, (fop panels) and E4 (lower panels) axes. Left-hand panels show
the geometric factors Ag. + Ag, for the electron (E) channels, and right-hand panels show the geometric factors Ap, + Ap. for the proton (P)
channels. Large differences are visible between the two projections of the electron channels, especially at low and high energies, while the proton

channels appear to be shifted towards lower energies.

the count rates measured in the electron (E) and proton (P) chan-
nels. We chose the 22 h preceding the event (shaded in turquoise)
to better understand contamination issues in quiet times, and the
two first hours of the event (grey and red) as two separate periods
because of the large variation of the electron to proton ratio.

We inverted the measured data z for electron and proton
spectra f using both the singular-value-decomposition (SVD)
method of Eq. (A.5) with solution fsyp and the iterated
Tikhonov regularization method of Eq. (A.11) with solution
Srikn- This latter solution was obtained by solving the algebraic
problem of Eq. (4). The two solutions fsyp and frix, were found
to be completely congruent, as should be the case. However,
both solutions sometimes exhibited unphysical negative val-
ues. Therefore, these solutions were subsequently used as an
initial estimate for the optimization problem with constraints,
Eq. (A.15). We also used the null vector as a starting value
for this procedure, however, this resulted in inconsistent values,
demonstrating the importance of choosing “good” initial values
in optimization problems. We used MATLAB 7.0.4.352.for the
calculations and the fmincon routine to compute the minimum
in the optimization procedure.

Using this method, we solved Eqs. (16) and (19), as well as
Egs. (20) and (21) with m = n = 30 for Egs. (20) and (21),
m = 60; n = 30 for Eq. (19), and m = n = 60 for Eq. (16).

Figure 5 shows the original data (solid black line) in the in-
dividual electron (E, upper panel) and proton (P, lower panel)
channels for the three time periods shown in Fig. 4. The thin
vertical lines show statistical uncertainties. The red stars show
the results of the inversions of Egs. (20) and (21) which have
been multiplied by their corresponding matrices Age + Ag, and

Ape + App. The overall agreement is good, and the disagree-
ments can be readily understood if we again consider the ge-
ometric factors in the bottom panels of Fig. 3. For electrons,
ge is small at low and large energy deposits, Egeposit, resulting
in a) smaller count rates and, b), in larger relative uncertain-
ties in the accuracy to which gg has been determined. Both ef-
fects result in larger uncertainties at these extremes of Egeposit-
The inverted data, f, are much lower than the measurements,
Z, at the low-Egeposic €nd, indicating that effect b) is the cause
for these systematic discrepancies. Furthermore, the geometric
factors were simulated between 100 keV and 100 MeV, fully
covering the energy range of stopping particles, the limits of the
energy range usually contribute to distortion and systematic un-
certainties. Improvements in the Monte-Carlo model of EPHIN
will be needed, especially the extension to non-stopping, rela-
tivistic particles. The proton geometric factor, gp is relatively
constant above Egeposit ® 3.2 MeV. The counts above this en-
ergy are mainly due to protons, while those beneath are largely
due to contaminating electrons. Obviously, the counts at ener-
gies below E4 ~ 0.3 MeV are not expected because the geome-
try factor vanishes below those values. This is a clear indication
that the Monte-Carlo simulation of the electron contamination is
not complete at these low energies and, hence, needs improve-
ment. Thus, comparison of inverted data with measured data can
be utilized to obtain an estimate of the quality of the simulated
geometry factors.

The much better agreement between f°P, the inversion of
Eq. (19), and f;* in the low energy range and f," in the high
energy range indicates that inversion of Eq. (19) is the most
robust solution of the three.



678 E. Bohm et al.: Solar energetic particle spectra

: e I I
= TE-channels i S S SIS SRS -
£ 10°
o
™
~
D
o 0 ﬁfllﬂ||[|m|l|_|]|!]].|llilH’]I][|F|||I'|H!|!1H|I|f1|_||{ljlif:}[lllhH'|lH||||.||mIfl|||er@ﬂ"[l'.l}llulllﬂilll[. -
Q ; : ;

