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ABSTRACT

Aims. We evaluate the generation of magnetosonic waves in differentially rotating magnetized plasma.
Methods. Differential rotation leads to an increase of the azimuthal field by winding up the poloidal field lines into the toroidal field
lines. An amplification of weak seed perturbations is considered in this time-dependent background state.
Results. It is shown that seed perturbations can be amplified by several orders of magnitude in a differentially rotating flow. The only
necessary condition for this amplification is the presence of a non-vanishing component of the magnetic field in the direction of the
angular velocity gradient.
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1. Introduction

In astrophysical bodies, differential rotation is often associated
with magnetic fields of various strength and geometry. If the
poloidal field has a component parallel to the gradient of an-
gular velocity, then differential rotation can stretch toroidal field
lines from the poloidal ones. In the presence of the magnetic
field, differential rotation can be the reason for various magne-
tohydrodynamic instabilities, particularly if the field geometry
is complex. Some of these instabilities occur in the incompress-
ible limit (Velikhov 1959; Fricke 1969; Acheson 1978; Balbus
& Hawley 1991) which applies if the magnetic field is weak and
the Alfvén velocity is smaller than the sound speed. Other in-
stabilities become important only in sufficiently strong magnetic
fields when the effect of compressibility plays a significant role
(Pessah & Psaltis 2005; Bonanno & Urpin 2006, 2007). Note
that incompressible instabilities can often be suppressed by a
strong magnetic field. For example, the magnetorotational insta-
bility (MRI) does not occur if the magnetic field satisfies the
condition B2 > −8πρsΩΩ′L2 where ρ is the density, L is the
lengthscale of disturbances, Ω = Ω(s) is the angular velocity,
and s is the cylindrical radius; Ω′ = dΩ/ds (see, e.g., Urpin
1996; Kitchatinov & Rüdiger 1997). Moreover, if Ω increases
with the cylindrical radius MRI cannot arise.

In recent years, many simulations of differentially rotating
magnetized bodies have been performed, and much of the dy-
namics was interpreted as being a direct consequence of the
MRI (Brandenburg et al. 1995; Hawley at al. 1995; Matsumoto
& Tajima 1995; Hawley 2000). Obviously, the MRI cannot
be the only instability that operates in a rotating magnetized
gas. For example, stratification can lead to a number of strong
non-axisymmetric instabilities (Agol et al. 2001; Narayan et al.
2002; Keppens et al. 2002). Blokland et al. (2005) consider

the influence of a toroidal field on the growth rate of the MRI
and find that it leads to overstability (complex eigenvalue).
Van der Swaluw et al. (2005) study the interplay between differ-
ent instabilities and argue that the growth rate of convection can
be essentially increased due to magnetorotational effects. Note,
however, that these studies treat the stability of the magnetic field
with a vanishing radial component, a condition which is often
not met in astrophysical bodies. In fact, the presence of a radial
magnetic field can change substantially the stability properties
(Bonanno & Urpin 2006, 2007).

In this paper, we consider stability of a differentially rotat-
ing gas in the presence of a non-vanishing radial magnetic field.
Differential rotation causes the azimuthal field to increase with
time by winding up the poloidal field lines into the toroidal ones.
Therefore, a development of small perturbations occurs in the
time-dependent background state. We show that stretching of the
azimuthal field leads to the generation of magnetosonic waves in
a flow. Magnetohydrodynamic waves and turbulence generated
by this instability can play an important role in enhancing trans-
port processes in various astrophysical bodies, such as accretion
and protoplanetary disks, galaxies, stellar radiative zones, etc.

2. Basic equations

The equations of compressible MHD read

u̇ + (u · ∇)u = −∇p
ρ
+ g +

1
4πρ

(∇ × B) × B, (1)

ρ̇ + ∇ · (ρu) = 0, (2)

Ḃ − ∇ × (u × B) = 0, (3)

∇ · B = 0. (4)
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Our notation is as follows: ρ and u are the gas density and ve-
locity, respectively; p is the pressure; B is the magnetic field and
g is gravity. In this paper, we consider an isothermal gas and
assume

p = c2
sρ, (5)

where the sound speed, cs, is constant.
We work in cylindrical coordinates (s, ϕ, z) with the unit

vectors (es, eϕ, ez). The basic state on which the stability analy-
sis is performed is assumed to be axisymmetric with the angu-
lar velocity Ω = Ω(s) and B � 0. In the presence of the non-
vanishing radial field Bs and differential rotation, the azimuthal
field increases with time by winding up the radial field lines. If
the magnetic Reynolds number is large, then one obtains from
Eq. (4) that the azimuthal field grows linearly with time in the
basic state,