To 6 12 18
k=
e
o
™
~
7
e
c
=
(o]
o

To 6 12 18 24 30 36 a2 48

time /hours

Fig. 4. Time series of predominantly electron (upper panel) and proton (lower panel) count rates around the solar particle event of days 353 and
354 in 2002. The various curves (red, green, and blue) show count rates in different energy intervals. The three regions that we analyse in more
detail are shaded in color: a 22-h pre-event period in turquoise, and two consequtive hours at the beginning of the event (grey and red).
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Fig. 5. EPHIN measurements (solid black curves) and inversion results (red stars) in the on-board processed electron and proton channels (upper
and lower panels, respectively) for the three time periods of the solar particle event on days 353 and 354 of 2002. The measurements (black curves)

correspond to z& and z in all equations, while the red stars are the results for (Ag. + Ag,) fl(ep) and (Ap + App) fz(e"). Red stars along the x-axis show
“anderflow results” (I < 107).
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Fig. 7. Differential intensities for E and P channels (upper and lower panels, respectively) for the three time periods shown in Fig. 4. Results for
the inversion of Eq. (19) with m = 60, n = 30, f©P are shown as green pluses in both panels, while the blue triangles show the “classical” inversion
of Eq. (13). Results for the inversions of Eq. (20) ( fl(CP )) and (21) ( fz(CP)) are also shown as red stars in the upper and lower panels, respectively.

Points at intensities of 107 show underflows, (I < 107°).

As we have already stressed, inversion of Egs. (19), (20),
and (21) should yield the same results, but with additional in-
formation about the effect of crosstalk. Therefore, we invert
these equations with the method discussed in this section and
the Appendix.

5. Comparison of methods

We now consider the results of our method for self consistency
and compare them with those derived from different methods.

Figure 6 shows a comparison of the results for the differential

intensities fi(ep) in the E and P channels derived from the inver-
sions of Egs. (20), (21), and of the simplified full set of equa-
tions, Eq. (19). Symbols along the x-axis show “zero” measure-
ments. As already discussed, all three results should agree, as all
are derived from an equation that still contains the full informa-
tion, albeit at a strongly varying level of accuracy. Thus, devia-
tions tell us where crosstalk and/or low model accuracy limit the
reliability of our results. The inversions of Egs. (20), f;*, and
Eq. (19), f°P, agree well in the low-energy range, whereas those
of Eq. (21), fzep, do not. In this low-energy range, the latter data
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are derived from the proton channels and are largely due to con-
taminating electrons. Thus, it appears that the electron contam-
ination is not yet correctly simulated in our instrument model.
Their geometry factor is probably underestimated by a factor ~2
which is still within the statistical uncertainties shown in Fig. 3.
Nevertheless, it appears that we can derive electron spectra even
from the proton-channel data. f;p agrees with f°P more closely
above ~3 MeV, where the proton geometry factor is dominated
by the proton contribution, whereas fle P agrees less well. This
behavior is what is expected and, interestingly, the (contaminat-
ing) protons derived from the electron channels show at least a
qualitative agreement in the shape of the spectrum in this en-
ergy range. Again, substantial improvements are needed in the
knowledge of the geometry factor. Some of the points that need
improvement are a more accurate knowledge of the actual ex-
perimental resolution, noise levels, and, especially, the efficiency
of the anti-coincidence for near-relativistic particles which yield
pulse heights near the detection threshold.

There appears to be one additional systematic difference be-
tween our derived electron- and proton-dominated intensities

l(ep ) and fz(ep ). Inspection of Fig. 4 shows that electrons are
nearly an order of magnitude more abundant in their count rates
than protons in the pre event time period, and probably even
more overabundant during the two time periods following the
event onset. Thus, contamination of the proton channels by elec-
trons needs to be accounted for, whereas contamination of elec-
tron channels by protons is probably unimportant during these
phases of the event. This reinforces our conclusion that inver-
sion of Eq. (19) is the most robust solution of the three methods
compared in Fig. 6. The graphics show the advantage of the in-
version method, which does not make any assumption about a
power law exponent. All three methods (Eq. (19), (20), Eq. (21))
agree as well as expected.

Next, we compare the results of our methods with the “classi-
cal” inversion of Eq. (13). Figure 7 shows differential intensities
as derived from the proton (P) channels using Eq. (19) (green
open pluses, f°P) and Eq. (13) (upward-pointing open blue tri-
angles, gg). For comparison, we also show the electron- and
proton-dominated inversions of Egs. (20), ff Py, and (21), f;p )
as open red stars in the upper and lower panels of Fig. 7. No
error bars have been included so far. This needs further inves-
tigation into the error propagation in inversion techniques. The
lower left-hand panel shows the drawbacks of using the “clas-
sical” inversion scheme. While results are mostly satisfactory,
large deviations between results and the more appropriate inver-
sion of the full Eq. (19) occur where gp changes abruptly and
count rates are low (see Figs. 3 and/or 5). Similar discrepancies
can be seen at higher energies in the upper panels. However, we
also see that the two methods agree reasonably well in those re-
gions where the geometric factors and count rates are large (see

Figs. 3 and/or 5). Electron-dominated results ( fl(ep )) agree over
a wider range of energies than proton-dominated results. This is
probably a result of the contamination of EPHIN proton mea-
surements by electrons and much less contamination of electron
measurements by protons. Note that electrons are much more
abundant than protons in the event studied, as is easily seen in
Fig. 4.

As already mentioned, both E- and P-channels should yield
the same results but with different accuracy in the lower and
higher energy ranges. The different accuracy is due to the very
different responses of Ag and Ap at low and high energy (see
Fig. 2). Indeed, this effect can be seen when comparing the
upper and lower panels of Fig. 7. The wide deviations in the
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high-energy range in the E channels contrasts with low variabil-
ity in the P channels.

We have not yet attempted to distinguish between original
electrons and protons. This information is present in the full set
of equations, Eq. (16). The result of their inversion is shown in
Fig. 8, where it is also compared to the independent results of
Goémez-Herrero (2005). Both independent methods show very
satisfactory agreement, especially during the high-flux time pe-
riods. A marked disagreement can be seen at the very lowest and
very highest energy bins; this is due to the small values of the
geometric factors at these energy values (see Fig. 3) and the re-
sulting large correction factors. Moreover, our simulations of the
geometry factors included energies in the range 0.1 MeV < E <
100 MeV and it is likely that the deconvolution of this instru-
ment description with the measured data yields distorted results
near the simulated boundaries in energy. Traditional data inver-
sion, exemplified by the data of Gémez-Herrero (2005), have to
make certain assumptions about the electron contamination in
the proton channels. Such assumptions are not needed with our
inversion method; the contamination by other particle species is
included in a consistent manner in the relevant geometry factors.

6. Discussion and conclusions

We have compared several inversion techniques for space-based
measurements of energetic particles. Such measurements suffer
from the limited amount of information available to the experi-
menter about the exact amount of deposited energy and several
coincidence conditions. We have shown that this missing infor-
mation can be circumvented by applying sophisticated inversion
techniques which take into account knowledge of instrument be-
havior.

A key advantage of the methods discussed in this paper is
that no assumptions need to be made about the original spec-
tral form, nor about spectral indices, or cross-talk of the particle
spectra. Furthermore, generalization to more species, i.e., the in-
clusion of He ions (and even hydrogen isotopes) is straightfor-
ward.

Further work will be needed to derive quantitative estimates
on the uncertainties of the results, which are essential for any
interpretation of the physical results and thus are crucial to eval-
uate the potential of these methods. The methods presented here
to solve the inverse problems associated with energetic particle
data are sufficiently universal that they can be applied to other
problems. Because they are relatively simple and straightforward
and allow use of Monte-Carlo-simulated instrument functions
(as opposed to analytic expressions), they can easily be used in
other fields where the reduction of measurement data needs to
be done with incomplete knowledge.

Appendix A: Regularization and optimization
methods

A.1. Singular value decomposition

It is known (Bjorck 1996; Lawson & Hanson 1974) that the min-
imum norm solution of the least squares problem ||Af — 77 =
min is given by the vector
f=A%, (A.1)

and is called a pseudo-solution of the system Eq. (4); the matrix
A* is the Moore-Penrose pseudo-inverse of A.
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The singular value decomposition (SVD) of the matrix A for

the general case is
A =UXV*, (A2)
where for A € R™", U is a square orthogonal m X m-matrix, V
is a square orthogonal n X n-matrix and X = Diag(oy,...,0,,) a
rectangular diagonal m X n-matrix with diagonal entries X;; = 0.
Here V* denotes the adjoint of a matrix V. Since A is real, the
matrix V is also real, and, hence, the adjoint matrix V* coincides
with the transposed matrix VY. If rank(A) = r < n for the case
m=n,theno,;1 =042 =...=0, =0.
The pseudo-inverse A* of the matrix A is represented in the form
At = VXU, (A.3)
where 7 is obtained from X by replacing each positive diagonal
entry by its reciprocal

x* = Diag(o}), (A.4)

ol = .
i 0 otherwise.

. {1/07 ifo; #0

[ll-conditioned matrices are characterized by the presence of
small singular values o7, and it is clear that errors in z are highly
magnified in the solution
f=A"z7=VZ'Uz (A.5)
Therefore, the minimum norm least squares solution with SVD
Eq. (A.5) is useless for problems with tiny but nonzero singu-
lar values o;. For such cases, one must use the truncated singu-

lar value decomposition (TSVD) as the regularization technique
(Hansen 1987).