Bϕ(t) = Bϕ(0) + sΩ′Bst, (6)

where Bϕ(0) is the azimuthal field at t = 0. A growth of Bϕ
given by Eq. (6) can last only while diffusion of the toroidal
field is negligible. Eventually, in the presence of a finite diffu-
sivity, a steady state will emerge where winding up is balanced
by diffusion of the azimuthal field. The time-scale to reach this
steady state is approximately equal to the diffusion time-scale,
∼s2/η, where η is the magnetic diffusivity. Therefore, our con-
sideration is valid only for t < s2/η. However, for astrophysical
plasmas, this time can be very long because of low η and large
length-scale.

For the sake of simplicity, we assume that gravity is radial,
g(s) = −g(s)es, and the basic state is in hydrostatic equilibrium,
then

∇p
ρ
= D +

1
4πρ

(∇ × B) × B , D = g + Ω2s. (7)

We consider the basic state in which Bs ∝ Bϕ(0) ∝ Bϕ(t) ∝
1/s. It follows from Eq. (6) that this condition is satisfied if
sΩ′ =const. Then, ∇ × B(t) = 0 and the Lorentz force is vanish-
ing in Eq. (7). If, additionally, the centrifugal force is balanced
by gravity, g(s) = sΩ2, then the pressure and hence, density are
homogeneous in the basic state.

Consider stability of axisymmetric short wavelength pertur-
bations with the spatial dependence ∝exp (−ik · r) where k is the
wavevector. Small perturbations will be indicated by subscript 1,
while unperturbed quantities will have no subscript. For the pur-
pose of illustration, we treat in this paper the simplest case when
k has only the vertical component, k = (0, 0, k). Then, the con-
dition ∇ · B1 = 0 yields B1z = 0. The other non-trivial linearized
MHD-equations to lowest order in |k · r|−1 read

du1z

dt
=

ikp1

ρ
+

i
4πρ

k(B1 · B), (8)

dρ1

dt
− iρkv1z = 0, (9)

dB1s

dt
= iBskv1z, (10)

dB1ϕ

dt
= sΩ′B1s + ikBϕ(t)v1z. (11)

Since gas is assumed to be isothermal, we have p1/p = ρ1/ρ.
Eliminating all variables from Eqs. (8)–(11) in favour of the ver-
tical velocity perturbation v1z one obtains the following fourth-
order ordinary differential equation in v1z:

d4v1z

dt4
+ k2[c2

s + c2
A(t)]

d2v1z

dt2
+ 6ω3

BΩ

dv1z

dt
+6k2c2

As(sΩ′)2v1z = 0, (12)

where

c2
A(t) = c2

As + c2
Aϕ(t) , cAs = Bs/

√
4πρ ,

cAϕ(t) = Bϕ(t)/
√

4πρ , ω3
BΩ = k2cAϕ(t)cAssΩ′..

Equation (12) with the corresponding initial conditions describes
the behaviour of velocity perturbations on the time-dependent
background state. The behaviour of perturbations of the ra-
dial and azimuthal magnetic field can then be calculated from
Eqs. (10) and (11).

3. Numerical results

To follow the behaviour of perturbations, it is convenient to in-
troduce the dimensionless quantities

τ = Ωt, q =
sΩ′

Ω
, x = kH , H =

cs

Ω
,

βs =
c2

As

c2
s
, βϕ =

c2
Aϕ0

c2
s
, cAϕ0 =

Bϕ(0)√
4πρ
·

Then, introducing v = v1z(t)/v1z(0) where v1z(0) is the initial ve-
locity perturbation, we obtain from Eq. (12)

d4v

dτ4
+ x2

[
1 + βs + (

√
βϕ + q

√
βsτ)

2
] d2v

dτ2

+6qx2
√
βs(

√
βϕ + q

√
βsτ)

dv
dτ
+ 6q2x2βsv = 0. (13)

The dependence of the solution on the wavelength is character-
ized by the parameter x and, on the initial magnetization of gas,
by the parameters βs and βϕ. To solve Eq. (13), one needs the
initial conditions for three time derivatives of v. In actual calcu-
lations we try different initial conditions because their choice is
determined by the origin of perturbations which is uncertain.

Equations (10), (11) can also be written in a dimensionless
form. We have

dCAs

dτ
= ix

√
βsv(τ), (14)

dCAϕ

dτ
= qCAs + ix(

√
βϕ + q

√
βsτ)v(τ), (15)

where

CAs =
B1s(τ)√
4πρv1z(0)

, CAϕ =
B1ϕ(τ)√
4πρv1z(0)

· (16)

In calculations, we assume that the initial perturbations of the
magnetic field are vanishing. Equations (13)–(15) were solved
numerically for a wide range of the parameters.

In Fig. 1, we plot the time dependence of v, CAs, and CAϕ
in the regions where the angular velocity increases slowly with
s (q = 0.1). The other parameters are x = 3, βs = 0.01, and
βϕ = 1. Integrating Eq. (13), we choose the following initial
conditions: dv(0)/dτ = 1 and d2v(0)/dτ2 = d3v(0)/dτ3 = 0.
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Fig. 1. The time dependence of v (solid line), CAs (dashed line), and CAϕ

(dashed-and-dotted line) for q = 0.1, x = 3, βs = 0.01, and βϕ = 1.

The behaviour of the velocity and magnetic field turns out to
be substantially different. During the initial stage, the velocity
reaches a flat maximum at τ ∼ 60–70 which corresponds ap-
proximately to 10P where P is the rotation period. At that time,
the perturbation of velocity is ≈25 times greater than its initial
value. Perturbations of the magnetic field are much larger. After
τ ∼ 100 (t ∼ 15P), CAs approaches the saturation level that is
approximately a factor 103 greater than the initial perturbation of
v1z. The amplification of the azimuthal field is even larger. After
t ∼ 15P, CAϕ is a factor 104 stronger than the initial perturbation
v1z(0), and it continues to grow approximately linearly with time.
Note that the long-term behaviour (τ � 200) of these quantities
is also different. The velocity v changes the sign and exhibits
some sort of oscillatory behaviour with the amplitude growing
∝t1/2 whereas CAs reaches the saturation level. A perturbation of
the azimuthal field B1ϕ is still ∝t at very large t.

In contrast with the magnetorotational instability, the be-
haviour of perturbations is not crucially sensitive to the sign
of Ω′. To illustrate this point, we show in Fig. 2 the time de-
pendence in the case q = −0.1 (Ω decreases slowly with s).
Qualitatively, the dependences are the same. The only essen-
tial difference is that the azimuthal field generated by differen-
tial rotation has a negative sign because the radial gradient of
the angular velocity is negative. Initially (τ < 100), the main
contribution to B1ϕ is provided by compressibility (the second
term on the r.h.s. of Eq. (11)). Later on, however the azimuthal
magnetic perturbations are determined by winding up the radial
field perturbations and becomes negative. In Fig. 2, the mod-
ulus of CAϕ is shown. Since x is larger in this figure, pertur-
bations of all quantities can reach higher values compared to
Fig. 1. For instance, the velocity becomes ∼200 times greater
than the initial value after 15 rotation periods. The radial pertur-
bation of the Alfvén velocity reaches the saturation level which
is ∼2×104 times greater than v1z(0), and the azimuthal perturba-
tion is even about 10 times larger. For very long t (τ� 200), the
velocity exhibits the oscillatory behaviour with the amplitude
∝t1/2. In Fig. 3, we plot the behaviour of perturbations in the
case of a very weak differential rotation, q = 0.01. For a weak

Fig. 2. Same as in Fig. 1 but for q = −0.1 and x = 10.

Fig. 3. Same as in Fig. 2 but for q = −0.01, βs = βϕ = 0.1, and x = 10.
The initial conditions are as for in Fig. 1.

rotation shear, the amplification of initial perturbations is slower.
The velocity reaches the maximum after ∼40P, and this maxi-
mum is rather high: v1z exceeds its initial value by a factor ∼100.
Despite a slower growth rate, saturation of CAs still occurs at a
rather high level (CAs ∼ 2 × 104). As expected, the azimuthal
field grows linearly with time and can reach a very high value.

The same dependences, for a relatively large value of q,
are shown in Fig. 4. In this case, perturbations exhibit a clear
oscillatory behaviour. This concerns particularly perturbations
of the vertical velocity. After a short initial relaxation (last-
ing ∼2–3 rotation period), v reaches a self-similar regime when
the amplitude of oscillations grows with time ∝τ1/2 and the
frequency ∝τ. Perturbations of the magnetic field also exhibit
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Fig. 4. Same as in Fig. 1 but for q = 1 and βs = βϕ = 0.1.

a weak oscillatory behaviour but the amplitude of oscillations
is much smaller. This is because the field components are
given by the integrals of a rapidly oscillating function v (see
Eqs. (10) and (11)), and oscillations in B1s and B1ϕ are smoothed.
Perturbations of the radial field reaches a saturation level after
∼2–3 P. In saturation, the radial Alfvén velocity CAs is approx-
imately 10 times greater than the initial perturbation of the ver-
tical velocity. Perturbations of the azimuthal field grow rather
rapidly at the initial stage however, later on (at τ > 2 P), they
continue to grow linearly with time.