A.2. The Tikhonov method

There are many methods for solving inverse problems, all with
their advantages and disadvantages. We have found the iterated
Tikhonov method (Tikhonov & Arsenin 1977) to be well suited
to our ill-posed linear problem

Af =z (A.6)

A is the linear operator or the matrix to solve the modified least
square problem

Do (f) = IIASf = 2II* + el fII* = min,

where « is the regularization parameter (@ > 0). The variational
problem Eq. (A.7) is equivalent to seeking the solution of Euler’s
equation (see, e.g., pp. 335-336 in Bertero & Bocacci 1998; or
p. 243 in Kress 1989).

(A7)

A'Afo+afe =A'z, (A.8)
which leads to the solution
fo = (A"A +aD 'A%z, (A.9)

where I is the identity matrix.

This unique solution f, for every « is called the Tikhonov
approximation to the generalized solution f* = A*z. It can be
shown (pp. 84-90 in Groetsch 1993) that solutions f, converge
to A*z as @ — 0. The key issue with the Tikhonov method,
or with other regularization methods, is to find the value of the
regularization parameter «, that gives a good or the best solution.
Methods for the choice of the regularization parameter, «, are
presented in Hansen (1992).

A.3. lterative regularization methods

As we have just seen, the SVD method breaks down in the pres-
ence of very small singular values o, and the choice of the reg-
ularization parameter « in the Tikhonov method is non-trivial.

In the following, we consider iterative methods for regular-
ization such as the Landweber method and the iterated Tikhonov
method (Bertero & Bocacci 1998; Neumaier 1998).

A simple iterative method for approximating the least-
squares solution of integral equations of the first kind has been
introduced by Landweber,

o1 = fiu + TA"(z - Afp) for

where 7 is the relaxation parameter. In the linear case the stan-
dard choice of initial guess is fy = 0.

On the other hand, if we use the Thikonov method
(Eq. (A.9)) with iterative refinement, we obtain the following
iterative scheme

fir1 = fi + (A"A +a) 'A%y, where 1 =z - Afi,

k=0,1,2, .., (A.10)

(A.11)
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with fy = 0 and o = z — Afy = z. In this case, the parenthese in
the denominator is a good choice of the parameter 7.

This is called the iterated Tikhonov regularization method;
however, it may also be considered as a preconditioned
Landweber method.

The iterated Tikhonov regularization Eq. (A.11) is not the
same as iterative refinement for solving the regularized normal
Eq. (A.9). The latter is obtained by replacing A*r; with the
vector

A'z— (A*A +aD)fi = A — afi (A.12)
and has the form
fis1 = fi + (A"A + o) YA — afp). (A.13)

In iterative methods the number of iterations, k, plays the role of
the regularization parameter as can be seen by considering the
influence of errors in the data z. Suppose that the available data
is a vector z° satisfying

llz -2l < 6.

Using the vector z° in the iterative Landweber method
Eq. (A.10), we have

f6k+1 = fﬁk +TAY(Z - Afak)'

As with the Tikhonov regularization, we will choose the “stop-
ping value” k = k(6) with the property that, if the iteration is
terminated at step k = k(9), then

(A.14)

fak(a) - A*z as 6 —0.

A.4. Optimization with constraints

To obtain the solution of the specific physical problem with
nonnegative values of the function f = fo,, where (f; > 0,
i=1,...,n), we need to find the minimum of a constrained non-
linear multivariable function

m - n L f. 2
y(f) = min Z(Z' S auf/)

i=1

(A.15)

N

subjecttof; > 0 (i =1,...,n).
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This method is better than, e.g., a maximum-likelihood
method with underlying Possonian statistics because it does not
rely on a priori knowledge of the functional form of the particle
distribution function f. Here z; are the components of a vec-
tor z € R"™, a;; are the components of a matrix A € R™", s; is
the standard deviation of point i and s; > 0 (i = 1,...,m) are
given numbers. In the case si2 = z; we can consider Eq. (A.15) as
the new variant of a minimum chi-square method, which differs
from the so-called modified minimum chi-square method (Eadie
et al. 1971) with constraint Eq. (A.15) and sampling the starting
value of the vector f. We will use the solution of the uncon-
strained least squares problem Eq. (4) fue = fiikn as the starting
value for the minimization problem Eq. (A.15) and obtaining the
solution fop. In all calculations we take sf =z.
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