In Fig. 5, we show the long-term behaviour of the amplitude
of the vertical velocity. Except for the initial stage, the numeri-
cal results are well fitted by the same dependence ∝τ1/2 as that
in Fig. 4. We can compare these numerical results with the ana-
lytical solution of Eq. (13) for large τ. It can be easily checked
that the asymptotic solution of Eq. (13) at large τ is given by

v ∝ √τ cos

(
1
2

qx
√
βsτ

2 +
π

8

)
+ O(τ−3/2). (17)

Indeed, it can be noted that the vertical velocity is ∝τ1/2 and the
frequency of oscillations is ∝τ at τ → ∞ in complete agree-
ment with our numerical results. The frequency of oscillations
depends on the magnetic field and is higher for a stronger initial
radial field. Note that the asymptotic solution (17) is valid for a
wide range of parameters and initial conditions. It is clear from
solution (17) that B1s should reach saturation quite rapidly. We
have from Eq. (14) that

CAs(τ) = ix
√
βs

∫ τ

0
v(τ′)dτ′. (18)

The time integral of the asymptotic part of v (Eq. (17)) gives a
negligible contribution to CAs, and the only non-vanishing con-
tribution can be provided by the value of v at relatively short τ. If
CAs reaches saturation rapidly then, as it follows from Eq. (15),
CAϕ should grow approximately ∝τ at large τ. This sort of be-
haviour agrees perfectly with the results of our numerical calcu-
lations.

Fig. 5. The long-term behaviour of the amplitude of v for βs = βϕ = 0.1,
q = 2, and x = 3.

4. Discussion

We have shown that the winding up of toroidal field lines from
the poloidal field lines is accompanied by an amplification of
seed perturbations of the velocity and magnetic field. A very
simplified model has been considered in this paper, but we be-
lieve that qualitatively the same results can be obtained for more
general background states and perturbations. Differential rota-
tion and compressibility of the gas lead to the generation of mag-
netosonic waves with the amplitude that grows with time. The
physical processes responsible for this amplification are exactly
the same that result in the instability considered by Bonanno &
Urpin (2006, 2007). The only difference is that, in this paper, we
consider the development of perturbations on a time-dependent
background state and, as a result, the growth of perturbations is
not exponential.

The behaviour of seed perturbations depends essentially
on various parameters and can generally be rather complex.
If the parameter q = sΩ′/Ω is relatively small (≤0.1), then
the perturbations of velocity and magnetic field initially grow
monotonously and can reach quite high values. For example,
the perturbation of the vertical velocity becomes approximately
150–200 times greater than its initial value after only 15–30 ro-
tation periods (see Figs. 2 and 3). Perturbations of the magnetic
field reach even higher values during the initial stage. For in-
stance, the Alfvén velocity corresponding to the perturbation of
the radial field component, CAs, can exceed the initial velocity
perturbation by a factor ∼(1–3) × 105 after the same time, but
the perturbations of the toroidal field are even stronger. As a
result of such a strong initial amplification, seed perturbations
can already reach a non-linear regime after 15–30 rotation pe-
riods if their initial values are sufficiently large. Further evolu-
tion of perturbations will then be entirely determined by non-
linear effects. However, if the non-linear regime is not reached
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during this initial stage, the behaviour of perturbations becomes
oscillatory with slowly growing amplitude (∝t1/2). At suffi-
ciently large t, the frequency of oscillations grows linearly with
time and is given approximately by

ω ≈ Ω
(
1
2

kH
√
βs sΩ′t

)
. (19)

Note that perturbations of the magnetic field exhibit more regular
behaviour because they can be expressed in terms of the time
integrals of a rapidly oscillating velocity. In the case of a strong
differential rotation (q ∼ 1), perturbations exhibit the oscillatory
behaviour from the very beginning and the initial growth of their
amplitude is less significant.

The generation of magnetosonic waves occurs even if the
magnetic field is very strong and suppresses different MHD-
instabilities which can arise in a differentially rotating flow (for
example, the MRI). The presence of differential rotation and ra-
dial magnetic field is, however, crucially important for the con-
sidered process. Since both differential rotation and radial field
are quite common in astrophysics, we believe that the considered
mechanism can occur in various astrophysical bodies and plays
an important role in enhancing transport processes in plasma.
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